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Abstract

We give a program for solving stochastic boundary value problems involving function-
als of (multiparameter) white noise. As an example we solve the stochastic Schrédinger
equation

Au+V-u=—-f in DCR?, uaD=0
where V is a positive, noisy potential. We represent the potential V' by a white noise f
unctional and interpret the product of the two distribution valued processes V and u as a
Wick product V ou. Such an interpretation is in accordance with the usual interpretation of
a white noise product in ordinary stochastic differential equations. The solution u will not
be a generalized white noise functional but can be represented as an L! functional process.
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1 Introduction

The general motivation to study stochastic differential equations from the point of view
of applications is the need to understand systems where there are random fluctuations or
noise, or where the available information is incomplete.

The theory for ordiné.ry differential equations with the randomness represented by e.g.
white noise is now well understood (see e.g. [@]). The theory for stochastic partial differ-
ential equations (SPDE) is less developed. See, however, [W]. We here present a framework
for treating certain SPDE’s, generalizing the approach in [L@U1]. We advocate these tech-
niques on the equations

Au+V-u=—f in DCRY wu| =0 (1.1)

where D is a given bounded domain, f a given deterministic function and V is a positive,
noisy potential.

In this article we represent the positive noise V by the Wick erponential Exp(W) of
d-parameter white noise W. The product of the two distribution valued processes V' and
u is then interpreted as a Wick product Vou. This is related to the Wick product used in
quantum field theory. This interpretation can be regarded as a natural extention of the Ito
integral interpretation of ordinary stochastic differential equations with white noise.

It turns out that there does not exist a generalized white noise functional u which solves
(1.1) (see e.g. [HKPS] for definition). However, the solution can be represented as an L!
functional process u(yp, z,w). Heuristically u(yp, z,w) is the value of u when the test function
(“window”) ¢ is used, shifted to the point z and in the experiment w.

The paper is organized as follows: In Section 2 we recall the definition of the white
noise probability space (S'(R?), B, 11), the d-parameter white noise W and the d-parameter
Brownian motion B,. In Section 3 we define the Hermite transform H, which transforms
elements of L?(p) into analytic functions of infinitely many complex variables 21, zo,... In
Section 4 we describe the inverse 7! in terms of an explicit integral operator. The Wick
product on L2(u) is defined in Section 5. Then in Section 6 we introduce the L? functional
processes £2 and we illustrate how to solve the Walsh equation

Au=W in DcCRS
u=20 on 0D

in terms of u€L2. The basic method is to apply the Hermite transform and its inverse.
We then turn to the concept of positive noise V' in Section 7. We point out that for

equation (1.1) there does not exist an L? functional process solution u. In fact, (1.1)

does not even have a solution in (S*), the space of generalized white noise functionals




(Section 8). However, we show that if we extend the Wick product to L! (Section 9)
and use this L! interpretation in (1.1), there exists an L! functional process u solving the
equation (Section 10).

After this paper was written we learned that ideas similar to ours based on the S-
transform (which is related to our Hermite transform, see [L@U1, §5]) and the Wick product
have earlier been adopted by Kuo and Potthoff [KP] to solve certain SDEs. However, their
method seems insufficient here because, as just mentioned, the solution of the equation we
consider is not a generalized white noise functional. In fact, we think that in general the
natural framework for solutions of stochastic partial differential equations is not (S*), but
the space of L! functional process.

2 The white noise probability space

In this section we introduce the basic probability space that we will use in the rest of the
paper. Here we only state the main results. For more details we refer to [HKPS].

In the following d will denote a fixed positive integer, interpreted as the time-, space-
or time-space dimension of the system we consider. More generally we will call d the
parameter dimension. Let S = S(R%) be the Schwartz space of rapidly decreasing smooth
(C*) functions on R?. S is a Frechet space under the family of seminorms

£k == sup (1 + |z|*)|6°f ()]
zeRd

where k£ > 0 is an integer and o = (¢4, ..., &m) is a multi-index of non-negative integers ¢;
and

glel

6a1$1 oo aa"‘$m

0°f = f  where |a|=a1+4:--+am
The dual &' = §'(R?) of S, equipped with the weak star topology, is the space of tempered
distributions.

Let B = B(S’) be the family of Borel subsets of S’. We now consider the probability
measure u on BB which is characterized by the following property:

E[e'l,(;¢>] = '[S, e‘l(wgtp)du(w) —_ e—%"‘Pllz for all (pES, (2.1)

where [¢]* = [[¢lZ2re) {ws¥) = w(p) for we S" and E = E* denotes expectation with
respect to p. The existence of such a measure y is given by the Bochner-Minlos theorem,
which can be found in [GV]. We call (S, B, 1) the white noise probability space. The
justification for this name is the following:




From (2.1) it follows that

Ell 0= lell*;  peS (2.2)
(see e.g. [L@Ul, §2]) and using this isometry we can define
(w,p) = khrgo (w,pr)  forall ¢ e L*(RY) (2.3)

(the limit taken in L?(u)) where gy is any sequence in S such that pr — ¢ in L2(R%). In
particular, this allows us to define

Bt = Bth...,td(w) = <w1X[0,t1]X---[0,td]) for tk Z 0. (24)

Then B, is (essentially) a d-parameter Brownian motion, in the sense that there exists a
t-continuous version B; of B; such that B; is a d-parameter Brownian motion (sometimes
also called d-parameter Brownian sheet).

The (d-parameter) Ito integral of ¢ € L?(R?) is now defined by

oo Pt tdBe @) = (@,9). (25)

Note that if d = 1 and supp¢ C [0, c0) this coincides with the classical Wiener-Ito integral.
We define the (d-parameter) white noise process W, as follows:

Wolw) = (w,p) for peL*R%), wes" (2.6)
In other words, we have

Wow) = [ ¢@dBiw); t=(t,.. 1) @7)
By integration by parts for Wiener-Ito integrals we have

&

Jou #OABew) = (<1)* - [ =T (t) - Bu(w)ds (28)

Therefore
% 0°B
Sa(w) - ./Rd QO(t)de(&J) - (( 1) atl .o 6td, Bt)Rd ((’0’ 8t1 “ee atd>Rd ’ (29)

where (-,-)ge denotes the usual inner product in L2(R%). In other words, in the sense of

distributions we have
0B,

Oty...0tg

The space L?(u) can be given a useful representation, which we now describe:

W = (2.10)




Forn=0,1,2,...and z € R let

yes - L (% 2.11
= (=1)"e7 . — (e~ 7 .
ha(z) = (~1)e¥ - L (e~%) .11)
be the Hermite polynomials. If a = (o,...,Qn) is a multi-index of non-negative integers
we define ' i

Ro(Uts -y Um) = hay (U1)hay (U2) - . - Ra,, (Um). (2.12)
Fix an orthonormal basis {ex}2; for L2(R?) and define ‘

Hy(w) = ho(01(w), -+, 0m(W)) ; w e S'(RY) (2.13)
where

Or(w) = /R L ex(t)dB(w) (2.14)

The following fundamental result can be regarded as a version of the celebrated Wiener-Ito
chaos theorem:

Theorem 2.1 ([HKPS, Lemma 2.3]) The collection {H,(-); « € N™; m =0,1,...} forms
an orthogonal basis of L2(u). Moreover,

E[HZ] == || Hall32(,) = ! . (2.15)
where ol = Jﬁl o;! when a = (ay,. .. ,0m).
The theorem implies that any f € L?(u) has the unique representation

flw)= g CaHa(w) (2.16)
where ¢, € R for each multi-index a and

I f ”%2(#) = Z alc (2.17)

An alternative description of L2(u) is the following:
In any dimension there is an expansion of every f € L*(S'(R?),n) in terms of multiple
Ito integrals (see [I}):

F) =3 [ Fulun... u)dBE" 2.18)
n=0 (Rd)»

where f, e L2(RY™) (ie. foeL2((RY)™) and f, is symmetric) and

B[f*]= ;”! ”f"“;((kd)") ‘ (2.19)




Here dB®" = dB,, - - - dB,, denotes Ito’s n-multiple differential on (R%)", as defined in [I].
Moreover, we have

m
€21 Qe ®--- @ eEdB® = [] ha,(6;) (2.20)

(Rd)» j=1
if a=(01,...,0m), n=|la| = a1+ -+ + om and 6; is given by (2.14). Here — and later
— ® denotes the symmetrized tensor product, so that, e.g., f ® g(z1,z2) = 1[f(z1)g(z2) +

f(z2)g(z1)] if z; € R, and similarly for more than two variables. By (2.13) we can rewrite
(2.20) as follows:

/ e¥2dBol = H_ () (2.21)
(RA)led

which shows the connection between the two representations (2.16), (2.18).

3 The Hermite transform on L?(u)

We now describe a useful transformation H (the Hermite transform) which transforms a
given F € L?(u) into a complex valued function H(F) = F which is an analytic function
of infinitely many complex variables 21,2s,... For d=1 this transform was introduced in
[L@U1]. In the following L?(u) means L2(S'(R?), u) (for general d) unless otherwise stated.

Definition 3.1 Let F(w)= ¥ coHa(w) € L*(1). Then the Hermite transform H(F)=F
of F'is the formal power series in infinitely many complex variables 21, 25, . . . defined by

H(F)(2) = F(2) ==Y caz™ (3.1)
where z = (21, 22,...) and 2% = 2§%252--- 22 if a = (a1, @2, - . ., Am).

Many of the results about Hermite transforms that were proved in [L@U1] and [L@U2] for
d = 1 carry over to general d with minor modifications. We state these results, referring to
where the proofs for d =1 can be found: ’

Theorem 3.2 [L@U1, Lemma 5.3] If X =Y c,H, € L?(u) then for each n the series
X(2) =3 ca2® (3.2)

converges absolutely for z = (21,...,2,,0,0,...) with |z] < M for all k. Therefore, for
each n the function

X (2, ...,2) =X (21,...,%,0,0,...) (3.3

is analytic on C™.




Example 3.1

White noise W, was introduced in section 2. Since
We= [, ¢(®dB: = (0,ex) [, ect)dBe = (0, ex)ha (0),
k k
where (-,-) denotes inner product in L2(R?), the Hermite transform of W, is given by

Wo(2) = Y (pre0) | (3.9
k=1

4 The inverse Hermite transform

The usefulness of the Hermite transform stems partly from (3.4) and partly from the exis-
tence of an explicit inverse:

Let N denote the natural numbers. Define the measure A on the product o-algebra on
RN by

1z dm 1.2 dpp
d\(n) = e"2 —L . ¢~ 3"
Vozs

Tt n= (771,772,---) (41)

If n, k are positive integers put Jnx={a=(a1,...,om); |a|<n and a; =0 for j >k}. If
X =3 c,2* is the Hermite transform of X € L?(u) we define
X0 = 3 c,2” (4.2)
aeJn,k

We remark that in [L@U1] and [L@OU2] the 1-dimensional versions of the following results
are slightly incorrectly stated, in the sense that either stronger conditions must be imposed
on X or X or the d)\-integrals of X must be interpreted as limits of the d)\-integrals of the
truncated X, as stated below:

Theorem 4.1 [L@U1, formula (5.11)] If X is the Hermite transform of X € L?() then
X@) =H'K) = lim [XOO@-+in)dAmn)  (limit in L(u)) (4.3)
where § = (61, 62,...), with 6 = [ exdB as before.
Rd

Theorem 4.2 [L@U1, Corollary 6.2] Let X € L%(u) and let g : R — R be continuous
and bounded. Then

Blo(x)] = lim_[q([X™P(€+indAm)ar©) - (44
It follows that
E(|XP?] < liminf / / X9 e+ i) dA©drm)  for all p>1. (4.5)




Corollary 4.3 [LOU2, §3] Suppose

fR) =Y cz® 2z2=(2,%,...)

is a formal power series in 21, 2, . . . with ¢ €R for all a. Moreover, assume that, using the
notation from (4.2),

JI[ (FoPE+in - 5O+ im)drm)| dAm) — 0 as nkmjoo  (46)
Then

F) = caHa(w) € I*(S'(RY), ).

5 The Wick product in L?(u)

In quantum statistics there is a special product of random variables based on renormaliza-
tion principles. For example, if

X=/Rd<de and Y=/Rd¢dB

with ¢, 9 €S, then this product of X and Y/, called the Wick product and denoted by XoY,
is given by

XoY = /( s @ @ VAB® (5.1)

We extend this definition to L?(u) in the natural way by using the expansion (2.18):

Definition 5.1 Suppose

xX=3 /(Rd),, fudB and Y= ImdB

n=0 m=0 (Rd)m

are two elements of L2(u). Then we define

XOY = 3 [ i In® 4B (52

;m=0

provides the sum on the right converges in L(p).

Alternatively, using (2.16) we see that this can also be formulated as follows:




If X =Y ,00Ho and Y = Y g bgHpg are in L?(p) then

XoY =3 tabsHars (5.3)
B

whenever this sum converges in L*(u).
The equivalence of (5.2) and (5.3) follows from (2.20), which gives the identity

e® @ 2P BRle+h) — / e®eth) gplath) — 5. (5.4)

Hoo Hp= / (Ré)@+8)

(Rd)(at+h)

Note that the definition in (5.3) apparently depends on the choice of the base {ex}>;
of L?>(R%). However, the equivalence with (5.2) shows that this is not the case. In the
Appendix we give an alternative, direct proof of independent interest that XoY defined by
(5.3) is independent of {ex}.

Remark Our definition of Wick product X oY coincides with the classical one, often
denoted by : XY :, in cases like (5.1) but not in general. See the discussion in [L@UI,
Remark to Th. 5.1].

As a motivation for the use of Wick products in stochastic differential equation we
mention that if Y; is an adapted and, for example, bounded stochastic process then

T T
/0 Yi(w)dB,(w) = /0 Y, o Widt

in a sense that is made precise in [LOU2, Theorem 3.3]. Thus by representing multiplication
by white noise in stochastic differential equations by Ito integrals one is really interpreting
the product by white noise as a Wick product. In that sense the use of Wick products instead
of ordinary products in stochastic partial differential equations is a natural extension of this
principle. We also point out that Wick multiplication reduces to ordinary multiplication if
one of the factors is deterministic (corresponding to all the f,’s being zero for n>0 in the
expansion (2.18)). _

The following connection between Wick products and the Hermite transform H is cru-
cial:

Theorem 5.2 [L@U1, Th. 5.5] Let X,Y € L?(u) such that X oY € L?(u). Then
H(X oY) =H(X) -HY), ' (5.5)

where the product on the right is the usual complex product.




Example 5.3 The square of white noise, W32, has the Hermite transform

’H(W;Zz) = i (i, ex) (w0, 1)z

k=1

6 Functional processes. The stochastic Poisson equa-
tion

We now introduce the generalized stochastic processes that we will work with. First we
consider the L? case. If X € L*(i) we can write, using (2.16),

X(w) =) caHa(w)

By allowing each c., to depend on test functions ¢ on R? and on z € R? we get the following
concept:

Definition 6.1 A d-parameter generalized (white noise) L? functional process is a sum of
the form
X(p,2,0) = Ycalp, ) Halw);  pESRY, c€R, weS (6.1)

where
() : SRH xR =R (for || >1)

and
z — ca(p,z) is (Borel) measurable on R¢, for each ¢ € S(R?).

If & = 0 then cq(-) is just a measurable function on R? (independent of ¢).
We also require that

E[X((p,.’L‘, ')2] = zci(gpi :r)a! <o ) (62)

for all p € S(R?) and all z € R4.

Remark Suppose that for each multi-index a we are given an element a, such that
ao(-) € H3(R*)  for some s < oo,

where in general H" denotes the Sobolev space of order r € R. Then we can associate a
function ¢,(,-) as above by putting

Ca(p,2) = aa(@™)  where @, (u) = p(u—2) (6.3)

10




In other words, ca(,z) is the result of applying a, to (the tensor product of) the shifted
test function ¢. Put M = |a|d, ao = a and let Dy denote the distributional derivative
of a in the k’th direction. Then for ®, ¥ € S(R™) and 1 < k < M we have, putting
a(®) = (a,d),

fowe o @, 2V = = [ (o, 2y
= —(a,fRM Q(u—y)- g_;i(y)dy) = —{a, /RM Di®(u — ) - U(y)dy)
= - /R $a, Di@(u — y))¥(y)dy = /R . (Dia, @)U (y)dy.
Therefore '
By 80 = (D 2,). (6.4

So the distributional derivative of a evaluated at the y-shifted ¢ coincides with the y-
derivative of {(a,®,). Returning to (6.3) we obtain

a n—-1
553_-0"((‘0’ z) = Y Djirata(pS™) (6.5)
v k=0

where n = |a|. Therefore processes of the form (6.1) are more general than processes of the
form

Yo (w) = D aa(p®")Ho(w) (6.6)
where a,(-) € H~*(R™) for some s and
E[Yo()?] = 3_al(9®")a! < 00

Such processes are called functional processes. They were introduced in [L@U1] in the case
where the parameter dimension d = 1, and for such processes the derivatives were taken in
distribution sense for each . By (6.5) we see that this is (essentially) the same as taking
the z-derivatives of

X(p,z,w) = 3 aa(p®) Hy(w).

It turns out that the L? requirement is too strong for many important applications. There-
fore we extend the definition to LP, p>0 as follows:

11




Definition 6.2 Let p>0. A (d-parameter generalized) L? functional process is a function
X(p,z,w): SxR*x S - R
such that

(i) themap z — X (cp;.:r,w) is (Borel) measurable for all €S and a.a. weS’

and
(ii) the map w — X (p,z,w) is in LP(u) for all p€S and all zeR4.

The family of all L? geheralized functional processes is denoted by LP.

Conclusion

For a generalized functional process X we interpret X (yp,z,w) as the measurement of X
obtained by using the “window” ¢ shifted to the point z. And in stochastic differential
equations involving X (¢, z,w) the derivatives are taken in the z-variable, for each fixed
window ¢. In this sense our concept has similarities to Colombeau distributions [C]. For a
more thorough motivation of our approach see [LGU3].

Generalized functional processes are both more general, mathematically simpler and
easier to interpret than functional processes, so we will only consider this more general
concept from now on. For simplicity we drop the word “generalized”, so that “functional
processes” really means “generalized functional processes” from now on.

The main idea in the solution of stochastic partial differential equations can now be
summarized as follows:

Interpret the products involved as Wick products and look for solutions in the form of
functional processes. By taking Hermite transform the equation is transformed to a (com-
plex) deterministic partial differential equation involving usual products. If this equation
can be solved, the inverse Hermite transform will give the solution of the original stochastic
equation.

The stochastic Poisson equation

To illustrate the method we consider the equation

(6.7)

Au=W in DCR?
u=20 on 0D

12




where D is a given bounded open set in R? and we use the notation

d 52
A= L > 6—2 for the Laplacian operator A
2. k=1 8:1: %
This problem has been solved by-Walsh [W]. The solution is given by the distribution valued
process '

uo(@) = [ [ [ G(rs)¢(r)ar]dB.(w) . (68)
where G(r, s) is'the Green function corresponding to the deterministic equation
Au=finD; | =0 (6.9)

Based on our approach it is natural to make the following definition:

Definition 6.3 A functional process u=u(¢, z,w) is a solution of the stochastic Dirichlet
problem

Au=W inDCR*, u|, =0

if for each ¢ €S there is a set Hy CS’ with u(Hy) = 1 such that the function z — u(¢,z,w)
satisfies (in the classical, weak sense) the boundary value problem

{Azu(¢,x,w)=W: for zeD (6.10)

u(p,z,w) =0 for x€dD
for all we Hy.

(Here, and in the following, A, means that the Laplacian operator is taken with respect to
the variable z.)

To illustrate our method, we now want to solve (6.7) using this definition. Taking H-
transforms on both sides in (6.10), we get as we expand W¢ along a base {ex}2;

S () = 3 T
Al (x)—;(gbz,ek)zk forzeD; ° IaD—O (6.11)

forn=1,2,3,...
The solution formula of (6.9) extends by linearity to the case where fis C-valued. Hence

2™ (z) = 4 (¢, x,2) = /D G(z,T) zn:(cﬁ,., ex)2xdr (6.12)
k=1

13




Taking inverse transforms we get, with zx = 6x + ik, 0k as in (2.14),

w3 = [ [ Ol 36 eadrdio
= [o@n Ij;(as,,ek) [ ex(s)Budr (6.13)

- /Rd _/; G(z,7) I;(er, ex)ex(s)dr dB,
With this expression, it is easy to see that

W(g,2) »up,2) = [ [ [ G@ns(s)dr|ds, (6.14)

This is our solution to problem (6.7).
To compare this solution with the Walsh solution up in (6.8) we interpret up as a
functional process uo(¢,z) by defining

uo(#,2) = uo(¢s) = [, [ Glr,9)g.(r)dr dB, (6.15)
Comparing with (6.13) we see that uo(@,z) = u(¢, z) if, for all z,se D,
/G’('r, 8)p(r — z)dr = /G(:z:, r)o(s — r)dr (6.16)

(Defining G(r,s) = 0 if & D or s¢ D we may regard both integrals as integrals over R.)
Changing variables we see that (6.16) holds iff, for all z,s€ D,

[6+v,960)dy= [G(z,s-1)éw)dy (6.17)

If supp ¢ C (D — {z})N({s} — D) (where, in general, A—B = {a—bja € A,be B}) then (6.17)
is valid because then, if we write ¢ = Af with f € C§°(D) (the C*° functions with compact
support in D) we get

[6a+y,9a7wdy = [Gl,9)Af - 2)dy= [Cly, )AL (y)dy
= fals) = fls - 2) = [Ga.9)Af(s—v)dy= [Gla,s - v)ATW)dy.
Thus if we define
() = 205(%) for €>0
we have

lim [uo(¢,2)(@)de = lim [u(¢, 2)(@)de (618)

14




for all € C§°(D). Using the terminology from Colombeau distributions ([C]) we conclude
that we have associated equality between uo and u in D. It follows that up and u both
satisfy the same equation (in the weak sense)

Au=W in D

This can also be seen directly by considering the Hermite transform %o of up, which is
easily seen to be

ZORDY [ [ ([ 6sr)gatr)dr)en(s)ds]

From this it follows that

Adio(gs) = [ [([Gls,r)ep(r — z)dr)en(s)ds] 2
3
= - ,T)ArP(r — z)dr ds|z
| ; /(/G(s )Ard(r — z)d )ek(s) s] k
=3 :/qb(s - x)ek(s)dr] 2= (b ex)2e = Wy, ,
k k
as claimed.

In spite of this up and u are not equal, and the explanation is that they do not satisfy
the boundary requirement

u =
IBD 0

in the same sense.

7 Positive noise

In many applications the noise that occurs is not white. The following example illustrates
this:

If we consider fluid flow in a porous rock we often lack exact information about the
permeability of the rock at each point. ‘The lack of information makes it natural to model
the permeability as a (multiparameter) noise. This noise will of course not be white but
positive since permeability is always a nonnegative quantity. If we try to model permeability
as a functional process we are therefore led to the following definition:

Definition 7.1 A functional process X (y,z,w) is called positive or a positive noise if
X(p,z,w) >0  for a.a we

for all pe S, z€ R%.

15




We now have the following useful characterization of positivity:

Theorem 7.2 [L@U1, Theorem 7.4] Let X € L?(u). Then X >0 a.s. if and only if
o) = XP(iy)e™®’;  yeR® (7.1)
is positive definite for all n. X™(z) is defined by (3.3).

Theorem 7.3 [L@U1, Corollary 7.5] Let X=X (y,z,w) and Y=Y(¢, z,w) be positive
L? functional processes of the form (6.6). Then XoY is also positive (when defined).

Theorem 7.4 [LQUIL, Example 7.3] The Wick-exponential

x 1
Exp[W,] := 3 W

n=0 "%

is a positive noise and can be computed by the relation

ExplW,] = exp ([ 9dB — Slol)

8 An SDE with no solution in L?(u)

We have already mentioned that it is sometimes necessary to consider L? functional process
for p<2. In fact, equation (1.1) is an example of an equation whose solution is in L!(y)
but not in LP(u) for p>1. We now explain this in more detail.

As a model for the potential V' we use the positive noise e Exp W (where €>0) and we
interpret the multiplication in the Wick sense. This gives the stochastic boundary value
problem

—_— — . d
{Au— eExpW ou— f in DCR! 51)

u=20 on 0D

Definition 8.1 We say that an L? functional process u = u(y, z,w) is a solution of (8.1)
if for all €S and all z=(z1, 22, ... ,2s,0,0,...)€CN the function z — i(p, z,w, z) solves
the (deterministic) boundary value problem

{ Ay, z,2) = —€ exp W, (2) - i(p, z,2) — (f * ¢)(z) forall zeD
(8.2)

lim 4(p,z,2) =0 for all y€drD

z€D

16




where (f*)(z) = [ f(y)p(y—z)dy and OzD denotes the boundary points of D which are
Rr

regular for the classical Dirichlet problem. (If necessary the first part of (8.2) is interpreted
in the weak (distribution) sense.)

We will return to this equation in full generality in Section 10. Let us here consider the
special case

d=1, e= and D= (0,m)CR

N =

Then, writing u(z) = u(p, z,w), (8.2) gets the form

{ u'(z) = —Exp W, ou(z) — 2(f * ¢)(z); O<z<1

u(0) =u(r) =0 8.3)

Suppose u is an L? functional process solving (8.3). Then taking the H-transform of (8.3)
gives

@'(x) = —exp Wi, (2) - 4(x) — 2(f * 9)(z); 0<z<1
{ (0) = &(r) = 0 (84)

where (z) = @(x; 21, 22, . . .) is the H-transform of u. Now
exp W, (2) = exp (zj;m, e)2)
so it is clearly possible to choose e;,¢ and f such that
(Fxp)(x)=1  for z€(0,1)
and
(er,0z)=m  for z€(0,1)
For this choice of €, and f and with 2=(24,0,...) (8.4) gets the form

@'(z) = —a(z)—2 in (0,1)
{ 4(0) = G(r) = 0 (8.5)

The general solution of the first equation in (8.5) is
i(z) = -2+ Acosz + Bsinz (A, B constants)
but this % has the boundary values
G0)=—-2+4, G =-2-A

so a solution of (8.5) does not exist for z = (21,0,...). We conclude that it is not possible to
find a z-analytic (entire) function %(z; z) which solves (8.4). Hence u(yp,z,-) cannot be in
L?(u). In fact, we shall see in Section 10 that u cannot be in LP(u) for any p>1. However,
it is possible to find a solution in L*(u).
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9 The Wick product in L(u)

Motivated by the example in Section 8 we now turn to L* functional processes. In order to
define what it means that an L' functional process u solves (8.1) it is necessary to extend
the definition of Wick product from L?(u) to L*(u). The most natural way of doing this is

as follows:

Definition 9.1 Let X,Y € L!(u). Suppose there exist Xy, Y, € L?(u) such that
Xn— X inLl-(u) and V,-»Y inL'(p)asn—oo

and
Z = 1}%10 X, oY, existsin L(u)

Then we define
XoY =2

It is necessary to show that this definition of X ¢Y does not depend on the actual
sequences {Xnp},{Yn}. This is done in the next Lemma:

Lemma 9.2 Let X, Y, be as in Definition 9.1 and assume that X", Y,! € L?(u) also satisfy
X! - X Iy, Y —Y inL'(

and
Z':=lim X; oY’ existsin L'(u)

Then Z' = Z.
Moreover,

FIX o Y](p) = e~z F[X](p) - F[Y](p) (9.1)
where in general
Flol@) = [ egw)duw), pes | (92

denotes the Fourier transform of g€ L*(u).
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Proof Suppose that Xy, Ys € L2(u) satisfy the conditions of Definition 9.1 and put Z =
lim X, ¢ Y,,. It suffices to prove that

FlZ)(¢) = e M F[X](p) - FIY(p)

To this end, recall that thevconrgection between the Fourier transform and the S-transform
is given by

Flol(p) = eV Sg(ie) (99
(see [HKPS, formula (2.10)].) Moreover, since

Hg(z1,22,...) = Sg(z1€1 + 2262+ - - +) (9.4)
(see [LOU1, The. 5.7]) we know by Theorem 3.3 that
S(g1 0 92)() = Sg1(9) - Sg2(p) (9:5)

for g1, 92 € L?(u), ¢ €S. This gives
FIXoY](p) = lim F[XaoYa](p)
= lim S, 0 ¥o) i)
= lim e2W’SX,(ip) - SYa(ie)
= lim e 519 F[X,)(¢) - F[Ya)(p)
= e #PFX](p) - FIY(9)-

Corollary 9.3 Let X,Y €L! and assume that X oY exists. Then
E[X o Y] = E[X]- E[Y] ‘ (9.6)

Proof Choose ¢ =0in (9.1).

Corollary 9.4 Suppose u(yp, z,w) is an L! functional process which solves equation (8.1).
Then E[u(yp, z, -)] coincides with the solution v(y, ) of the corresponding no-noise equation

sz(go,x) = —SU((p:x) - (f * QD)(:E) in D
{ v(p,z) =0 on 6D ©.7)

It is well-known that the solution v of (9.7) can be expressed as follows:
Let {b:}t>0 be a Brownian motion on R? (independent of B;) with law P= (P (b =
z) = 1) and put

7p = inf{t>0;b: ¢ D}

Then by the Feynman-Kac formula we have
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Corollary 9.5 Suppose u(ip,z,w) is an L' functional process which solves (8.1). Then
A TD
Blu(p,z, )] = B[ [ e (£ x o) (b)) 0.8)

where E* denotes expectation vs(ith respect to P=.

10 The stochastic Schrédinger equation

We now have the sufficient background for discussing the general stochastic equation (8.1).
Modified to the L'(u) setting our definition of a solution of (8.1) becomes the following:

Definition 10.1 We say that an L! functional process u = u(yp, z,w) is a solution of (8.1)
if for all ¢ €S there is a set H, CS’ with u(H,) = 1 such that for all we H,, the function
z — u(yp, z,w) solves the (deterministic) boundary value problem

Azu(p, z,w) = —e(Exp W, ou)(w) — (f*¢)(z) inD (10.1)
and
lim u(yp,z,w) =0 for all y€OrD (10.2)
z€D
Remarks

1) It is a part of the definition (assumption on ) that
ExpW,, ou

exists in L!(u), for all p€S and a.a. z€D.

2) Again we interpret the first part, (10.1), in the weak (distribution) sense, i.e. for all
w € H, the functions z — u(¢, z,w) and z — Exp W,,, ¢ u(yp, z, -) belong to LL (D)
and

(u, AY) = —e(ExpWo, o u,¥) — (f * ¢, %) (10.3)

for all ¥ € C§°(D) (the smooth functions with compact support -in D), where ( , )
denotes the usual inner product in L2(R9).
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Theorem 10.2 Let D be a bounded domain in R? and let f be a bounded continuous
function on D. Let (D) > 0 be the lowest positive eigenvalue of the operator —A in D.
Then for 0<e<e(D) the function

u(p, z, wj = k® [ __/0 fD Exp [5 /O‘Exp(W%')ds] (f * ) (bt)dt] (10.4)

is an L' functional process which solves (8.1). Here b;, £, 7p is as in Corollary 9.5.
The proof will be split into several lemmas: -
Put
Un(Z) = Un(p, z,w) = i Z—I:E“’ [ /; ° ( .[) ) Exp W%rdr)OkF(bs)ds] (10.5)
k=0 %

for n=0,1,2,..., where F'=f * .

Lemma 10.3

un (@, z,-) € L*(p) for all p,z and all n. (10.6)

Proof Define
u(p,z,) = E* [/OTD (/03 Exp W<p,,rdr)°kF(bs)ds] ; k=1,2,... (10.7)

Then, with c=sup |F|, ®; = ¢s,, = ¢(z — br;) we have

[P ff Exp 3 Wa,dri . drk)dsD2

j=1
o d LD : /0 i ( /0 /0 - (sz=1 5~ %||j-zfjl<1>j||2)dr1_...drk)2ds
< RE* |rp- ./OTDs"(/OS 5 " Zi:@,-“z)drl . drk)ds

Jy e
- 2fe > /omsk( /0 / 221_161) exp (||Z<1> [")dr:.. drkd)d]
I

/ / Exp 2y )dﬁ d'rk)ds] (10.8)

vk((p’ z, ) < c2 (Ez

< G exp(k2ll0l)E* o

This gives
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2 2 2 7 . TD k s.o- y .
EF[i(p,z,-)] <  exp(k?||o]®) E* [TD /0 s (/0 /; 1 drl...drk)ds]
e e e L .2k+1]
= & (I8 o g B (10.9)
- exp(K o] E*[75+] < o0,

T 2%k+1

since E=[exp(e7p)] <o for all € <e(D) (see e.g. [D; Section 8.8]). This proves Lemma 10.3.

Lemma 10.4 For n>1 we have
Ayun, = —€ExpW, oupn_1 — F forallzeD (10.10)

where A is interpreted in distribution sense.

Proof The Hermite transform of v is given by

~ TD S —~ k
Ur(z) = Uk(z, 2) = E [/0 (/0 exp W, (z)dr) F(bs)ds] k=0,1,2,...
Fix ¢>0. For bounded measurable g we define

(Pg)(@) = E[g(bs)]

By the Markov property we have

Pin(z) = E=[Be(by), t <7p] = B [Eb, [ /0 ( /0 “exp W, dr) kF(bs)ds] i< TD]

= E* [t(TD, E’-’E[/O‘Tpoog (/Osexp W%rootdr)kF(bs . et)dsljrt] |

where 6; denotes the shift operator b, 0 6; = b,,4. Since 7p =t +7po8; on {t<7p} we get

Pii(z) = E* [t<TD,E”[/tTD (/:exp W¢brdr)kF(bs)ds|.'F}]]
S [t< D /t i ( /t sexp erdr)kF(bs)ds] (10.11)

This gives
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HP(z) - (o))
= ——'1- {E‘“ ‘[tzfp, /0 ke ( / sexp W%rdr) kF(bs)ds]
+ E"’ [t<TD,£D ((/sexp W(p,,rdr) /TD / exp W% dr) )F(bs)ds]}
=— IE’ [tZTD,ATD (/ expW‘,,b d’r) F(bs )ds]
ke [t <TD? [) t ( /0 expW%rdr) F(bs)ds]
- }{E‘“ [t<TD,/tTD {(/Osexp W%rdr)k - (/:exp W%rdr)k}F(bs)ds]
= 0,(t) + L(t) + I3(t) (10.12)

We deal with these 3 expressions separately. First note that, with M = sup |Wx| and
z
¢ = sup |F(z)],
x

lim |1,(t)] < limfexp(Mk)-E’z[tzfp,/omskds]

cexp(Mk) - e
< AT Bl ]
cexp(Mk) K+l
< %l._)ot R =0, (10.13)

For the second term we get similarly

. cexp(Mk) -, t
llf)%l]g(t)l < —L——)E [t<TD,/Os'°ds]

= t
Mk tk+1
< ce’;pil ). ——0 ast—0. (10.14)

Using the mean value theorem we see that

I(t) = —%Ez [t<TD,/t Dk . (/ exp W%rdr)k-l exp W%a -t F(bs)ds]
where 0 <a< t. This gives

. A TD s —~ k-1 —_

%m& I(t) = -k E* [/0 (/ exp W%rdr) F(bs)ds] -exp W, (10.15)
From (10.12)-(10.15) we conclude that

hm ! (Ptvk(:r) - vk(:r)> = —k - Ug-1(z) - exp W% fork>1. (10.16)
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For ¥p(z) it is well-known that .
lim — (Rv0 (z) — to(z)) = —F(z)

From this it follows that in distribution sense we have
Avo(z) = —F(z)

and
Av(z) = —kExp W,,, ¢ vg—1(z) fork>1

Since
n k

Un =Y %vk

. k=0
we get from (10.18)—(10.19) that

Au, = i ffA'uk —F e ———;_1 0 Exp W,,_
= k! k—l (k-1)!
= —€U,10ExpW,, — F,
which proves Lemma 10.4.
Lemma 10.5
sup "un oExpW,, —unoExpW,, L 0 asm,n—o

Proof We may assume m<n. Then

’ltnoExpW‘;,z — Uy, © ExpW,,_ =
z ™D s ok
- mz_,_:l k'E [./o (_/0 Exp W%dr) o Exp W, - F(bs)ds] .
So, putting $,=¢. and using the notation from the proof of Lemma 10.3,

E*[[wnm]] < B

J=0

=c- 3 k'EzU kds]_cm+l (k+1)'E [5"]

— 0 as m,n— o0, uniformly in z, since

sup E’"‘[exp(erp)] < oo
by our choice of €.
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Remark Lemma 10.5 implies that Exp W, o ue L!(u) exists and
Exp W, ou= lim ExpW,, oun  in L'(y) (10.20)

Lemma 10.6°

sup ||un — ullziwy ~ asn—oo00
x .

Proof This is proved in the same way as Lemma 10.5. We omit the details.

Proof of Theorem 10.2: From Lemma 10.4 we have
- Au, = —€Exp W% OUp—y — f for allze D
Therefore, if 1€ C$°(D) and (, ) denotes inner product in L2(D), we have for all n>1
(tn, DY) = (—€Exp Wy, ¢ un-1,%) — (F,¥) (10.21)
As n — oo this converges to, by Lemma 10.5 (10.20) and Lemma 10.6,
(u, AW) = (—eExp W, o, %) — (F,),
which shows that (10.1) holds.

The proof that (10.2) holds follows the usual argument for the stochastic solution of the
Poisson problem (see e.g. [@, Ch. IX]) and is omitted.

Appendix: Basis-invariance of the Wick product

Apparently the alternative definition (5.3) of the Wick product depends on the choice of
basis elements {e;}; for L2(R?). In this appendix we will prove directly that this is not

the case.
First we establish some properties of Hermite polynomials. Recall that the Hermite
polynomials are defined by the relation

n :_2 dn _52.
(@) = (- )" o= (e77)
We adopt the convention that A_;(z) = 0. Then for n=0,1,2... we have
hnt1(z) = h1(2)hn(2) — nhn_1(2) (A.1)

If z=(z;,2s,...,2zN) is a vector, and a=(a;, o, ..., an) is a multi-index, we define

ho(z) = hay (Z1)hay (22) . . . hay (ZN)

Formulated in this language, (A1) takes the form

bats(@) = ha(Dhp(@) ~ T griba-sl@) 1611 (A2)
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Lemma A.1 Ifa2+ b =1, then for all n =0,1,2... we have

n

SRR W L MO

k=0

Proof By induction. The cases n=0,1 are trivial. We use (A1) to get

hnii(az +by) = (az + by)ha(az + by) — nhn-1(az + by)
= (az + by) Z ( ) a*o" *hi(z) hni(v)

k=0

. ,CZ_% ( )akbn-l-khk(x)hn-l_k(y)

= > (Z) " *hy () hn—k ()

k=0

+Z ( ) a*b" i (z)y Rk (¥)

k=0

_ Z ( )nakbn_l_khk(x)hn—l—k(y)

k=0
Using the equation (A1) backwards, we have the following

-E (e

( R (@)1 (0)
k=0

1

)
nl ( ) a % b1 (2) Bk ()
)

( S b (@) a1 a(y)
k—-O
-1

— Z ( )na"b"’l“"hk(x)hn-l-k(y)

k=0
The sum of the two first terms gives the required expression. As for the three last terms,
we have when we let S denote the sum of these

S = }: Kk . 1) (k +1)a® + (Z) (n— k)b — (”; 1) n] akb"-l-fhk(x)hn_l_k(y)

k=0
Here

(k+1)(k+1)a + (k>(n—k)b2— (n;c_l)n=(a2+bz—1)(n;1)n=0

and this proves the lemma. m]
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N
Proposision A.2 If a= (a1,as,...,an) with 3 a? = 1, we have
i=1

P (i a,-x,-)v = > %!!aaha (z)

a=(a1,02,...,aN)

laj=n -

Proof Trivialif N=1. If N > 1, we put

N+1 N+l N4l
Za,x,—alzl+ at ) ——— ;= a1z + by
i=1 =2 i=2 2,_"2’ a;
i.e.
N+1 N1 o
2 — 1
> al y=> (3)%‘
=2 i=2

Then a? + b = 1, so by Lemma Al

=1 k=0

The induction hypothesis applies to hn,—k(y). Hence

N+1 k) a
<Z aﬂ‘:) E (:) a¥b" *hi(z1) > @_l)—blalh (z2,Z3,. -+, ZN+1)
i=1 k=0 a=(0,02,...,N+1) a:

al=n—k

i n!
E Z kla |a',1¢a‘g‘2 . NIYI-EI hk(xl)ha(x% :mN+1)
k=0 (0 Q2,.. ,C!N+1)
|aj=n—k O

Proposition A.3 Let a,by,bs,...,bn,z be vectors in RM. If all the inner products
(a,b;)=0i=1,2,...,N, then

Z _aabﬁl bﬂ a+ﬁ1+ +BN (.’L')

lal=n
1B11=1,....By =1

- ¥ Z—!!a"bfl B he@harspn ()

lal=n
1811=1,...,18N1=1
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Proof By induction again. This time we use induction on the number of 5-s. We first
consider the case with one 8. We use (A2) to get

Y LaWhars@) = 3 LW halalhale) = T iV hanaa)
= Cy i
|
= %n —.a"‘bah (@)hs(z) — |;§=:1 aPrP (M;_l% “ha(a:))
18l=1 '

If (a,b) = 0, the last term vanishes. This proves the case with one £. By induction we will
assume that the statement is true on all levels up to N. We use (A2) again to get

: B
Z —a“b‘f‘ cen ble ha+ﬁ1+---+ﬁN+ﬂN+1 (IE)
1811=1,.. |5N+1| =1

= Z —;Cl,mb/ls1 . bﬁr]::'il ha—i-ﬁ;l +-+8N (.T) hﬁN+1 (IZI)

lal=n
1811=1,..c,lBN411=1

! o fran @+ Bt +Bw)

_ —a b51 PPN ) .

alz=n al” H (a+B1+:-+Bn—Bns1)! L Ry S C)
1811=1,..., |5N+1|=1

We now use the induction hypothesis on the first term.

= z a' b’;ml ha(x)hﬁl‘*‘""*’ﬂlv (x)hﬁN+1 (:L')
|51[=1;|flJ;r;[+1l =1

E n! ab31 bﬁN+1 (a + 131 +---+ .BN)'

a . - Z
al 1 N+1 (a+ﬁ1+ +,3N ﬁN+ )' a+ﬁl+ +BN ﬂN+1( )

laj=n
1811=1,...,|BN 4+11=1

Then we use (A2) backwards in the first expression.

= ¥ “bﬂl B R (2) Ry sy (2)

|la|=n
|B11=1,..c,1BN 41 1=1

s Mg gy (it

: ha(Z) gy 4t BB
+ a! N+1 (,Bl+"'+:8N"',BN+1)! (.’I:) Bi+-+BN—BN+ (x)

lal=n
1B11=1,...,|BN41l=1

|

— i abﬁl bﬁN+1 (a + ,31 +---4 ,BN)

|}=:n od® N (g Bt +ﬁN — BN )lh°+ﬁ1+ +By—Br41(Z)
1B11=1,....|BN +1]=1

= I+I1I-1II

Now observe that

(BL+ -+ Bn)!
(Bi+ -+ By — Bns1)!

= #{6i = Bn+1,1 < N}
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(a+ B+ +6n)! _ al
(@+ B+ +Bnv—PBrns1)!  (a—Bns1)!

We consider the second term 17, and have

+ #{6: = Bn41,1 S N}

. nl .
= 3 =W B @b ssn-prn (@) - #{B1 = P41, < N}

~ lal=n
181 I=1:""|ﬁN+~1|=1

n! )
= Z b%mlbf}m Z aa”‘bg’ ---bngha(x)hﬁz+...+ﬁn(x)

[BN+1l=1 lal=n
1821=1,....|18N]=1
- n!
+ 3 RERT > = bbRR. . Y ha(@)hg 4t 48x (2)
BN 1l=1 lal=n o

Ipl |=1nl53|=1:"--|ﬂN|=1

-+

: n! BN—
. b/]f}"_'jfllbf;,”“ 3 " ot . W 1 ha(T)hpi+..+py_1 (T)
=1 |8 .
I8N 41l |pl|=1.lgl.lﬂ1v—1|=1

The induction hypothesis applies (backwards) to all of these, so we get that the second
term I7 is equal to the expression

n! .
> a—,aabfl- DR Pttt (T) BB = B4, < N}
181l =1,|g|,;;+1 =1

Now we can finally subtract the third term 117 from the second I, and get
ol

n!
II—III=— et WP = pa s s (z
|¢§=:n o 1 N+1 (a_ﬂN+1)! a+B1+...BN 5N+1( )
1811=1,....|BN 411=1
n' 8
= - Z aﬁNHbgrA-r:ll Z Jaabfl- . -bNI:lel hotpi+..+8n (z)p=0
|BN+1]=1 lal=n :
1811=1,....|8N|=1
and this proves the proposition. m|

We now proceed to show basis-invariance. So we consider two bases {ex}$2; and {é;}32,
for L2(R?%). We let 0 = [exdB and ék = [érdB denote the corresponding first order
integrals and we let ¢ and ¢ denote the Wick products that arise from the two bases. To
prove that =3 we proceed as follows:

Lemma A.4 For each pair of integers n and &

=0 = hn(0k)

29




N N
Proof Since |6/l z2@)=1, it can be approximated in L? by a sum }_“,la,-ﬁ,- where Y a?=1.
i= i=1
Then by definition of the & product

LN\ nl A A .
i~ (Sod) = 5 Bathauba.dn)

i=1 a=f{aj,..an)
laj=n

. .
= hn <Za,~0,-) =~ hn(6‘k) = 02"
=1

In the third equality we used proposition A.2. We now let N — o0, and this proves the
lemma. o O

Corollary A.5 If n,m and k& are non-negative integers
hn(0) S hm(6k) = hrn(6k) © R (0k) = Py (6k)
Proof
hn(Ox) 8 b (B1:) = 65" 867" = 65" ™ = hnpm(6)
by Lemma A 4. o
Proposition A.6 For all finite length multi-indices o and £

Ho(w) 8 Hp(w) = Hao(w) ¢ Hp(w) = Hays(w)
Proof Because of Corollary A.5 it suffices to prove that for all ny,ns,...,num

hny (61)8hn; (02)3 - - - Shnyg (634) = Py (61) - hny (62) - - - iy (1)

As in the proof of Lemma A.4, we may just as well assume that 6,,0,...,60p is in some
finite dimensional subspace generated by the Or-s. Le. we may assume that

N . N . N )
0, = Zaiﬁi O = Zb?)ei cee Opr = ZbSM)a‘

=1 =1 =1

where in particular @ = (a1, az,...,an) is orthogonal to all the b)s. By propositions A2
and A3, we get
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hny (01)3hn, (02) - - - by (O21)

- (N N R N . N .
= b, (Za,-e,-)a (Z b§2)0,-)6- : -6(Zb§2)0,-) 8 (Z b§3)0,-)<“>- - ete.
i=1 i=1 i=1 i=1

/s -
v g

ng—times na—times
n! B, " ~
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and the claim follows by repeated use of this argument. o

Proposition A.6 says that the Wick product is invariantly defined on all elements in a base
for L?(Q). The same then applies to all finite dimensional linear spans of such elements
and hence to limits of such spans. We have thus proved the following

Theorem A.7 Whenever defined, the Wick-product X oY of two elements
X,Y € L?(Q) is invariant under base changes on L?(R?).
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