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Abstract
We study the stochastic (Skorohod) integral equation of the Volterra type

Xi(w) =Y:(w) + / b(t, s)Xs(w)ds + / o(t, 8) Xs(w)éBs(w)
0 0

where Y, b and o are given functions; b and ¢ are bounded, deterministic and Y; is stochas-
tic, not necessarily adapted. The stochastic integral (6B) is taken in the Skorohod sense.

In general there need not exist a classical stochastic process X;(w) satisfying this equation.
However, we show that a unique solution exists in the following extended senses:

(I) As a functional process
(II) As a generalized white noise functional (Hida distribution).

Moreover, in both cases we find explicit solution formulas. The formulas are similar to the
formulas in the deterministic case (¢ = 0), but with Wick products in stead of ordinary
(pointwise) products.
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§1. Introduction

The classical (deterministic) Volterra equation of the second kind has the form
t
(1.1) X, =Y+ / Nt $)X,ds 0<t<T
0

where Y;,v(t, s) are given functions, T > 0 is a given constant. This equation occurs in
many applications, some of which are described in [GLS]. See also [T] and Example 1.1 be-
low. Suppose now that the system is randomly perturbed or that there is insufficient /noisy
information about the function v(, s). In both cases a possible mathematical formulation
would be to put

(1.2) ~(t,s) = b(t,s) + o(t,s) - Ws,

where b(t, s) and o(t, s) are deterministic functions and W, = W,(w);w € Q (a probability
space) denotes “white noise” (see definitions below). We also allow Yt = Y;(w) to be
random. This gives - formally - the equation

(1.3) Xi(w) = Yi(w) + / bz, $) X, (w)ds + © / o (t, $) X, (W)W, (w)ds"

where the last term (in quotation marks) remains to be defined.

If Y; is an adapted stochastic process, then it is natural to assume that a solution X; of
(1.3) must be adapted too, and this leads to the following interpretation of (1.3):

(1.4) Xi(w) = Yi(w) + / b(t, s)Xs(w)ds + / o (¢, 8) X,(w)dBs(w)

where the last term denotes the usual Ito integral and B;(w) denotes Brownian motion
whose t-derivative is W;(w) (in distribution sense).

In this paper we are mainly interested in the case when Y; is not adapted. In this case
we of course cannot expect X: to be adapted and then the Ito integral in (1.4) is not
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defined. However, equation still makes sense if we replace the Ito integral by the more
general Skorohod integral:

(L5) X:(w) = Yi(w) + / b(t, s)X,(w)ds + / o(t, ) X,(w)6B,(w)

REMARK. The Skorohod integral

T
[ Z.)8B.(w)

is defined for all processes Z;(w) (adapted or not) such that
T o0

(1.6) [EIZ2ds + - (m+ DUl < o0
0 m=1

Here fu(ti,: - - ,tm,t) is the symmetrization of f,('") (t1,- -+ ,tm), where ft(m) is the m’th order
term in the Wiener-Ito chaos expansion of Z;:

(e <]
Zi(w) = > /fz(m)(tl,"',tm)dth"'dBtm
m=0R,,.
If Z,(w) is adapted, then the Skorohod integral coincides with the Ito integral [NZ).

We will use (1.5) as our mathematical model for a randomly perturbed Volterra integral
equation, or a stochastic Volterra integral equation for short. The purpose of this paper
is to study the existence and uniqueness of a solution of (1.5). Moreover, we will find an
explicit solution formula. It turns out that in general (without strong conditions on Y¥;,b
and o) there does not exist a (classical) stochastic process X; satisfying (1.5). However,
we will prove that a solution exists (and is unique) in the following extended senses:

(I) As a functional process (see §3)
(IT) As a generalized white noise functional (or Hida distribution) (see §4).

Skorohod Volterra equations with anticipating kernel (but non-anticipating initial condi-
tion X, = Y;(Vt)) have been studied in [PP], see also [BM] and the survey in [Pa]. In [O]
the stochastic Volterra equation is studied in the setting of Ogawa-type integrals. To the
best of our knowledge our paper is the first to discuss the Skorohod interpretation with
anticipating initial conditions.

We now explain these two approaches in more detail:

(I) The functional process approach. ([L@U1],[LOU3],[HLAUZ]) (see §3 for details).

Here we regard the solution X as a generalized stochastic process of the form
(1.7) X = X! = X(¢,t,w)
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where ¢ € S (the Schwartz space of rapidly decreasing functions on R). Heuristically
X(¢,t,w) can be regarded as the result of measuring X (at time ¢ and in the experiment
w) through the averaging/test function or “window” ¢.

White noise W may be regarded as such a functional process by the definition

(18) W(4,t,w) = Wa(w) == [ $u(s)dB,,

where ¢;(s)- = ¢(s — t) is the window ¢ shifted by the amount ¢. Note that for each fixed
¢ both X(¢,-,-) and W(¢,-,-) are continuous stochastic processes. There is a striking

formula for the Skorohod integral in terms of the Wick product ¢ as follows (see Lemma
2.1):

(1.9) / (6+Y):6B, = / YioWydt VéeS
R R

where * denotes convolution with respect to t, i.e.

(1.10) (¢+Y)u(w) = [ 9t - 5)Y:(w)ds.
R

In view of this we say that a functional process X; = X#(w) = X(¢,t,w) is a solution of
(1.5) if for all ¢ € S there exists a stochastic process X; = X¢ such that

t t
(1.11) Xt =Y?+ / b(t, s)X%ds + / o(t,8) X0 oWyds; 0<t<T
0 0

where we allow Y; = Y to be a functional process too. In §3 we show that a functional
process solution of (1.5) exists under certain conditions on Y;?, b(t, s) and o (¢, s). Moreover,
we give an explicit solution formula:

t
(1.12) X, =Y+ / H(t, s)o Yds,
A 0
where H(t,s) = H(t,s,w) is a random kernel constructed from K(t,s,w) := b(t,s) +
o(t, s)We,(w).

(II) The generalized white noise functional (Hida distribution) approach [HKPS] (see §4)

In this setting we regard X; and the other elements of equations (1.5) as elements of the
space (S)* of Hida distributions (or generalized white noise functionals). The pointwise
white noise W; may be regarded as an element of (S)*. By Corollary 3.4 in [LOU2] we
have

(1.13) ‘ Zg&Bt = Zt < Mdt
[7=]
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for all stochastic processes satisfying (1.6) (adapted or not). In view of this the natural
interpretation of equation (1.5) in the Hida distribution setting is

t t
(1.14) Xi=Y+ / b(t, s)X,ds + / o(t, 8)Xs o Weds
0 0

where Y; now is regarded as an element of (S)*.

Note that ‘by (1.13) the relation between the pointwise white noise W; and the functional
process Wy, is (choose Z; = (t) in (1.13)):

(115) W(¢107w) =/¢(t)I/tht,
R

i.e. W(¢) is the result of “smearing out” the singular noise W; by the test function .

In this (S)*-setting we prove an existence and uniqueness result for (1.14) and, here too,
we obtain a solution formula of the type (1.12). Moreover, we show that the solution of
(1.14) is actually in L?(x) under some conditions.

EXAMPLE 1.1 A number of applications of Volterra equations can be found in [GLS,
p. 4-13]. Here we present an economic example, with a structure related to the population
dynamics example presented in Ex. 2.2 in [GLS]. Our example leads to a stochastic Volterra
equation of the form considered in this paper:

An investment in an economic production, for example the purchase of new production
equipment, will usually have effects over a long period of time. Let X (,u) denote the
capital distribution at time ¢ resulting from the investments which have age u (i.e. which
were made u units of time ago). More precisely, let

/ X(t,u)du denote the total capital gained
U

at time ¢ from all investments with age u € U. Assume that

0X(t,u) 4 0X(t,u)
ot ou
where m(u) > 0 denotes the age-dependent “death” rate of the equipmentment /machines

involved in the production. Moreover, assume that the amount of new capital X (¢,0) at
time ¢ is described by the equation

(1.16) —-m(u)X(t,u),

(1.17) X(t,0) = fX(t, w)p(u)du
0

where p(u) is the productivity of the equipment with age u, i.e. p(u) is the production at
age u per capital unit. (In this model we only consider the part X (t,u) of the produced
capital that is reinvested into the production process.)
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We assume that the initial capital distribution X (0, u) = ¢(u) is known. Then the solution
X (t,u) of (1.16) is given by

¢(u—t)-exp(—jt'm(s+u-—t)ds) ; 0<t<u
(1.18) X(t,u) = o
X(t —u,0) - exp(— ({m(s)ds) ; t>u

Substituting this in (1.17) we get the Volterra equation

(1.19) CX(t,0)=Y()+ ] K(t — 5)X(s,0)ds
where o

(1.20) Y(t)= 745(8) exp(— _/t m(s +r)dr)p(t + s)ds
and o 0

(1.21) K(t) = p(t) exp(— oft m(s)ds)

If the productivity function p(u) is subject to random fluctuations we could model p(u) by
(1.22) p(u) = po(u) + W,

where € > 0 and W, denotes white noise as before. This leads to a stochastic Volterra
equation of the form (1.4) with X; = X (¢, 0),

(1.23) b(t,s) = po(t — s) exp(— /—sm(r)dr) ; 0<s<t
(1.24) o(t,s) = eexp(— ]sm(r)dr) ; 0<s<t
0
and
Y: = 7 ¢(s) exp(— / m(s + r)dr)po(t + s)ds
(1.25) 0 0

+ e]oqb(v —t) exp(—/tm(v —t+r)dr)dB,

Note that Y; is not adapted in this case.




§2. Some mathematical preliminaries

Let (S, B, u) denote the white noise probability space, i.e. u is the probability measure
on the Borel subsets B of the space &' = S§'(R) of tempered distributions on R, with the
property that '

(2.1) / &<99> 4 () = e~ HIOP
. 5
for all ¢ € S, where ||¢]> = [|4|%dz and < w, $ >= w(¢) is the action of w € &' (the dual
of S)onp€S. See [HKPS]Rfor more information.
Recall that the white noise process W is the map

W:8SxS —-R
given by
(2.2) W(p,w) = Wy(w) =< w,p >;9 € S,we S’
ie.

Wiw) = [ $(t)dB,
R

where the right hand side denotes the Wiener-Ito integral with respect to Brownian motion
B;.

There is also a pointwise, singular version W; of white noise, which we describe below.
Heuristically we may regard W; as the limit of W, as ¢ — §;, the point mass at t. This
limit exists in the space (S)* of Hida distributions. For definition and properties of (S)*
see [HKPS). An alternative description of (S)* can be given as follows (see [Z]): Let

(2.3) ea(z) = 74 ((n — D) Yo Thy_1(v22)

be the Hermite function of order n > 1, where

(2.4) (&) = (~D)"eF = o~

is the Hermite polynomial of order m > 0.
It is well known that {e,}&, forms an orthonormal base of L? = L?(R). Moreover, e, is
an eigenfunction for the operator

d?
A=—E+$2+1

with eigenvalue 2n, i.e.
(2.5) Ae, =2ne,, n=12,---
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Put 6;(w) = [e;(t)dB; and define
i 346

(2.6) Ho() = [ hay 65)

j=1
for all multi-indices a = (a1, - -, om)-

By the Wiener-Ito chaos theorem we have that each f € L?(u) can be represented as a
sum

2.7) fw) =) caHa(w)

where

(2.8) £z =D alck, andal= ﬁ ;!
a i=1

We say that f € L?(u) is a Hida test function, f € (S), if

(2.9 As(k) :==supla!(2N)* < 00 forall k < co

where

(2.10) @N)*:=[[(2/)¥ ifa=(ai,-:-,am)
j=1

The dual of (S), denoted by (S)* (the space of Hida distributions) can be represented as
the set of formal sums

(2.11) F =) b.H,
a
where
(2.12) sup b2a!((2N)™*)? < oo for some g < co.
«

The action of F € (S)* (given by (2.11)) on the test function f € (S) (given by (2.7)) is
(2.13) <F,f>=) alb.ca
In general we have
(S) c LP(u) c (S)* forallpe (1,00)
We can now define the pointwise white noise W; in (S)* by

(219) W) = 3 ex®)h(6:)

k=1
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(= §1 bnH,, (w) with €, = (0,0,---,1) with 1 on the n’th place and b, = e,(t))

Then
sup b2l (2N) ™4 = supe2(t) - 1- (2n) ™7 < oo

for ¢ > —, since |leqfloo = 0(n~%) as n — oo (See [HP, Formula (21.3.3)]). So W; € (S)*
as claimed.

In the folloivving we will use the convention that W; means the pointwise white noise (in
(S)*) if t € R while W, means the white noise defined by (2.3) if ¥ € S. In spite of the
ambiguouity of this notation we think it will be clear from the context what we mean.

If F =3 aaH, and G = Y bgHp are two elements of (S)* we define their Wick product
@ 5
F ¢ G as the element of (S)* given by

(2.15) FoG= ZaabﬂHa+p = Z( Z aabﬂ)H7
a,B

T atf=y

Using the characterization (2.9) one can prove that both (S)* and (S) are closed under ¢,
ie f,g€(S)* = foge€ (S)* and similarly for (S). (See the argument in [Z]).

There is an alternative to the representation (2.7): If f € L%(u) there exist functions
fn € L*(R™) such that

(2.16) $@) =3 [ fultr - t)dBE"
n=0Rn
and

(=]
"f”%!(p) = Z n!"fn“%?(m)-
n=0

Here L?(R™) denotes the space of symmetric L*- functions on R and dB®" = dB; dB,,
---dB;, denotes the n’th iterated Ito integral. Using this representation the Wick product

of two functions
f=% [£dB® and =Y [gndBo™

in L*(p) can be expressed as (when convergent)
(2.17) fog= Z/fnégmdBQ(rwm)
nm

where ® denotes the symmetrized tensor product.

The Wick product plays a crucial role in our solution of the stochastic Volterra equa-
tion. Since L'(u) is not contained in (S)*, an extra definition is needed for that case (see
[HLOUZ)):

Suppose there exist X,,Y, € L?(u) such that X, — X in L}(u), Y, — Y in L} (i), XpoYs €
L'(u) for all n and Z := lim X, ¢ Y, exists in L(p).
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Then we define

(2.18) XoY =2
This definition does not depend on the specific choice of {X,}, {Ys}. In fact, we have
(2.19) FIX oY](¢) = P FIX](9) - FIYI(9) V€S,
where
(2.20) FIX|@) = [P X(@)duw) ¢S
5

is the Fourier transform of X.

(For a proof, see [HLOUZ, Lemma 9.2]). A survey of the properties of the Wick product
is given in [GHL@UZ)].

Now let us recall two important transforms on (S)*:

If F € (S)* then the S-transform of F (first introduced in [KT]), SF, is a map from S
into C defined by

(2.21) SF(¢) =€t < Flexp < -, ¢ >>

(It can be proved that the function w — exp < w, ¢ >;w € &' belongs to (S), so (2.21) is
well-defined).

Note that if F € L?(u) then

(2.22) SF(¢) = e 2l / exp(< w, ¢ >)PF(w)du(w)
5

The Hermite transform (first introduced in [L@U1]) of F, HF, is a map from the space

CY' of all finite sequences of complex numbers into C (the set of complex numbers) defined
by

(2.23) HF (21,2, ) := F(z1,20,--) = SF(me1 + ez + - ); (21, 22, - ) € C'
Equivalently (see [LOUL, Th. 5.7]) if F € (S)* has the expansion
Fw) =) coHa(w)

then, using multi-index notation 2* = 2*232--- if z = (21, 20,--*) and a = (a1, @9, - ) We
have

(2.24) HF(z) =) caz® ; z€CQ

It can be shown that the series converges and represents an analytic function of z € C{',
for all F € (S)* (see [HKPS]). The characterizations of the Wick product in terms of the
S- and the H- transform are the following;:



If F,G € (S)* then

(2.25) H(F ¢ G)(2) = HF(2) - HG(z); z€ CY
and
(2.26) S(FoG)(¢) =SF(¢)-SG(¢); ¢€S

Finally we recall that there is an explicit inverse of the Hermite transform [L@U1]:

Let A be the probability measure on RN defined by

(2.27) [ £ u)dr@) = @0~ [ f)eibray
RN R»

if f is a bounded measurable function of y = (y1,¥2,---) € RN depending only on the first
n coordinates yi,- -+, yn. Let

X =) coHa(w) bein L*(p),

so that X has the Hermite transform

X(2) =HX(2) =) caz®

Then we recover X from X by
(2.28) X(w):=H"'X:= lgm X8 (0 + dy)dA\(y) (limit in L3(p))
£} mRN

where 0 + iy = (61 + iy1,02 + iy2, - - -) with 6 = [exdB and

(2.29) X®R) () = > a2 Jng={a;la|<n anda;=0 forj>k}
a€Jnk

is the doubly truncated series for X.

Moreover, we have the estimate [HL@UZ, Th. 4.2]:
(2.30) E(XP] < liminf [ [|X® (e + in)Par)drn)

for all p € [1, 0).

Before we finish this section, let us recall the main results in [PS] which will be used
intensively in §4:

DEFINITION 2.1. Let F be a complex valued functional on S(R). We call F a U-
functional if the following conditions are satisfied:
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C.1 For all ¢, € S(R), the mapping A — F(¥ + Ap),\ € R, has an entire analytic
extension, which will be denoted by F(¢ + 2¢),z € C

C.2 There exists a p € Ny (the set of non-negatlve integers) and C;,C2 > 0 so that for
allze C,¢ € S(R),

(2.31) |F(2¢)| < Ciexp(Calz*(I6]13,)
where ||¢]|2p = || AP¢| 2wy

Then we have following theorems from [PS]:

THEOREM 2.1 [PS]. If & € (S)* then S® is a U-functional. Conversely, if F is a
U-functional, then there is a unique @ in (S)*, so that S& = F.

THEOREM 2.2 [PS]. Assume that Fy,,n € N (the set of natural numbers), and F are U-
functionals and let ®,,n € N, and ®, respectively, denote the associated Hida distributions
in (S)*. Then the following are equivalent:

(a) The sequence (®,,n € N) converges strongly to ¢
(b) The sequence (Fy,n € N) converges pointwise to F' and for all large enough n € N,
the estimate (2.31) holds for every F; uniformly in n.
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83. The functional process approach

Functional processes were first introduced in [L@U1] in a study of certain stochastic differ-
ential equations involving functionals of white noise. An extended multiparameter version
was used in [HL@UZ]. Functional processes may be regarded as a generalization of distri-
bution valued processes.

DEFINITION 3.1 Let p > 0. A (one-parameter) L? functional process is a function
X:SxRxS —=R

such that
(i) the map t — X(¢,t,w) is (Borel) measurable for each ¢ € S and a.a. w € &

and
(i) the map w — X (¢,t,w) is in LP(u) for each p € S and each t € R

EXAMPLE 3.2 We may regard the white noise process as a functional process W (¢, t,w)
by defining '

(8.1) W(¢,t,w) = W%(w) =< w,$: >
where
(3.2) ¢:(s) = ¢(s — 1)

is the t-shift of the test function ¢.
Note that if F € &’ and D denotes the differentiation operator we have

(3.3) < DF,¢z(") >=— < F,D¢;(-) >=— < F, d%qb(y —-z) >=<F, -gi—cbz(y) >,

so taking distributional derivatives of F' and applying the result to ¢, is the same as
applying F to the derivative of ¢, with respect to z. In view of this it is natural to inter-
pret distributional differential equations with respect to ¢ involving functional processes
X(¢,z,w) as ordinary differential equations in z for each ¢.

The second observation which is relevant for the interpretation of (1.5) is the following:
LEMMA 3.3 Let Y;(w) be a stochastic process and let ¢ € S be such that

Zy = (¢p*Y):
satisfies condition (1.6). Then

/ (6% Y):6B, = / Yi o Wdt,
R R

where * denotes convolution, i.e.

9+ Y)w) = [ $(t - )¥i(w)ds
R
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Proof. By Corollary 3.4 in [L@U2] we have

(34) Zt(SBt = Zt < I/tht
[7=]

for all processes Z; satisfying (1.6), where the right hand side is regarded as an element in
(&)

Applying this to Z; = (¢ * Y); we get
(p*Y)bB: = [ (] o(t — s)Ys(w)ds) o Wedt
/ [¢f ¢
= [Y) o ([ 8t — 9 Widt)ds
R R

= / Y, (w) o Wy,ds, as required.
R

In view of Lemma 2.1 and (3.3) the following interpretation of (1.5) is natural:
We say that a functional process X (¢,t,w) = X? is a solution of (1.5) if, for all ¢ € S,

t t
(1.11) X =Y+ /b(t, 8)X%ds + /a(t, 8)X¢oWyds t>0
0 0

where Y;? = Y(¢,t,w) is a given functional process.
LEMMA 3.4 Let b(t,s) and o(t, s) be two bounded deterministic functions satisfying

(3.5) b(t,s) =o(t,s)=0 if 0<t<s
Fix ¢ € S and define, for (¢, s) € [0, 00) x [0, 00),
(3.6) Ki(t,s) == K(t,s) :=b(t,s) + o(t, s)W,,(w)

and inductively
t t

B7)  Kanlt,s) = / Ka(t,u) o K (u, s)du(= / Ko(t,u) o K(u,8)du) ;n> 1.
0 s

Then for all (¢, s)

M1+ ||
(3.8) VK2, 8)lizg < 2 «/17!” T
and therefore the series
o0
(3.9) H(t,s,w) =Y Ku(t,s,w)
n=1
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converges in L?(u) uniformly for (¢,s) € [0, 00) x [0,00).
Proof. First note that, if we put
(3.10) v(t, s) = v(¢, s,w) = a(t, )W,
then .
Ki(t,s) = / K(t,u) o K(u, s)du
s

= / (b(t, u) + 7(t,u)) o (b(u, s) + v(u, s))du

and
Ks(t,s) = /Kz(t, v) o K(v,s)dv

= [ [ 166w + 2 w) o (b ) +7(2,0)) © (b(v, 5) + (v, 5)) dudv
So by induction

<

(3.11) Ka(t,s) = / [ TI (b(ur, urra) + ¥(ur, ues1))ldus - - - dun,

8<Up 1 oSy St 0Shsn—1

where ug =t and u, = s and f[ indicates that the Wick product is used.

Now

<

(3.12) I (Buk, vir1) + vk, urs1)) = D baluw)vs(w)

0<k<n-1 a,B

the sum being taken over all partitions {a,8} of {0,1,---,n— 1} (ie. anNf =0 and
aUpf={0,1,---,n—1}) and we have used the notation

(3.13) ba(t) = b(Uay, Usy41) * + * O(Uoys Uay41) i @ = {aq, -, 0q;}
and

(3.14) V8(u) = (ug,up41) o -0 Y(ug, up,,) I B={Bn---, 5}
Since

(3.15) E[Wg, o--- 0 We, IV* = VEI¢|*

we obtain from (3.12) that (with |3| = the cardinality of 3)

(316) Kt ew< [ [ T e lop@yiBI¢1 du: - duns

8<Un_1 < Sup <t BB
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Choose M < oo such that
[bt,s)] <M and |o(t,s)|<M forall t¢s.
Then from (3.16) we get (putting |G| = k)

1 n
1Ealt, )iz < M™ - -3 (’,j) VRl
Lt
M

< \/H(l + llel)™

LEMMA 3.5. Let K, K, be as in Lemma 3.4. Then

t
(3.17) Ka(t,s) = / K, i(t,u) o K;(u,s)du for j=1,2,---,n—1.
S

Proof. We proceed by induction. By definition (3.17) holds for j = 1 for all n. Suppose
(3.17) holds for n =ng and all § <ng—1and also for n =ng+1if j = jo < ng— 1. Then

t
/ Krgt1-Gor1)(t,u) © K ikl (u, s)du
’ t U
= /Km_jo(t, u) o (f K;,(u,v) o K(v, s)dv)du
St . S
= /K(’u, s)o (/ Kpg—jp (t,u) © Kjy (u, v)du)dv

t
= / K(v, ) 0 Kng(t,0)dv = Kno1(t, 5)-

LEMMA 3.6 Let K (t,s) and H(t,s) be as in Lemma 3.4. Then

H(t,s)— K(t,9) =/K(t,u)oH(u,s)du

Proof. By (3.9) and (3.7) we have

/K(t, u) o H(u, s)du = 131_1’{.10 /(f: K(t,u) o K,(u, s))du

n=1

N
= Jm 3~ Koalt,s) = H(t9) = K (1 5).

15




We are now ready for the first main result of this section:
THEOREM 3.7 Let b(t, s) and o(t, s) be bounded deterministic functions satisfying

(3.5) b(t,s) =o(t,s) =0 if 0<t<s

Let Y; = Y(qﬁ;t, w) be an L! functional process (not necessarily adapted) such that

(3.18) > 1 Km(s,u) 0 Yo 0 Kn(t, 8) Iz £ C < 0o for allt,s,u,n

m=1

(with C independent of t, s,u and n) where K, is defined by (3.7). Define

t
(3.19) X, = X(6,t,w) = Yi + / H(t, s) o Yads.
0
Then
(3.20) X,0 Ky(t,s) € L'(ds x du) for all t,n

and X; is the unique L' functional process which satisfies (3.20) and solves the ((1.11)
interpretation of the) stochastic Volterra equation

t t
(1.5) X, =Y+ / b(t, 5) Xsds + / o(t, s)X,6Bs
0 0

Proof. We first verify that X, given by (3.19) satisfies (3.20): From (3.18) we have

/H(s,u)oYdu)oK (t,s) = (Z/Km(s u) o Yodu) o Ky(t, s)

fn—lo

ij. Kn(s,u) oY, o Ku(t, s)du

m=17

which converges absolutely in L?(ds x du)
Next we verify that if X; is defined by (3.19) then X satisfies (1.11), i.e.

t
(3.21) X, =Y+ f X, 0 K(t,8)ds
0

16




Substituting for X and using Lemma 3.5 we get

X;0K(t,s)ds= | Yoo K(t,s)ds+ [ ([ H(s,u) o Yydu) o K(t,s)ds
/ / {4

t ¢
Y;0 K(t,s)ds+ /(Y,, ° / K(t,s) o H(s,u)ds)du
0 %

Y, o K(t,s)ds+ /K,o (H(t,u) — K(t,u))du
0

e
o . O, O~

Y,o H(t,u)du = X; - Y,

which proves that X; defined by (3.19) satisfies (1.5).

It remains to prove uniqueness:

x@ 5

Suppose X; "/, X;“’ are two L' functional processes such that for all ¢

X% o K,(t,s) € L'(dp x ds) for i=1,2.
Then since both processes satisfying (3.21) we get by subtraction that
Z,:=X® _x®
satisfies the equation

t
Z;= /K(t, s)o Zsds
0

This gives
i s
Z;= /K(t, s)o (/K(s, u) ¢ Z,du)ds
0 0

t
= /Kg(t, u) ¢ Z,du
0
Proceeding by induction we see that
i
(3.22) Zy = / K,(t,u)o Z,du for all n.
0

Applying the F-transform on both sides we get

FZi$) = ¥ [(FE(60)@)(FZ)@)du d €.
0

17



Since K,(t,u) — 0 in L?(u) as n — oo, uniformly in (¢,u), we see that
(FK.(t,u))(¢) =0 as n— oo, uniformlyin (¢, u)

and we conclude from (3.22) that FZ;(¢) = 0 for all ¢. Therefore Z; = 0, which proves
uniqueness.

The following is an important special case of Theorem 3.7:

THEOREM 3.8 Let b(t,s),o(t, s) be as in Theorem 3.7. Suppose Y; = Y (¢,t,w) satisfies
(3.18) and in addition that Y; is independent of ¢, i.e.

(3.23) Yi=Y, forall ¢

Then the unique L! functional process X; which satisfies (3.20) and solves the Volterra
equation ’

t t
(3.24) X = Yo+ / b(t, ) Xods + / o(t, $)X:6Bs
0 0
is given by
t
(3.25) X; = X(¢,t,w) = Yoo (1+ / H(t, s)ds)
0

REMARK. Note that the unique solution z;(w) of the non-anticipating Volterra equation
t t
(3.26) z® =a+ f b(t, )z ds + / o(t,s)z@dB, (a constant)
0 0
is (by Theorem 3.8)
t
(3.27) z® =a(l+ / H(t,s)ds).
0

The connection between the solution xﬁ“) of the non-anticipating equation (3.26) and the

solution X; of the anticipating equation (3.24) is therefore
(3.28) X, =YpozV
In particular, note that if Y; is anticipating then X; does not coincide with :c§°) with a = ¥}!

Condition (3.18) may be difficult to use in specific cases. In order to get a more tractable
condition we establish the following result of independent interest:

LEMMA 3.9 Let b,0 be as in Theorem 3.7 and let z; = xﬁl) be the (non-anticipating)
solution of (3.26). Let Hz; = Z; be the Hermite transform of z;. Then (with A as in §2)

/ / |Z:(z + iy)PdA(z)dA(y) < c0 forall p < oo

18




Proof. Taking H-transforms of (3.26) we get
t t
(3.29) Fi(z) = 1+ / b(t, 5)Zs(2)ds + / o (2, 8)Es(2) Wy, (2)ds,
0 .0

with Wy, (2) = S(¢s(-), €n)2n; z = (21, +,20,---) € CN, where (¢, e,) = wendx denotes
the inner produzt in L*(R). :
If we choosé M such that _

[b(t,8)| <M and |o(t,s)| <M forall t,s
then

¢ ¢

(3.30) (N < 1+ M [ |molds + M - [ [5,] - [Wy,lds
0 0

By the Gronwall inequality (see e.g. [EK, Appendix 5])

[3:()| < exp(Mt + M [ |W,|ds)
< exp(Mt+ M [(X 14, en)llzal + 2 1(6eren)] - ltnl)ds)
0 n n

t t
< exp(Mt) - exp(M ([ 1(6ssen)lds) - [zl + ([ 16 en)lds) - 3]
"o "0
Therefore, if we put a, = Mp- ({t |(¢s, €n)|ds,

[ [13@PdA@) M) < epeM?) - [ exp(E anlzadN@)

(3.31) dz,
= exp(pMt) [[[ [ exp(anlzal)eF S22
exp 1—,,[ Z exp(an e o

If a > 0 we have
1, dt
1{ exp(alt] - 3t) =
R Wy N Y
=l 02)[/ / (—-yz) \/—]

—exp(lal1 + 2 [ expl- L)L ) < explza?)lL+ 2al

(3.32)
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Next consider (with the operator A is in (2.5))

oo 00 ¢ ¢ e
Zan =pM- E/I(¢s,en)|ds = pM/(Z (451 €a)1)ds
n=1 n=19 . o =1
t o0
= pM [ 3" |(A7%en, 42,)]ds
) n=1
t o0
(3.33) < pM / 3 A %22 ]| A5 2ds
0 n=1
t 00
< pM / 3 (2n)2|| A%, | 2ds
0 n=1

= pMt||A%|| 12 - 3 _(2n) 72 < oo,

n=1
since @ € S and A%¢,(z) = (A%¢)s(x).
Combining (3.31) with (3.32) and (3.33) we get

[ [1Ed2ParE) i) < exp(pp) ] exp(ed)t + 200]°

n=1

= exp(pMt) - exp(i a2 + 21n(1 + 2a,))

n=1

< exp(pM) - exp(3. % + daz) < oo,

n=1
If we apply Lemma 3.9 in Theorem 3.8 we get the following:

THEOREM 3.10. Suppose b(t,s),o(t,s) are as in Theorem 3.7 and suppose Yo =
Yo (¢, w) satisfies

(3.34) Yo € LA x ) for some €=¢(p)>0,Yp€ES.
Then
t
(3.25) X=Yooz =Yoo (1+ / H(t,s)ds)
0

is the unique L! functional process which satisfies (3.20) and solves the Volterra equation

' t t
(3.24) X, =Y+ / b(t, s)X,ds + / o(t,5)X,6B,
0 0
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84. The generalized white noise functional approach

In this section, we consider the following equation (4.1) in the Hida distribution setting,
t ot
(4.1) X;=Y:+ f b(t, s)X.ds + / o(t,s)Xs o Weds
0 0

where Y; is’réga.rded as a process in (S)*.

Throughout this section, we assume that b(t,s) and o(t,s) are bounded deterministic
functions satisfying

(4.2) b(t,s)=o(t,s)=0 if 0<t<s.

Now let us state our first result:

THEOREM 4.1. Assume there exist constants c;,c; > 0,p € Ny, independent of ¢, such
that the estimate (2.31) holds for F = SY; for all t. Then the equation (4.1) has a unique
solution X; in (S)*, which is given by

t
(4.3) X, =Y+ f H(t,s) o Yods
0
where
(4'4) H(t1 s) = z Ku(t’ S)
v=1

Ki(t,s) =b(t,s) + o(t,s)W;
4.5 f
(45) Ky 1(t,s) = /Kl(t, u) o K,(u,s)du; v=1,2,---
0
The series (4.4) converges strongly in (S)*.

Proof. 1t is enough to construct the solution on any fixed interval [0,T]. We divide the
proof into several steps.

LEMMA 4.2. K, (t,s) is a well-defined generalized functional for all v, s, t.

Proof. By proposition 2.6 in [PS] and Theorem 3.1 in [Po], it suffices to prove that SK, (¢, s)
can be bounded in the sense of (2.31) uniformly in ¢,s. We see this by induction:

Since b(t, s) and o(t, s) are bounded, it is clear that there exist constants ¢; > 0,p; € No,
independent of ¢, s, such that for ¢ € S (R)

(4.6) ISK1(t, 5)(29)| < crexp(ai|2](|l2z)
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Suppose there are constants c,, p, € Ny such that

(4.7) ISK, (¢, 5)(29)| < ¢ exp(cul2ll|$ll2s.)
for g € S,t,s<T.
By (4.5) we have

[SKona(t,5)(26)] < [ 1SKi(t,0)(29)| - ISK. (1, 5)(29)ldu
0

t
< [erexn(cilllllan) - ¢ e (clzl Bl )du
0

< cvr1€xp(e1l?]l|9ll2py.) for &€ S(R),t,s<T.

where ¢,+1 = max(Tcic,,¢1 + &), Pv+1 = p1 V py. This completes the proof of Lemma 4.2.

LEMMA 4.3. The series H(t,s) = E K, (t, s) converges strongly in (S)*.

We first show that H(t,s)(¢) := Zj SK,(t,s)(¢) is a U-functional. By the definition, we
need to verify the following two clauns

Claim 1: H(t,s)( + z¢) is an entire function of z € C for any ¥, ¢ € S(R).

Proof of Claim 1. Since SK,(t,s)(y + z¢) is analytic, it is sufficient to show that
218 K, (t, s)(¥ + z¢) converges uniformly on compact sets in C.

In fact, for any M > 0, put K (¢, s, z) = b(¢, s) + o(t, s)(3(s) + z4(s)) and
Alt, §) = sup IK(t7 s, 2)|
|z|l<M

(4.8) T T
A%(t) = / N(t,u)du, B*(s) = / N(u, s)du.
0 0

Then
Isup ISK,(t, s) (¥ + 2¢)[?

< sup |/K(t u, 2) K (u, s, z)dul?
< s / K (¢, u, 2)[2du)( / & (u, 5, 2) [ du)

T T
< o//\z(t,u)duof)\z(u, s)du
= A%(t)B%(s)
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Similarly
sup |SKs(t, s)(¥ + 29)|?
le|<M

t

(4.9) <o) K(t,u,2)SKa(u, s)(% + 29)duf?

gﬁme/ﬁ@@

Inductively we have

sup |8Kv+2(t’ s) (¢ + z¢)‘2
lz|]<M

(4.10) T
gﬁmywiqﬁwwy
0

This implies that §1 SK,(t,s)(1 + z¢) converges uniformly on |z| < M. Hence the claim

follows. .
Claim 2: There exist ¢;,c; > 0 and p € Ny such that

(4.11) |H (t,5)(29)| < crexp(calz[ll3,)
for ¢ € S(R),t,s <T.

Proof of Claim 2. Set
Alt, s, 2) = |b(t, s) + o(t, s)2¢(s)|

T
A%(t, 2) =/)\2(t, u, z)du
0

T
B%(s,2) = /X"(u, s, z)du
0

As the proof of (4.10), we get that

(] 42(u, )y
(@12 [SKuralt, )] < At B(s, 22—
Thus
[Et,5)(0)] < A, + 3 [SKoal, )(20)
i T
@13) < Ath,2) + Al AB(e,2) Y ([ 4w, )

sMn&d+A@aB@¢hﬁa@@/A%mdmﬁ
0
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On the other hand, it is easy to see that there exist constants c3,cs > 0 and p; € Ny such
that .

T T
/ A(u,2)du < c3+cy / é(u)’du
0 0

T
(419 |4t D) < e+ calzl( [ o(w)du)t
0

|B(s,2)| < cs+ cal2]l|¢ll2m
A, 8, 2)[ < €3+ calzll| fllom

for all ¢ € S(R),t,s <T.
Combining (4.14) with (4.13), we have (4.11).
Now let us complete the proof of Lemma 4.3. Let H(t,s) € (S)* with S(H(t,s))(4) =

H(t,5)(¢). Put &, = é K, (t,s). Then we see that
S@n(¢) — S(H(,9))(¢) for ¢€ S(R)

and |®,(2¢)| is uniformly controlled by (4.11). Applying Theorem 2.2, we obtain Lemma
4.3.

LEMMA 4.4. X; (given by (4.3)) is well-defined and satisfies (4.1).
Proof. By the assumption, there is some p; € Ny so that

(4.15) |SY:(24)| < cexp(clzll#ll3,,)

for € S(R), allt > 0.

Combining with (4.11), we obtain that for some p € Ny,¢; > 0
(4.16) |SY;(24)SH(t, 5)(29)| < crexp(cil2ll|4ll3,)

Here the constant ¢; is independent of s,t,$,2. Again from proposition 2.6 in [PS] and
t

Theorem 3.1 in [Po] we conclude that X; = Y; + [ H(t,s) ¢ Ys is well-defined, with S-
0

transform:

SXy(9) = SYi9) + [ H(t, 9)(9)SY,(#)ds.
Likewise,

t t
Zy =Y + /b(t, s) X ds + /a(t, 8) X0 Wyds
0 0
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is also a well defined process in (S)*. From our construction and Theorem 1.5 in [T], we
know that SX; = §Z;. This means that X, satisfies (4.1). The uniqueness follows from
the uniqueness of the solution of the following deterministic equation:

Z:(8) = SYi(@) + [ b(t, ) Zu(9)ds + [ o(t, $)Z:(9)(s)ds.
0 0

This completes the proof of Theorem 4.1.

REMARKS.
(1): In particular, if ¥; = Y5 € (S)* in Theorem 4.1, then X; = Y5 :cgl) where as before
zgl) is the solution of the equation

t t
g =1+ / b(t, s)z{Vds + / o(t, s)zNdB,
0 0

This formula is a natural extension of the non-anticipating case. See Theorem 3.8 and the
Remark there.

(2): There is a close connection between the Hida distribution solution X; € (S)* of
equation (4.1) and the functional process solution X7 of equation (1.11) found in §3. To
see this put

_ [eexp(zig) Izl<1
¢($)—-{0 lat*-1 le>17

with ¢ chosen such that [¢(z)dz = 1.
R

Set ¢©(z) = 1¢(Z) for € > 0. Then for any ¢ € S(R),¢@ * 9 — . Let X9 be the
solution found in Section 3 of equation (1.11) with ¢ := ¢©. If Yt(‘) = Yf(g) is good enough
then SX{(y) satisfies

i
sx0w) = SYOW) + [ b(t,5)SXO(¥)ds
(4.17) °
+ /a(t, 5)SXE (1)@ % 9p(s)ds for all e > 0.
0

Thus if Y9 — ¥; in (S)*, then by Theorem 2.2 one can see that X9 — X, in (S)*, where
X is the solution of equation (4.1).

In the rest of this section, we treat a special case
o(t,s) = f(t)a(s), b(¢,s) = f(£)b(s)
V=Y=Y / Fu(ty -~ ta)dB® € L¥(1)

ﬂ=0Rn

(4.18)
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We will prove that in this situation the solution of equation (4.1) is actually in L?(u):

THEOREM 4.5
(I) Assume 6 < f < 1 (6 is a positive constant), e Lloc(R"') | Ao fllzzm) < +o00. Let

Y; =Y, as in (4.18) and assume that 2 n!||A®"F, || 32 (gs) < +00. Then the solution X; of
(4.1) is in Lz(p,) and

— __/ F@)f'(s ) oexp()(t(ﬁ) —-Xx0O _ l(< x© > — < X© >s))ds
(4.19) ) C2

;((0)) (¥ o exp(X(” ~ ~ < XO 5y))

t
where X2 = f o(s)f(s)dBs+ [ b(s)f(s)ds.
0
(IT) Assume f' € L} (R4),6 < f < . Let ¥; =Y, € L*(p) and assume that

(4.20) [ [ 1xae + im)1ar@)arm) < +oo

where d) is as in §2.

Then X; € L*(u) and (4.19) holds.

Proof. (I): In this case the solution X; € (S)* found in Theorem 4.1 satisfies
t t
(421)  SX(4) =SX(8) + [ FOBS)SX(P)ds+ [ FB)o(s)d(s)SXc(¢)ds
0 0

Set g;(¢) = %)ﬂ, then

SYo(¢)
f@®)

422) %) ="+ [bf(6)7.)ds+ [ o(s)f(97.(#)p(s)ds
0 0

Therefore we have

_ [ f®)F6)

710 St el o) fswdu+ [40)f)d)

SXt(¢) =

(4.23)
I (t)
F(0)

This gives the formula (4.19).

L SYo(@) exp( / o()f(s)9(s)ds + / b(s)f(s)ds)

We denote by Xt(l) and Xt(z) the two parts of the R.H.S in (4.19). Then

w2 sxPg=- [ - [ T9F) sx,9) e / o(u) £ () () + / bu)f(w)de)ds
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Now suppose Xt(l) € (S)* has the formal expansion

x0=3 / Grglor, -+, 5)dBE"  (See [PS]).
n-OR,.

Since SXV (¢) = % < Gpy, ®" > (see [PS]), (4.24) indicates that

oo [LOF) @0

i=— J 0N xp( / b(uw) f (u)du) Z Frpm®—2—

where T4 (u) = o(u) f(u)1jy(u). Therefore,

Gl < / LOFCY oz / b(w) £ (1)) ds) / 13 Furn® T s

<C f (n+1) Z | Frem|22 (Rn_m)ﬂ_s(_tﬂ%(z_mz_ds

<Ciln+ 1)t Fo_mll2imnm
(n+ 1) ,,.230 L

where o(u) = o(u)f(u) and C; is a constant.
Thus

0

> nl|Grgll iz < tC: Z(n+ 1) Z ( )(n m)vupn_m”mw_m)(”E"L’(R)) _

|
n=0 n=0 m=0 m:

< tG; Z Z (n + 1)( )2_2"(1’& - m)!l|A®n—an_m”%2 ("AE”Lz)m

|
ﬂ—O m—O m.

Az 2 \m
< tCtZ E(n — m)Y|| A", |3 (Il47|Z2)

!
n=0 m=0 m:

< tCy(3 nl| A" F %) exp(|| A7]%:) < +oo.

n=0

This shows that X" € L?(). Similarly, we have X2 € L2(p).
(IT): By the estimate (2.30), it is sufficient to prove

(4.25) [ [18X((& + imdes + -+ + (€ + imm)en+ - JPANEAAD) < +00 |
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In fact, from (4.23) we know that

Jm [ [1SXe((&+imen+ -+ + (e + imw)ew) FANOAA(m)
< Ou( [ [ HYo(E + im) *dA©)drm) x

[ 1exo( / o (W) FW)((& +imder + -+ (Ew + imw)ew)dw)|*dA(©)dA(n)

N—’co

t

< O(jim [epY-6 [ o) fu)ew)du)dr(E)

=1 0
< Cyexp(8 / o2(w) 2 (w)du) < +oo.

where Cy and C) are appropriate constants. This ends the proof of (II) and the proof of
Theorem 4.5 is complete.
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