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Foreword 

We consider classification of lower-dimensional homogeneous spaces an immedi­
ate continuation and global version of classification results obtained by Sophus Lie. 
Two-dimensional homogeneous spaces were classified locally by Sophus Lie [11 J and 
globally by G.D. Mostow [M). (See also our preprint [KTD), where the complete 
classification of two-dimensional homogeneous spaces, both locally and globally, is 
presented.) S. Lie also obtained some results in classification of three-dimensional 
homogeneous spaces and described all subalgebras in the Lie algebra g[(3, C). A 
detailed account of these classifications can be found in [L2). 

The problem of finding the complete description of three- and four-dimensional 
homogeneous spaces as pairs, (group, subgroup) or even (algebra, subalgebra), is 
extremely important and rich in applications, but it is a very difficult one: "The 
description of arbitrary transitive actions on manifolds M, where dim M ~ 3, 
presently seems to be unattainable." ([GO), p. 232) 

Minimal transitive actions, that is, those that have no proper transitive sub­
groups, on three-dimensional manifolds were classified in [G). The problem of local 
classification of three- and four-dimensional homogeneous spaces was chosen by one 
of the authors, B. Komrakov, as the topic of Dr. Sci. thesis for A. Tchourioumov, 
the other author. (Some of the results can be found in [Tch).) 

An important subclass in all homogeneous spaces is formed by isotropically­
faithful spaces. In particular, it contains all homogeneous spaces that admit an 
invariant affine connection. The present preprint gives the local classification of 
three-dimensional isotropically-faithful homogeneous spaces. 

In 1990, the International Sophus Lie Centre, jointly with the University of 
Belarus, organized an experimental group of 25 students majoring in mathematics 
and working in accordance with a special syllabus oriented to modern differential­
geometric methods in the study of nonlinear differential equations. The following 
idea arose: to split up the classification problem mentioned above into smaller 
parts and give each part to a student; in the process of learning new material, the 
student will then try to apply his newly acquired knowledge to this problem as an 
illustration. 

Suppose, for example, that the student is learning about differential equations; 
he then writes out trajectories of one-parameter subgroups on the specific manifold 
that he has been given. Studying differential geometry, he computes invariant affine 
connections, metrics, curvature tensors, geodesics, etc., with special emphasis on 
his example, and so on. 

In their first year, the students all took an advanced course in Lie algebras and 
the main part of the work on all these "smaller parts" was completed by 12 students. 
We had no time to give our students an introductory course in cohomologies of Lie 
algebras, and although their computation constitutes a considerable part of the 
work, we do not use this language. 

This work was started in Tartu University, Estonia (August 1991), continued at 
the Institute of Astrophysics and Atmosphere Physics in Toravere, Estonia (Decem­
ber 1991 to March 1992), then at the "Bears' Lakes" Space Center of the Special 
Research Bureau of Moscow Power Engineering Institute (August 1993), and fin­
ished at the University of Oslo and the Center for Advanced Study (SHS) at the 



Norwegian Academy of Science and Letters. (Naturally, most of the time from Au­
gust 1991 to November 1993 was spent in Minsk, Belarus.) The story of this work 
was rich in experiences and events only indirectly connected with mathematics, 
something we will not here dwell on at length. We would, however, like to express 
our gratitude to those who directly or indirectly made it possible for us to complete 
this work. 

In the future, we are going to proceed with the study of geometry of three-
dimensional homogeneous spaces in the following directions: 

description of invariant affine connections on three-dimensional homogeneous 
spaces together with their curvature and torsion tensors, holonomy groups, 
geodesics, etc.; 

- description of invariant tensor geometric structures and their properties; 
global classification of three-dimensional isotropically-faithful homogeneous 
spaces and description of inclusions among the corresponding transformation 
groups; 

- description of differential invariants for the homogeneous spaces to be found 
and of the corresponding invariant differential equations; 

- description of discrete subgroups in transformation groups together with 
description of the corresponding topological factor spaces. 



Introduction 

It is known that the problem of classification of homogeneous spaces ( G, M) is 
equivalent to the classification (up to equivalence) of pairs of Lie groups ( G, G) such 
that G C G. Two pairs (G1,G1) and (G2,G2) are said to be equivalent if there 
exists an isomorphism of Lie groups 1r: G1 ---t G2 such that 1r( GI) = G2. 

By linearization, the problem can be reduced to the problem of classification of 
pairs of Lie algebras (g, g) viewed up to equivalence of pairs. The structure of all 
pairs of Lie groups ( G, G) corresponding to a given pair of Lie algebras (g, g) was 
described in [M]. In the study of homogeneous spaces it is important to consider 
not the group G itself, but its image in Diff(M). In other words, it is sufficient to 
consider only the effective action of the group G on the manifold M. In terms of 
pairs (g, g), this condition is equivalent to the condition for g to contain no proper 
ideals of g. In this case we say that the pair (g, g) is effective. 

In the present work we classify all isotropically-faithful pairs (g, g) of codimen­
sion 3. 

Definition. A pair (g, g) is said to be isotropically-faithful if the natural 
g-module gjg is faithful. 

We say 'that a homogeneous space (G, M) is isotropically-faithful if so is the 
corresponding pair (g, g). From geometrical point of view it means that the natural 
action of the stabilizer Gx of an arbitrary point x E M on TxM has discrete kernel. 

We divide the solution of our problem into the following parts: 

(1) We classify (up to isomorphism) all faithful three-dimensional g-modules U. 
This is equivalent to classifying all subalgebras of g((3, !R) viewed up to 
conjugation. 

(2) For each g-module U obtained in (1) we classify (up to equivalence) all 
pairs (g, g) such that the g-modules 9/ g and U are isomorphic. 

In Chapter I we give basic definitions and introduce the notation to be employed. 
Here we also solve part (1) of the problem by classifying subalgebras in g((3, IR). 

In Chapter II we develop methods for constructing pairs (g, g) given a three­
dimensional faithful g-module U. This involves computation of the first cohomol­
ogy space of g with values in the natural module £(U, g). A series of techniques 
described in Chapter II allows, in some cases, to simplify the computation consid­
erably. 

Finally, Chapter III gives the classification of three-dimensional isotropically­
faithful pairs itself. 
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4. Four-dimensional case 

Proposition 4.1. Any pair (g,g) of type 4.1 is trivial. 

[ ' l el ez e3 e4 UI Uz U3 

el 0 0 0 0 UI Uz 0 
ez 0 0 2e3 -2e4 UI -uz 0 
e3 0 -2e3 0 ea 0 UI 0 
e4 0 2e4 -ez Uz 0 0 
UI -ul -ul 0 -uz 0 0 0 
Uz -uz uz -ul 0 0 0 0 
U3 0 0 0 0 0 0 0 

Proof. Let£= {e1, ez, e3, e4} be a basis of g, where 

0 0 

~). 0 0 n, el = 1 ez = -1 
0 0 

e, = 0 1 

~)' e•= 0 0 

~) 0 0 
0 0 

Then 

G 
0 0 

~} G 
0 0 

~} A(e!) = 
0 0 

A(ez) = 
0 0 

0 0 0 2 
0 0 0 0 -2 

c 
0 0 

~} A(e4) = (~ 
0 0 ~, 

Ll \ 0 0 0 0 -1 
~( e,, = ~ -2 0 0 0 ~)' 0 0 ,0 2 0 

and for x E g the matrix B( x) is identified with x. 
By f) denote the nilpotent subalgebra of the Lie algebra g spanned by e1 and e2 . 

Lemma. Any virtual structure q on generalized module 4.1 is equivalent to one 
of the following: 

(
0 0 p) 
0 0 0 

C(el) = 0 0 0 ' 

0 0 0 

Proof. Let q be a virtual structure on generalized module 4.1. Note that a = 
JR.e 2 E9 JR.e3 E9 JR.e4 is a semisimple subalgebra of the Lie algebra g. Without loss of 
generality it can be assumed that q( a) = {0}. Therefore 
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Checking condition (6), Chapter II, we obtain: 

(
0 0 ci3) 
0 0 0 

C(ei)= 0 0 0 ' 

0 0 0 

Let (g,g) be a pair of type 4.1. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by a virtual structure determined in the Lemma. 

Then 

[e1, e2] = 0, 

[e1,e3] = 0, 

[e1, e4] = 0, 

[e1, u1] = u1, 

[e1, u2] = u2, 

[e1, u3] = pe1, 

[e2, e3] = 2e3, 

[e2, e4] = -2e4, 

[e2,ul] = ul, 

[e2, u2] = -u2, 

[e2, u3] = 0, 

[e3, e4] = e2, 

[e3,u1] = 0, 

[e3, u2] = u1, 

[e3, u3] = 0, 

[e4, u1] = u2, 

[e4, u2] = 0, 

[e4, u3] = 0. 

Since the virtual structure q is primary, we have 

(Proposition 10, Chapter II). Thus 

and 

g(o,o)(~) :) lRe1 EB lRe2 EB IR.u3, 9( 0 ' 2 )(~) :) 1Re3, 

g(o,-2)(~) :) IR.e4, g(l,l)(~) :) 1Ru1, 

g(l,-l)(~) :) IR.u2, 

[u1, u2] E 9( 2 ' 0 )(~), 

[u1, u3] E g(l,l)(~), 

[u2, u3] E g(l,-l)(~), 

[u1, u2] = 0, 

[u1,u3) = f31u1, 

[u2, u3) = 12u2. 

Using the Jacobi identity we see that p = 0, /31 = "(2 and the pair (g, g) has the 
form: 

[ ,] el e2 e3 e4 ul u2 U3 

el 0 0 0 0 Ul U2 0 
e2 0 0 2e3 -2e4 U} -u2 0 
e3 0 -2e3 0 ea 0 UI 0 
e4 0 2e4 -e2 u2 0 0 
UI -ul -ul 0 -u2 0 0 f!J u1 
U2 -u2 u2 -ul 0 0 0 f31u2 
U3 0 0 0 0 -f31u1 -/31 u2 0 
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The pair (g, g) is equivalent to the trivial pair (g1, gi) by means of the mapping 
7r : fh -t g, where 

1r(ei) = ei, i = 1,2,3,4, 

1r( u!) = u1, 

1r( u2) = u2, 

1r(u3) = u3 + f31e1. 

The proof of the Proposition is complete. 

Proposition 4.2. Any pair (g,g) of type 4.2 is equivalent to one and only one 
of the following pairs: 

1. 
[ ' l el e2 e3 e4 Ul U2 U3 

el 0 0 0 0 AU! AU2 U3 
e2 0 0 2e3 -2e4 Ul -u2 0 
e3 0 -2e3 0 ea 0 Ul 0 
e4 0 2e4 -e2 u2 0 0 
Ul -Aul -ul 0 -u2 0 0 0 
U2 -Au2 u2 -ul 0 0 0 0 
U3 -U3 0 0 0 0 0 0 

2.). = ~ 

[ ' l el e2 e3 e4 ul uz U3 

el 0 0 0 0 1 1 
U3 2u1 2U2 

e2 0 0 2e3 -2e4 ul -U2 0 
e3 0 -2e3 0 (f 0 Ul 0 
e4 0 2e4 -e2 U2 0 0 
ul 1 -ul 0 -u2 0 U3 0 --ul 

U2 
! 

U2 -ul 0 0 0 -2u2 -u3 

U3 -U3 0 0 0 0 0 0 

Proof. Let £ = { e1, e2, e3, e4} be a basis of g, where 

G 
0 D, G 

0 

~), el = A e2 = -1 
0 0 

e, = 0 1 

~), 0 0 

D· 0 e4 = 0 
0 0 

Then 

G 
0 0 

~} (~ 
0 0 

~} A(ei) = 0 0 
A( ez) = 0 0 

0 0 0 2 
0 0 0 0 -2 

A(e3 ) = G 
0 0 

~} A(e4 ) = (~ 
0 0 

~} 0 0 0 -1 
-2 0 0 0 
0 0 2 0 
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and for x E g the matrix B( x) is identified with x. 
By f) denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­

tors e1 and e2. 

Lemma. Any virtual structure q on the generalized module 4.2 is trivial. 

Proof. Let q be a virtual structure on the generalized module 4.2. Note that 
a= Re2 EB lRe3 EB lRe4 is a semisimple subalgebra of the Lie algebra g. Without loss 
of generality it can be assumed that q(a) = {0}. Therefore 

C(e2) = C(e3) = C(e4) = 0, C(e1) = (c;j)I~i~4· 
l~j~3 

Checking condition (6), Chapter II, we obtain: 

Put 

( 
0 0 c~ 3 ) 

H = 0 0 0 
0 0 0 
0 0 0 

and C1(x) = C(x) + A(x)H- HB(x). Then 

By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 
This completes the proof of the Lemma. 

Let (g, g) be a pair of type 4.2. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by the virtual structure determined in the Lemma. 
Then 

[e1,e2]=0 

[e1,e3]=0 [e2, e3] = 2e3 

[e1, e4] = 0 [e2, e4] = -2e4 [e3,e4] = e2 

[e1, u1] = Au1 [e2, u1] = u1 [e3, u1] = 0 [e4, u1] = u2 

[e1,u2] = AU2 [e2, u2] = -u2 [e3, u2] = u1 [e4, u2] = 0 

[ell u3] = 1L3 [e2, u3] = 0 [e3, u3] = 0 [e4, u3] = 0 

Since the virtual structure q is primary, we have 

(Proposition 10, Chapter II). Thus 

g(o,o)([J) ~ lRe1 EB lRe2, 

g(0,-2)(()) ~ Re4, 

g(>.,-l)([J) ~ lRu2, 

9(0 ' 2)(()) ~ lRe3, 

:g(>.,l)([J) ~ JRu 11 

:g(l,O)([J) ~ JRu3. 



Therefore 

and 
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[u1, u2] E g(2-\,0)(f)), 

[u1, u3] E _gP-+1'1)(()), 

[u2, u3] E g('\+1,-1)(()), 

[u1, u2] = a1e1 + a2e2 + a3u3, 

[u1, u3] = 0, 

[u2, u3] = 0. 

Using the Jacobi identity we see that the pair (g,g) has the form: 

[ 'l e1 e2 e3 e4 U1 U2 

e1 0 0 0 0 ..\u1 ..\u2 
e2 0 0 2e3 -2e4 U1 -u2 
e3 0 -2e3 0 cr 0 U1 
e4 0 2e4 -e2 U2 0 
U1 -..\u1 -U1 0 -u2 0 0:3U3 
u2 -..\u2 U2 -u1 0 -0:3U3 0 
U3 -u3 0 0 0 0 0 

where (2,\ - 1 )a3 = 0. Consider the following cases: 

10.,\f-t· 
Then the pair (g, g) is equivalent to the trivial pair (g1, gi). 
20 . ..\ = t· 

U3 

U3 
0 
0 
0 
0 
0 
0 

2.1°. 0:3 = 0. Then the pair (g, g) is equivalent to the trivial pair (g1, gi). 

293 

2.2°. o:3 f- 0. Then the pair (g,g) is equivalent to the pair (g2,g2) by means of 
the mapping 71 : Q2 ---+ g, where 

7r(ei)=ei, i=1, ... ,4, 

1r(u1)=u1, 

1r(u2)=u2, 

1r(u3) = a3u3. 

Since dim 'D(t( 'D£h)) f- dim V(t( 'Djh)), we see that the pairs (g1, gi) and (.92, g2) 
are not equivalent. 

Thus the proof of the Proposition is complete. 

Proposition 4.3. Any pair (g, g) of type 4.3 is trivial. 

[' l e1 e2 e3 e4 UI u2 U3 

e1 0 0 0 0 U1 (f U3 
e2 0 0 e3 -e4 u1 -u3 
e3 0 -e3 0 ea 0 u1 u2 
e4 0 -e4 -e2 U2 u3 0 
U1 -u1 -ul 0 -u2 0 0 0 
U2 -u2 0 -u1 -u3 0 0 0 
U3 -u3 u3 -u2 0 0 0 0 
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Proof. Consider x E g such that 

Note that xu = idu. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial. 

Proposition 4.4. Any pair (g, g) of type 4.4 is trivial. 

[' l el ez e3 e4 Ul Uz U3 

el 0 0 0 e4 ul 0 0 
ez 0 0 0 0 0 Uz 0 
e3 0 0 0 -e4 0 0 U3 
e4 -e4 0 e4 0 0 0 Ul 
Ul -ul 0 0 0 0 0 0 
Uz 0 -uz 0 0 0 0 0 
U3 0 0 -U3 0 0 0 0 

Proof. Consider x E g such that 

Note that xu= idu. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial. 

Proposition 4.5. Any pair (g, g) of type 4.5 is trivial. 

[ 'l el ez e3 e4 UI uz U3 

el 0 0 0 0 Ul ucf U3 
ez 0 0 e4 -e3 -U3 ul 
e3 0 -e4 0 

ea 
-uz ul 0 

e4 0 e3 -ez 0 -U3 (f UI -ul U3 Uz 0 0 0 
Uz -uz 0 -ul U3 0 0 0 
U3 -u3 -ul 0 -uz 0 0 0 

Proof. Consider x E g such that 

Note that xu= idu. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial. 

Proposition 4.6. Any pair (g, g) of type 4.6 is equivalent to one and only one 
of the following pairs: 

1. 
[' l el ez e3 e4 ul uz U3 

el 0 0 Ae3 e4 ul Auz 0 
ez 0 0 -e3 -e4 0 0 U3 
e3 -A.e3 e3 0 0 0 0 uz 
e4 -e4 e4 0 0 0 0 UI 
U1 -ul 0 0 0 0 0 0 
uz -Auz 0 0 0 0 0 0 
U3 0 -U3 -uz -ul 0 0 0 



4. FOUR-DIMENSIONAL CASE 295 

2. ,\ = 0 

[ ' l el e2 e3 e4 UI U2 U3 

el 0 0 0 e4 UI 0 0 
e2 0 0 -e3 -e4 0 0 U3 
e3 0 e3 0 0 e4 e3 e2 + u2 
e4 -e4 eU 0 0 0 0 UI 
ul -ul -e4 0 0 -ul 0 
U2 0 0 -e3 0 ul 0 U3 
U3 0 -U3 -e2- u2 -ul 0 -U3 0 

Proof. Let £ = { e1, e2, e3, e4} be basis of g, where 

e, ~ 0 0 n ,e, = 0 0 D ,e, = (~ 
0 D ,e, = 0 0 

~). ,\ 0 0 0 
0 0 0 0 

Then 

c 0 0 0) co 0 

~} 0 0 0 0 0 0 0 
A( ei) = 0 0 ,\ 0 ' A(e2) = 0 0 -1 

0 0 0 1 0 0 0 -1 

A(e,) = (~A 0 0 0) c 0 0 

~} 0 0 0 0 0 0 
1 0 0 ' A( e4) = 0 0 0 
0 0 0 -1 1 0 

and for x E g the matrix B( x) is identified with x. 
By ~ denote the nilpotent subalgebra of the Lie algebra g spanned by vectors e1 

and e2. 

Lemma. Any virtual structure q on generalized module 4.6 is equivalent to one 
of the following: 

a) ,\ = 0 

C(e,) ~ (~ 
0 

~) C(e1) = C(e2) = C(e4) = 0, 
0 
q 0 ' 
0 0 

b),\- l - 2 

C(e,) ~ (~ 
0 

~) C(e1) = C(e2) = C(e4) = 0, 
0 
0 
p 

c),\ tf_ {0, ~} 
C(ei) = C(e2) = C(e3) = C(e4) = 0. 
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Proof. Let q be a virtual structure on the generalized module 4.6. Without loss 
of generality it can be assumed that q is primary. Since 

we have 

g(o,o)(f)) = Re1 EB Re2, 

g(.~,- 1 )(()) 2 Re3, 

g(1,-1)((J) 2 Re4, 

0 ci2 0) 
C(e,)= (~ t ~ , 

Consider the following cases: 
1° . .\ = 0. Then 

Put 

u(l,O)((J) 2 Rul, 

u(><,o)((J) 2 Ru2, 

u(o,1) (f)) = Ru3 

(0 ci2 0) 
0 c~ 2 0 

C(e2) = 0 0 0 ' 

0 0 0 

n 
'OJ 

and C1(x) = C(x) + A(X)H- HB(x) for x E g. Then 
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Since for any virtual structure q condition (6), Chapter II, must be satisfied, after 
direct calculation we obtain: 

(0 0 0) 0 0 p 
C( e3) = 0 q 0 . 

p 0 0 

Since for any virtual structure q condition (6), Chapter II, must be satisfied, after 
direct calculation we obtain: 

(0 0 0) 
0 0 0 

C( e3) = 0 0 0 ' 

0 p 0 

pER 

3°. ,\ ~ {0, ~}.Then 

C(ei) = C(e2) = C(e3) = C(e4) = 0. 

This completes the proof of the Lemma. 

Let (g, g) be a pair of type 4.6. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Since the virtual structure q is primary, we have 

(Proposition 10, Chapter II). Consider the following cases: 
1° . ,\ = 0. Then 

[e1,e2]=0, 

[e1, e3] = 0, [e2, e3] = -e3, 

[el, e4] = e4, [e2, e4] = -e4, [e3, e4] = 0, 

[e1, u1] = u1, [e2,u1] = 0, [e3, u1] = pe4, 

[e1, u2] = 0, [e2,u2] = 0, [e3, u2] = qe3, 

[e1,u3] = 0, [e2,u3] = 0, [e3, u3] = pe2 + u2, 

Since 

g(o,o)(f)) = lR.e1 E9 lR.e2 EB lR.u2, 

[e4, u1] = 0, 

[e4,u2] = 0, 

[e4, u3] = u1. 

g(O,-l)(f)) = JR.e3, g(l,-l)(f)) = JR.e4, 
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[u1, u2] = cq u1, 

[u1, u3] = 0, 

[u2, u3] = /3U3. 

Using the Jacobi identity we see that the pair (9,g) has the form: 

[' J el e2 e3 e4 u1 U2 U3 

el 0 0 0 e4 u1 0 0 
e2 0 0 -e3 -e4 0 0 U3 
e3 0 e3 0 0 pe4 pe3 pe2 + u2 
e4 -e4 e4 0 0 0 0 U1 
Ul -u1 0 -pe4 0 0 -p_u1 0 
U2 0 0 -pe3 0 pu1 0 pu3 
U3 0 -u3 -pe2- u2 -ul 0 -pu3 0 

Consider the following cases: 

1.1°. p = 0. Then the pair (9, g) is equivalent to the trivial pair (91, £11 ). 
1.2°. p =1- 0. Then the pair (9,g) is equivalent to the pair (92,£12) by means of 

the mapping 7f : 92 -+ 9, where 

7r(ei) = ei, i = 1, ... ,4, 

1r(uj) = !uj, j = 1,2,3. 
p 

2°. A=~- Then 

Since 

We obtain 

[e1,e2] = 0, 

1 
[e1, e3] = 2e3, [e2, e3] = -e3, 

[e1, e4] = e4, [e2, e4] = -e4, 

[e1,u1J=u1, [e2, u1] = 0, 

1 
[e1,u2] = 2u2, [e2, u2] = 0, 

[e1,u3] = 0, [e2, u3] = 0, 

9(o,o)(f)) = Re1 EB Re2, 

9(1,-1)(()) = Re4, 

9(1/2'0)(()) = Ru2, 

[e3, e4] = 0, 

[e3, u1] = 0, [e4, u1] = 0, 

[e3, u2] = pe4, [e4, u2] = 0, 

[e3, u3] = u2, [e4, u3] = u1. 

9(1/2,-1)(()) = Re3, 

9(1,o)(f)) = Ru1, 

9(0,l)(f)) = Ru3, 

[u1, u2] = 0, 

[u1, u3] = 0, 

[u2, u3] = 0. 
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Using the Jacobi identity we see that the pair (g, g) is trivial. 

3°. A~ {0, ~}. 
Using the Jacobi identity we see that the pair (g, g) is trivial. 

Since the Lie algebra g2 is nonsolvable, we see that the pairs (£h, 91) and (.92, 92) 

are not equivalent. 
This completes the proof of the Proposition. 

Proposition 4. 7. Any pair (g, g) of type 4. 7 is trivial: 

[,] el e2 e3 e4 'Ul u2 'U3 

el 0 -e3 e~ 0 AU1 - u2 u1 + AU2 Au3 
e2 e3 0 e2 0 0 'Ul 
e3 -e2 0 0 e3 0 0 u2 
e4 0 -e2 -e3 0 0 0 'U3 
'UI u2 - AU1 0 0 0 0 0 0 
u2 -u1 - Au2 0 0 0 0 0 0 
U3 -Au3 -ul -u2 -U3 0 0 0 

Proof. Let E = {e1,e2,e3,e4} be a basis of g, where 

cl 1 

D (~ 
0 D, el = A e2 = 0 

0 0 

e,= 0 0 

D 0 0 

D 0 e4 = 0 
0 0 

Then 

(0 0 0 0\ (0 0 0 0\ 

A(e1) = u 0 1 

~)' A(e2 ) = u 0 0 

~)' -1 0 0 0 
0 0 0 0 

c 
0 0 

~). A(e,) = G 
0 0 

~). -1 0 0 -1 0 
A(e3 ) = ~ 0 0 0 -1 

0 0 0 0 

and for x E g the matrix B( x) is identified with x. 

Lemma. Any virtual structure C on generalized module 4. 7 is trivial. 

Proof. Put C(ei) = (c~k)l~j~4, 1 ~ i ~ 4. Checking condition (6), Chapter II, 
l~k~3 

we obtain: 

C(ei) = 

Acf3 
>.c~a -c~a 

2 
>..c~a+cia 

2 

Ac!3 
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0 0 ci2+>-ci1 
).2+1 

-.Xc~l -c~2 c~ 1 -.Xc~2 4 4 
C( e2) = 

).2+1 ).2+1 C21 - C43 
->.ci1-ci2 ci1->.ci2 4 4 

).2+1 ).2+1 c31 - C13 

0 0 c~2+.Xc~l 
).2+1 

0 0 .XcL-dl 
).2+1 

.Xcil +ci2 .Xci2-ci1 4 + 4 
C( e3) = 

).2+1 >.2+1 C22 c13 
-.Xc~ 1 -c~ 2 c~l -.Xc~2 4 4 

).2+1 ).2+1 C32 - C43 

0 0 .Xc~ 2 -c~1 
).2+1 

c 
0 c!,) c4 4 

C(e4) = P c22 C23 
4 4 . 

C31 c32 C33 
0 0 4 C43 

Put 
ci2+>.ci1 >.ci2-ci1 4 

).2+1 ).2+1 C13 
4 4 c~a 

H= c21 c22 2 
4 4 c~a 

C31 c32 2 
c~2+.Xc~l ,\c~2-c~l 4 

),2+1 ).2+1 C43 

and C 1(x) = C(x) + A(x)H- HB(x). Then C1(ei) = 0, 1 ~ i ~ 4. 
By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 

Thus we have 

Put 

[e1,e4] = 0, 

[e1,u1] = AU1- u2, 

[e1,u2] = u1 + Au2, 

[e1,u3] = Au3, 

[e2, e3] = 0, 

[e2, e4] = e2, 

[e2, u1] = 0, 

[e2, u2] = 0, 

[e2, u3] = u1, 

[ e3, e4] = e3, 

[e3,u1]=0, 

[e3,u2] = 0, 

[e3, u3] = u2, 

[e4, u1] = 0, 

[e4, u2] = 0, 

[e4, u3] = u3. 

[u1, u2] = a1e1 + a2e2 + a3e3 + a4e4 + o:1u1 + o:2u2 + o:3u3, 

[u1, u3] = b1e1 + b2e2 + b3e3 + b4e4 + f31u1 + f32u2 + (33u3, 

[u2, u3] = c1e1 + c2e2 + c3e3 + c4e4 + /1 u1 + 12u2 + /3U3. 

Using the Jacobi identity we see that the pair (g,g) is trivial. 
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Proposition 4.8. Any pair OJ, g) of type 4.8 is equivalent to one and only one 
of the following pairs: 

1. 

[' l el e2 e3 e4 ul U2 U3 

el 0 0 (1 - ,\)e3 -,\e4 U1 0 ,\u3 

e2 0 0 - re3 (1- r)e4 0 u2 f-LU3 
e3 (,\- 1)e3 re3 0 0 0 0 Ul 

e4 ,\e4 (r - 1 )e4 0 0 0 0 u2 
UI -ul 0 0 0 0 0 0 
u2 0 -u2 0 0 0 0 0 
U3 -,\u3 -ru3 -ul -u2 0 0 0 

2. ). = 0, f-L = 0 

[ ,] el e2 e3 e4 Ul u2 U3 

el 0 0 e3 0 UI 0 0 
e2 0 0 0 e4 0 u2 0 
e3 -e3 0 0 0 0 0 UI 
e4 0 -e4 0 0 0 0 Q2 UI -ul 0 0 0 0 0 
u2 0 -u2 0 0 0 0 e4 
U3 0 0 -ul -u2 0 -e4 0 

3. ). = 0, f-L = 0 

[' l el e2 e3 e4 UI u2 U3 

el 0 0 e3 0 UI 0 0 
e2 0 0 0 e4 0 u2 0 
e3 -e3 0 0 0 0 0 ul 
e4 0 -e4 0 0 0 0 U2 
UI -ul 0 0 0 0 0 0 
U2 0 -u2 0 0 0 0 -e4 
U3 0 0 -ul -u2 0 e4 0 

4. ). = 0, f-L = 0 

[ ,] el e2 e3 e4 ul U2 U3 

el 0 0 ea 0 ul 0 0 
e2 0 0 e4 0 u2 0 
e3 -e3 0 0 0 0 0 UI 
e4 0 -e4 0 0 0 0 U2 
ul -ul 0 0 0 0 0 e3 
U2 0 -u2 0 0 0 0 ae4 
U3 0 0 -ul -u2 -e3 -ae4 0 ,O<a~l 

5. ). = 0, f-L = 0 

[' l el e2 e3 e4 UI U2 U3 

el 0 0 e3 0 UI 0 0 
e2 0 0 0 e4 0 U2 0 
e3 -e3 0 0 0 0 0 Ul 
e4 0 -e4 0 0 0 0 au2 
ul -ul 0 0 0 0 0 e3 
U2 0 -u2 0 0 0 0 -ae4 
U3 0 0 -ul -au2 -e3 ae4 0 ,a> 0 
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6. A= 0, f1 = 0 

[ ' l e1 e2 e3 e4 u1 u2 1L3 

e1 0 0 e3 0 u1 0 0 
e2 0 0 0 e4 0 u2 0 
e3 -e3 0 0 0 0 0 1L1 
e4 0 -e4 0 0 0 0 au2 
u1 -u1 0 0 0 0 0 -e3 
u2 0 -u2 0 0 0 0 -ae4 
1L3 0 0 -u1 -au2 e3 ae4 0 ,O<a:::o;l 

7. A=O J-L=.!. 
' 2 

[ ' l e1 e2 e3 e4 1L1 u2 1L3 

e1 0 0 e3 0 1L1 0 e4 

e2 0 0 1 1 0 u2 1 
-2e3 2e4 2U3 

e3 -e3 
1 0 0 0 0 u1 -e3 

e4 0 
21 

0 0 0 0 --e4 u2 
u1 -u1 o 0 0 0 0 0 
u2 0 -u2 0 0 0 0 0 
1L3 -e4 

1 0 0 0 -2U3 -u1 -u2 

8. A-0 f-L-.!. - ' -2 

[ ' l e1 e2 e3 e4 1L1 u2 1L3 

e1 0 0 e3 0 1L1 0 ae4 
0 0 1 1 0 1 

e2 -2e3 2e4 u2 2u3 + e4 

e3 -e3 
1 0 0 0 0 -e3 1L1 

e4 0 
21 

0 0 0 0 --e4 u2 
u1 -u1 o 0 0 0 0 0 
u2 0 -u2 0 0 0 0 0 
1L3 -ae4 1 0 0 0 -2u3- e4 -u1 -u2 

9. A=-l,J-L=l 

[ ' l e1 e2 e3 e4 u1 u2 1L3 

e1 0 0 2e3 e4 1L1 0 -u3 
e2 0 0 -e3 0 0 u2 1L3 
e3 -2e3 e3 0 0 0 0 u1 
e4 -e4 0 0 0 0 0 u2 
u1 -u1 0 0 0 0 0 u2 
u2 0 -u2 0 0 0 0 0 
U3 1L3 -U3 -u1 -u2 -u2 0 0 

10. A=-.!. f-L=.!. 
2' 2 

[ ' l e1 e2 e3 e4 1L1 u2 U3 

e1 0 0 3 1 u1 0 1 
-e3 -e4 --U3 

e2 0 0 
21 r 0 

12 
-2e3 2e4 u2 2U3 

e3 
3 1 0 0 0 0 --e3 -e3 Ul 

e4 
r 21 

0 0 0 0 -2e4 --e4 u2 
1L1 -u1 o 0 0 0 0 e4 
u2 0 -u2 0 0 0 0 0 
1L3 

1 1 -ul -u2 0 0 21L3 -21L3 -e4 



Then 

(

0 0 
0 0 

A(e1) = 0 0 

0 0 

A(e3)= (.\~l 

4. FOUR-DIMENSIONAL CASE 

0 0 
0 0 

1- ,\ 0 
0 

0 0 
0 0 
f1 0 
0 0 

0 
A(e2 ) = G ~ 

0 
0 

-!1 
0 

0 
0 
0 

/1-1 

and for x E g the matrix B( x) is identified with x. 
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~ ) 0 ' 
1-!1 

~ ~) 
~ ~ ' 

By ~ denote the nilpotent subalgebra of the Lie algebra g spanned by the vectors 
e1 and e2. 

Lemma. Any virtual structure q on generalized module 4.8 is equivalent to one 
of the following: 

a) ,\ = -1, 11 = 1 

C(e,) = G 
0 

~} C(ei) = 0, i = 1,2,4, 
0 
0 
0 

b)'-n .. _n /\ - u, fJ' = £., 

C(e4) = G 
2p 

~} C(ei) = 0, i = 1,2,3, 
p 
0 
0 

c) ,\ = 0, f1 = ~ 

C(e1 ) = G 
0 

~). C(e2 ) = G 
0 

D C(ei) = 0, i = 3,4, 
0 0 
0 0 
0 0 

d) ,\ = 0' f1 = 0 

C(e,) = G 
0 -p) 

C(e,) = G 
0 -r) 

C(ei)=O, i=3,4, 
0 -q 0 -s 
0 0 ' 0 0 ' 
q 0 s 0 
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e) (A,f-l) ~ {(-1,1),(0,2),(0,~),(0,0)} 

C( ei) = 0, i = 1, ... , 4. 

Proof. Let q be a virtual structure on generalized module 4.8. Without loss of 
generality it can be assumed that q is primary. We have: 

g(O,O)((J) 2 JRe1 ffi JRe2, U(l,O)({J) 2 JRu1, 

£(1-.\,-~)((J) 2 JRe3, U(O,l)({J) 2 JRu2, 

g(-A.,l-~)((J) 2 !Re4, u(>..,~)((J) 2 !Ru3. 

Consider the following cases: 

1°. f-l = 2, A = 0. Then 

C(ei) = 0, i = 1,2,3, 

where ci2 , c~2 E R 

(0 ci2 0) 
_ 0 c~ 2 0 

C(e4)- 0 0 0 ' 

0 0 0 

Since for any virtual structure q condition (6), Chapter II, must be satisfied, 
after direct calculation we obtain 

C(e;) = 0, i = 1,2,3, C(e4) = G r D. 
2°. f-l =A= 0. Then 

c~l 
0 1 

C!l 
0 2 

~!:) ~l:) C(e1)= 
0 

C(e2) = 
0 

0 0 ' 0 0 ' 
1 0 2 0 C42 C42 

G 
0 

c~). C(e4) = G 
0 

0 ) C( e3) = 
0 0 0 
0 0 0 . 

33 
0 0 0 c!3 

Put 

H=(~ 
0 

D 
0 

C33 0 
0 4 C43 

and C1(x) = C(x) + A(x)H- HB(x) for x E g. Then 

0 ci 3 ) ( 0 0 

~ coo~3 ' CI(e2) = cool] ~ 
~2 ~2 
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Since for any virtual structure q condition (6), Chapter II, must be satisfied, after 
direct calculation we obtain 

-p) -q 
0 ' 
0 

-r) -s 
0 
0 

By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 
Similarly we obtain the other results of Lemma. 

Let (g, g) be a pair of type 4.8. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Consider the following cases: 

1 ° . ,\ = -1, fJ = 1. Then 

[e1, e2] = 0, 

[e1, e3] = 2e3, [e2, e3] = -e3, 

[e1,e4] = e4, [e2, e4] = 0, [e3, e4] = 0, 

[e1, u1] = u1, [e2, u1] = 0, [e3,u1]=0, 

[e1, u2] = 0, [e2,u2] = u2, [e3,u2] = 0, 

[e1, u3] = -u3, [e2,u3] = u3, [e3,u3] = pe4 +u1, 

Since the virtual structure q is primary, we have 

(Proposition 10, Chapter II). Therefore 

[u1, u2] = 0, 

[u1, u3] = ''/2U2 

[u2,u3] = 0. 

[e4, u1] = 0, 

[e4, u2] = 0, 

[e4, u3] = u2. 

Using the Jacobi identity we see that the pair (g,g) has the form 

[' l el e2 e3 e4 UI u2 U3 

el 0 0 2e3 e4 U1 0 -U3 
e2 0 0 -e3 0 0 u2 U3 
e3 -2e3 e3 0 0 0 0 U1 + pe4 
e4 -e4 0 0 0 0 0 u2 
UI -ul 0 0 0 0 0 "(2U2 
U2 0 -u2 0 0 0 0 0 
U3 U3 -u3 -ul -u2 -"(2U2 0 0 

and is equivalent to the pair (g9 , g9 ), whenever "(2 + p =/= 0, by means of the mapping 
- -

7r : gg -+ g: 

1r( ei) = e1, 

1r( e2) = e2, 

1r(e3) = p + "(2e3, 

1r(e4) = e4, 

1r(u1) =P+"!2u1 +pe4, 

1r(u2)=u2, 

1r(u3)=u3. 
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If p + 12 = 0, then the pair is equivalent to the trivial pair by means of the mapping 
- -

7r : 91 --+ g: 

[e1,e2]=0, 

[e1,e3]=e3, 

[e1,e4]=0, 

1r( el) = e1, 

1r( e2) = e2, 

1r( e3) = e3, 

1r(e4) = e4, 

1r( ul) = p + 12u1 + pe4, 

1r( u2) = u2, 

1r(u3)=u3. 

[e2, e3] = 0, 

[e2,e4] = e4, 

[e1, u1] = u1 + pe3, [e2, u1] = re3, [e3, u1] = 0, [e4, u1] = 0, 

[e1, u2] = qe4, [e2, u2] = u2 + se4, [e3, u2] = 0, [e4, u2] = 0, 

[e1, u3] =-pel - qe2, [e2, u3] = -re1 - se2, [e3, u3] = u1, [e4, u3] = u2. 

Since the virtual structure q is primary, we have 

where 

Therefore 

g(o,o)((J) = lRe1 EB lRe2 EB lRu3, 

g(l,o)((J) = lRe3 E9 lRu1, 

g(O,l)((J) = lRe4 EB lRu2. 

[u1,u2] = 0, 

[u1,u3] = b3e3 + fhu1, 

[u2, u3] = c4e4 + 12u2. 

Using the Jacobi identity we see that the pair (g,g) has the form 

[' l el e2 e3 e4 Ul U2 u3 

el 0 0 e3 0 ul 0 0 
e2 0 0 0 e4 0 U2 0 
e3 -e3 0 0 0 0 0 ul 
e4 0 -e4 0 0 0 0 u2 
ul -ul 0 0 0 0 0 b3e3+/J1 u1 
u2 0 -u2 0 0 0 0 c4e4+12u2 
u3 0 0 -ul -u2 -b3 e3-f31 u1 -c4er-12u2 0 

Put 
1 

f3 = 1 . a= 

Vlb3 +~{I' Vlc4 +:~I 
Consider the following cases: 
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201°0 b3 + ~t = Oo 
2 

2 ol.1 ° o C4 + ~2 = 0 o 
Then the pair (g, g) is equivalent to the trivial pair (91, g!) by means of the 

mapping 1r : 91 --t g, where 

;r(ei) = ei, i = 1, 0 0 0 ,4, 

~1 
;r(ui) = 2 e3 +u1, 

/2 
1r(u2) = 2e4 + u2, 

~1 /2 ;r(u3) = f-/u 3 - -e1 - -ezo 
/ fJ 2 2 

2 

201.2°0 C4 + ~2 > 00 
Then the pair (9, g) is equivalent to the pair (g2, 92) by means of the mapping 

1r : 92 --t g, where 

2 

201.3°0 C4 + ~2 < 00 

;r( e4) = ~ e4, 

~1 
;r(ul) = 2e3 + u1, 

~/2 
;r( u2) = 2e4 + u2, 

1r(u3) = u3- ~1 e1- A/2 e2o 
2 2 

Then the pair (9, g) is equivalent to the pair (93, 93) by means of the mapping 
1r : 93 --t g, where 

202° 0 b3 + ~t > Oo 
2 

20201° o C4 + :t > 00 

;r(ei) = ei,i = 1,2,3, 

1r(e4) = ~e4, 

~1 
1r(u1) = 2e3 + u1, 

~/2 
1r(u2) = 2e4 + u2, 

~1 ~/2 
1r(u3) = ~u3- 2e1- 2e2o 

Then the pair (9, g) is equivalent to the pair (94 , g4 ) by means of the mapping 
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1r : g4 --+ g, where 

Note that two pairs (g~, g~) and (g~, g~) corresponding, respectively, to the values 
o: and 1 j o: of the parameter are equivalent by means of the following mapping 
"'"" g-" --+ g-' . 
II' 4 4' 

1r( e!) = e1, 

1r(e2)=e2, 1r(u!)=u2, 

1r(e3) = )ae4,1r(u2) = u1, 
1 

1r(e4) = )ae3,1r(u3) = fou3. 

So, we can assume that 0 < o: :::;; 1. 
2 

2.2.2°. C4 + : 2 < 0. 
Then the pair (g, g) is equivalent to the pair (£is dJs) by means of the mapping 

1r : g5 --+ g, where 

o:f31 
1r(u1) = - 2-e3 + u1, 

Oi/2 
1r( u2) = 2be4 + u2, 

1 (31 /2 
1r(u3) = -u3- -el- -e2. 

Oi 2 2 

2 

2.2.3°. C4 + :t = 0. 
Then the pair (g, g) is equivalent to one of the pairs (g', g), considered in case 

2.1.2°, by means of the mapping 1r : g' --+ g, where 

1r( e!) = e1, 

1r(e2)=e2, 1r(u!)=u2, 

1r(e3)=e4, 1r(u2)=u1, 

1r(e4)=e3, 1r(u3)=u3. 
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~2 2 
2.3°. b3 + -f < 0. 2.3.1 °. c4 + '] < 0. 2.3.1.1 °. ~ ::;;; 1. Then the pair (g, g) 

is equivalent to the pair (g6, £6) by means of the mapping 7f : 96 ---+ g, where 

af31 
1r(u1) = - 2-e3 + u1, 

CK"f2 
1r(u2) = 2be4 + u2, 

1 /31 "/2 1r(u3) = -u3- -e1- -e2. 
CK 2 2 

2.3.1.2°. ~ > 1. Then the pair (g,g) is equivalent to the pair (g6 ,g6 ) by means 
of the mapping 7f : g6 ---+ g, where 

1r( el) = e1, 

1r( e2) = e2, 

2 

2.3.2°. C4 + '1 = 0. 

CK"f2 
1r(u1) = 2be4 + u2, 

af31 
1r(u2) = - 2-e3 + u1, 

f3 f31 f3 "/2 f3 
1r('u3) = -u3- --e1- -e2. 

a 2 2a 2a 

Then the pair (g, g) is equivalent to one of the pairs (g', g'), considered in case 
2.1°, by means of the mapping 7f : g' ---+ g, where 

2 

2.3.3°. C4 + '1 > 0. 

1r( el) = e1, 

1r(e2)=e2, n(ui)=u2, 

1r(e3) = e4, 1r(u2) = u1, 

1r( e4) = e3, 1r( U3) = U3. 

Then the pair (g, g) is equivalent to one of the pairs (g', g'), considered in case 
2.2°, by means of the mapping 7f : g' ---+ g, where 

1r( ei) = e1, 

1r(e2)=e2, 1r(ui)=u2, 

1r(e3)=e4, 1r(u2)=u1, 

1r(e4)=e3, 1r(u3)=u3. 

Consider the homomorphisms fi: gi---+ g((4,JR.), i = 1, ... ,6, where fi(x) is the 
matrix of the mapping advg; x in the basis { e3, u1, e4, u2} of Dgi, x E gi. 

Since the subalgebras fi(fh), i = 1, ... , 6, are not conjugate, we conclude that 
the pairs (gi, gi), i = 1, ... , 6, are not equivalent. 
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In a similar way we obtain the other results of the Proposition. 

Proposition 4.9. Any pair (g, g) of type 4.9 is equivalent to one and only one 
of the following pairs: 

1. 

[' l el ez e3 e4 UI uz U3 

el 0 0 -.\e3 + e4 -.\e4 - e3 -uz ul .\u3 
ez 0 0 (1- f.l )e3 (1 - f.l )e4 UI Uz f.lU3 
e3 .\e3 - e4 ~f.l- 1~e3 0 0 0 0 uz 
e4 e3 + .\e4 f.l- 1 e4 0 0 0 0 ul 
UI Uz -ul 0 0 0 0 0 
Uz -ul -uz 0 0 0 0 0 
U3 -.\u3 -f.lU3 -uz -ul 0 0 0 

2 . .\ = 0, f.l = 0 

[ ,] el ez e3 e4 ul Uz U3 

el 0 0 e4 -e3-u2 UI 0 
ez 0 0 e3 e4 ul Uz 0 
e3 -e4 -e3 0 0 0 0 Uz 
e4 e3 -e4 0 0 0 0 ul 
UI Uz -ul 0 0 0 0 e4 
Uz -Ul -uz 0 0 0 0 ea U3 0 0 -uz -ul-e4 -e3 

3 . .\ = 0, f.l = 0 

[ ,] el ez e3 e4 UI Uz U3 

el 0 0 e4 -e3 -uz Ul 0 
ez 0 0 ea e4 UI Uz 0 
e3 -e4 -e3 0 0 0 Uz 
e4 e3 -e4 0 0 0 0 UI 
ul uz -ul 0 0 0 0 -e4 
Uz -ul -uz 0 0 0 0 -~3 
U3 0 0 -uz -ul e4 e3 u 

4. ,\ = 0, f.l = 0 

[' l el ez e3 e4 UI Uz U3 

el 0 0 e4 -e3 -uz ul 0 
ez 0 0 e3 eiT ul Uz 0 
e3 -e4 -e3 0 0 0 uz 
e4 e3 -e4 0 0 0 0 ul 
ul Uz -ul 0 0 0 0 ae4 + e3 
Uz -ul -uz 0 0 0 0 ae3- e4 
U3 0 0 -uz -ul -ae4- e3 -ae3 + e4 0 ' a~O 

5 . .\ = 0, f.l = 0 

[' l el ez e3 e4 UI Uz U3 

el 0 0 e4 -e3 -uz UI 0 
ez 0 0 e3 e4 UI uz 0 
e3 -e4 -e3 0 0 0 0 uz 
e4 e3 -e4 0 0 0 0 Ul 
U} Uz -ul 0 0 0 0 ae4- e3 
Uz -ul -uz 0 0 0 0 ae3 + e4 
U3 0 0 -uz -ul -ae4 + e3 -ae3 - e4 0 ' a~O 
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Proof. Let £ = { e1, e2, e3, e4} be a basis of g, where 

e, = cl 1 0) (1 0 0) (0 0 
D·e·=G 

0 

~)-0 0 , e2 = 0 1 0 , e3 = 0 0 0 
0 A 0 0 ~ 0 0 0 

Then 

co 0 

~~) G 
0 0 

0 ) 0 0 0 
A(e2) = 

0 0 0 
A(ei) = 0 0 -A 0 1-~ 0 ' 

0 0 1 -A 0 0 1-~ 

A(e3 ) = ( ~ 
0 0 0) 

A(e4 ) = G 
0 0 

D· 
0 0 0 0 0 

~-1 0 0 ' 0 0 
-1 0 0 0 ~-1 0 

and for x E g the matrix B( x) is identified with x. 
By f) denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­

tor e2. 

Lemma. Any virtual structure q on generalized module 4.9 is equivalent to one 
of the following: 

a)A2 +~2 #0 
C(ei)=O, i=1, ... ,4; 

b)A=~=O 

I 0 0 r\ I 0 0 Q\ 

C( e1) = { 0 0 ~), C(e2) = up 0 v , C(e,) = C(e4 ) = 0. 

\~s 
-s 

oJ 
-p 

r -q 

Proof. Let q be a virtual structure on the generalized module 4.9. Without loss 
of generality it can be assumed that q is primary. Consider the following cases: 

a) A2 + ~2 # 0. Since 

g(o)(g) ::) !Re1 EB !Re2, g(l-tt)(g) ::) !Re3 EB !Re4, 

U(l)(f)) ::) !Ru1 EB !Ru2, U(tt)(f)) ::) !Ru3, 

we have 

C(e,)= ( ~ 
0 1 

). C(e,) = p 0 2 

) 
C13 cl3 

0 1 0 2 
C23 C23 

1 1 2 2 
C31 c32 C33 C31 C32 C33 

1 1 1 2 2 2 
C41 C42 C43 C41 C42 C43 
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C' 
3 0 

} C' 
4 0 

) 
c12 C12 

3 0 c4 4 0 
C( e3) = C21 en 

C(e4 ) = r C22 
0 0 3 0 4 

C33 C33 
0 0 3 0 4 

C43 C43 

To be definite, let ,\ # 0. Put 

H, = ( h~, 
0 h13 

). 0 h23 

h32 h33 

h41 h42 h43 

where the set of coefficients hij (1 ~ i ~ 4, 1 ~ j ~ 3) is a solution of the following 
system of linear equations: 

d3 = h43 + 2,\h33' 

c!3 = h33 + 2,\h43, 

c~3 = h42 + h13, 

cj3 = h31 + h13, 

c~ 3 = h32- .\h13- (p,-1)h23, 

c!3 = h41 - .\h13 - (p, - 1 )h23, 

ci3 = .\h13, 

d3 = ,\h23. 

Since the matrix of the system is non-degenerate, we see that there exists a unique 
solution. 

Now put C1(x) = C(x) + A(x)H1- H1B(x) for x E g. Then 

C1 (c1 ) = ( ~ 
0 ~\ ( ~ 0 2 

\ c13 
0 

C1(e2) = 
0 r-~o 

0)' \ c~ 1 
-,:;., 

)' 1 2 2 
C31 c32 c32 C33 

1 1 2 2 
C41 C42 C41 C42 C43 

C' 
3 0 

) C' 
4 0 

) 
c12 C12 

c3 3 0 4 0 
c,(e,) = ~1 C22 

C1(e4) = C21 C22 
0 3 0 0 4 

C33 C33 
0 3 0 0 4 

C43 C43 

By corollary 2, Charter II, the virtual structures C and C1 are equivalent. 
Since for any virtual structure q condition (6), Charter II, must be satisfied, after 

direct calculation we obtain: 

C1(ei)=0, i=1, ... ,4. 

If ,\ = 0 and p, # 0, we can similarly show that the virtual structure q is trivial. 
b) ,\ = p, = 0. Since 

g(o)(g) :) lRe1 EB lRe2, 

U(l)((J) :) lRu1 EB lRu2, 

9(1) (g) :) lRe3 EB lRe4, 

u(o)((J) :) lRu3, 



4. FOUR-DIMENSIONAL CASE 313 

we have 

C(e1) = ( ~ 
0 

~). C(e,) = ( ~ 
0 2 

). 
cl3 

0 0 2 
C23 

1 2 2 
C31 c32 C31 C32 C33 

1 1 2 2 2 
C41 C42 C41 C42 C43 

C(e3 ) = C 
0 0 

) C(e4) = (~ 
0 0 

) 0 0 0 0 
0 3 0 4 

C33 C33 
0 3 0 4 

C43 C43 

Put 

H, = ( ~ 
0 

D, 0 
3 

C33 C33 
4 3 

C43 C43 

and C2(x) = C(x) + A(x)H2- H2B(x) for x E g. Then 

) , C(e,) = C(e4) = 0. 

Since for any virtual structure q condition (6), Charter II, must be satisfied, after 
direct calculation we obtain: 

C1 _ c1 _ c1 
13 -- 42 - 311 

C1 _ cl _ cl 
41 - 32-- 23l 

C2 _ c2 _ c2 
13 - 31-- 421 

C2 _ c2 _ c2 
41 - 32 - - 23• 

The proof of the Lemma is complete. 

Let (g, g) be a pair of type 4.9. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Consider the following cases: 

1 o. ,\2 + f-l 2 -=/=- 0. Then 

[e1, e2] = 0, 

[e1, e3] = e4- Ae3, 

[e1,e4] = -e3- Ae4, [e2,e4] = (1- f-l)e4, 

[e1,u1]=-u2, [ez,u1]=ul, 

[e1,u2] = u 1, [e2,u2] = u 2 , 

[e1,u3] = Au3, [e2,u3] = f-lU3, 

[e3, e4] = 0, 

[e3 1 u1] = 0, [e4, u1] = 0, 

[e3,u2] = 0, [e4,u2] = 0, 

[e3,u3] = u2 [e4,u3] = u1. 
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Using the Jacobi identity we obtain 

[u1, u2] = 0, 

[u1, u3] = 0, 

[u2,u3] = 0, 

and see that the pair (g, g) is trivial. 

2°.A=J.L=O.Then 

[e1, e2] = 0, 

[e1,e3] = e4, 

[e1, e4] = -e3, 

[e1,u1] =re3-se4-u2, 

[e1,u2] =-se3-re4+u1, 

[e1, u3] =re1 +se2, 

[e2, e3] = e3, 

[e2, e4] = e4, 

[e2,u1] =qe3-pe4+u1, 

[e2 ,u2 ] =-pe3-qe4+u2, 

[e2,u3] =qe1+Pe2, 

Since the virtual structure q is primary, we have 

(Proposition 10, Charter II). Thus 

g(o)(~) = !Re1 EB !Re2 EB !Ru3, 

Therefore 

and 

[u1, u2] C 9( 2 )(~), 

[u1, u3] C g(l)(~), 

[u1, u2] = 0, 

[e3, e4] = 0, 

[e3, u1] = 0, 

[e3, u2] = 0, 

[e3, u3] = u2, 

[u1, u3] = b3e3 + b4e4 + fJ1 u1 + fJ2u2, 

[u2, u3] = c3e3 + c4e4 + 'Yl u1 + 12u2. 

Using the Jacobi identity we see that 

p = 0, q = 0, r = 0, s = 0, 

C3 = b4, C4 = -b3, /1 = -(32, /2 = f31· 

Consider the pair (g', g') of the following form: 

[' l el e2 e3 e4 u1 u2 

el 0 0 e4 -e3 -u2 U1 
e2 0 0 ea e4 Ul u2 
e3 -e4 -e3 0 0 0 
e4 e3 -e4 0 0 0 0 

[e4, u1] = 0, 

[e4, u2] = 0, 

[e4,u3] = u1. 

U3 

0 
0 

u2 
U1 

ul u2 -u1 0 0 0 0 xe3 + ye4 
0 0 0 0 u2 -u1 -u2 ye3 - xe4 

U3 0 0 -u2 -u1 -xe3 - ye4 xe4- ye3 0 ' 
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X = b3 + j31(32 
2 ' 

315 

The pairs (9, g) and (9', g') are equivalent by means of the mapping 1r : g' ---t g, 
where 

(32 (31 
1r( ui) = u1 - 2e3- 2e4, 

(32 (31 
1r(u2) = u2 + 2e4- 2e3, 

(32 (31 
1r(u3) = U3- 2e1 + 2e2. 

Consider the following cases: 
2.1°. x = y = 0. Then the pair (9', g') is trivial. 
2.2°. x = 0 andy> 0. Then the pair (9',g') is equivalent to the pair (92,£12) by 

means of the mapping 1r : 92 ---t 9', where 

1r(ei) = ei, i = 1, ... ,4, 

1r(uj) = - 1-uj, j = 1,2,3. 
viY 

2.3° . . 1: = 0 andy< 0. Then the pair (9',g') is equivalent to the pair (93,93) by 
means of the mapping 1r : ih ---t 9', where 

7r(ei) = ei, i = 1, ... ,4, 

1r(uj)= ~uj, j=1,2,3. 
y-y 

2.4 °. x > 0. Then the pair (g', g') is equivalent to the pair (94, g4) by means of 
the mapping 1r : Q4 ---t g', where 

'Tr"( p . \ - p . ; - 1 d 
"\~'t)- ~z, "- ~, ... ' ~, 

and a= yjx. 
2.5°. x < 0. Then the pair (9', g') is equivalent to the pair (9s, fls) by means of 

the mapping 1r : 9s ---t g', where 

and a= -yjx. 

7r(ei) = ei, i = 1, ... ,4, 

1r(uj) = ~Uj, j = 1,2,3, 
y-X 

It remains to show that the pairs determined in the Proposition are not equivalent 
to each other whenever A= p, = 0. 

Consider the homomorphisms fi : 9i ---t gl(n, IR), i = 1, ... , 5, where fi(x) is the 
matrix of the mapping ad "D g; x in the basis { e3 , e4 , u 1 , u2}. 

Since the subalgebras fi(9i), i = 1, ... , 5, are not conjugate to each other for 
all values of parameters, we conclude that the pairs (gi, 9i), i = 1, ... , 5, are not 
equivalent. 
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Proposition 4.10. Any pair (g, g) of type 4.10 is equivalent to one and only 
one of the following pairs: 

1. 
[ ' l el ez e3 e4 ul Uz 'U3 

el 0 ed 0 0 0 ul 0 
ez -el 0 0 0 Uz 0 
e3 0 0 0 ed 0 0 'Ul 
e4 0 0 -e3 0 0 'U3 
'Ul 0 0 0 0 0 0 0 
Uz -ul -uz 0 0 0 0 0 
'U3 0 0 -ul -'U3 0 0 0 

2. 
[ ' l el ez e3 e4 'Ul uz 'U3 

el 0 ed 0 0 0 ez + u1 0 
ez -el 0 0 0 Uz 0 
e3 0 0 0 ea 0 0 'Ul 
e4 0 0 -e3 0 0 'U3 
'Ul 0 0 0 0 0 0 0 
Uz -ez- ul -uz 0 0 0 0 0 
'U3 0 0 -ul -U3 0 0 0 

3. 

[ ' l el ez e3 e4 'Ul Uz 'U3 

el 0 ed 0 0 0 ez + u1 0 
ez -el 0 0 0 'U2 0 
e3 0 0 0 (f 0 0 e4 + aul 
e4 0 0 -e3 0 0 'U3 
ul 0 0 0 0 0 0 0 
Uz -ez- u1 -uz 0 0 0 0 0 
'U3 0 0 -e4- aul -U3 0 0 0 ,a=f=O 

Proof. Let£= {e1,e2,e3,e4} be a basis of g, where 

(~ 1 ~\. (~ 0 ~\. el = 0 e2 = 1 
\o 0 0}' \o 0 0}' 

(~ 
0 

D· G 
0 n e3 = 0 e4 = 0 

0 0 

Then 

G 
1 0 

~} cl 0 0 

~). A( el) = 
0 0 

A(c2 ) = ~ 0 0 
0 0 0 0 
0 0 0 0 

A(e3 ) = G 
0 0 

D A(e4 ) = G 
0 0 

~). 0 0 0 0 
0 0 0 -1 
0 0 0 0 

and for x E g the matrix B( x) is identified with x. 

By f) denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­
tors e2 and e4. 
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Lemma. Any virtual structure q on generalized module 4.10 is equivalent to 
one of the following: 

(
0 0 0) 0 p 0 

C1(ei)= 0 0 0 ' 

0 0 0 

(0 0 0) 
0 0 0 

C 1 ( e3) = 0 0 0 , 

0 0 s 

Proof. Let q be a virtual structure on generalized module 4.10. Without loss of 
generality it can be assumed that q is primary. Since 

g(-1,0)(~) =Reb g(o,o)(~) = Rez EB Re4, g(0,-1)(~) = Re3, 

U(o,o)(~) = Ru1, u(l,O) = Ruz, u(o, 1 )(~) = Ru3, 

we have 

1 0 

D c 
0 

D· (T 
1 c2 0 

C(e1) = Czz 
C(ez) = r 0 0 

1 0 C42 C41 

C(e,) = ( ~ 
0 cl,) c 

0 

D 
0 c4 0 

C31 0 0 ' C(e4) = r 0 
0 0 3 0 C43 c41 

Checking condition (6), Chapter II, we obtain c~ 1 
3_ 1 3_ 1 Pt C23 - -ell' C31 - -c42· u 

and C1(x) = C(x) + A(x)H- HB(x). Then 

C1(e3) = (~ ~ ~ ) C1(e4) = 0. 

0 0 d3 ~ ciz ' 
By corollary 2, Chapter II, the virtual structures C and C1 on generalized module 

4.10 are equivalent. This proves the Lemma. 



318 HI. THE CLASSIFICATION OF PAIRS 

Thus it can be assumed that the virtual structure q has the form determined in 
the Lemma. Then 

[e1,e2] = e1, 

[e1,e3]=0, 

[e1,e4]=0, 

[e1,u1] = 0, 

[e2,e3] = 0, 

[e2,e4] = 0, [e3,e4] = e3, 

[e2, u1] = 0, [e3, u1] = 0, 

[e1,u2] =pe2 +u1, 

[e1,u3] = 0, 

[e2,u2] = u2 , [e3,u2] = 0, 

[e2, u3] = 0, [e3, u3] = se4 + u1, 

Since the virtual structure q is primary, we have 

(Proposition 10, Chapter II). Thus 

g(l,o)(~) = lRu2, g(O,l)(f)) = lRu3, 

[u1, u2] E g(l,o)(~), 

[u1, u3] E g(D,l)(f)), and 

[u2, u3] E g(l,l)((J), 

[u1, u2] = a2u2, 

[u1, u3] = f33u3, 

[u2,u3] = 0. 

[e4, u1] = 0, 

[e4, u2] = 0, 

[e4, u3] = u3. 

Using the Jacobi identity we see that the pair (g, g) has the form: 

[ ' l el e2 e3 e4 ul u2 U3 

el 0 el 0 0 0 pe2 + u1 0 
e2 -el 0 0 0 0 u2 0 
e3 0 0 0 ea 0 0 se4 + u1 
e4 0 0 -e3 0 0 U3 
Ul 0 0 0 0 0 0 0 
U2 -pe2- u1 -u2 0 0 0 0 0 
U3 0 0 -se4- u1 -U3 0 0 0 

Consider the following cases: 

1°. p = s = 0. Then the pair (g,g) is equivalent to the trivial pair (gl,gl)· 
2°. p =f. 0, s = 0. Then the pair (g, g) is equivalent to the pair (g2 , g2 ) by means 

of the mapping 1r : 92 -+ g, where 

7r(ei)=ei, i=1, ... ,4, 

7r( Ui) = PUi, i = 1, 2, 3. 
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3°. p = 0, s #- 0. Then the pair (fl,g) is equivalent to the pair (£b,g2) by means 
of the mapping 7r : £b --+ fj, where 

1r( ei) = e3, 

1r( e2) = e4, 

1r(e3) = e1, 

1r( e4) = e2, 

7r( U1) = SUI, 

1r( u2) = su3, 

1r(u3)=su2. 

4°. p #- 0, s #- 0. Then the pair (g,g) is equivalent to the pair 0h,g3 ) by means 
of the mapping 7r : Q3 --+ g, where 

1r(ei) = ei, i = 1, ... ,4, 

1r( ui) = pu1, 

1r( u2) = pu2, 

1r(u3)=su3. 

Now it remains to show that the pairs determined in the Proposition are not 
equivalent to each other. 

Since dim D 2g1 = 1, dim D2g2 = 4, and dim D 2g 3 = 6, we see that the pairs 
(£h,gi), (.92,92), and (.93,93) are not equivalent to each other. 

This completes the proof of the Proposition. 

T""'!!. 0 J 0 AI "'Ill "'I A /-:- \ f- ! A 11 • • T 1 1 T T rroposnwn LI:.LL. iiny pa1r \..£, g) or type '±.11 1s eqmvawnt to one ana on1y 
one of the following pairs: 

1. 

[ ' l 

2. ,\ = 0, f.l = -1 

[ ' l 

0 
0 

-e3 
(.A- l)e4 

-UI 
0 

-.Au3 

0 e3 
0 -e3 
e3 0 

f.Le4 0 
0 0 

-U2 -UI 
-f.LU3 0 

0 e3 
0 -e3 
e3 0 

-e4 0 
0 0 

-u2 -ui 
U3 0 

0 AU3 
u2 f.LU3 
U1 0 
0 U1 
0 0 
0 0 
0 0 
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3. A = 0, J-L = 0 

[,] e1 e2 e3 e4 U1 U2 U3 

el 0 0 e3 e4 UI 0 0 
e2 0 0 -e3 0 0 U2 0 
e3 -e3 ea 0 0 0 UI 0 
e4 -e4 0 0 0 0 U1 
U1 -U1 0 0 0 0 0 UI 
U2 0 -u2 -u1 0 0 0 

ucf U3 0 0 0 -U1 -u1 -u2 

4. A- l J-L- _l - 2' - 2 

[ ,] e1 e2 e3 e4 U1 u2 U3 

0 0 1 0 1 
e1 e3 -e4 UI -u3 

0 0 r 0 
21 

e2 -e3 -e4 u2 --U3 
e3 -e3 e3 0 20 0 U1 0 

1 1 0 0 0 0 U1 e4 -2e4 --e4 
U1 -U1 0 0 0 0 0 0 
U2 0 -u2 -u1 0 0 0 e4 
U3 1 1 0 -U1 0 -e4 0 -2U3 2U3 

5. A-0 J-L-l - ' - 2 

[ 'l e1 e2 e3 e4 U1 U2 U3 

e1 0 0 e3 e4 U1 0 0 
0 0 -e3 1 0 1 e2 --e4 U2 2U3 

e3 -e3 e3 0 0 0 U1 e4 
e4 -e4 1 0 0 0 0 U1 -e4 
U1 -U1 20 0 0 0 0 0 
u2 0 -u2 -U1 0 0 0 0 

0 1 0 0 0 U3 -2U3 -e4 -U1 

6. A=l J-L=O 2' 

[' l e1 e2 e3 e4 U1 U2 U3 

e1 0 0 e3 1 U1 0 1 -e4 2U3 
e2 0 0 -e3 20 0 U2 e4 
e3 -e3 e3 0 0 0 U1 0 
e4 1 0 0 0 0 0 U1 -2e4 
U1 -U1 0 0 0 0 0 0 
U2 0 -u2 -U1 0 0 0 0 
U3 1 -e4 0 -U1 0 0 0 -2U3 

7. A=l J-L=O 2' 

[ ' l e1 e2 e3 e4 U1 U2 U3 

0 0 1 0 1 
e1 e3 -e4 U1 e4 + zU3 
e2 0 0 -e3 20 0 u2 ae4 
e3 -e3 e3 0 0 0 U1 0 

1 0 0 0 0 0 e4 -2e4 U1 
U1 -U1 0 0 0 0 0 0 
u2 0 -U2 -ul 0 0 0 0 
U3 1 -ae4 0 -U1 0 0 0 -e4- 2u3 
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8. ,\ = 1, 11 = -1 

[ ' l el e2 e3 e4 ul U2 U3 

el 0 0 e3 0 ul e4 e3 + U3 
e2 0 0 -e3 e4 0 U2 -U3 
e3 -e3 e3 0 0 0 U1 0 
e4 0 -e4 0 0 0 0 ul 
ul -ul 0 0 0 0 0 0 
U2 -e4 -uz -ul 0 0 0 0 
U3 -e3- u3 U3 0 -ul 0 0 0 

9. ,\ = 1, 11 = -1 

[ ' l el e2 e3 e4 Ul U2 U3 

el 0 0 e3 0 ul ae4 ae3 + U3 
e2 0 0 -e3 e4 0 e4 + u2 e3- u3 
e3 -e3 e3 0 0 0 Ul 0 
e4 0 -e4 0 0 0 0 ul 
ul -ul 0 0 0 0 0 0 
U2 -ae4 -e4- u2 -ul 0 0 0 0 
U3 -ae3- U3 -e3 + u3 0 -ul 0 0 0 

Proof. Let E = { e1, e2, e3, e4} be basis of g, where 

0) (0 0 0 , e2 = 0 1 
,\ 0 0 

~ ) , e3 = ( ~ ~ ~ ) , e4 = ( ~ ~ ~) . 
11 0 0 0 0 0 0 

Then 

c 0 0 0 ) c 0 

0 

~ ) A(e!) = 0 0 0 0 0 0 0 
0 0 1 0 ' A(e2) = 0 0 -1 
0 0 0 1-,\ 0 0 0 -11 

. " " " 

~} 
. " A A r. . 

( ~1 
u u 

A(e4) = ( ~ 
u u 

") A(e3) = 
0 0 0 0 0 
1 0 0 0 0 ' 
0 0 ,\-1 11 0 0 

and for x E g the matrix B( x) is identified with x. 
By f) denote the nilpotent subalgebra of the Lie algebra g spanned by vec­

tors e1, e2. 

Lemma. Any virtual structure q on generalized module 4.11 is equivalent to 
one of the following: 

a)(,\, 11) ¢:_ {(0,~), (~,0), (1,-1)} 

b),\=0,11=~ 

c,(e;) = 0, i = 1,2,4, C,(e,) = G ~ D; 
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c) A=~, f-1=0 

c,(e,) = G 
0 

~} c,(e,) = G 
0 

~} 0 0 
C(e3) = C(e4) = 0; 

0 0 
0 0 

d),\=1, f-1 = -1 

C4 (e1 ) = (~ 
0 

~). c.(e,) = n 0 

D 
0 0 

C(e3) = C(e4) = 0. 
0 0 
p \0 q 

Proof. Let q be a virtual structure on the generalized module 2.19. Without loss 
of generality it can be assumed that q is primary. Since 

g(o,o)(f)) ;;2 lRe1 EB lRe2, u(l,O)(f)) ;;2 Ru1, 

g(1,-1)(f)) = lRe3, u(o, 1)(f)) = Ru2, 

g(l-A.,-JL)(f)) ;;21Re4, U("-, JL)(f)) 2 Ru3, 

we have 

n 0 cj, J c 
0 c~,) 

C(e1) = 
0 c23 

C(e2) = 
0 0 C23 

0 c1 ' 0 0 c2 ' 33 33 
,1 _1 ~2 ~2 ~2 \ c41 c42 c43 / c41 c42 c43 

C(e3 ) = G 
0 J} C' 

0 

0 ) 0 c4 0 0 
0 C(e4) = r 0 0 . 

33 
3 3 0 c!3 C42 C43 

Since for any virtual structure q condition (6), Chapter II, must be satisfied, after 
direct calculation we obtain: 

(J 
0 cj,) (J 

0 c~,) 
C(e1)= 

0 c23 
C(e2) = 0 C23 

0 c1 ' 0 c2 ' 33 33 
1 1 2 2 

C42 C43 C42 C43 

C(c3 ) = G 
0 J} C(e4) = G 

0 0) 0 0 0 
0 0 0 ' 33 
3 3 0 c!3 C42 C43 
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where the set of coefficients efj satisfies the following system: 

d3(1 + f-l) = e~3(,\- 1), 

el2(1 + f-l) = e~2 (,\ -1), 

A.d3 = 0, 

(1 - 2f-l )el3 = 0, 

(2,\- 1)e~3 = 2f-lel3, 

A.ei3 = f-Lei3' 

,\e~3 = f-Le~3' 
ei3 = e~3 + Ae~3, 

ei3 = e~3 + f-LC~3' 
ell = A.e!2, 

e~l = f-lel2' 

A.e!3 = (1- A.)ei3- f-ld3 +ell, 

f-Le!3 = (1- A.)ei3 - f-Le~ 3 + e~ 1 . 

Consider the following cases: 
1. ,\ = 0, f-l = 0. Put 

0 
0 
0 
0 

2. ,\ = 0, -1 ~ f-l < 0, 0 < f-l < 1. Put 

c H= 0 

et 

3. ,\ # 0, -1 ~ f-L < 1. Put 

H= (J 

0 ~c' ) {t 13 
0 le2 

{t 23 
0 0 ' 
0 0 

0 ") "Xel3 
0 1 1 

"Xc23 
0 0 
0 0 

and put C'(x) = C(x) + A(x)H- HB(x) for x E g. Then 

0 
0 
0 33 

0 
0 
0 C'(e,) = G 

1 e42 
J)' 1 e43 2 e42 

c~ ) ' 33 
2 e43 

323 
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C'( e,) = ( ~ ~ 
where the set of coefficients cfj satisfies the following system: 

c~ 3 (1 + f-l) = c~ 3 (,\- 1), 

ci2 (1 + f-l) = c~2 (,\- 1), 

AC~3 = 0, 

(1 - 2f-l )c~ 3 = 0, 

(2,\- 1)c~3 = 2f-lci3 . 

By corollary 2, Chapter II, the virtual structures C and C' are equivalent. 
Consider the following cases: 
a) (,\, f-l) tf_ {(0, ~ ), ( ~' 0), (1, -1)}. Put 

(
0 0 
0 0 

HI= 0 0 

0 h42 

where the set of coefficients hij is a solution of the following system: 

{ 
and put C1 (x) = C'(x) + A(x)H1 - H1 B(x) for x E g. Then 

b) A=O, p= ~·Put 

C1(ei) = 0, i = 1, ... ,4. 

0 
0 
0 

and C2(x) = C'(x) + A(x)H2- H2B(x) for x E g. Then 

(
0 0 
0 0 

C2(e3) = 0 0 

0 0 

0 ) 0 
0 . 

d3 
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c) A = t, f-1. = 0. Put 

and C3 (x) = C'(x) + A(x)Ha- H3B(x) for x E g. Then 

d) A= 1, f-1. = -1. Put 

(
0 0 0 ) 
0 0 0 

H 4 = 0 0 0 

0 0 cl3 

and C4(x) = C'(x) + A(x)H4- H4B(x) for x E g. Then 

0 0 ) 0 0 
0 c2 ' 33 

c~2 0 

This completes the proof of the Lemma. 

Let (g, g) be a pair of type 4.11. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Consider the following cases: 

1 o • - 1 ( fJ- < 1. Then 

[e1, ez] = 0, 

[e1, e3] = e3, 

[e1, e4] = (1- A)e4, 

[e1, u1] = u1, 

[ei,uz] = 0, 

[e1, u3] = AU3, 

[e2, e3] = -e3, 

[e2, e4] = -fJ-e4, 

[ez, u1] = 0, 

[e2, u2] = uz, 

[e2, u3] = fJ-Ua, 

[e3, e4] = 0, 

[e3, u1] = 0, [e4, u1] = 0, 

[e3,u2] = u1, [e4,u2] = 0, 

[e3, u3] = 0, [e4, ua] = u1. 

Since the virtual structure q is primary, we have 

g(o,o)([J) 2 !Re1 EB IRez, g(l,o)([J) 2 IRu1, 

g(l,-l)([J) =!Rea, g(O,l)([J) = IRuz, 

g(l--\, - 11)(()) 2 !Re4, g(>-, 11)(()) 2 !Rua. 
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Therefore 
[u1, u2] = a4e4, 

[u1, u3] = b1e1 + b2e2 + b3e3 + b4e4 + f31u1, 

[u2,u3] = c1e1 +c2e2 +c4e4 +11u1 +12u2. 

Using the Jacobi identity we see that the pair (9, g) has the form: 

[ ' l e1 e2 e3 e4 UI u2 

e1 0 0 e3 (1- >.)e4 U1 0 
e2 0 0 -e3 -l!:e4 0 U2 
e3 -e3 e3 0 0 0 U1 
e4 (>. -1)e4 11e4 0 0 0 0 
U1 -u1 0 0 0 0 c2e4 
U2 0 -u2 -u1 0 -c2e4 0 
U3 ->.u3 -f.LU3 0 -u1 -.A -B 

A= c2e3 + 12u1, 

B = c2e2 + c4e4 + /'1 u1 + 12u2, 

where the coefficients c2, c4, /1 and /2 satisfy the following system: 

Ac2 = (1 + tt)c2 = 0, 

>-12 = 1112 = 0, 

(1 - 2>.)c4 = (1 + 2tt )c4 = 0, 

(1 - >.)r1 = (1 + 11 h1 = 0. 

Consider the following cases: 

1.1°. c2 = c4 = /'1 = /'2 = 0. 
Then the pair (9, g) is trivial. 
1.2°. C2 # 0, A= 0, f1 = -1, C4 = /'1 = /'2 = 0. 

U3 

Au3 
f.LU3 

0 
U1 
A 
B 
0 ' 

The pair (9, g) is equivalent to the pair (92, g2) by means of the mapping 1r 
fi2 ~ g, where 

1 
1r(e3) = -e3, 

c2 
1r(ui)=u1, 

1r( u2) = c2u2, 

1r( u3) = u3. 

Since dim D2 91 =J dim D2 92, we see that the pairs (91, £11) and (92, £12) are not 
equivalent. 

1.3°. /'2 # 0, A = 11 = 0, C2 = C4 = /'1 = Q. 

Then the mapping 1r : 93 ~ 9 such that 

7r(ei) = ei, i = 1,2,3, 

1 
1r(e4) = -e4, 

/'2 

1r(u1)=u1, 

1r(u2)=u2, 

1r( u3) = 'Y2u3, 
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establishes the equivalence of the pairs (9, g) and (93, 93). 
It is easily proved that the pairs (91, 91) and (93, 93) are not equivalent. 

1.4°. c4 ~ 0, A= ~' f-l = -~, C2 = f'1 = f'2 = 0. 
The pair (g, g) is equivalent to the pair (94, 94) by means of the mapping 1r : 

94 -+ 9, where 
7r(ei)=ei, i=1,2,4, 

1 
1r( e3) = - e3, 

C4 

1r(u1) = u1, 

1r(u2)=c4u2, 

1r( u3) = u3. 

Since dim D2 91 -/= dim D2 94, we see that the pairs (91, 91) and (94, 94) are not 
equivalent. 

1.5°.f'1 ~ 0, A= 1, f-l = -1, C2 = C4 = f'2 = 0. 
Then the mapping 1r : 91 -+ g such that 

7r(ei) = ei, i = 1, ... ,4, 

1r(u1)=u1, 

1r( u2) = 1'1 e4 + u2, 

1r( u3) = u3, 

establishes the equivalence of the pairs (9,g) and (91 ,g1 ) with,\= 1,J-l = -1. 

2°. ,\ = 0, 1-l =~·Then 

[e1, ez] = 0, 

[e1,e3] = e3, [e2, e3] = -e3, 

[e1, e4] = e4, 
1 

[e2, e4] = -2e4, [e3,e4] = 0, 

[ el' u1] = u1' [e2, u1] = 0, [e3, u1] = 0, [e4, u1] = 0, 

[e1,u2]=0, [e2, u2] = u2, [e3, u2] = u1, [e4,u2] = 0, 

[e1, u3] = 0, 
1 

[e2, u3] = 2u3, [e3, u3] = pe4, [e4, u3] = u1. 

Since the virtual structure q is primary, we have 

where 
9(o,o)((J) = !Re1 EBlRe2, 9(1,o)(f)) = !Ru1, 

9(1,-1)(()) = !Re3, 9(0,1)(()) = !Ru2, 

9(1,-1/2)(()) = !Re4, 9 (0,1/2)(()) = !Ru3. 
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[u1, u2] = 0, 

[u1, u3] = 0, 

[u2, u3] = 0. 

Using the Jacobi identity we see that the pair (g,g) has the form: 

[,] e1 e2 e3 e4 U1 u2 U3 

e1 0 0 e3 e4 U1 0 0 
e2 0 0 -e3 1 0 u2 1 --e4 2U3 
e3 -e3 e3 0 0 0 U1 pe4 
e4 -e4 1 0 0 0 0 U1 -e4 
U1 -U1 20 0 0 0 0 0 
u2 0 -u2 -U1 0 0 0 0 
U3 0 1 -pe4 -U1 0 0 0 -2U3 

2.1 o. p = 0. Then the pair (g, g) is trivial. 
2.2°. p -1- 0. The pair (g, g) is equivalent to the pair (g5 , g5 ) by means of the 

mapping 7!' : 9s -t g, where 

7r(ei) = ei, i = 1, ... ,4, 

7!' ( u j) = pu j, j = 1, 2, 3. 

Since dim D 2 £h #- dim D 2 9s, we see that the pairs (ih, gl) and (gs, gs) are not 
equivalent. 

3°. ,\ = ~' fJ, = 0. Then 

[e1, e2] = 0, 

[e1, e3] = e3, 

1 
[e1, e4] = 2e4, 

[e1,u1] = u1, [e2,u1] = 0, [e3,u1] = 0, [e4,u1] = 0, 

[e1,u2] = 0, [e2,u2] = u2, [e3,u2] = u1, [e4,u2] = 0, 

1 
[e1,u3]=pe4+2u3, [e2,u3]=qe4, [e3,u3]=0, [e4,u3]=u1. 

Since the virtual structure q is primary, we have 

[u1, u2] = 0, 

[u1, u3] = 0, 

[u2, u3] = 0. 

Using the Jacobi identity we see that the pair (g, g) has the form: 

[ 'l e1 e2 e3 e4 U1 u2 U3 

0 0 1 0 1 e1 e3 -e4 U1 pe4+ 2u3 
e2 0 0 -e3 20 0 u2 qe4 
e3 -e3 e3 0 0 0 U1 0 
e4 1 0 0 0 0 0 -2e4 U1 
U1 -U1 0 0 0 0 0 0 
u2 0 -u2 -U1 0 0 0 0 
U3 1 0 0 0 0 -pe4- 2u3 -qe4 -U1 
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Now we determine the group of all transformations for mappings q. We have 

c 0 0) c 0 0) 0 0 0 0 0 0 
C(e3) = C(e4) = 0. C(e1) = 0 0 0 ' C(ez) = 0 0 0 ' 

0 0 p 0 0 q 

Put 

co ~} c 0 0) C'(el) = ~ ~ C'( ez) = ~ ~ ~ , C'(e3) = C'(e4) = 0. 

0 0 p' 0 0 q' 

The virtual structures C and C' are equivalent if and only if there exist matrices 
P E A(g) and H E Mat4x3(JR.) such that 

C'(x) = FC(r.p-1(x))P-1 + A(x)H- HB(x) for all x E g, 

where r.p(x) = PxP- 1 and F is the matrix of the mapping r.p. Direct calculation 
shows that the virtual structures C and C' are equivalent if and only if there exist 
numbers a, b such that ab # 0 and the following conditions are satisfied: 

' a q = b2 q. 

Using these conditions we see that any virtual structure on the generalized mod­
ule 4.11 (A = ~, J-t = 0) is equivalent to one and only one of the following: 

a) 
C 1 (ei) = 0, i = 1, ... ,4; 

b) 

C 2(e;) = 0, i = 1,3,4, C2(e,) = G ~ D . 
c) 

Note that the virtual structure C 1 was already considered in case 1°. 
For the virtual structures C 2 , C 3 we obtain the following nonequivalent pairs: 

(£16,96), (£17,97)· 
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4°.). = 1, 11 = -1. Then 

[e1,e2]=0, 

[e1, e3] = e3, 

[e1, e4] = 0, 

[e1, u1] = u1, 

[e1,u2] =pe4, 

[ e1, u3] = re3 +u3, 

[e2, e3] = -e3, 

[e2, e4] = e4, 

[e2, u1] = 0, 

[e2,u2] = qe4+u2, 

[e2, u3] = se3 -u3, 

[e3, e4] = 0, 

[e3, u1] = 0, 

[e3,u2] = u1, 

[e3, u3] = 0, 

Since the virtual structure q is primary, we have 

[u1,u2J=O, 

[u1, u3] = 0, 

[u2,u3] =r1u1. 

[e4, u1] = 0, 

[e4, u2] = 0, 

[e4,u3] = u1. 

Using the Jacobi identity we see that the pair (g,g) has the form: 

[ ' l el e2 e3 e4 Ul 

el 0 0 e3 0 U! 
e2 0 0 -e3 e4 0 
e3 -e3 e3 0 0 0 
e4 0 -e4 0 0 0 
ul -ul 0 0 0 0 
U2 -pe4 -qe4-u2 -ul 0 0 
U3 -pe3-u3 -qe3+u3 0 -ul 0 

The mapping rr : g' ~ g such that 

1r(ei) = ei, i = 1, ... ,4, 

1r(u1) = u1, 

1r(u2) = 11e4 + u2, 

1r(u3)=u3, 

U2 U3 

pe4 pe3+u3 
qe4+u2 qe3 -u3 

Ul 0 
0 Ul 
0 0 
0 /lUl 

-11u1 0 

establishes the equivalence of the pairs (g, g) and (g', g'), where the latter has the 
form: 

[ ' l el e2 e3 e4 Ul U2 U3 

el 0 0 e3 0 ul pe4 pe3+u3 
e2 0 0 -e3 e4 0 qe4 +u2 qe3 -u3 
e3 -e3 e3 0 0 0 Ul 0 
e4 0 -e4 0 0 0 0 ul 
Ul -ul 0 0 0 0 0 0 
u2 -pe4 -qe4-u2 -ul 0 0 0 0 
U3 -pe3 -u3 -qe3 +u3 0 -ul 0 0 0 

Now we determine the group of all transformations for mappings q. We have 

C(c1) = G 
0 

~} C(ez) = G 
0 

D 
0 0 

C(e3) = C(e4) = 0. 
0 0 
p q 
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Put 

C'(e1) ~ 0 0 

~). C'(e2 ) ~ G 
0 i} 0 0 

C'(e3) = C'(e4) = 0. 
0 0 
p' q' 

The virtual structures C and C' are equivalent if and only if there exist matrices 
P E A(g) and HE Mat4x3(IR) such that 

C'(x) = FC('P- 1(x))P- 1 + A(x)H- HB(x) for all x E g, 

where 'P(x) = PxP- 1 and F is the matrix of the mapping 'P· Direct calculation 
shows that the virtual structures C and C' are equivalent if and only if there exist 
numbers a, b, c such that abc # 0 and the following conditions are satisfied: 

' a p = -p, 
be 

' a q = be q. 

Using these conditions we see that any virtual structure on the generalized mod­
ule 4.11 (..\ = 1, f.l = -1) is equivalent to one and only one of the following ones: 

a) 

b) 

c) 

(

0 0 
0 0 
0 0 
0 1 

C3(e1) ~ G ~ D, 

C 2(e·) = 0 i = 2 3 4· 
z ' ' ' 

Note that the virtual structure C1 was already considered in case 1°. 
For the virtual structures C 2 , C 3 we obtain the following nonequivalent pairs: 

(gs,gs), (gg,gg). 

Proposition 4.12. Any pair (g, g) of type 4.12 is equivalent to one and only 
one of the following pairs: 

1. 
[ ' l e1 ez e3 e4 U1 Uz UJ 

e1 0 0 e3 (1 - ..\)e4 Ul 0 ..\u3 
ez 0 0 -e3 -e4 0 uz U3 
e3 -e3 e3 0 0 0 U1 0 
e4 (..\- 1)e4 e4 0 0 0 0 U1 
U1 -u1 0 0 0 0 0 0 
Uz 0 -uz -u1 0 0 0 0 
U3 -..\u3 -U3 0 -u1 0 0 0 
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2. A= 1 
[ ' l el e2 e3 e4 ul U2 U3 

el 0 0 e3 0 ul 0 U3 
e2 0 0 -e3 -e4 0 U2 U3 
e3 -e3 e3 0 0 0 UI 0 
e4 0 e4 0 0 ed e2 Ul 
Ul -ul 0 0 -e3 U3 0 
u2 0 -u2 -ul -e2 -u3 0 0 
U3 -U3 -u3 0 -ul 0 0 0 

Proof. 
Let£= {e1, e2, e3, e4} be a basis of g, where 

G 
0 D, G 

0 D, el = 0 e2 = 1 
0 0 

e, = 0 1 n, 0 0 

D 0 e4 = 0 
0 0 

Then 

A(el) = C 
0 0 

0 ) 
A(e2 ) = G 

0 0 

~). 0 0 0 0 0 
0 1 0 ' 0 -1 
0 0 1-A 0 0 -1 

( ~1 
0 0 

D A(q) = ( ~ 
0 0 

~). A(e3) = 
0 0 0 0 
1 0 0 0 
0 0 ,\ -1 1 0 

and for x E g the matrix B(x) is identified with x. 
By ~ denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­

tors e1 and e2. 

Le1nma. Any virtual structure q on generalized module 4. 6 is equivalent to one 
of the following: 

a) A= 1 

C( ei) = 0, i = 1, ... , 4. 

Proof. Let q be a virtual structure on generalized module 4.12. Without loss of 
generality it can be assumed that q is primary. Note that 
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where 

g(o,o)(~) :J JR.e1 EB lRe2, gC 1 ,- 1 )(~) :J lR.e3, g(l->.,- 1 )(~) :J lR.e4, 

U(l,o)(~) :J JR.u1, U(o,1)((J) :J lRu2, U(>.,1)(f)) :J lR.u3. 

Consider the following cases: 
a) A= 1. We have 

C(ei) = 0, i = 1,2,3, 
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Since for any virtual structure q condition (6), Chapter II, must be satisfied, after 
direct calculation we obtain 

C(ei) = 0, i = 1,2,3, 

b) A =/:- 1. We have 
C( ei) = 0, i = 1, 0 •• , 4. 

This completes the proof of the Lemma. 

Consider the following cases: 

1°. A=l. 

p 0) q 0 
0 0 ° 

0 0 

Let (g, g) be a pair of type 4.12. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Then 

[e1,e2] = 0, 

[e1,e3] = e3, [e2, e3] = -e3, 

[e1,e4] = 0, [e2, e4] = -e4, [e3, e4] = 0, 

[e1,u1]=u1, [e2, u1] = 0, [e3, u1] = 0, [e4, u1] = (q- p)e3, 

[e1, u2] = 0, [e2,u2] = u2, [e3, uz] = u1, [e4, uz] = pe1 + qe2, 

[e1, u3] = u3, [e2,u3] = u3, [e3,u3] = 0, [e4,u3] = u1. 

Since the virtual structure q is primary, we have 

where 

g(o,o)(f)) :J lRe1 EB lRe2, g(l,-1)(()) 2 lR.e3, g(o,-1)(()) 2 lR.e4, 

g(1,o)(f)) 2 JR.uh g(0,1)(f)) 2 JR.u2, g(1,1)(f)) 2 JR.u3. 
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Therefore 
[u1, u2] = a3u3, 

[u1, u3] = 0, 

[u2, u3] = 0. 

Using the Jacobi identity we see that the pair (g,g) has the form 
e1 e2 e3 e4 u1 u2 

e1 0 0 e3 0 u1 0 
e2 0 0 -e3 -e4 0 u2 
e3 -e3 e3 0 0 0 U1 
e4 0 e4 0 0 pe3 pe2 
u1 -ul 0 0 -pe3 0 PU3 
u2 0 -u2 -u1 -pe2 -'f!.U3 0 
U3 -U3 -u3 0 -u1 0 0 

1.1°. p=O. 
Then the pair (g, g) is equivalent to the trivial pair (f.h, g1)· 
1.2°. p =f. 0. 

U3 
U3 
U3 
0 

U1 
0 
0 
0 

Then the pair (g,g) is equivalent to the pair (92,g2) by means of the mapping 
7r : £12 --+ g, where 

7r(ei) = ei, i = 1, ... ,4, 

7r( Ui) = PUi, i = 1, 2, 3, 

and since dim(g2, g2) =f. dim(g1, gi), we conclude that the pairs (92, g2) and (91, gi) 
are not equivalent. 

20. ,\ # 1. 
Then it can be assumed that the virtual pair (g, g) is defined by one of the virtual 

structures determined in the Lemma. Then 

[e1, e2] = 0, 

[e1, e3] = e3, [e2, e3] = -e3, 

[e1, e4] = (1- A)e4, [ez, e4] = -e4, [e3, e4] = 0, 

[e1, u1] = u1, 

[e1, u2] = 0, 

[e1, u3] = Au3, 

[e2,u1] = 0, 

[e2, u2] = u2, 

[e2, u3] = u3, 

[e3, u1] = 0, [e4, u1] = 0, 

[e3, u2] = u1, [e4, u2] = 0, 

[e3, u3] = 0, [e4, u3] = u1. 

Since the virtual structure q is primary, we have 

g = g(o,o)(~) EB g(l->.,-1)(~) EB g(1,-1)(~) EB g(1,o)(~) EB g(>-,1)(~) EB g(o,1)([J), 

where 

Therefore 

g(o,o)(~) 2 llle1 ED llle2, g(1,-1)([J) 2 llle3, 9(1->.,-1)(()) 2 llle4, 

g(1'0)((J) 2 lllu1, g(o,1)((J) 2 lllu2, g(>-, 1 )(~) 2 lllu3. 

[u1, u2] = 0, 

[u1, u3] = 0, 

[u2, u3] = 0. 

The pair (g, g) is trivial. 
This completes the proof of the Proposition. 
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Proposition 4.13. Any pair (g, g) of type 4.13 is equivalent to one and only 
one of the following pairs: 

1. 

[ 'l el e2 e3 e4 Ul U2 U3 

el 0 e2 e3 0 Ul 0 0 
e2 -e2 0 0 Ae2 + e3 0 ul 0 
e3 -e3 0 0 -e2 + Ae3 0 0 Ul 
e4 0 -Aeb- e3 e2- Ae3 0 0 AU2- U3 U2 + AU3 
ul -ul 0 0 0 0 0 
U2 0 -ul 0 U3- AU2 0 0 0 
U3 0 0 -ul -u2- AU3 0 0 0 

2. A= 0 
[ ,] el e2 e3 e4 ul u2 U3 

el 0 (f e3 0 ul 0 0 
e2 -e2 0 e3 0 Ul 0 
e3 -e3 0 0 -e2 0 0 Ul 
e4 0 -e3 ea 0 0 -U3 u2 
Ul -ul 0 0 0 

ea e3 
U2 0 -ul 0 U3 -e2 ecf 
U3 0 0 -ul -u2 -e3 -e4 

3. A= 0 
[ 'l el e2 e3 e4 Ul U2 U3 

el 0 ea e3 0 Ul 0 0 
e2 -e2 0 e3 0 ul 0 
e3 -e3 0 0 -e2 0 0 Ul 
e4 0 -e3 ea 0 0 -U3 U2 
Ul -ul 0 0 0 -e2 -e3 
u2 0 -ul 0 U3 e2 0 -e4 
U3 0 0 -ul -u2 e3 e4 0 

Proof. Let E = {e1, e2, e3, e4} be a basis of g, where 

G 
0 r.\ 

G 
1 0\ 

el = 0 ~), e2 = 0 ~)' 0 0 

e,= G 0 

~), G 
0 

D 0 e4 = A 

0 -1 

Then 

A(e1 ) = G 
0 0 

~} c 
0 0 i} 1 0 -1 0 0 

0 1 A(e,) = ~ 0 0 
0 0 0 0 

( ~1 
0 0 

~~) A(e4) = G 
0 0 

~} A(e3) = 
0 0 -A 1 
0 0 A ' -1 -A 

0 0 0 0 0 

and for x E g the matrix B ( x) is identified with x. 
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By ~ denote the nilpotent subalgebra of the Lie algebra g spanned by the vectors 
e1 and e2. 

Consider the complex generalized module (gee, uc). Put 

and 

Uj = Uj @1, 1 ~ j ~ 3. 

Then E = { el' e2' e3' e4} is a basis of gee. The vector space uc can be identified 
with C3, and { u1, u2, u3} is the standard basis of uc. 

Lemma. Any virtual pair (g, g) of type 4.13 is trivial. 

Proof. Suppose (g, g) is a virtual pair defined by a virtual structure q. By Propo­
sition 15, Chapter II, without loss of generality it can be assumed that qc is primary 
virtual structure on the generalized module (gee, uc) (with respect to ~c). Since 

we have 

Therefore, 

g(o,o)(~c) = Ce1 E9 Ce4, 

g(l,-.Hi)(~c) = C(e2 + ie3), 

g(l,->.-i)(~c) = C(e2- ie3), 

(UC)(l,o) (~c) = Cul' 

(UC)(o,->.+i)([Jc) = C( u2 + iu3), 

(Uc)(o,->.-i)(~c) = C(u2- iu3), 

qc( e!)( u!) = o, 
qc(ei)(u2 + iu3) = o, 
qc(e1)(u2- iu3) = o, 
qc(e2- ie3)(u1) = o, 

qc(e2 +ie3)(u1) = o, 
qc(e2 + ie3)(u2 + iu3) = o, 
l:(e2 + ie3)(u2- iu3) = o, 
qc(e4)(ui) = o, 

qc(e2- ie3)(u2 + iu3) = o, qc(e4)(u2 + iu3) = o, 
qc(e2- ie3)(u2- iu3) = o, qc(e4)(u2- iu3) = o. 

Since the matrices of the mappings q( ei) and qc( ei ), 1 ~ i ~ 4, coincide, we obtain 

This completes the proof of the Lemma. 
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Thus, it can be assumed that the virtual structure q determining the virtual pair 
(g, g) is the zero mapping of g into £(U, g). Then, 

[e1, e2] = 0, 

[e1, e3] = e3, [e2, e3] = 0, 

[e1, e4] = 0, [e2, e4] = Ae2 + e3, 
[e1, u1] = u1, [e2, u1] = 0, 

[e1, u2] = 0, [e2, u2] = u1, 

[e1, u3] = 0, [e2, u3] = 0, 

[e3,e4] = -e2 + Ae3, 

[e3,u1]=0, 
[e3, u2] = 0, 

[e3, u3] = u1, 

[e4,u1] = 0, 

[e4, u2] = AU2 - u3, 

[e4, u3] = u2 + AU3. 

Since qrc is a primary virtual structure on the generalized module (grc, urc), we have 

(Proposition 10, Chapter II). Thus, 

and 

-(0-,\+i)(r.,C) tr'(- +"-) g ' 1) = IV U2 ZU3 , 

9(l,-.-\+i)(~rc) = C(e2 + ie3), 

9(1,o)(~rc) =Cui, 

g(o,-.-\-i) (~rc) = C( u2 - iu3 ), 

[u1, u2 + iu3] E 9(1,.-\+i)(~rc), 

[u1, u2 - iu3] E 9(l,.-\-i)(~rc), 

[u2 + iu3, u2- iu3] E 9(o, 2 .-\)(~rc). 

Consider the following cases: 

Hence, 

[u1, u2 + iu3] = o, 
[u1, u2 - iu3] = o, 
[u2 + iu3, u2 - iu3] = -2i[u2, u3] = o. 

[u1, u2] = 0, 

[u1,u3]=0, 

[u2, u3] = 0, 

and the pair (9, g) is trivial. 

2°. A= 0. Then 

[u1, u2 + iu3] = [u1, u2] + i[u1, u3] E C(e2 + ie3), 
[u1, u2- iu3] = [u1, u2]- i[u1, u3] E C(e2- ie3), 

[u2 + iu3, u2- iu3] = -2i[u2, u3] E <Ce1 + <Ce4. 
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[u1, u2] = a2e2 + a3e3, 

[u1, u3] = b2e2 + b3e3, 

[u2, u3] = c1e1 + c4e4. 

Using the Jacobi identity we see that the pair (9,g) has the form: 

[' l el e2 e3 e4 UJ U2 U3 

el 0 (f e3 0 Ul 0 0 
e2 -e2 0 e3 0 U} 0 
e3 -e3 0 0 -e0e3 0 0 UJ 
e4 0 -e3 

ed 
0 -U3 U2 

U} -ul 0 0 0 abe2 a2e3 
U2 0 -Ul 0 U3 -a2e2 abe4 
U3 0 0 -ul -u2 -a2e3 -a2e4 

2.1°. a2 = 0. Then the pair (9,g) is equivalent to the trivial pair (91 ,gt). 
2.2°. a 2 > 0. Then the pair (9,g) is equivalent to the pair (92,g2) by means of 

the mapping 1r : 92 -+ 9 such that 

2.3°. a2 < 0. Then the pair (9,g) is equivalent to the pair (93,£13) by means of 
the mapping 1r : 93 -+ 9 such that 

It remains to show that the pairs determined in the Proposition are not equiv­
alent, whenever A = 0. Since dim 'D£h # dim 'Di:h and dim 'D{h # dim 'D£13, we see 
that none of the pairs (92, £12) and (93, £13) is equivalent to the pair (91, g!). By 112 
and 113 denote Levi subalgebras of the Lie algebras 92 and 93 respectively. Note 
that 112 ~ .sl(2, JR.) and 113 "'.su(2). Therefore, the pairs (g2, £12) and (93, g3) are not 
equivalent. 

This completes the proof of the Proposition. 

Proposition 4.14. Any pair (9, g) of type 4.13 is equivalent to one and only 
one of the following pairs: 

1. 

[ ,] el e2 e3 e4 Ul u2 U3 

el 0 0 Ae3 - e4 Ae4 + e3 AU} -u3 U2 
e2 0 0 (f.l- l)e3 (f.l- 1)e4 f-lUl u2 U3 

e3 e4- Ae3 ~1- f-l~e3 0 0 0 U} 0 
e4 -e3- Ae4 1- f-l e4 0 0 0 0 U} 

U} -Aul - f-lUl 0 0 0 0 0 
U2 U3 -u2 -ul 0 0 0 0 
U3 -u2 -U3 0 -ul 0 0 0 
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2. ,\ = 0, fL = 0 

[ ,] el e2 e3 e4 ul u2 U3 

el 0 0 -e4 e3 0 -U3 u2 
e2 0 0 -e3 -e4 0 u2 u3 
e3 e4 e3 0 0 0 ul + el e2 
e4 -e3 e4 0 0 0 -e2 U1 + e1 
ul 0 0 0 0 0 0 0 
u2 U3 -u2 -ul- el e2 0 0 0 
U3 -u2 -U3 -e2 -ul - el 0 0 0 

3. ,\ = 0, 1-l = 0 

[ 'l el e2 e3 e4 Ul U2 u3 

el 0 0 -e4 e3 0 -U3 u2 
e2 0 0 -e3 -e4 0 U2 u3 
e3 e4 e3 0 0 0 u1 +ae1 +e2 -e1 +ae2 
e4 -e3 e4 0 0 0 e1 -ae2 u1 +ae1 +e2 
UI 0 0 0 0 0 0 0 
u2 U3 -1.l2 -u1 -ae1 -e2 ae2 -e1 0 0 0 
U3 -u2 -U3 -ae2+e1 -u1 -ae1 -e2 0 0 0 ,a~ 0 

4. ,\ = 0, 1-l = 2. 

[ 'l el e2 e3 e4 Ul U2 U3 

el 0 0 -e4 e3 0 -u3 + e3 u2 + e4 
e2 0 0 ea err 2ul U2 U3 
e3 e4 -e3 0 UI 0 
e4 -e3 -e4 0 0 0 0 (f Ul 0 -2ul 0 0 0 0 
U2 u3- e3 -u2 -ul 0 0 0 0 
U3 -u2- e4 -u3 0 -ul 0 0 0 

5. ,\ = 0, 1-l = 2. 

[ ,] el e2 e3 e4 UI U2 U3 

el 0 0 -e4 e3 0 -u3 + ae3 u2 + ae4 
e2 0 0 e3 e4 2ul u2 + e3 u3 + e4 
e3 e4 -e3 0 0 0 'UI 0 
e4 -e3 -e4 0 0 0 0 UI 
UI 0 -2u1 0 0 0 0 0 
U2 u 3 - ae3 -u2- e3 -ul 0 0 0 0 
U3 -u2- ae4 -u3- e4 0 -ul 0 0 0 

Proof. Let E = { e1, e2, e3, e4} be a basis of g, where 

Ej = 0 0 D' e, = (~ 
0 n, e, = 0 1 

n·e·=G 
0 

~). 0 1 0 0 
-1 0 0 0 

Then 

co 0 

D· 
(0 0 0 

0 ) 0 0 0 0 0 0 0 
A(ei)= 0 0 ,\ A( e2) = 0 0 f.l-1 0 ' 

0 0 -1 0 0 0 f.l-1 

A(e,) = (~A 
0 0 

~). A(e,) = ul 0 0 

~). 0 0 0 0 
1-f-l 0 0 0 

0 0 0 -,\ 1-f-l 0 
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and for x E g the matrix B( x) is identified with x. 

By ~ denote the nilpotent subalgebra of the Lie algebra g spanned by the vectors 
e1 and e2 . Consider the complex generalized module (gc, uc). Put 

ei = ei ® 1, i = 1, ... '4, and Uj = Uj Q91, j = 1,2,3. 

Then £ = { e1, e2, e3 , e4} is a basis of gc. The vector space uc can be identified 
with C3 , and { u1 , u2 , u3 } is the standard basis of uc. 

Lemma. Any virtual pair (g, g) of type 4.14 is equivalent to one of the following 

a) (>., J-l) ~ {(0, 0), (0, 2)} 

CI(ei)=O, i=1, ... ,4; 

b) ). = 0, 1-l = 2 

clA=O.u=O 
/ I I 

~q) 
0 ' 
0 

q 
-p 
0 
0 

Proof. Suppose (g, g) is a virtual pair defined by a virtual structure q. By Propo­
sition 15, Chapter II, without loss of generality it can be assumed that qc is a 
primary virtual structure on the generalized module (giC' uc) (with respect to ~c). 
Note that 

g(o,o)(~c) :J Ce1 EB Ce2, 

g(i,JL-l)(~c) :J C(e3+ie4), 

g(-i,JL-l)(~c) :J C(e3-ie4), 

(Uc)(>., !-l)(~c) :J Cu1, 

(UIC)(i,l)(~IC) :J C ( ii2 +iu3), 

(Uc)(-i,l)(~c) :J C(u2-iu3). 
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Suppose.\= 0 and f1 = 2. Then 

and 

qc(e1)(fh) = 0, 

qc (e3 + ie4)(fh) = 0, 

qc (ei)(u2 + iu3) E C(e3 + ie4), 

qc (e3 + ie4)(u2 + iu3) = 0, 

qc(e1)(u2- iu3) E c (e3 - ie4), 

qc (e3 + ie4)(u2- iu3) = 0, 

qc (e3- ie4)(ui) = 0, 

qc (e2)(ui) = 0, 

qc (e3- ie4)(u2 + iu3) = 0, 

qc (e2)(u2 + iu3) E C(e3 + ie4), 

qc (e3- ie4)(u2- iu3) = 0, 

qc (e2)(u2- iu3) E C(e3- ie4), 

qc (ei)(ui) = qc (e2)(u2) = o, 

qc(ei)(u2) E Ce3 +Ce4, 

qc (ei)(u3) E Ce3 + Ce4, 

qc (e2)(u2) E Ce3 + Ce4, 

qc (e2)(u3) E Ce3 + Ce4, 

qc(ei)(ui) = o, i = 3,4, j = 1,2,3. 
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Since the matrices of the mappings q( ei) and qc ( ei ), i = 1, ... , 4, coincide, we get 

(
0 0 0 ) 0 0 0 

C( ei) = 0 1 1 ' 
c32 C33 

0 1 1 C42 C43 

Checking condition (6), Chapter II, for x, y E £, we obtain 

{ 
Finally put C2 =C. 

C1 - cl - 0 32- 42- ' 
C2 _ c2 

32 - 43' 
C2 _ c2 33 - - 42• 

C(e3) = C(e4) = 0. 

In a similar way we obtain the other results of the Lemma. 

Thus, it can be assumed that any virtual structure on (g, U) has the form de­
termined in the Lemma. Since qc is a primary virtual structure on the generalized 
module (gc' uc), we have 

(9cr"(~c) = (gcr"(~c) x (Ucr"(~c) for all a E (~c)* 
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(Proposition 10, Chapter II). Therefore, 

(g(o,o) )(~c) :J Ce1 EB Ce2, (gc)(A,J.t) (~c) :J Cui' 

(gc)(i,l)(~c) :J C( u2 +iu3), 

(gc)(-i,l)(~c) :J C(u2-iu3). 

(:g(i, j.t-l))(~c) :J c (e3 +ie4), 

(:g(-i, ~L-l))(~c) :J c (e3 -ie4), 

Consider the following cases: 
1°. ()., f.L) ~ {( 0, 0), ( 0, 2)}. Then 

[e1, e2] = 0, 

[e1,e3] = Ae3-e4, [e2,e3] = (/.t-1)e3, 

[e1, e4] = e3+Ae4, [e2, e4] = (/.t-1)e4, 

[e1, u1] = Au1, [e2, u1] = f.LUI, 

[e1, u2] = -u3, [e2, u2] = u2, 

[e1, u3] = u2, [e2, u3] = u3, 

We have 

[e3,e4] = 0, 

[e3, u1] = 0, [e4, u1] = 0, 

[e3, u2] = u1, [e4, u2] = 0, 

[e3,u3] = 0, [e4,u3] = u1. 

[u1, u2 + iu3] = [u1, u2] + i[u1, u3] = o, 
[u1, u2- iu3] = [u1, u2]- i[u1, u3] = o, 
[u2 + iu3, u2- iu3] = -2i[u2, u3] = o. 

Hence, 
[u1, u2] = 0, 

[u1, u3] = 0, 

[u2, u3] = 0, 

and the pair (g, g) is trivial. 

[e1, e2] = 0, 

[e1, e3] = -e4, [e2, e3] = -e3, 

[e1 , e4 ] = e3, 

[e1, u1] = 0, 

[e2, e4] = -e4, [e3, e4] = 0, 

[e2,u1] = 0, [e3,u1] = 0, 

[e1, u2] = -u3, [e2, u2] = u2, 

[e1, u3] = u2, [e2, u3] = u3, 

[e3, u2] = u1 +pel +qe2, [e4, u2] = qe1 -pe2, 

[e3, u3] = -qe1 +pe2, [e4, u3] = u1 +pel +qe2. 

We have 

Hence, 

[u1, u2 + iu3] E C(u2 + iu3), 

[u1, u2- iu3] E C(u2- iu3), 

[u2 + iu3, u2- iu3] = o. 

[u1, u2] = a2e2 + a3e3, 

[u1, u3] = f32u2 + (33u3, 

[u2, u3] = 0. 
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Using the Jacobi identity we see that the pair (g, g) has the form: 

[ ' l el e2 e3 e4 ul u2 U3 

el 0 0 -e4 e3 0 -u3 U2 
e2 0 0 -e3 -e4 0 A lJ e3 e4 e3 0 0 0 
e4 -e3 e4 0 0 0 -B A 
ul 0 0 0 0 0 0 0 
u2 U3 -u2 -A B 0 0 0 
U3 -u2 -u3 -B -A 0 0 0, 

where 
A = u1 + pe1 + qe2, 

B = -qe1 + pe2. 

2.1 o. p = q = 0. Then the pair (g, g) is trivial. 
2.2°. p =f. 0, q = 0. Then the pair (g,g) is equivalent to the pair (92,92) by 

means of the mapping 7f : £12 -t g such that 

1r(ei) = ei, i = 1, ... ,4, 

1r(uj) = ~uj, j = 1,2,3. 
p 

2.3°. q =f. 0, plq ~ 0. Then the pair (g,g) is equivalent to the pair (g3,g3) 
(a = pI q) by means of the mapping 1r : g3 -t g such that 

1r(ei) = ei, i = 1, ... ,4, 

7r(uj)=~uj, j=1,2,3. 
p 

2.4°. q =f. 0, plq > 0. Then the pair (g,g) is equivalent to the pair (£h,g3) 
(a = -pI q) by means of the mapping 7f : Q3 -t g such that 

1r( e1) = -e1, 

1 
1r( e2) = e2, 1r( ul) = -ub 

p 

Since the virtual pairs (ill, g1), (92, g2), and (£13, 93) are not equivalent, we see 
that the pairs 4.14.1, 4.14.2, and 4.14.3 are not equivalent. 

3°. ,\ = 0, fJ = 2. Then 

[ e1, e2] = 0, 

[e1, e3] = -e4, 

[e1,e4] = e3, 

[e1,u1]=0, 

[e1, u2] = -u3, 

[e1,u3] = u2+pe3+qe4, 

[e2, e3] = -e3, 

[e2, e4] = -e4, 

[e2, u1] = 0, 

[e2,u2] = u2+re3-se4, 

[e2,u3] = u3+se3+re4, 

[e3, e4] = 0, 

[e3, u1] = 0, 

[e3,u2]=ul, 

[e3,u3] = 0, 

[e4, u1] = 0, 

[e4, u2] = 0, 

[e4,u3] = u1. 



344 III. THE CLASSIFICATION OF PAIRS 

We have 

Hence, 

[ih, ih + iii3] = 0, 

[ii1, iiz- iii3] = 0, 

[ii2 + iii3, iiz- iii3] E Cii1. 

[u1, uz] = 0, 

[u1, u3] = 0, 

[uz, u3] = 11u1. 

Using the Jacobi identity we see that the pair (g,g) has the form: 

[ ' l e1 ez e3 e4 U1 Uz 

e1 0 0 -e4 e3 0 -U3 
ez 0 0 e3 e4 2u1 u 2 +re3 
e3 e4 -e3 0 0 0 u1 
e4 -e3 -e4 0 0 0 0 
U1 0 -2u1 0 0 0 0 
Uz U3 -uz-re3 -u1 0 0 0 
U3 -uz-qe4 -u3-re4 0 -u1 0 -11u1 

Consider the pair (9', g'): 

[ ' l e1 ez e3 e4 u1 Uz 

e1 0 0 -e4 e3 0 -U3 
ez 0 0 e3 e4 2ul uz+re3 
e3 e4 -e3 0 0 0 U1 
e4 -e3 -e4 0 0 0 0 
U1 0 -2u1 0 0 0 0 
Uz U3 -uz-re3 -u1 0 0 0 
U3 -uz-qe4 -u3-re4 0 -u1 0 0 

U3 

uz+qe4 
u 3 +re4 

0 
U1 
0 

11U1 
0 

U3 

uz+qe4 
u3 +re4 

0 
ul 
0 
0 
0 

The pair (g', g') is equivalent to the pair (9, g) by means of the mapping 1r : 9' -+ g, 
such that 

7r(ei) = ei, i = 1, ... ,4, 

1r(u1)=u1, 

/1 
1r(uz) = Uz- 2e4, 

11 
1r(u3) = u3 + 2e3. 

3.1 o. r = q = 0. Then the pair (9', g') is trivial. 
3.2°. q # 0, r = 0. Then the pair (g',g') is equivalent to the pair (94 ,g4 ) by 

means of the mapping 1r : 94 -+ 9' such that 
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3.3°. r # 0. Then the pair (9',g') is equivalent to the pair (95,95) (a= p/(2r)) 
by means of the mapping 7T : g5 -+ 9' such that 

1 
7r( u1) = -ub 

r 
1 q 

7r( u2) = -u2 + -e4, 
r 4r 
1 q 

7r( u3) = -u3 + -e3. 
r 4r 

Since the virtual pairs (i)I,g1), (94,94), and (g5,g5) are not equivalent, we see 
that the pairs 4.14.1, 4.14.4, and 4.14.5, are not equivalent. 

This completes the proof of the Proposition. 

Proposition 4.15. Any pair (g,9) of type 4.15 is trivial. 

[ ' l el e2 e3 e4 ul u2 U3 

el 0 0 e3 - Ae4 e4 ul 0 Au2 
e2 0 0 -e3- e4 -e4 0 u2 u2 + u3 
e3 Ae4 - e3 e3 + e4 0 0 0 Ul 0 
e4 -e4 

err 0 0 0 0 (f Ul -ul 0 0 0 0 
U2 0 -u2 -ul 0 0 0 0 
U3 -Au2 -u2- u3 0 -ul 0 0 0 

Proof. Consider x E g such that 

x= 0 0 

A~l) 1 
0 

Note that xu = idu +cp, where cp is a nilpotent endomorphism. Then, by Proposi­
tion 13, Chapter II, the pair (g, g) is trivial. 

Proposition 4.16. Any pair (g,g) of type 4.16 is trivial. 

[ ' l el e2 e3 e4 ul u2 U3 

el 0 0 e3- e4 e4 ul 0 u2 
e2 0 0 -e3 -e4 0 U2 U3 
e3 e4 - e3 e3 0 0 0 Ul 0 
e4 -e4 e4 0 0 0 0 Ul 
ul -ul 0 0 0 0 0 0 
U2 0 -u2 -ul 0 0 0 0 
u3 -u2 -U3 0 -ul 0 0 0 

Proof. Consider x E 9 such that 

Note that xu = idu +cp, where cp is a nilpotent endomorphism. Then, by Proposi­
tion 13, Chapter II, the pair (g, g) is trivial. 

And this proves the Proposition. 
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Proposition 4.17. Any pair (g, _g) of type 4.17 is trivial. 

el e2 e3 e4 Ul u2 U3 

el 0 0 e3 + Ae4 e4 UI AUI + U2 0 
e2 0 0 e4 - e3 -e4 0 UI U3 
e3 -e3- Ae4 e3 - e4 0 0 0 0 U2 
e4 -e4 e4 0 0 0 0 UI 
UI -ul 0 0 0 0 0 0 
U2 -Aub- u2 ul 0 0 0 0 0 
U3 -U3 -u2 -ul 0 0 0 

Proof. Consider x E g such that 

x= G A+1 

D· 1 
0 

Note that xu = idu +p, where r_p is a nilpotent endomorphism. Then, by Proposi­
tion 13, Chapter II, the pair (g, g) is trivial. 

Proposition 4.18. Any pair (g,g) of type 4.18 is trivial. 

el e2 e3 e4 ul u2 U3 

el 0 ea e2 + e3 0 UI UI + U2 0 
e2 -e2 0 e2 0 0 UI 
e3 -e2- e3 0 0 ea 0 0 u2 
e4 0 -e2 -e3 0 0 U3 
UI -ul 0 0 0 0 0 0 
u2 -ul- u2 0 0 0 0 0 0 
U3 0 -UI -u2 -u3 0 0 0 

Proof. Consider x E g such that 

G 
1 

D X= 1 
0 

Note that xu = idu +r_p, where r_p is a nilpotent endomorphism. Then, by Proposi­
tion 13, Chapter II, the pair (g, g) is trivial. 

Proposition 4.19. Any pair (g, g) of type 4.19 is equivalent to one and only 
one of the following pairs: 

1. 
[ ' l el e2 e3 e4 UI u2 U3 

el 0 0 -e3 -e4 0 0 U3 
e2 0 0 e4 0 0 UI 0 
e3 e3 -e4 0 0 0 0 u2 
e4 e4 0 0 0 0 0 UI 
UI 0 0 0 0 0 0 0 
u2 0 -ul 0 0 0 0 0 
U3 -U3 0 -u2 -UI 0 0 0 

2. 
[ ' l el e2 e3 e4 UI U2 U3 

el 0 0 -e3 -e4 0 0 U3 
ez 0 0 e4 0 0 UI 0 
e3 e3 -e4 0 0 -e4 -2e3 u2 
e4 ecJ 0 0 0 0 -e4 UI 
Ul 0 e4 0 0 UI 0 
U2 0 -ul 2e3 e4 -ul 0 -2u3 
U3 -U3 0 -u2 -ul 0 2u3 0 
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Proof. Let £ = { e1, e2, e3, e4} be a basis of g, where 

Then 

A(et) = 

EI = 0 ~ D ' e, = G ~ ~). 
e, = G ~ D · e, = G ~ D · 

G~ 
0 
0 

-1 
0 

~ ) ' 
-1 

0 
0 
0 ~ ~0) ' 

-1 0 

0 0 
0 0 
0 0 
0 1 

0 0 
0 0 
0 0 
0 0 

and for x E g the matrix B(x) is identified with x. 
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By f) denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­
tor e1. 

Lemma. Any virtual structure q on generalized module 4.19 is equivalent to 
one of the following: 

Proof. Let q be a virtual structure on generalized module 4.19. Without loss of 
generality it can be assumed that q is primary. Since 

g(o) (f)) = lRe1 E9 lRe2, g(-1)(()) = lR.e3 E9lR.e4, 

u(o) (f)) = JR.u1 E9 lRuz' u(l)([J) = JR.u3, 

we have 

cl 1 

~} cl 2 

~} 
c12 c12 

1 2 
C(e1)= 

C21 C22 
C( e2) = 

C21 C22 
0 0 0 0 
0 0 0 0 

C(e3 ) = ( ~ 
0 c~,) Cil 

0 ct,) 0 C23 
C( e4) = 

0 c23 
3 0 ' 4 0 . C31 c32 c32 

3 3 0 4 0 C41 C42 C41 C42 
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Put 

and C1 (x) = C(x) + A(x)H- HB(x) for x E g. Then 

c~ 
1 

D c~ 
2 + 3 

~} 
cl2 C12 C31 
1 c2 2 3 

C1(ei) = 
C21 C22 

C1( e,) = ~1 
C22 - C41 

0 0 0 
0 0 0 

G 
0 cJ 3 + cl2 ) 

C(e,) = ( ~ 
0 cj, +ell) 

0 3 3 0 4 3 
C1(e3) = 

c23 - C42 C23- C41 
0 0 ' 4 0 . C31 C32 
0 0 4 3 4 3 0 C41 - C31 C42 - C32 

By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 
Checking condition (6) for the mapping C1 , we obtain: 

This completes the proof of the Lemma. 

Let (g, g) be a pair of type 4.19. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Then 

[eh e2] = 0, 

[e1, e3] = -e3, 

[e1, e4] = -e4, 

[e1, u1] = 0, 

[e1,u2]=0, 

[e1, u3] = u3, 

[e2, e3] = e3, 

[e2, e4] = 0, 

[e2, u1] = 0, 

[e2, u2] = u1 +pe2, 

[e2, u3] = 0, 

[e3, e4] = 0, 

[e3, u1] = 0, [e4, u1] = 0, 

[e3, u2] = 0, [e4, u2] = pe4, 

[e3, u3] = u2 -2pe1 +qe2, [e4, u3] = u1 +pe2. 

Since the virtual structure q is primary, we have 

(Proposition 10, Chapter II). Thus 

:g(o) ([J) = ~e1 EEl ~e2 EB ~u1 EB ~u2, 



Therefore 

and 
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[u1, Uz] E g(O)(~), 

[u1,u3] E g(l)((J), 

[uz, u3] E g(l)((J), 

[u1, u 2 ] = a1 + a2 + o:1u 1 + o:2 uz, 

[u1,u3] = j33u3, 

[uz, u3] = r3U3. 

Using the Jacobi identity we obtain: 

a1 = az = o:1 = O:z = 0, 

/33 = 0, 

q = 0, 

/3 = 0. 

It follows that the pair (g, g) has the form: 

[ ' l e1 ez e3 e4 

el 0 0 -e3 -e4 
ez 0 0 e4 0 
e3 e3 -e4 0 0 
e4 e4 0 0 0 
UI 0 0 0 0 
Uz 0 -u1;: pez 0 -pe4 

-uz + 2pe1 U3 -u3 u -ul- pez 

UI 

0 
0 
0 
0 
0 
0 
0 

Uz 

0 
u1 + pez 

0 
pe4 
0 
0 
{) 
u 

1°. p = 0. The pair (g, g) is equivalent to the trivial pair (gb g1 ). 
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U3 

U3 
0 

uz- 2pe1 
u1 + pez 

0 
0 
{) 
u 

2°. p =f. 0. The pair (g, g) is equivalent to the pair (g2 , g2 ) by means of the 
mapping 1r : 9z -+ g, where 

Since 91 is a solvable Lie algebra and 9z is unsolvable, we see that the pairs 
(91, fh) and (gz, gz) are not equivalent. 

This completes the proof of the Proposition. 
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Proposition 4.20. Any pair (g, g) of type 4.20 is equivalent to one and only 
one of the following pairs: 

1. 
[ ' l e1 ez e3 e4 U1 uz U3 

e1 0 -ez -A.e3 (1 - A.)e4 0 Uz Au3 
ez ez 0 0 e3 0 U1 0 
e3 Ae3 0 0 0 0 0 ul 
e4 (,\- l)e4 -e3 0 0 0 0 u2 
U1 0 0 0 0 0 0 0 
u2 -u2 -u1 0 0 0 0 0 
U3 -,\u3 0 -u1 -u2 0 0 0 

2. ,\ = _1. 2 

[ ' l e1 e2 e3 e4 u1 u2 U3 

0 1 3 0 u2 1 el -e2 -e3 2e4 --U3 
e2 e2 0 20 e3 0 U1 n 
e3 1 0 0 0 0 0 --e3 u1 

~ 0 0 0 0 e4 --e4 -e3 u2 
U1 0 0 0 0 0 0 0 
u2 -u2 -u1 0 0 0 0 e3 
U3 1 0 0 0 2U3 -u1 -u2 -e3 

3. ,\ = 0 
[ ' l e1 e2 e3 e4 U1 u2 U3 

e1 0 -e2 0 e4 0 u2 0 
e2 ea 0 0 ea 0 u1 0 
e3 0 0 0 0 U1 
e4 -e4 -e3 0 0 0 0 u2 
U1 0 0 0 0 0 0 e3 
u2 -u2 -u1 0 0 0 0 e4 
U3 0 0 -u1 -u2 -e3 -e4 0 

4. ,\ = 0 
[ ' l e1 e2 e3 e4 U1 u2 U3 

e1 0 -;;2 0 e4 0 u2 0 
e2 ea u 0 e3 0 U1 0 
e3 0 0 0 0 0 U1 
e4 -e4 -e3 0 0 0 0 u2 
U1 0 0 0 0 0 0 -e3 
u2 -u2 -u1 0 0 0 0 -e4 
U3 0 0 -u1 -u2 e3 e4 0 

5. ,\ = 0 

[ ' l e1 e2 e3 e4 U1 u2 U3 

e1 0 -e2 0 e4 0 u2 0 
e2 (Y 0 0 ea 0 U1 0 
e3 0 0 0 0 U1 
e4 -e4 -e3 0 0 0 0 u2 
ul 0 0 0 0 0 0 ae3 + u 1 
u2 -u2 -u1 0 0 0 0 ae4 + u2 
U3 0 0 -u1 -u2 -ae3- u1 -ae4 - u2 0 

6. ,\ = 0 
[ ' l e1 e2 e3 e4 U1 u2 U3 

e1 0 -e2 0 e4 0 u2 ea e2 ea 0 0 e3 0 U1 
e3 0 0 0 0 0 U1 
e4 -e4 -e3 0 0 0 0 (f u1 0 0 0 0 0 0 
u2 -u2 -u1 0 0 0 0 0 
U3 -e3 0 -U1 -u2 0 0 0 
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7. ,\ = 0 
[ ' l el e2 e3 e4 U} U2 U3 

el 0 -e2 0 e4 0 U2 e3 
e2 ea 0 0 e3 0 ul 0 
e3 0 0 0 0 0 ul 
e4 -e4 -e3 0 0 0 0 U2 
Ul 0 0 0 0 0 0 e3 
u2 -u2 -ul 0 0 0 0 e4 
U3 -e3 0 -UI -u2 -e3 -e4 0 

8. ,\ = 0 
[ ' l el e2 e3 e4 U} U2 U3 

el 0 -e2 0 e4 0 u2 ea 
e2 (J 0 0 e3 0 U} 
e3 0 0 0 0 0 U} 
e4 -e4 -e3 0 0 0 0 U2 
Ul 0 0 0 0 0 0 -e3 
U2 -u2 -Ul 0 0 0 0 -e4 
U3 -e3 0 -UI -U2 e3 e4 0 

9. ,\ = 0 

[,] el e2 e3 e4 Ul U2 U3 

el 0 -e2 0 e4 0 U2 ea 
e2 (J 0 0 e3 0 Ul 
e3 0 0 0 0 0 U} 
e4 -e4 -e3 0 0 0 0 U2 
U} 0 0 0 0 0 0 ae3 + u1 
u2 -u2 -UI 0 0 0 0 ae4 + u2 
U3 -e3 0 -UI -u2 -ae3- u1 -ae4- u2 0 

10. ,\ = 1 
[ ' l el e2 e3 e4 U} U2 U3 

el 0 -e2 -e3 0 0 U2 U3 
e2 e2 0 0 e3 0 Ul e4 
e3 (f 0 0 0 0 0 U} 
o. -"~ 

(\ (\ (\ (\ 
U2 '-'4 '-'0 v v v v 

U} 0 0 0 0 0 0 0 
u2 -u2 -ul 0 0 0 0 0 
U3 -U3 -e4 -ul -u2 0 0 0 

11. ,\ = 1 
[ ' l el e2 e3 e4 U} U2 U3 

el 0 -e2 -e3 0 0 U2 U3 
e2 e2 0 0 ea e3 U} el 
e3 ea 0 0 0 0 Ul 
e4 -e3 0 0 0 0 u2 
Ul 0 -e3 0 0 0 0 U2 
U2 -u2 -ul 0 0 0 0 0 
U3 -U3 -el -ul -u2 -u2 0 0 

12. ,\ = 1 

[ ' l el e2 e3 e4 Ul u2 U3 

el 0 -e2 -e3 0 0 u2 U3 
e2 e2 0 0 e3 e3 Ul e1 + e4 
e3 e3 0 0 0 0 0 Ul 
e4 0 -e3 0 0 0 0 U2 
Ul 0 -e3 0 0 0 0 u2 
u2 -u2 -ul 0 0 0 0 0 
U3 -U3 -el - e4 -ul -u2 -u2 0 0 
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13. A= 3 
[ ' l el e2 e3 e4 Ul U2 U3 

el 0 -e2 -3e3 -2e4 0 U2 3u3 
e2 e2 0 0 e3 0 ul 0 
e3 3e3 0 0 0 0 0 Ul 
e4 2e4 -e3 0 0 0 ea (f ul 0 0 0 0 0 
U2 -u2 -ul 0 -e2 0 0 0 
U3 -3u3 0 -ul -u2 0 0 0 

Proof. 
Let £ = { e1, e2, e3, e4} be a basis of g, where 

e, = G 
0 D,e,=G 1 D, e, = G 0 

D,e·=G 
0 n 1 0 0 0 

0 0 0 0 

Then 

0 
0 0 

0 ) co 0 0) 
A( ei) = 

-1 0 0 1 0 0 0 
0 -A 0 ' 

A(e2) = 0 0 0 1 ' 
0 0 1-A 0 0 0 0 

A(e3 ) = G 
0 0 0) 

A(e4 ) = ( ~ 
0 0 

~). 0 0 0 0 0 
0 0 0 ' -1 0 
0 0 0 A-1 0 0 

and for x E g the matrix B ( x) is identified with x. 
By ~ denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­

tor e1. 

Lemma. Any virtual structure q on generalized module 4.20 is equivalent to 
one of the following: 

a) A~ {-1,0, 1,3} 
C(ei) = 0, i = 1, ... ,4; 

b) A= -1 

C(e,) = (~ 
0 

~} 0 
C(ei) = 0, i = 2,3,4; 

-p 
0 

c) A= 0 

C(eJ)= (~ 
0 

D 0 
C(ei) = 0, i = 2, 3,4; 

0 
0 
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d) ). = 1 

C(e2 ) = G ~ D, C(ei) = 0, i = 1,3,4; 

e)A=3 

C(ei) = 0, i = 1,2,3, C(e1 ) = G ~ D . 
Proof. Put 

C( ei) = ( c;k) . , i = 1, ... , 4. 
1~]~4 
1~k~3 

Let q be a virtual structure on generalized module 4.20. Without loss of generality 
it can be assumed that q is primary. Since 

we have: 

C(e1)= 

C( e3) = 

Put 

g(o)(f)) 2 !Re1, 

g(-I)(f)) 2 !Re2, 

g(-.\)(f)) 21Re3, 

g(l-.\)(f)) 2 !Re4, 

c~~ 
0 cj3) 
0 C23 
1 c1 ' C31 C32 33 

1 1 1 
c41 c42 C43 

/ ~3 ~3 ~3 ' (LP L12 

·~3) 3 
C21 Cz2 

\ c~1 0 c3 ' 33 
3 3 

C42 C43 

u(o)(f)) 2 !Ru1, 

U(l)(f)) 2 !Ru2, 

u(>-)(f)) 2 !Ru3, 

("ll C( ez) = 
C31 

2 
C41 

c~ C(e4) = 
Czl 

0 
4 

C41 

2 
c12 

0 
2 

c32 
2 

c42 
~4 
L12 

4 
C22 

0 
0 

c~, 
0 

-~~3) H= 0 
4 

C33 C33 
3 

c!3 + (1- >.)c~ 3 C43 -c33 

and C'(x) = C(x) + A(x)H- HB(x) for x E g. Then 

c~~ 
0 c!,) ("!1 

0 

C'( ei) = 
0 C23 

C'(e2)= 
0 

1 c1 ' 2 
C31 c32 33 c31 c32 

1 1 1 2 2 
C41 C42 C43 C41 C42 

c~ 
3 

c~3) c~ 
4 

C12 C12 

C'(e3) = c~ 1 3 

C'(e4) = c~I 
4 

C22 C22 

C31 0 0 ' 0 
0 3 0 0 C42 C41 

cj3) 
C23 
cz ' 33 

2 
C43 

(\ ' 

u ) 0 
4 . 

cp 

C43 

cb3) 
0 ' 
2 

C43 

D 
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By corollary 2, Chapter II, the virtual structures C and C' are equivalent. 
Since for any virtual structure q condition (6), Chapter II, must be satisfied, 

after direct calculation we obtain: 

C'( ei) = ( ~~ 
C'(e,) = G 

0 
0 

0 0) 0 0 
0 0 ' 
0 0 

where the set of coefficients cfj satisfies the following system: 

{ 
Consider the following cases: 

(A- 1)c~3 = 0, 

(A- 3)c~2 = 0, 

(A- 1)ci3 = 0. 

a) A~ { -1, 0, 1, 3}. From the system it follows that ci 2 = c~3 = c~ 2 = 0. Put 

H = ( ~ ~ 1 ~ ~ c~3 ) 
1 0 0 1 1 ' 

2.>.. C33 

0 0 0 

and C1(x) = C'(x) + A(x)H1- H1B(x) for x E g. Then 

C1(ei)=O, i=1, ... ,4. 

b) A= -1. From the system it follows that ci 2 = c~ 3 = c~2 = 0. Put 

H 2 = (~ ~ )cj3 ) ' 

0 0 0 

and C2(x) = C'(x) + A(x)H2- H2B(x) for x E g. Then 

c) A = 0. From the system it follows that ci 2 = c~3 = c~2 = 0. Put 

(

0 0 
0 0 

H3 = 0 0 

0 0 
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and C3 (x) = C'(x) + A(x)H3- H3B(x) for x E g. Then 

(
0 0 0 ) 
0 0 0 

C3(ei)= 0 0 c~3 ' 
0 0 0 

d) A = 1. From the system it follows that c~2 = 0. Put 

(
0 0 0 ) 

H _ 0 0 ~c~3 
4- 0 0 ll ' 2 C33 

0 0 0 

and C4 (x) = C'(x) + A(x)H4- H4B(x) for x E g. Then 

e) A = 3. From the system it follows that ci2 = c~3 = 0. Put 

(
0 0 0 ) 

H _ 0 0 %c~3 
5- 0 0 ll ' 6 C33 

0 0 0 

and C5(x) = C'(x) + A(x)H5- H5B(x) for x E g. Then 

This completes the proof of the Lemma. 
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Let (g, g) be a pair of type 4.20. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Consider the following cases: 

1°. The virtual structure q is trivial. Then 

[ei, e2) = -e2, 

[e1, e3) = -Ae3, 

[e1, e4) = (l->.)e4, 

[e1, 1li] = 0, 

[ei,u2] = u2, 

[e1,u3) = AU3, 

[e2, e3) = 0, 

[e2, e4) = e3, 

[e2, u1] = 0, 

[e3,e4) = 0, 

[e3,u1] = 0, 

[e2,u2] = u1, [e3,u2] = 0, [e4,u2] = 0, 

[e2,u3) = 0, [e3,u3) = u1, [e4,u3] = u2. 
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Since the virtual structure q is primary, we have 

g(0\fJ) 2 !Re1 EB !Ru1, g(-l)((J) 2 IRe2, 

g(--\)((J) 2 !Re3, g(l--\)((J) 2 !Re4, 

g(1)((J) 2 !Ru2, g(>-)((J) 2 !Ru3. 

Therefore 

[u1, u2] = a3e3 + a4e4 + o:2u2 + o:3u3, 

[u1, u3] = b1e1 + b2e2 + b3e3 + b4e4 + /31 u1 + f32u2 + /33u3, 

[u2, u3] = c1 e1 + c2e2 + c3e3 + c4e4 + /1 u1 + 12u2. 

Using the Jacobi identity we see that the pair (g, g) has the form: 

[,] e1 e2 e3 e4 U1 U2 U3 

e1 0 -e2 -..\.e3 (1- ..\.)e4 0 u2 ..\.u3 
e2 e2 0 0 e3 0 U1 0 
e3 ..\.e3 0 0 0 0 0 U1 
e4 (..\.- 1)e4 -e3 0 0 0 0 u2 
U1 0 0 0 0 0 0 A 
U2 -u2 -u1 0 0 0 0 B 
U3 -..\.u3 0 -ul -u2 -A -B 0 ' 

A= b3e3 + f31u1, 

B = c3e3 + b3e4 + 'Y1U1 + f31u2, 

where 
(1 + 2..\.)c3 = 0, 

..\.b3 = 0, 

.A/31 = 0, 

(1 + ..\.)rl = 0. 

Consider the following cases: 

1.1° . ..\. ~ {-1,-~,0}. Then the pair (g,g) is trivial. 
1.2° . ..\. = -1. Then c3 = b3 = /31 = 0 and the pair (g, g) is equivalent to the 

trivial pair (gl, g1) by means of the mapping 1r : iJ1 ---+ g, where 

7r(ei) = ei, i = 1, ... ,4, 
1 

1r(u1) = 2u1, 

/1 1 
1r(u2) = -e3 + -u2, 

2 2 
/1 1 

1r(u3) = -2e2 + 2u3. 

1.3° . ..\.=-~.Then b3 = /31 = /1 = 0. 
1.3.1 o. c3 = 0. Then the pair (g, g) is trivial. 
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1.3.2°. c3 =/=- 0. The pair (9,9) is equivalent to the pair (92,92) by means of the 
mapping 7r : 92 -+ g, where 

n( er) = e1, 
1 

n(e2) = -e2, 
C3 

n( e3) = e3, 

n(e4) = c3e4, 

n( ur) = u1, 

n(u2) = c3u2, 

n( u3) = u3. 

It can be easily proved that the pairs (g1, fh) and (fh, 92) are not equivalent. 
1.4 °. A = 0. Then c3 = /1 = 0. 

1.4.1°. b3 = fJ1 = 0. Then the pair (9,9) is trivial. 
1.4.2°. !31 = 0. 
1.4.2.1°. b3 > 0. The pair (9,9) is equivalent to the pair (93,g3) by means of 

the mapping 7r : ih -+ 9, where 

n( er) = e1, 

n(e2) = b3e2, n(u1) = b3u1, 

n( e3) = Jb; e3, n( u2) = u2, 

1 
n(e4) = ~e4, n(u3) = Jb;u3. 

v b3 

1.4.2.2°. b3 < 0. Then the mapping 7r : 94 -+ 9 such that 

establishes the equivalence of the pairs (9, g) and (94, g4). 
1.4.3°. /31 =/=- 0. The pair (9, g) is equivalent to the pair (95 , g5 ) by means of 

the mapping 7r : fis -+ 9, where 

n( er) = e1, 

n(e2) = f3ie2, n(u1) = f3iu1, 
n(e3) = fJ1e3, n(u2) = u2, 

1 
n( e4) = /31 e4, 1r( u3) = fJ1 u3. 

Let tli be the ideal in 9i, i = 3,4,5, spanned by {e3,e4,u1,u2}. Note, that tli is 
a unique 4-dimensional commutative ideal in 'Dfii. Consider the homomorphisms 
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fi: 9i---+ g[(4,~), i = 3,4,5, where fi(x) is the matrix of the mapping ada; x in the 
basis { e3, e4, u1, u2} of Cli, for x E 9i· 

Since the subalgebras fi(9i), i = 3, 4, 5 are not conjugate, we conclude that the 
pairs (9i,9i), i = 3,4,5 are not equivalent. 

2°. ,\ = -1. Then 

[e1, e2] = -e2, 

[e1,e3]=e3, 

[e1, e4] = 2e4, 

[e1, u1] = 0, 

[e1 ,u2] = -pe3 +u2, 

[e1, u3] = pe2 - u3, 

[e2, e3] = 0, 

[e2, e4] = e3, [e3, e4] = 0, 

[e2,u1] = 0, [e3,u1] = 0, 

[e2,u2] = u1, [e3,u2] = 0, 

[e2,u3] = 0, [e3,u3] = u1, 

[e4, u1] = 0, 

[e4, u2] = 0, 

[e4, u3] = u2. 

Since the virtual structure q is primary, we have 

where 

Therefore 

9(0)(()) = ~e1 EB ~u1, 9(-l)((J) = ~e2 EB ~u3, 

9(1)(()) = ~e3 EB ~u2, 9(2)(()) = ~e4. 

[u1, u2] = a3e3 + a2u2, 

[u1,u3] = b2e2 + j33u3, 

Checking the Jacobi identity on vectors ( e1 , u 2 , u 3 ). 

we obtain p = 0 and C( ei) = 0, i = 1, ... , 4. This virtual structure was considered 
in case 1 o. 

3°. ,\ = 0. Then 

C(e1) = G 
0 

~). 0 
C(ei) = 0, i = 2,3,4. 

0 
0 

Put 

C'(e.) = C 0 n, 0 
C'(ei) = 0, i = 2,3,4. 0 

0 
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The virtual structures C and C' are equivalent if and only if there exist matrices 
P E A(g) and HE Mat4x3(JR) such that 

C'(x) = FC(r.p- 1(x))P- 1 - A(x)H + HB(x) for all x E g, 

where r.p(x) = PxP- 1 and F is the matrix ofthe mapping r.p. After some calculation 
we see that the virtual structures C and C' are equivalent if and only if there exist 
reals a., b such that a.b # 0 and the following condition is satisfied: 

' a p = pb2. 

Using this condition we see that any virtual structure on generalized mod-
ule 4.20 (.A = 0) is equivalent to one and only one of the following: 

a) C 1 (ei) = 0, i = 1, ... ,4. 

b)C2 (e!)= G ~ ~} C2(e;)=0, i=2,3,4. 

The virtual structure C 1 was considered in case 1°. 
For the virtual structure C 2 we obtain: 

[e1, e2] = -e2, 

[e1, e3] = 0, [e2, e3] = 0, 

[e1, e4] = e4, [e2,e4] = e3, [e3,e4] = 0, 

[e1, u1] = 0, [e2, u1] = 0, [e3, u1] = 0, [e4, u1] = 0, 

[e1, u2] = u2, [e2, u 2] = u 1, [e3,u2] = 0, [e4,u2] = 0, 

[e1,u3] = e3, [e2, u3] = 0, [e3,u3] = u1, [e4, u3] = u2. 

Since the virtual structure q is primary, we have 

where 

Therefore 

g(o)((J) = JR.e1 EB lR.e3 EB lRu1 EB lR.u3, 

g(-l)((J) = JR.e2, g(l)((J) = Re4 EBlRu2. 

[u1, u 2] = a4e4 + a2u2, 

[u1,u3] = b1e1 + b3e3 + fJ1u1 + (33u3, 

[u2, u3] = c4e4 + 12u2. 

Using the Jacobi identity we see that the pair (g,g) has the form: 

[ ' l e1 e2 e3 e4 U1 u2 

e1 0 -e2 0 e4 0 U2 
e2 ecf 0 0 e3 0 U1 
e3 0 0 0 0 0 
e4 -e4 . -e3 0 0 0 0 

U3 

e3 
0 

U1 
u2 

U1 0 0 0 0 0 0 b3e3 + fJ1u1 
0 0 0 b3e4 + fJ1 u2 U2 -u2 -u1 0 

U3 -e3 0 -ul -uz -b3e3 - fJ1 u1 -b3e4 - fJ1 u2 0 



360 III. THE CLASSIFICATION OF PAIRS 

3.1°. b3 = (31 = 0. Then the pair (9, g) is equivalent to the pair (96, 96). 
3.2°. (31 = 0. 

3.2.1°. b3 > 0. The pair (9,g) is equivalent to the pair (97,97) by means of 
the mapping 1r : 97 -+ 9, where 

1r( e1) = e1, 

1r(e2) = b3e2, 1r(u1) = b3u1, 

1r(e3) = -/b;e3, 1r(u2) = u2, 
1 

1r(e4) = ;r-e4, 1r(u3) = -/b;u3. 
v b3 

3.2.2°. b3 < 0. Then the mapping 1r : 9s -+ 9 such that 

1r( ei) = e1, 

1r(e2) = -b3e2, 1r(u1) = -b3u1, 

1r(e3) = Ae3, 1r(u2) = u2, 
1 

1r(e4) = ;-y-e4, 1r(u3) = Au3, 
y-b3 

establishes the equivalence of the pairs (9,g) and (gs,gs). 
3.3°. (31 # 0. 

The pair (9, g) is equivalent to the pair (99, gg) by means of the mapping 7r : 

99 -+ 9, where 

1r( ei) = e1, 

1r(e2) = fJie2, 1r(ui) = f3iul, 

7r(e3) = ,B1e3, 1r(u2) = u2, 

As in case 1.4o, we can prove that the pairs (gi, fli), i = 6, 7, 8, 9, are not equiv­
alent. 

4. 0 A= 1. Then 

[el,e2] = -e2, 

[e1, e3] = -e3, [e2, e3] = 0, 

[e1, e4] = 0, [e2, e4] = e3, [e3,e4] = 0, 

[e1, u1] = 0, [e2, u1] = pe3, [e3,u1] = 0, [e4, u1] = 0, 

[e1,u2]=u2, [e2, u2] = u1, [e3,u2] = 0, [e4, u2] = 0, 

[e1, u3] = u3, [e2, u3] = pe1 +qe4, [e3, u3] = u1, [e4, u3] = u2. 

Since the virtual structure q is primary, we have 



where 

Therefore 

4. FOUR-DIMENSIONAL CASE 

g(o)(f)) = IR.e1 EB IR.e4 EB IR.u1, 

g(-l)(f)) = IR.e2 EB IR.e3, g(1)((J) = IR.u2 EB IR.u3. 

[ul, u2] = o:2u2 + o:3u3, 

[u1, u3] = f32u2 + (33u3, 

[u2, u3] = 0. 
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Using the Jacobi identity we see that the pair (g,g) has the form: 

[ 'l el e2 e3 e4 ul u2 U3 

el 0 -e2 -e3 0 0 u2 U3 
e2 e2 0 0 e3 pe3 Ul pe1 + qe4 
e3 ecf 0 0 0 0 0 ul 
e4 -e3 0 0 0 0 U2 
ul 0 -pe3 0 0 0 0 pu2 
U2 -U2 -ul 0 0 0 0 0 
U3 -U3 -pel- qe4 -ul -u2 -pu2 0 0 

Now we determite the group of all transformations for mappings q. We have 

C(e2 ) = G ~ D, C(e;) = 0, i = 1,3,4. 

Put 

C'(ei)=O, i=1,3,4. 

The virtual structures C and C' are equivalent if and only if there exist matrices 
P E A(g) and H E M at4 x 3 (JR.) such that 

C'(x) = FC(r.p-1(x))P-1 - A(x)H + HB(x) for all x E g, 

where r.p( x) = PxP-1 and F is the matrix of the mapping tp. After direct calculation 
we see that the virtual structures C and C' are equivalent if and only if there exist 
reals a, b, c such that abc =f. 0 and the following conditions are satisfied: 

I b 
p =p-, 

ac 
I 

b2 
q = q-2. 

ac 

Using these conditions we see that any virtual structure on generalized module 4.20 
( ,\ = 1) is equivalent to one and only one of the following: 

a)C1(ei)=O, i=1, ... ,4; 

b) C 2(e2) = (~ ~ ~), C2(ei) = 0, i = 1,3,4; 

0 0 1 
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c) C3 (e2 ) = 0 0 

~). 0 
0 
0 

d) C'(e2 ) = G 
0 

D 
0 
0 
0 

Note that the virtual structure C 1 was considered in 1 o. For the virtual struc­
tures C 2 ' C 3 ' C4 we obtain the following nonequivalent pairs: (£ho, 9Io), (fin' 9n), 
(912,912)· 

5°. ,\ = 3. Then 

[e1, ez] = -ez, 

[e1, e3] = -3e3, [ez, e3] = 0, 

[e1, e4] = -2e4, [ez,e4] = e3, [e3, e4] = 0, 

[e1, u1] = 0, [ez,ul] = 0, [e3, u1] = 0, [e4, u1] = 0, 

[e1, uz] = Uz, [e2 , u 2 ] = u1, [e3, uz] = 0, [e4, uz] = pez, 

[e1, u3] = 3u3, [ez, u3] = 0, [e3, u3] = u1, [e4,u3] = Uz. 

Since the virtual structure q is primary, we have 

where 

:g(-3)(()) = Re3, :g(-z)(f)) = Re4, 

g(-l)(f)) = Re2 , :g(o)(f)) = Re1 E9 Ru1, 

Therefore 

g(l)(f)) = Ruz, g(3)(f)) = Ru3. 

[u1, uz] = 0, 

[u1, u3] = 0, 

[uz, u3] = 0. 

Using the Jacobi identity we see that the pair (g,g) has the form: 

[ 'l el ez e3 e4 ul Uz U3 

el 0 -ez -3e3 -2e4 0 Uz 3u3 
ez ez 0 0 e3 0 ul 0 
e3 3e3 0 0 0 0 0 ul 
e4 2e4 -e3 0 0 0 pez uz 
ul 0 0 0 0 0 0 0 
uz -uz -ul 0 -pez 0 0 0 
U3 -3u3 0 -ul -uz 0 0 0 

5.1°. p = 0. Then the pair (g,g) is trivial. 
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5.2°. p-=/:- 0. The pair (g,g) is equivalent to the pair (913,g13 ) by means of the 
mapping 1r : 913 -t g, where 

7r(ei) = ei, i = 1, ... ,4, 

1r(uj) = puj, j = 1,2,3. 

Since dim 'D2 £h -=/:- dim 'D2 g13, we see that the pairs (91, 91) and (913, 913) are not 
equivalent. 

The proof of the Proposition is complete. 

Proposition 4.21. Any pair (g, g) of type 4.21 is equivalent to one and only 
one of the following pairs: 

1. 

[,] el ez e3 e4 U} Uz U3 

el 0 (1 - A)ez (A- J.L)e3 (1 - J.L )e4 U} Auz j.LU3 
ez 

(>.- T' 0 e4 0 0 U} 0 
e3 ~J.l - A e3 -e4 0 0 0 0 Uz 
e4 J.L - 1 e4 0 0 0 0 0 U} 
U} -u1 0 0 0 0 0 0 
Uz -Au2 -u1 0 0 0 0 0 
U3 -j.LU3 0 -uz -u1 0 0 0 

2. A+ 2J.L = 1 

[ ' l el ez e3 e4 U1 uz U3 

el 0 (1- A)ez 3.>..-1 lt>..e4 Auz 
1->.. -z-e3 U} -z-u3 

ez (A -1)ez 0 e4 0 0 U1 0 
e3 1-3.>.. -e4 0 0 0 0 -z-e3 uz 

e4 _1t.>..e4 0 0 0 0 0 U1 
Ul -ul 0 0 0 0 0 0 
1/.rt -),'l.tz -u1 0 0 0 0 e4 ~;, 

U3 >..-1 0 -uz 0 0 - 2-u3 -u1 -e4 

3. A = 1, 1-l = 0 

[ ' l e1 ez e3 e4 U1 uz U3 

e1 0 0 e3 e4 U1 Uz 0 
ez 0 0 e4 0 0 U1 0 
e3 -e3 -e4 0 0 0 0 Uz 
e4 -e4 0 0 0 0 0 tl} 
tl} -UI 0 0 0 0 0 e4 
Uz -uz -U1 0 0 0 0 e3 t e4 
U3 0 0 -uz -ul -e4 -e3- e4 

4. A = 1, J.L = 0 

[ ' l el ez e3 e4 Ul Uz U3 

el 0 0 e3 e4 U} uz 0 
ez 0 0 e4 0 0 tl} 0 
e3 -e3 -e4 0 0 0 0 Uz 
e4 -e4 0 0 0 0 0 U} 
ul -ul 0 0 0 0 0 -e4 
uz -uz -ul 0 0 0 0 e4 - e3 
tl3 0 0 -uz -ul e4 e3- e4 0 
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5. 11 = 0 

[ ' l e1 ez e3 e4 U1 Uz U3 

0 (1- ,\)ez Ae3 e4 U1 ,\uz 0 
(,\- 1)ez 0 e4 0 0 U1 0 

-,\e3 -e4 0 0 0 0 uz 
-e4 0 0 0 0 0 U1 
-U1 0 0 0 0 0 e4 
-,\uz -ul 0 0 0 0 e3 

0 0 -uz -u1 -e4 -e3 0 

6. 11 = 0 

[,] e1 ez e3 e4 U1 uz U3 

e1 0 (1- ,\)ez Ae3 e4 U1 Auz 0 
ez (,\-1)ez 0 e4 0 0 U1 0 
e3 -,\e3 -e4 0 0 0 0 uz 
e4 -e4 0 0 0 0 0 U1 
U1 -u1 0 0 0 0 0 -e4 
Uz -,\uz -u1 0 0 0 0 -e3 
U3 0 0 -uz -u1 e4 e3 0 

7. ,\ # 1' 11 = 0 

[ ' l e1 ez e3 e4 u1 Uz U3 

e1 0 (1 - ,\)ez Ae3 e4 u1 ,\uz 0 
ez (,\- 1)ez 0 e4 0 0 U1 0 
e3 -,\e3 -e4 0 0 0 0 Uz 
e4 -e4 0 0 0 0 0 U1 
U1 -u1 0 0 0 0 0 ae4 + u1 
Uz -Auz -u1 0 0 0 0 ae3 + Uz 
U3 0 0 -uz -u1 -ae4- u1 -ae3- Uz 0 

8. ,\ = 0, 11 = -1 

[ ' l e1 ez e3 e4 Ul Uz U3 

el 0 err e3 2e4 U1 0 -U3 
ez -ez e4 0 0 ez + u1 0 
e3 -e3 -e4 0 0 0 ez- 2e3 uz 
e4 -2e4 0 0 0 0 -e4 ez b u1 
U1 -u1 0 0 0 0 0 
uz 0 -ez- u1 2e3 - ez e4 0 0 -2u3 
U3 U3 0 -uz -ez- UI 0 2u3 0 

9. 11=~ 

[ ' l el ez e3 e4 U1 uz U3 

0 (1- ,\)ez ~(2,\- 1)e3 1 ,\uz 1 el 2e4 Ul e4 + 2u3 
ez (,\-1)ez 0 e4 0 0 UI 0 
e3 1(1- 2,\)e3 -e4 0 0 0 0 U2 

2 1 
0 0 0 0 0 e4 -2e4 UI 

u1 -u1 0 0 0 0 0 0 
Uz ->.ur -u1 0 0 0 0 0 
U3 -e4- 2u3 0 -uz -u1 0 0 0 
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10. ,\-0 fJ-l - ' -2 

[ 'l e1 e2 e3 e4 U1 u2 U3 

0 1 1 0 1 e1 e2 -2e3 -e4 U1 e4 + 2u3 
e2 -e2 0 e4 20 0 U1 0 
e3 1 -e4 0 0 0 0 u2 -e3 

21 
0 0 0 0 0 e4 -z-e4 U1 

U1 -ul 0 0 0 0 0 0 
u2 0 -u1 0 0 0 0 e4 
U3 

1 0 -u2 -u1 0 -e4 0 -e4- 2u3 

11. ,\ = 0 

[' l el e2 e3 e4 Ul u2 U3 

el 0 e2 -tte3 (1 - fJ )e4 U1 0 fJU3 
e2 -e2 0 e4 0 0 e2 + ul 0 
e3 tte3 -e4 0 0 0 -2e3 u2 
e4 (tt- 1)e4 0 0 0 0 -e4 e2 + u1 
u1 -ul 0 0 0 0 0 0 
u2 0 -e2 - u 1 2e3 e4 0 0 -2u3 
U3 -tJU3 0 -u2 -e2- ul 0 2u3 0 

12. fJ = 3,\ - 1 

[ 'l el e2 e3 e4 U1 u2 U3 

el 0 (1- >.)e2 (1- 2,\)e3 (2-3,\)e4 U1 >.u2 (3,\- 1)u3 
e2 (,\- 1)e2 0 e4 0 0 ul 0 
e3 ~2,\ - 1 ~e3 -e4 0 0 0 e2 u2 
e4 3,\- 2 e4 0 0 0 0 0 ul 
ul -ul 0 0 0 0 0 0 
u2 -,\uJ -ul -e2 0 0 0 0 
U3 (1- 3,\ U3 0 -u2 -ul 0 0 0 

13. )-l 11 -n '- 3' - ~ 

[' l el e2 e3 e4 u1 u2 U3 

el 0 2 1 1 0 3e2 3e3 e4 UI 3U2 
e2 2 0 0 0 0 --e2 e4 U1 

e3 i -e4 0 0 0 -3e3 e2 u2 
e4 -e4 0 0 0 0 0 ul 
Ul -ul 0 0 0 0 0 e4 
u2 

1 0 0 0 --u2 -ul -e2 e3 
U3 b 0 -u2 -ul -e4 -e3 0 

14. >-=l tt=O 3' 

[ 'l el e2 e3 e4 Ul u2 U3 

e1 0 2 1 1 0 3e2 3e3 e4 U1 3U2 
e2 

2 0 e4 0 0 0 --e2 U1 
e3 i 0 0 0 -3e3 -e4 e2 u2 
e4 -e4 0 0 0 0 0 U1 
U1 -u1 0 0 0 0 0 -e4 
u2 1 0 0 0 --u2 -u1 -e2 -e3 
U3 b 0 -uz -U1 e4 e3 0 
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15. A= ~' f.l = ~ 
[ ,] e1 e2 e3 e4 U1 U2 U3 

0 4 1 5 
U1 

3 2 
e1 7e2 7e3 7e4 7u2 7U3 

e2 
4 0 e4 0 0 U1 0 -ye2 

e3 --e3 -e4 0 0 0 e2 U2 

e4 
t 0 0 0 0 0 -7e4 U1 

u1 -u1 0 0 0 0 0 0 
u2 

3 
-u1 -e2 0 0 0 e4 --u2 

U3 
~ 0 -u2 -ul 0 -e4 0 -'fU3 

16. A= ~' f.l = ~ 

[ 'l e1 e2 e3 e4 U1 U2 U3 

0 1 0 1 1 1 
e1 2e2 2e4 U1 2U2 e4 + 2u3 

e2 
1 0 e4 0 0 0 --e2 U1 

e3 0 -e4 0 0 0 e2 u2 

e4 
1 0 0 0 0 0 -2e4 U1 

U1 -u1 0 0 0 0 0 0 
u2 

1 
-u1 -e2 0 0 0 0 --u2 

U3 
2 1 

0 -u2 -ul 0 0 0 -e4- 2u3 

17. A= ~' p = 0 

[' l e1 e2 e3 e4 U1 u2 U3 

0 1 1 
e4 

1 0 e1 2e2 2e3 U1 2U2 

e2 
1 0 e4 0 0 --e2 U1 e3 

e3 
r 

-e4 0 0 0 0 -2e3 u2 

e4 -e4 0 0 0 0 0 U1 
U1 -u1 0 0 0 0 0 e4 

u2 
1 

-u1 0 0 0 0 --u2 e3 
U3 b -e3 -u2 -U1 -e4 -e3 0 

18. A=l p=O 
2' 

[ ,] el e2 e3 e4 U1 U2 U3 

e1 0 1 1 
e4 

1 0 2e2 2e3 U1 2U2 

e2 
1 0 e4 0 0 --e2 U1 e3 

e3 
r 

-e4 0 0 0 0 -2e3 U2 

e4 -e4 0 0 0 0 0 U1 
U1 -u1 0 0 0 0 0 -e4 

u2 
1 

-u1 0 0 0 0 --u2 -e3 

U3 n -e3 -u2 -u1 e4 e3 0 

19. A-l p-0 - 2' -

[ 'l e1 e2 e3 e4 U1 U2 U3 

e1 0 1 1 
e4 

1 0 2e2 2e3 UI 2u2 

e2 
1 0 e4 0 0 --e2 ul e3 

e3 
r 0 0 0 0 -2e3 -e4 u2 

e4 -e4 0 0 0 0 0 ul 
u1 -u1 0 0 0 0 0 ae4 + u1 

1 0 0 0 0 ae3 + u2 u2 --u2 -u1 

U3 b -e3 -u2 -ul -ae4- u1 -ae3- u2 0 



[ ,] 

[' l 

22. ). = 1, 1-l = ~ 

[ ,] 

23. ). = 1' 1-l = ~ 

[ ,] 

24. ). = 1, 1-l = 0 

[ ' l 

4. FOUR-DIMENSIONAL CASE 

(1 - >.)e2 
0 

1 3-2.>.. ' 2 e 3 - 2 -e4 u 1 AU 2 

e4 0 0 u1 

0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 

-u2 -u1 0 0 

5 
6e4 u1 

0 0 
0 0 
0 0 
0 0 
0 0 

-u1 0 

2.\-1 
-2-u3 

e3 
u2 

U} 

0 
0 
0 

u2 
U1 

1 
e4 + z-u3 

1 -e4 u 1 
20 0 
0 0 
0 0 
0 0 
0 0 

-u1 0 

0 
0 
0 
0 
0 

e3 
u2 

U1 

0 
0 
0 

1 
-e4 + zU3 

e3 
u2 

U1 

0 
0 
0 

0 
e2 
u2 

e4 + u 1 
ae4 

ae3- u2 
0 

367 
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25. A = 1, t-t = 0 

[ ' l el e2 e3 e4 Ul U2 U3 

el 0 0 e3 e4 Ul U2 0 
e2 0 0 ecT 0 0 Ul e2 
e3 -e3 -e4 0 0 0 U2 
e4 -e4 0 0 0 0 0 e4 + ul 
Ul -ul 0 0 0 0 0 ae4 
U2 -u2 -ul 0 0 0 0 ae3 + e4- u2 
U3 0 -e2 -u2 -e4- ul -ae4 -ae3- e4 + u2 0 

Proof. Let E = { e1, e2, e3, e4} be a basis of g, where 

Then 

0 
1-A 

0 
0 

0 
0 

A-f-L 
0 

0 ) 0 
0 ' 

1 -11, 

0 
0 
0 0 0 ' 

~ ~) 
-1 0 0 

and for x E g the matrix B ( x) is identified with x. 

~ ~ ~)' 
0 1 0 

0 0 
0 0 
0 0 
0 0 

Lemma. Any virtual structure q on generalized module 4.21 is equivalent to 
one of the following: 

a) A= l,t-t=O 

(I 
0 

~). C(e,) = G 
0 

t} C(e1)= 
0 0 
-p -2r 
-q 0 

G 
0 

~} C(e3) = 0, C(e4) = 
0 
0 
0 

b) A= ~,f-L=% 

C(e,) = (~ 
-5p 

~} C(c,) = G 
0 

D C(e1) = C(e2) = 0, 
0 p 
0 0 
0 0 
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c) 3,\ - 1 - J1, = 0 

C( e1 ) = C(e2 ) = C(e,) = 0, C(e,) = G ~ D 

e)1-A+J-l=0 

C(e,) = C(e,) = 0, C(e,) = G ~~2)p ~). C(e,) = G ~ ~~l)p} 
J)>.=O 

C(e3 ) = G -~p 0) (0 0 0 0 0 
0 ' C(e4) = 0 0 

0 0 -p 

~). 
0 ' 
0 

g) 1 - 2,\ + 2jJ, = 0 

C(e1 ) = C(e,) = C(e,) = 0, C(e,) = G ~ D; 
h)1-A-f1=0 

C(e,) = (~ ]p ~). C(e,) = C(e,) = C(c,) = 0; 

i) 1- 2f-l = 0 

C(e,) = G ~ D , C(e,) = C(e3 ) = C(e,) = 0; 



370 III. THE CLASSIFICATION OF PAIRS 

j)-A=O,J-L=-1 

C(e,) = C 
0 

D C(e1)=0, p -3r 
0 

C(e,) = G 
0 

~} C(e<) = G 
0 

0 ) q 0 p . 
-2p 0 -gr ' 

0 -p 

k)A-OJ-L-_! - ' - 2 

c 0 0) C(ei)=O, 
0 p 0 

C(e2) = 0 0 q , 

0 0 0 

C(e3 ) = G 
0 0\ 

C(e4) = (~ 
0 

~) 0 ~ I , 0 
-2p 0 0 ' 

0 oJ -p 0 

l) A = ! 1-L = -! 2' 2 

C(e,) = G 
0 

D· C(ei)=O, 
0 
5 -2q 
0 

co ~) C(e,) = G 
0 

-~q) C(e3 ) = ~ 0 0 
0 0 
p 0 

m)A=~,J-L=-~ 

C(e,) = G 
0 

i). C(e,) = (~ 
0 

~} C(ei) = C(e4) = 0, 0 p 
0 0 
0 0 

n)A-!J-L-0 - 2' -

C(e,) = (~ 
0 i) C(e,) = G 0 

D; C(e1) = C(e4) = 0, 
0 0 
0 0 
0 p 



4. FOUR-DIMENSIONAL CASE 

o)A=i,J.t=i 

C(e,) = C 0 

~} C(e,) = C 0 

D· 
0 0 

C(e3) = C(e4) = 0; 0 0 
-p 0 

p) A = 0, J.i = ~ 

C(c,) = G C(e2 ) = G 0 0) q 0 
0 0 ' 
0 0 

C(e3 ) = C -~q ~). C(e,) = G ~q ~} 
q) A = J.i = ~ 

ro 
C(e1) = u 

r)A-lJ.i-l - ' -2 

C(e1 ) = G 
s) A= £. 11. = l 2 lt"" 2 

t) A= 0, J.i = 1 

0 

~). 0 
0 

-q 

~ ~\ 
0 0 ' ' 0 p/ 

C(c,) = G 
0 

~} s 
C(e2) = C(e4) = 0; 

0 
r 

C(e,) = G ~ D , C(e,) = C(e,) = 0; 

C(e,) = (~ ]p D ' C(e,) = G ~ D ' 

371 
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C(e,) = G 
0 

~} C(q) = (~ 
0 

~)-0 0 
-2q 0 0 ' 

0 -q 0 

u) A,p E IR 
C(ei) = 0, i=1, ... ,4. 

Proof. Put 
C(ei) = (c;k) . , 

1~]~4, 
i = 1, ... ,4. 

1~k~3 

Let 

( cjl 3 

-~' ) c13 
3 3 

H= C41 C23 
2 3 

-c41 C33 43 

d3 + c~2 3 0 C43 

and C' = C(x) + A(x)H- HB(x) for x E g. Then 

("lj 
1 cJ,) c~ 

2 

c~,) cl2 C12 
1 

C'(e2) = c~ 1 
2 

C'(ei) = 
C22 c23 c22 c23 

1 c1 ' 2 c2 ' c31 c32 33 C31 c32 33 
1 1 1 0 0 0 C41 C42 C43 

c~ 
3 

~). c~ 
4 ct,) c12 C12 

C'(e3) = ell 3 
C'(e4)= c~ 1 4 

C22 c22 c23 
3 4 4 . 

C31 c32 c31 c32 C33 

0 3 4 4 4 
C42 C41 c42 C43 

By corollary 2, Chapter II, the virtual structures C and C' are equivalent. 
Since for any virtual structure q condition (6), Chapter II, is satisfied, after direct 

calculation we obtain: 

(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
(16) 

system (1) 



(17) 
(18) 
(19) 
(20) 
(21) 

(22) 
(23) 
(24) 
(25) 
(26) 
(27) 
(28) 
(29) 
(30) 
(31) 

4. FOUR-DIMENSIONAL CASE 

(3A- 1- ~)c~2 = 01 

Adz= 0, 
c~ 2 = (~- A)ci 31 

(1 - 2A)c~2 = 01 
C1 _ c1 

23 - - 421 

(1- A+ ~)ci3 = 01 

Ac~2 = 01 

(A- 1)ci3 = -~c~ 3 1 
(1 - A + ~ )c~ 2 = 01 

(1- 2A + 2~)c~3 = 01 
C1 _ c1 

41 - 321 
C1 - c1 - c1 - c1 - c1 - 0 12 - 22 - 21 - 31 - 33 - 1 
Cz - cz - cz - cz - 0 11 - 31 - 21 - 12 - 1 

3 - 3 -0 ell- c31- ' 
C4 - c4 - c4 - c4 - c4 - c4 - c4 - 0 11 - 21 - 31 - 13 - 32 - 41 - 12 - . 

Consider the following cases: 
1°. A= 1 1 ~ = 0. Put 

H=G 
0 

~ J. 0 
0 
0 -c1 1 43 

and C 1 (x) = C'(x) + A(x)H- HB(x) for x E g. Then 

and 

C1(ei) = (J 
( r~. 

C1(e3) = ~~f 

cL = 01 

C3 - c3 - 0 12 - 21 - 1 

c~ 2 = 01 

C4 _ cz 
33 - - 131 

C4 _ c3 
22 - 121 

C4 _ c3 
22-- 211 

cj3 = c~z + ci31 
Cz _ c4 

23 - 431 
C1 _ c1 

32 - - 131 
C1 _ c1 

41 - 321 

0 
0 
1 

C32 
1 

C42 

3 
cl2 

r~-
~~~ 

3 
c32 

3 
C42 

Direct calculation shows that 

C1(ei) = ( 0001 ~1 
-c13 

1 
-c13 -cz3 

cj,) 
C1(e,) = G cz3 

0 1 

1 
C43 

~\ 
~) 1 

C1(e4) = 

Cz - cz - 0 22 - 33 - 1 

(~ 

~~ 
C3 - c3 - c3 - 0 22 - 32- 42- 1 

C4 -c4 -0 23 - 42- 1 
C3 _ c4 

21 - 221 
C4 _ c4 

23 - - 421 
C4 _ cz 

23 - 221 

c!z = c~z + c~z1 
C1 _ c1 

41 - - 131 
C1 _ c1 

23 - - 421 
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0 cjs) 2 
Czz cz3 

2 cz 1 
c32 33 

0 0 

0 r~- \ r~-
~~~ 

~!:) 0 
4 

C42 C43 
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The virtual structures C1 and C' are equivalent. 
20. (,\ -1)2 + f-l2 -1-0. 
2.1°. Suppose f-l = 0. Then from equations (19),(24) and (27) of system (1) it 

follows that ci 3 = c!1 = c~ 2 = 0. Put 

and C2 (x) = C'(x) + A(x)H- HB(x) for x E g. Then 

where c~k satisfy system (1) and c~ 3 = c!3 = 0. 
2.2°. Suppose f-l =/= 0. Put 

and C3(x) = C'(x) + A(x)H- HB(x) for x E g. Then 

where c;k satisfy system (1) and ci3 = 0. From equations (9), (19), (24) and (27) 

of system (1) it follows that c~ 3 = c!3 = c!1 = cb = 0. 
Hence, if ( ,\ - 1 )2 + J1,2 -/- 0, then c~ 3 = c!3 = ci3 = c!1 = c~ 2 = 0. It follows that 

the matrices C3( ei), i = 1, ... , 4, have the form: 

G 
0 cl,) 

G 
0 c~,) 0 2 

C3(ei) = C3( e2) = C22 
0 0 ' 2 c2 ' c32 33 
1 1 0 0 C42 C43 

c 
3 

D, C3 (e4 ) = G 
0 

c~,) C12 
c3 3 4 

c,(e,)= ~] C22 c22 
3 0 c4 ' c32 33 
3 4 0 C42 C42 

where the coefficients c~k satisfy the following system of linear equations 
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(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
(12) 
(13) 
(14) 
(15) 
(16) 

Consider the following cases: 
3 o. ,\ = ~, ft = %. Then 

system (2) 

The virtual structures C4 and C' are equivalent. 
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4 o. (>..,It) #- ( ~, ~ ). From equations (9) and (10) of system (2) it follows that 
cfz = 0. 

Hence, system (2) is equivalent to the following system 
(1) c~ 1 = c~ 2 = c~2 = 0, 
. ) 4 2 (2 C42 = -c22' 
(3) c~ 3 = c~2' 
( 4) c~ 2 = -2c~2 , 
(5) c~3 = -cl2, 
(6) cj 3 =(~t-1)ci3 , 
(7) c~ 2 = (~t- 2)ci3 , 

(8) (3,\- 1- p)c~ 2 = 0, 
(9) (1 - 2,\)c!2 = 0, 
(10) (1- ,\ + p)ci3 = 0, 
(11) >.c~ 2 = 0, 
(12) (1 - 2,\ + 2p )c~ 3 = 0. 

The other results of the Lemma can be obtained using this system of linear 
equations. 

Let (g, g) be a pair of type 4.21. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
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Lemma. Put 

[u1, u2] = a1e1 + a2e2 + a3e3 + a4e4 + a1u1 + a2u2 + a3u3, 

[u1,u3] = b1e1 + b2e2 + b3e3 + b4e4 + (31u1 + f32u2 + (33u3, 

[u2, u3] = c1e1 + c2e2 + c3e3 + c4e4 +/lUI+ 12u2 + /3U3. 

1°. ,\ = 1, f-l = 0. Then 

[e1,e2] = 0, 

[e1,e3] = e3, 

[el,e4] = e4, 

[e2, e3] = e4, 

[e2, e4] = 0, 

[e1, u1] = -pe4 +u1, [e2, u1] = 0, [e3, u1] = 0, [e4, u1] = 0, 

[e1, u2] = -pe3-qe4+u2,[e2, u2] = -2re3+ull[e3, u2] = 0 [e4, u2] = 0, 

Using the Jacobi identity we see that the pair (g, g) has the form: 

el 
e2 
e3 
e4 
ul 
U2 
U3 

where 

el e2 e3 e4 Ul U2 

0 0 e3 e4 ul U2 
0 0 e4 0 0 Ul 

-e3 -e4 0 0 0 0 
-e4 0 0 0 0 0 
-ul 0 0 0 0 0 
-u2 -ul 0 0 0 0 

0 -se2 -u2 -se4-u1 -A -B 

A= b4e4 + f31u1, 

B = b4e3 + c4e4 +/lUI+ ((31- s)u2, 

s # 0. 

The mapping 1r : g' --+ g such that 

7r(ei)=ei, i=1, ... ,4, 

1 . 
1r(uj) = -uj, J = 1,2,3, 

s 

U3 

0 
se2 
u2 

se4 +u1 
A 
B 
0 (3) 

establishes the equivalence of pairs (g, g) and (g', g'), where the latter has form (3) 
for s = 1. 

The mapping 1r : g" --+ g' such that 

7r(ei) = ei, i = 1,2,4, 

1 
1r(e3) = e3- 211e4, 

1r(ui)=u1, 

1 1 
1r(u2) = u2- 211e4- 211u1, 

1r(u3)=u3, 
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establishes the equivalence of the pairs (9", g") and (g', g'), where the latter has 
form (3) for s = 1,/1 = 0. 

The mapping 7r : 9"' --+ £1 11 such that 

7r(ei) = ei, i = 1, ... ,4, 
1 

1r(ui) = u1- 2;J1e4, 

1 
1r(u2) = u2- 2;J1e3, 

1 
1r(u3) = U3 + 2;J1e1, 

establishes the equivalence of pairs (g", 9") and (g"', 9"'), where the latter has 
form (3) for s = 1,/1 = ;J1 = 0. 

1.1°. c4 = 0. Then the pair (9'", 9"') is equivalent to the pair (924, 924). 
1.2°. c4 # 0. Then the pair (9"',9"') is equivalent to the pair (925,925) by means 

of the mapping 7r : 925 --+ 9"', where 

7r(ei)=ei, i=1,2,4, 
1 

1r( e3) = - e3, 
C4 

1r(u1)=u1, 
1 

1r(u2)=-u2, 
C4 

1r(u3)=u3. 

Consider the pairs (924, 924) and (9~4 , g~4 ) with parameters a and a' respectively. 
Let us show that these pairs are not equivalent, whenever a # a 1• Suppose 

a= g24 /'D2924 and 'f' is a natural projection of 924 to a. Then a= 'f'(924) for the 
pair (924 , 924 ). Similarly define a' and a' for the pair (9~4 , 9~4 ). Let us show that 
the pairs (a, a) and (a', a') are not equivalent, whenever a# a'. 

Suppose these pairs are equivalent by means of a mapping 1r : a --+ a'. Since 

1r(Da) c Da', 1r(a) =a', 1r('Da) c 'Da' and 1r(Z(a)) c Z(a'), 

the matrix of 7r has the form: 

k1 0 0 0 a1 
k2 b 0 d2 a2 
k3 0 C3 d3 a3 
0 0 0 82 a2 
0 0 0 0 a3 

Let us check the following equality 

7r([x,y]) = [7r(x),7r(y)] 
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for basis vectors of a. 

[1r( u2), 1r( u3)] = d2e2- d3a1e3 + d3u2- 82a1 u2 + a82e3- 82u2 = 

= 1r([u2, u3]) = -de2 +a' c3e3- d3e3- 82u2 ¢:? 

It follows that the pairs (a, a) and (a', a') are not equivalent if a # o/. Hence, 
the pairs (g24, g24) and (g~4 , g~4 ) are not equivalent when ever a # a'. 

Similarly it is possible to show that the pairs (g25, g25) and (g~5 , g~ 5 ) with pa­
rameters a and a' respectively are not equivalent, whenever a # a', and that the 
pairs (g25, g25) and (g24, g24) are not equivalent too. 

2°. ,\ = ~, f-l = ~. Using the Jacobi identity we see that there does not exist any 
pair (g, g) corresponding to this virtual structure. 

In a similar way for the virtual structures e),h),d),k),l),m),n),o),p),s) and 
t) of the Lemma there also does not exist any pair (g, g). 

3°. 3.A -1- f-l = 0. Using the Jacobi identity we see that the pair (g,g) has the 
form: 

el e2 e3 e4 ul 

el 0 (1-.A)e2 (1- 2,\ )e3 (2-3.A)e4 ul 
e2 (.A-1)e2 0 e4 0 0 
e3 ~2,\ -1 ~e3 -e4 0 0 0 
e4 3.A-2 e4 0 0 0 0 
ul -ul 0 0 0 0 
U2 -.Au2 -ul -pe2 0 0 
U3 (1-3.A)u3 0 -u2 -ul -b4e4 

B = b4e3 + c4e4 + 11u1, 

where b4(3.A- 1) = 0, c4(7.A- 3) = 0, /1(2,\- 1) = 0, p # 0. 
The mapping 7r : g' -+ g such that 

7r(ei) = ei, i = 1, ... ,4, 

7r(uj)=!Uj, j=1,2,3, 
p 

U2 U3 

AU2 (3.A-1)u3 
Ul 0 
pe2 U2 

0 Ul 
0 bl34 
0 

-B 0 

establishes the equivalence of pairs (g, g) and (g', g'), where the latter has form of 
(g,g) for p = 1. 

Now it remains to show that the pairs (91, 91) and (g', g') are not equivalent. 
i) .A# !· Since 

dim'D2g' # dim'D2g1, 

we see that the pairs (g', g') and (g1 , gi) are not equivalent. 
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ii) A = ~· Suppose 

9~ = 91/'D2 91 
and c.p is a natural projection of 91 to 9r. Then 9r = c.p(91 ). 

Suppose 
-* -/;'1""12-1 9z = 9 v 9 

and c.p is a natural projection of 9' to 9~. Then g~ = c.p(9') . 
Consider the homomorphisms 

fi: 9i---+ 9l(4,JR.), i = 1,2, 

where fi ( x) is the matrix of the mapping advgi x in the basis 

{ ez + JR.u1, e4 + lR.u1, Uz + JR.u1, u3 + JR.u1}, 
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x E 97- Since the subalgebras !I(9n and fz(9~) are not conjugate, we conclude 
that the pairs (9', 9') and (91 , 91) are not equivalent. 

3.1°. A = t' C4 = /1 = 0, b4 =I= 0. 
3.1.1°. b4 > 0. Then the pair (9',9') is equivalent to the pair (913,913) by 

means of the mapping 7T : 913 ---+ 9', where 

1r(ei)=e1, 
1 

7r(ez) = ;r-ez, 
vb4 

1r( e3) = e3, 

3.1.2°. b4 < 0. Then the pair (9',g') is equivalent to the pair (914,914) by 
means of the mapping 7T : 914 ---+ g', where 

1r(ei)=e1, 
1 

1r( ez) = ;---L ez, 
v-b4 

1r( e3) = e3, 

3. 2°. A = t, /1 = b4 = 0, c4 =/= 0. Then the pair (9', 9') is equivalent to the pair 
(915, 915) by means of the mapping 7T : £h5 ---+ g', where 

1r( ei) = e1, 
1 

1r( ez) = - ez, 
c4 

1 
7r( 1/,1) = 21/,1' 

c4 

1 
7r(uz) = -uz, 

C4 

1 
1r(u3) = -u3. 

C4 
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3.3°. ,\ = ~' b4 = c4 = 0, (I=/= 0. Then the pair (g',g') is equivalent to the pair 
(g12, 912) by means of the mapping 7f : £112 -+ g', where 

1r(ei) = ei, i = 1, ... ,4, 

1r(u1) = u1, 

1 
1r( u2) = u2 - 211 e4, 

1 
1r(u3) = U3 + 211e2. 

3.4°. c4 = b4 =(I= 0. Then the pair (g',g') is equivalent to the pair (g12,9I2)· 

4°. ,\ = 0. Using the Jacobi identity we see that the pair (g,g) has the form: 

[ 'l el e2 e3 e4 UI u2 U3 

el 0 e2 -!-le3 (1-6 )e4 UI 0 f-lU3 
e2 -e2 0 e4 0 pe2+u1 0 
e3 /-le3 -e4 0 0 0 -2pe3 U2 
e4 (~-L-1 )e4 0 0 0 0 -pe4 pe2+u1 
UI -ul 0 0 0 0 0 0 
u2 0 -pe2 -ul 2pe3 pe4 0 0 c 
U3 -f-lU3 0 -u2 -pe2-ul 0 -C 0 

C = c4e4 +(I u1- 2pu3, 

where c4(2!-l - 1) = 0, rl (1-l - 1) = 0. 
4.1°. 1-l = ~,c4 =/= 0. Then the pair (g',g') is equivalent to the pair (g11 ,g11 ) by 

means of the mapping 1r : g11 -+ g', where 

1r( el) = e1, 
C4 

1r(e2) = 2e2, 
p 

1r( e3) = e3, 

4.2°. 1-l = 1,11 =/= 0. Then the pair (g',g') is equivalent to the pair (gn,g11 ) by 
means of the mapping 1r : g11 -+ g', where 

1r( ei) = e1, 

(l 
1r(e2) = -e2, 

p 



4. FOUR-DIMENSIONAL CASE 381 

4.3°. r 1 = c4 = 0. Then the pair (g', g') is equivalent to the pair (9n, g11 ) by 
means of the mapping 1r : fin --+ g1, where 

7r(ei) = ei, i = 1, ... ,4, 

1r(uj) = ~uj, j = 1,2,3. 
p 

5°. 1- 2,\ + 2f.L = 0. Using the Jacobi identity we see that the pair (g, g) has the 
form: 

[ 'l e1 ez e3 e4 u1 Uz 

el 0 0- f.L)ez 1 2e3 (1- f.L )e4 u1 (f.L+ ~ )uz 
ez (f.L- !_ )ez 0 e4 0 0 
e3 

12 
-e4 0 0 0 -2e3 

e4 (f.L -1 )e4 0 0 0 0 
u1 -u1 0 0 0 0 
uz -(f.L+ ~ )uz -u1 0 0 0 
U3 -f,LU3 -pe3 -uz -u1 -b4e4- ,81 u1 

C = b4e3 + 'Yl u1 + ,81 u2 + c4e4, 

where ,Blf.L = 0, b4f.L = 0, c4(1- 6f.L) = 0, {1(1- 4f.L) = 0, p =f. 0. 
5.1 o. f.L = o, ,Bi + b~ i= o, c4 = 11 = o. 

U1 
0 
0 
0 
0 

-C 

U3 

f.LU3 
pe3 
uz 
U1 

b4e4 + ,81 u1 
c 
0 

5.1.1°. ,81 = O,b4 > 0. Then the pair (g,g) is equivalent to the pair (9n,g17) 
by means of the mapping 1r :fin --+ g, where 

1r( ei) = e1, 

1r( ez) = ez, 

5.1.2°. ,81 = 0, b4 < 0. Then the pair (g,g) is equivalent to the pair (91s,g1s) 
by means of the mapping 1r : f11s --+ g, where 

1r( ei) = e1, 

1r( ez) = ez, 
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5.1.3°. fJ1 # 0. Then the pair (9,g) is equivalent to the pair (919,919) by means 
of the mapping 1r : 919 ---+ 9, where 

1r( ei) = e1, 

1r( e2) = e2, 

5.2°. 1-l = ~, c4 # 0, /31 = b4 = 11 = 0. Then the pair (g, g) is equivalent to the 
pair (921, Q21) by means of the mapping 1r : 921 ---+ 9, where 

1r( ei) = e1, 

1r( e2) = e2, 1r( ui) = pc~u1, 
1r(e3) = pc4e3, 1r(u2) = pc4u2, 

1r( e4) = pde4, 1r( u3) = U3. 

5.3°. 1-l = ~, c4 = /31 = b4 = 0. Then the pair (9, g) is equivalent to the pair 
(92o, g2o) by means of the mapping 1r : 92o ---+ g, where 

5.4 o. c4 = /31 = b4 = 11 = 0. Then the pair (g, g) is equivalent to the pair 
(920' g20 ). 

6°. 1-2f-t= 0. Using the Jacobi identity we see that the pair (g, g) has the form: 

[ 'l e1 e2 e3 e4 U1 u2 U3 

0 (l-.\)e2 (.\-~)e3 1 AU2 1 el 2e4 u1 pe4+2u3 
e2 (.\-l)e2 0 e4 0 0 U1 0 
e3 (1·- .\)e3 -e4 0 0 0 0 u2 2 1 

0 0 0 0 0 e4 -2e4 U1 
U1 -u1 0 0 0 0 0 0 
U2 -.\u2 -u1 0 0 0 0 c4e4+11 u1 

1 0 0 0 U3 -pe4- 2u3 -u2 -u1 -c4e4 -{1 u1 

where c4.\ = 0, 11(.\- ~) = 0, p # 0. 
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6.1°. _\ = 0, c4 /=- 0,11 = 0. Then the pair (g, g) is equivalent to the pair (fin, 9n) 
by means of the mapping 7l' :fin --+ g, where 

7r( ei) = e1, 

7r(e2) = c4e2, 

7r(e3) = .E_e3, 
C4 

7r( e4) = pe4, 

7r( ui) = pu1, 

7r( u2) = .E_u2, 
C4 

7r(u3)=u3. 

6.2°. _\ = ~, c4 = 0. Then the pair (g, g) is equivalent to the pair (fiio, fho) by 
means of the mapping 7l' : 9Io --+ fi, where 

7r(ei) = ei, i = 1, ... ,4, 

6.3°. c4 = 11 = 0. Then the pair (g, g) is equivalent to the pair (9Io, 910 ). 

7°. _\ = 0, p, = -1. Using the Jacobi identity we see that the pair (g, g) has the 
form: 

[ ' l el e2 e3 e4 UI U2 U3 

el 0 ea e3 2e4 UI 0 -U3 
e2 -e2 e4 0 0 ve2 +ul 0 
e3 -e3 -e4 0 0 0 q·e2-2pe3 u2 
e4 -2e4 0 0 0 0 -be4 pe2+u1 
ul -ul 0 0 0 0 0 
U2 0 -peb-ul 2pe3-qe2 pe4 0 0 -20u3 
U3 U3 -u2 -pe2-UI 0 2pu3 

' 

where pq /=- 0. 
The pair (g, g) is equivalent to the pair (gs, 9s) by means of the mapping 7!': g8 --+ 

g, where 

7r( ei) = e1, 

q 
7r(e2) = -e2, 

p 
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8°. ,\ = ~,J.l =~·Using the Jacobi identity we see that the pair (g,g) has the 
form: 

[ ' l e1 e2 e3 e4 U1 U2 U3 

0 1 0 1 1 1 e1 2e2 2e4 U1 2U2 pe4+ 2u3 
1 0 e4 0 0 u1 0 e2 --e2 

e3 0 -e4 0 0 0 se2 u2 
1 0 0 0 0 0 u1 e4 -2e4 

u1 -u1 0 0 0 0 0 0 
1 -u1 -se2 0 0 0 "Yl u1 U2 --u2 
2 1 

0 -u2 -u1 0 -'"Yl U1 0 U3 -pe4- 2u3 

where ps -::j:. 0. 
The pair (g,g) is equivalent to the pmr (916,fh6) by means of the mapping 

1r : 916 ---r g, where 

1r( ei) = e1, 

1r(e2) = ffse2, 

1r( e3) = yff;e3, 

1r( e4) = pe4, 

1r( ui) = pu1, 

1r( u2) = yff; ( u2 - ~11 e4) , 

1 
1r(u3) = U3 + 211e2. 

go. ,\ = 1, f.l = ~. Using the Jacobi identity we see that the pair (g, g) has the 
form: 

[ ' l el e2 e3 e4 U1 U2 U3 

0 0 l l l e1 2e3 -e4 U1 u2 pe4+2u3 
e2 0 0 e4 20 0 U1 qe3 
e3 1 -e4 0 0 0 0 U2 --e3 

e4 ! 0 0 0 0 0 U1 -2e4 
ul -u1 0 0 0 0 0 0 
u2 -u2 -ul 0 0 0 0 0 

1 -qe3 -u2 0 0 0 U3 -pe4- 2u3 -u1 

where pq -::j:. 0. 
9.1°. pq > 0. Then the pair (g,g) is equivalent to the pair (g22 ,g22 ) by means 

of the mapping 1r : g22 ---r g, where 

1r( ei) = e1, 

1r(e2) = j'fe2, 

1r(e3) = qjfqe3, 

1r( e4) = pe4, 

1r(u2) = qjfqu2, 

1r( u3) = u3. 



4. FOUR-DIMENSIONAL CASE 385 

902°. pq < Oo Then the pair (g, g) is equivalent to the pair (.923, 923) by means 
of the mapping 7r : fi23 -+ g, where 

1r(ei)=e1, 

1r( e2) = Ae2, 1r( ui) = -pu1, 

1r(e3) = qA.e3, 1r(u2) = qA.u2, 

1r(e4) = -pe4, 1r(u3) = U3o 

10°0 A,fl E K Using the Jacobi identity we see that the pair (g,g) has the form: 

[' l 
e1 
e2 
e3 
e4 
ul 
u2 
U3 

where 

and 

e1 e2 e3 e4 U1 

0 (1-A)e2 (A-11)e3 (1-11)e4 u1 (A-lt 0 e4 0 0 
(f.l-A e3 -e4 0 0 0 
(f.l-1 e4 0 0 0 0 

-ul 0 0 0 0 
-Au2 -u1 0 0 -a4e4 
-f.lU3 0 -u2 -U1 -A 

{ A = b2e2 + b4e4 + f31u1, 

B = c1e1 + c3e3 + c4e4 + 'YIU1 + 12u2, 

a4 (A + 11) = b2 (A + 11) = c1 (A + 11) = 0, 
b2 + c1 (1 -A) = 0, 
C3 = b4, 
f.lb4 = f.lf3l = f1C3 = /1{2 = 0, 
{2 = (31' 

b2 = -a4, 
ci(A-f.l)=O, 
a4 = c1(1- f.l), 
(1- A- 2f.l)C4 = 0, 
b2 = c1 + a4 , 

(1 - 11- A)r1 = 0, 
a4 (r2 + (31) = 0. 

u2 U3 

Au2 f1U3 
U1 0 
0 u2 
0 u1 

a4e4 A 
0 B 

-B 0 ' 

10.1°. 1 - A - 11 = 0. Then the pair (g, g) is equivalent to the pair (g1, gi) by 
means of the mapping 7r : .91 -+ g, where 

7r(ei) = ei, i = 1, .. 0 ,4, 

1r(u1) = u1, 

1 
1r(u2) = u2- 211e4, 

1 
1r( U3) = U3 + 2'Yl e2 o 
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10.2°. 1- ,\- 2f.l = 0. 
10.2.1°. c4 = 0. Then the pair (9,g) is equivalent to the pair (91 ,gi). 
10.2.2°. c4 # 0. Then the pair (9, g) is equivalent to the pair (92, £12) by means 

of the mapping 1r : ih -+ 9, where 

1r(ei)=e1, 

7r(e2) = c4e2, 

1 
1r( e3) = - e3, 

C4 

1r( e4) = e4, 

1r(u1)=ub 

1 
1r( u2) = -u2, 

C4 

1r( u3) = u3. 

10.3°. f.l = 0, b~ + 11? # 0. Suppose a = b4, 11 = 111· 
10.3.10. ,\ # 1,p # 0. Then the pair (9,g) is equivalent to the pair (97,97) by 

means of the mapping 1r : 97 -+ 9, where 

1r(ei) = ei, i = 1, ... ,4, 

10.3.2°. ,\ = 1, p # 0. Then the mapping 1r : 9' -+ 9 such that 

1 
1r(u1) = u1- 2pe4, 

1 
1r( u2) = u2 - 2pe2, 

1 
1r(u3) = U3 + 2pe1, 

establishes the equivalence of the pairs (9, g) and (9', g'), where the latter has the 
form 

[ ,] el e2 e3 e4 U} u2 U3 

el 0 0 e3 e4 U} U2 0 
e2 0 0 e4 0 0 U} 0 
e3 -e3 -e4 0 0 0 0 U2 
e4 -e4 0 0 0 0 0 U} 
U} -ul 0 0 0 0 0 a' e4 
u2 -u2 -U} 0 0 0 0 a' e3 
U3 0 0 -u2 -U} -a' e4 -a'e3 0 

' 
a' = a + i p2 . 

10.3.3°. p = 0, a > 0. Then the pair (9, g) is equivalent to the pair (95 , g5 ) by 
means of the mapping 1r: 9s -+ 9, where 
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10.3.4 °. (3 = 0, a < 0. Then the pair (9, g) is equivalent to the pair (96, g6) by 
means of the mapping 7r : 96 ---+ g, where 

7r(ei) = ei, i = 1, ... ,4, 

1r(uj) = .!_Uj, j = 1,2,3. 
a 

10.4°. f.l = 0,..\ = 1,c~ +ri =/= 0. Suppose (J" = c4,p = rl· Then the mapping 
7r : 9' ---+ g such that 

1r( ei) = ei, i = 1, ... , 4, 

1 
1r(u1) = u1- 2(3e4, 

1 1 
1r(u2) = u2- 2pe4- 2(3e3, 

1 1 
1r( u3) = u3 + 2pe2 + 2(3e1, 

establishes the equivalence of the pairs (9, g) and (9', g'), where the latter has the 
form 

[ ,] el e2 e3 e4 Ul U2 U3 

el 0 0 e3 e4 ul u2 0 
e2 0 0 e4 0 0 U! 0 
e3 -e3 -e4 0 0 0 0 U2 
e4 -e4 0 0 0 0 0 U! 
UI -ul 0 0 0 0 0 ' a' e4 
U2 -u2 -ul 0 0 0 0 a e3 +(J"e4 
U3 0 0 -u2 -ul -a' e4 -a' e3- (J"e4 0 

a' = a + i (32' (J" # 0. 
10.4.1°. a'= 0. Then the pair (9,g) is equivalent to the pair (92,92) by means 

of the mapping 7r : 92 ---+ g, vvhere 

1r( e!) = e1, 

1r( e2) = (J"e2, 

1 
1r(e3) = -e3, 

(J" 

1r( e4) = e4, 

1r(u!) = u1, 
1 

1r( u2) = -u2, 
(J" 

1r(u3)=u3. 

10.4.2°. a' > 0. Then the pair (9, g) is equivalent to the pair (£h, g3 ) by means 
of the mapping 7r : 93 ---+ 9, where 
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10.4.3°. o:1 < 0. Then the pair (g, g) is equivalent to the pair (94, g4) by means 
of the mapping 1r : g4 --+ g, where 

10.5°. A = B = 0. Then the pair (g, g) is equivalent to the trivial pair (g1 , g!). 

Now it remains to show that the pairs determined in the Proposition are not 
equivalent to each other. 

Suppose lli = [gi, 'D2gi], where i = 12, 13, 14. Consider the homomorphisms 

fi : lli --+ gl(2, JR.), i = 12, 13, 14, 

where fi(x) is the matrix of the mapping adva; x in the basis 

x E lli· Since the subalgebras fi(lli) are not conjugated to each other, we conclude 
that the pairs (gi, gi) are not equivalent to each other. 

Since dim 'D2 (gi) =/= dim 'D2 (92o ), we see that the pairs (g1, 91) and (92o, g2o) are 
not equivalent. 

Similarly we prove that all the other pairs are not equivalent to each other. 
The proof of the Proposition is up. 

Proposition 4.22. Any pair (g, g) of type 4.22 is trivial. 

el e2 e3 e4 ul u2 U3 

el 0 0 0 0 UI ucf U3 
e2 0 0 e3 2e4 UI -U3 
e3 0 -e3 0 0 0 UI u2 
e4 0 -2e4 0 0 0 0 UI 
Ul -Ul -Ul 0 0 0 0 0 
U2 -U2 0 -ul 0 0 0 0 
U3 -U3 U3 -u2 -ul 0 0 0 

Proof. Consider x E g such that 

Note that xu = idu. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial. 
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5. Five-dimensional case 

Proposition 5.1. Any pair (g, g) of type 5.1 is trivial. 

[ ' l el e2 e3 e4 es UI U2 U3 

el 0 0 0 e4 -es UI 0 0 
e2 0 0 0 -e4 es 0 U2 0 
e3 0 0 0 0 0 0 0 U3 
e4 -e4 e4 0 0 el - e2 0 ul 0 
es es -es 0 e2 - el 0 u2 0 0 
UI -Ul 0 0 0 -u2 0 0 0 
u2 0 -u2 0 -ul 0 0 0 0 
U3 0 0 -U3 0 0 0 0 0 

Proof. Consider x E g such that 

0 0 n X= 1 
0 

Note that xu = idu. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial. 

Proposition 5.2. Any pair (g, g) of type 5.2 is equivalent to one and only one 
of the following pairs: 

1. 
[ ' l el e2 e3 e4 es UI U2 U3 

el 0 2e2 -2e3 e4 -es UI -u2 0 
e2 -2e2 0 (j 0 e4 0 UI 0 
e3 2e3 -el 

ea 
0 U2 0 0 

e4 -e4 0 -es 0 0 0 UI 
es es -e4 0 0 0 0 0 u2 
UI -ul 0 -u2 0 0 0 0 0 
U2 U2 -ul 0 0 0 0 0 0 
U3 0 0 0 -ul -u2 0 0 0 

2. 

[ ' l el e2 e3 e4 es ul u2 U3 

el 0 2e2 -2e3 e4 -es UI -u2 0 
e2 -2e2 0 

ea 
0 e4 0 ul 0 

e3 2e3 -el 
ea 

0 
urf 

0 0 
e4 -e4 0 -es 0 0 e4 + U1 
es es -e4 0 0 0 0 0 es + u2 
UI -ul 0 -u2 0 0 0 0 Q!Ul 
U2 U2 -ul 0 0 0 0 0 Q!U2 
U3 0 0 0 -e4- UI -es- u2 -Q!Ul -Q!U2 0 ' lal ~ 1 

3. 

[ ' l el e2 e3 e4 es UI U2 U3 

el 0 2e2 -2e3 e4 -es UI -u2 0 
e2 -2e2 0 

ea 
0 e4 0 UI 0 

e3 2e3 -el es 0 U2 0 0 
e4 -e4 0 -es 0 0 0 0 u1 + ae4 
es es -e4 0 0 0 0 0 u2 + aes 
UI -ul 0 -u2 0 0 0 0 O:UI - e4 
U2 U2 -ul 0 0 0 0 0 o:u2 - es 
U3 0 0 0 -u1 - ae4 -u2 - aes -au1 + e4 -au2 + es 0 , a~O 
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Proof. 
Let £ = { e1, e2, e3, e4, es} be a basis of g, where 

G 
0 

D· (~ 
1 

D· e,= 0 0 

~). el = -1 e2 = 0 0 
0 0 0 

e; = (~ 
0 

~). (~ 
0 

D 0 es = 0 
0 0 

Then 

0 0 0 0 0 0 0 1 0 0 
0 2 0 0 0 -2 0 0 0 0 

A( ei) = 0 0 -2 0 0 
' A(e2) = 0 0 0 0 0 

0 0 0 1 0 0 0 0 0 1 
0 0 0 0 -1 0 0 0 0 0 

0 -1 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 

A( e3) = 2 0 0 0 0 A( e4) = 0 0 0 0 0 
0 0 0 0 0 -1 0 0 0 0 
0 0 0 1 0 0 0 -1 0 0 

A(es) = ~ ~ ~ ~0o ~0\ , 
0 -1 0 J 
1 0 0 0 0/ 

and for x E g the matrix B ( x) is identified with x. 
By ~ denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­

tor e1. 

Lemma. Any virtual structure q on generalized module 5.2 is trivial. 

Proof. Let q be a virtual structure on generalized module 5.2. Without loss of 
generality it can be assumed that q is primary. Since 

where 

-(-2)(h)- T1J) g 'J - ll~e3, 

g(o)(f)) = 1Re1 EB 1Ru3, g(1)(f)) = !Re4 EB !Ru1, 

g(2)(f)) = !Re2, 
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we have 

0 0 4 C12 5 C51 0 0 
4 C21 0 0 0 0 0 

C(ei) = O,i = 1,2,3, C(e4) = 0 0 0 C( e5) = 0 5 
c32 0 

0 0 4 C43 0 0 0 
0 0 0 0 0 5 C53 

Put 
0 0 0 
0 0 0 

H= 0 0 0 
5 -c53 0 0 

0 5 -c53 0 

and C1(x) = C(x)- A(x)H + HB(x) for x E g. Then 

5 0 0 
0 4 0 en 

c12 0 0 0 4 0 0 C21 0 5 0 
C1(ei) = 0, i = 1,2,3, C1(e4) = 0 0 0 , C1(e5) = C32 

0 0 4 0 0 0 
C43 0 0 0 

0 0 0 
0 0 0 

By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 
Since for any virtual structure q condition (6), Chapter II, must be satisfied, 

after direct calculation we obtain 

C1(ei) = 0, i = 1, ... ,5. 

This completes the proof of the Lemma. 

Let (g, g) be a pair of type 5.2. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Then 

[e1,e2]=2e2, 

[e1, e3] = -2e3, [e2, e3] = el' 

[e1, e4] = e4, [e2, e4] = 0, [e3, e4] = e5, 

[e1, es] = -e5, [e2, e5] = e4, [e3, e5] = 0, [e4, e5] = 0, 

[e1, u1] = u1, [e2,u1] = 0, [e3,u1] = u2, [e4, u1] = 0, [e5,u1] = 0, 

[e1, u2] = -u2, [e2, u2] = UI, [e3, u2] = 0, [e4, u2] = 0, [e5, u2] = 0, 

[e1, u3] = 0, [e2, u3] = 0, [e3,u3] = 0, [e4, u3] = u1, [e5,u3] = 0. 

Since the virtual structure q is primary, we have 
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(Proposition 10, Chapter II). Therefore 

[u1, u2] = a1e1 + a3u3, 

[u1, u3] = b4e4 + fJ1 u1, 

[u2, u3] = cses + [2U2. 

Using the Jacobi identity we see that the pair (9,g) has the form: 

[ 'l el e2 e3 e4 

el 0 2e2 -2e3 e4 
e2 -2e2 0 ed 0 
e3 2e3 -el es 
e4 -e4 0 -es 0 
es es -e4 0 0 
UI -ul 0 -u2 0 
u2 u2 -ul 0 0 
U3 0 0 0 -ul 

Consider the following cases: 
1°. a= f3 = 0. 

es ul U2 

-es UI -u2 
e4 0 ul 
0 u2 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 

-u2 -ae4- f3u1 -cues- f3u2 

Then the pair (9, g) is equivalent to the trivial pair (91, 91 ). 
2°. (32 + 4a ~ 0. 

U3 

0 
0 
0 
ul 
U2 

ae4 + f3u1 
cues+ f3u2 

0 

Then the pair (9, g) is equivalent to the pair (92, g2) by means of the mapping 
1r : 92 --+ g, where 

and A = !)±~ -=f. 0. 

3°. (3 2 + 4a < 0. 

1r( ei) = e1, 

1r( e2) = e2, 

1r( e3) = e3, 

1r(e4)=Ae4, 

1r( es) = Aes, 

1r( u1) = e4 + u1, 

1r( u2) = es + u2, 

1r( u3) = Au3, 

Then the pair (9, g) is equivalent to the pair (93 , 93 ) by means of the mapping 
1r : 93 --+ 9, where 

and A= 2 . y' -j)L4a 

1r(e2) = e2, 

1r( e3) = e3, 

1r(e4)=Ae4, 

1r( es) = Aes, 

(3A 
1r(u1) = u1 + 2e4, 

(3A 
1r(u2) = u2 + 2es, 

1r( u3) = A -Iu3, 
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Let ti be the radical of 9i fori = 1, 2, 3. Consider the homomorphisms fi : fii -+ 

g[(4,1R), i = 1,2,3, where fi(x) is the matrix of the mapping adr; x in the basis 
{ e4, es, u1, uz} of ti, x E ik 

Since the subalgebras fi(fh), i = 1, 2, 3 are not conjugate, we conclude that the 
pairs (gi,gi), i = 1,2,3 are not equivalent. 

This completes the proof of the Proposition. 

Proposition 5.3. Any pair (g, g) of type 5.3 is equivalent to one and only one 
of the following pairs: 

1. 
[ ' l e1 ez e3 e4 es u1 uz U3 

e1 0 0 ea 0 e1 0 U1 0 
ez 0 0 e1 -ez 0 0 U1 
e3 -ez 0 0 es -2e3 0 0 Uz 
e4 0 -e1 -es 0 2e4 0 U3 0 
es -e1 ea 2e3 -2e4 0 0 Uz -U3 
U1 0 0 0 0 0 0 0 
uz -u1 0 0 -U3 -uz 0 0 0 
U3 0 -u1 -uz 0 U3 0 0 0 

2. 

[ ' l e1 ez e3 e4 es U1 uz U3 

0 0 0 -3e1 1 1 e1 ez e1 - 2es+ 2 u1 -e4 
0 0 0 -3ez 1 1 ez e1 -ez -e3 ze5 + zU1 

e3 -ez 0 0 ea -2e3 0 0 (f e4 0 -e1 -es 2e4 0 U3 
es -e1 ez 2e3 -2e4 0 0 uz -U3 
Ul 1 3el 3ez 0 0 0 0 -3uz -3u3 
Uz ze5- zU1 e3 0 -U3 -uz 3uz 0 0 

e4 1 1 -uz 0 U3 3u3 0 0 U3 - 2es- 2 u1 

Proof. Let £ = { e1, ez, e3, e4, es} be a basis of g, where 

0 1 

D· 0 0 

D G 
0 

~), e1 = 0 ez = 0 e3 = 0 
0 0 0 

e4 = G 0 

~} G 
0 

~) 0 es = 1 
1 0 -1 

Then 

0 0 0 0 1 0 0 0 1 0 
0 0 1 0 0 0 0 0 0 -1 

A(ei) = 0 0 0 0 0 A(ez) = 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 -1 0 0 0 
-1 0 0 0 0 0 0 0 0 0 
0 0 0 0 -2 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 2 
0 0 0 1 0 0 0 -1 0 0 



394 HI. THE CLASSIFICATION OF PAIRS 

-1 0 0 0 0 
0 1 0 0 0 

A( es) = 0 0 2 0 0 
0 0 0 -2 0 
0 0 0 0 0 

and for x E g the matrix B( x) is identified with x. 
By f) denote the nilpotent subalgebra of the Lie algebra g spanned by the vec­

tor es. 

Lemma. Any virtual structure q on generalized module 5.3 is equivalent to one 
of the following: 

0 
0 
0 
0 
0 

0 
0 
3p 
0 
0 

Proof. Put 

0 0 0 0 0 
0 0 3p 0 0 
0 0 0 p 0 
0 p 0 0 0 

2p 0 0 0 p 

0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 -3p 0 0 
0 0 0 0 0 

C( ei) = ( c~k) . , i = 1, ... , 5. 
1~)~5 
1~k~3 

' 
C(es)=O. 

Let q be a virtual structure on generalized module 5.3. Without loss of generality 
it can be assumed that q is primary. Since 

we have 

g(-1)(£)) = lRe1, 

g(1)(f)) = IRez, 

g(2)(f)) = lRe3, 

g(-2)(£)) = lRe4, 

g(o)(f)) =IRes, 

1 
cu 0 0 
0 0 0 
0 0 0 
0 0 1 

C43 

0 1 
Csz 0 

0 0 0 
0 0 3 

c23 
3 

C31 0 0 
0 0 0 
0 0 0 

u(o) (f)) = lRul' 

u(l)(f)) = lRuz, 

u(-1)(£)) = JR.u3, 

0 
2 

cz1 

0 
0 
0 

0 
0 
0 
4 

c41 

0 

0 0 
0 0 
2 

C32 0 
0 0 
0 2 

C53 
4 

c12 0 
0 0 
0 0 
0 0 
0 0 
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0 0 5 
C13 

0 5 
C22 0 

C( e5) = 0 0 0 
0 0 0 
5 

C51 0 0 

Put 
0 0 4 -c12 
0 0 0 

H= 0 0 0 
0 0 0 
2 -c21 0 0 

and C1(x) = C(x)- A(X)H + HB(x) for x E g. Then 

1 
ell 0 0 0 0 0 
0 0 0 0 0 0 

C1(ei) = 0 0 0 C1(e2) = 0 2 c32 0 
0 0 1 

C43 0 0 0 
0 1 

c52 0 0 0 2 C53 
0 0 0 0 0 0 
0 0 3 

C23 0 0 0 
C1(e3) = 3 C31 0 0 C1(e4) = 0 0 0 

0 0 0 4 C41 0 0 
0 0 0 0 0 0 

0 0 cb'] 0 5 
C22 

C1(e5) = 0 0 0 . 
0 0 () 

5 0 ~ } c51 

By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 
Since for any virtual structure q condition (6), Chapter II, must be satisfied, 

after direct calculation we see that C 1 has the form indicated in the Lemma. 

Let (g, g) be a pair of type 5.3. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Then 

[e1, e2] = 0, 

[e1, e3] = e2, 

[e1, e4] = 0, 

[e1, e5] = e1, 

[e1,u1] = 0, 

[e2, e3] = -e3, 

[e2, e4] = e1, 

[e2, e5] = -e2, 

[e2, u1] = 3pe2, 

[e3,e4] = e5, 

[e3, e5] = -2e3,[e4, e5] = 2e4, 

[e3, u1] = 3pe3, [e4, u1] = -3pe4,[e5, u1] = 0, 

[e4,u2] = 0, 

[e4, u3] = 0, 

[e5,u2] = u2, 

[e5, u3] = -1l3. 
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Since the virtual structure q is primary, we have 

(Proposition 10, Chapter II). Therefore 

[u1,u2] = a2e2 +a2u2, 

[u1,u3] = b1e1 + (33u3, 

[u2,u3] = cses +r1u1. 

Using the Jacobi identity we see that 

3p{l 
a2 = --2-, 

b - 3p{l 
1- 2 ' 

3p{l 
cs = --. 

2 

/33 = 3p, 

Consider the following cases: 

1°. p = 0. 
Then the mapping 1r : £h -+ 9 such that 

1r(ei) = ei, i = 1, ... ,5, 

1r(u1)=u1, 

1r(u2) = u2- 11e2, 

1r(u3) = u3 + /1e1, 

establishes the equivalence of the pairs (91, gi) and (9, g). 

2°.p:yf0. 
Then the pair (9,g) is equivalent to the pair (92,g2) by means of the mapping 

1r : 92 -+ 9, where 

1 
1r( ei) = 3e1, 

1 
1r(e2) = 3e2, 

1r( e3) = e3, 

1r(e4) = e4, 

7r(es)=es, 

Since the Lie algebra 92 is simple, we see that the pairs (91, 91) and (92, 92) are 
not equivalent. 

This completes the proof of the Proposition. 
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Proposition 5.4. Any pair (g, g) of type 5.4 is trivial. 

[ ,] el ez e3 e4 es ul Uz U3 

el 0 0 0 0 es ul 0 0 
ez 0 0 0 e4 0 0 Uz 0 
e3 0 0 0 -e4 -es 0 0 U3 
e4 0 -e4 e4 0 0 0 0 Uz 
es -es 0 es 0 0 0 0 ul 
ul -ul 0 0 0 0 0 0 0 
Uz 0 -uz 0 0 0 0 0 0 
U3 0 0 -U3 -uz -ul 0 0 0 

Proof. Consider x E g such that 

G 
0 n X= 1 
0 

Note that xu= idu. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial. 

Proposition 5.5. Any pair (g, g) of type 5.5 is trivial. 

[ 'l el ez e3 e4 es Ul Uz U3 

el 0 0 0 e4 es Ul Uz 0 
ez 0 0 0 -es e4 -uz Ul 0 
e3 0 0 0 -e4 -es 0 0 U3 
e4 -e4 es e4 0 0 0 0 Ul 
es -es -e4 ea 0 0 0 0 [f Ul -ul Uz 0 0 0 0 
Uz -uz -ul 0 0 0 0 0 0 
U3 0 0 -u3 -ul -uz 0 0 0 

Proof. Consider x E g such that 

x= G 0 ~). 1 
0 1) 

Note that xu = idu. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial. 

Proposition 5.6. Any pair (g, g) of type 5.6 is trivial. 

[ ,] el ez e3 e4 es ul Uz U3 

el 0 0 0 e4 es ul 0 0 
ez 0 0 0 -e4 0 0 Uz 0 
e3 0 0 0 0 -es 0 0 U3 
e4 -e4 e4 0 0 0 0 ul 0 
es -es 0 es 0 0 0 0 Ul 
Ul -ul 0 a 0 0 0 0 0 
Uz 0 -uz 0 -Ul 0 0 0 0 
U3 0 0 -U3 0 -ul 0 0 0 

Proof. Consider x E g such that 

x= 0 ~ n 
Note that xu= idu. Then, by Proposition 13, Chapter II, the pair (g,g) is trivial. 
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Proposition 5.7. Any pair (g, g) of type 5. 7 is trivial. 

[ 'l el ez e3 e4 es ul Uz U3 

el 0 0 0 e4 es Ul 0 0 
ez 0 0 0 -e4 -es 0 Uz U3 
e3 0 0 0 -es ecT 0 -U3 (f e4 -e4 e4 es 0 0 Ul 
es -es es -e4 0 0 0 0 Ul 
ul -ul 0 0 0 0 0 0 0 
uz 0 -uz U3 -ul 0 0 0 0 
U3 0 -U3 -uz 0 -ul 0 0 0 

Proof. Consider x E g such that 

0 0 

D· X= 1 
0 

Note that xu= idu. Then, by Proposition 13, Chapter II, the pair (g,g) is trivial. 

Proposition 5.8. Any pair (g, g) of type 5.8 is trivial. 

[ ' l el ez e3 e4 es Ul Uz U3 

el 0 0 -e3 0 es 0 Uz 0 
ez 0 0 0 -e4 -es 0 0 U3 
e3 e3 0 0 0 e4 0 Ul 0 
e4 0 e4 0 0 0 0 0 Ul 
es -es ea -e4 0 0 0 0 (f ul 0 0 0 0 0 0 
uz -uz 0 -UI 0 0 0 0 0 
U3 0 -U3 0 -Ul -uz 0 0 0 

Proof. Let E = { e1, ez, e3, e4, es} be a basis of g, where 

(~ 
0 

~). (~ 
0 

~). e,= G 1 

D el = 1 e2 == 0 0 
0 0 0 

e•= G 0 D, e, = (~ 
0 n 0 0 

0 0 

Then 

0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 

A(e!) = 0 0 -1 0 0 ' A(ez) = 0 0 0 0 0 
0 0 0 0 0 0 0 0 -1 0 
0 0 0 0 1 0 0 0 0 -1 

0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 

A(e3) = 1 0 0 0 0 A( e4) = 0 0 0 0 0 
0 0 0 0 1 0 1 0 0 0 
0 0 0 0 0 0 0 0 0 0 
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0 0 0 0 0 
0 0 0 0 0 

A(es) = 0 0 0 0 0 
0 0 -1 0 0 

-1 1 0 0 0 

and for x E 9 the matrix B( x) is identified with x. 

By f) denote the nilpotent subalgebra of the Lie algebra 9 spanned by the vectors 
e1 and e2. 

Lemma. Any virtual structure q on generalized module 5.8 is trivial. 

Proof. Let q be a virtual structure on generalized module 5.8. Without loss of 
generality it can be assumed that q is primary. Since 

fl(o,o)((J) = !Re1 EB !Re2, 9(1'0)(()) = !Re3 

fi(0,-1)(()) = !Re4, 9(1,-1)(()) =IRes, 

we have 

1 0 0 2 0 0 0 3 0 (en en c12 

ll 
0 0 2 0 0 0 3 0 C21 C22 

C(e1)= 0 0 C( e2) = 0 0 0 , C(e3) = 3 0 0 C31 
0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 

0 0 4 
c13 0 0 0 

0 0 4 c23 0 0 0 
C(e4) = 0 0 0 , C(es) = 0 0 0 

4 
C41 0 0 0 0 0 
0 4 

C52 0 5 
C51 0 0 

Put 

3 -c12 0 0 
3 -c22 0 0 

H= 0 0 0 
0 0 0 
0 0 0 



400 III. THE CLASSIFICATION OF PAIRS 

and C1 = C(x) + A(x)H- HB(x) for x E g. Then 

1 ell 0 0 2 ell 0 0 0 0 0 
1 e21 0 0 2 e21 0 0 0 0 0 

C1(ei)= 0 0 0 C1(e2) = 0 0 0 ,C1(e3)= 3 e31 0 0 
0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 
0 0 4 e13 0 0 0 
0 0 4 e23 0 0 0 

C1(e4) = 0 0 0 , C1(es) = 0 0 0 
4 e41 0 0 0 0 0 
0 4 es2 0 5 es1 0 0 

By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 
Since for any virtual structure q condition (6), Chapter II, must be satisfied, 

after direct calculation we obtain: 

C1(ei)=0, i=1, ... ,5. 

This completes the proof of the Lemma. 

Let (g, g) be a pair of type 5.8. Then it can be assumed that the corresponding 
virtual pair (g, g) is trivial. Then 

[e1, e2] = 0, 

[e1, e3] = -e3, [e2, e3] = 0, 

[e1, e4] = 0, [e2, e4] = -e4, [e3, e4] = 0, 

r 1 " [e1,u1j = u, 

[e1 , u2 ] = u2, 

r 1 " [e2, U1j = u, 

[e2,u2] = 0, 

[e2, u3] = u3, 

r 1 n r 1 " [e3, U1j = U, [e4, U1j = U, 

[e3, u2] = u1, [e4, u2] = 0, 

[e3,u3)=0, [e4,u3)=u1, 

Since the virtual structure q is primary, we have 

(Proposition 10, Chapter II). Thus 

r 1 " [es,u1j = u, 

[es, u2] = 0, 

[es,u3) = u2. 

g(o,o)((J) = lfte1 E9lfte2 E9lftu1, g(l,o)((J) = lfte3 E9lftu2, 

g(0,-1)(()) = lfte4, g(1,-1)((J) = lftes, 

g(o,1)((J) = lftu3, 

[u1, u2) E g(l,O)((J), 

[u1, u3) E g(o,l)((J), 

[u2, u3] E 9(1'1)(()), 
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and 
[u1, u2] = a3e3 + a2u2, 

[u1, u3] = f33u3, 

[u2, u3] = 0. 

Using the Jacobi identity we see that the pair is trivial. 
This completes the proof of the Proposition. 

Proposition 5.9. Any pair (g, g) of type 5.9 is equivalent to one and only one 
of the following pairs: 

1. 
[ 'J el e2 e3 e4 es UI U2 U3 

el 0 0 (1 - A)e3 Ae4 es UI Au2 0 
e2 0 0 0 -e4 -es 0 0 U3 
e3 (,\- 1)e3 0 0 es 0 0 UI 0 
e4 -Ae4 e4 -es 0 0 0 0 U2 
es -es es 0 0 0 0 0 UI 
UI -UI 0 0 0 0 0 0 0 
u2 -Au2 0 -UI 0 0 0 0 0 
U3 0 -U3 0 -u2 -UI 0 0 0 

2. ,\ = 0 

[ 'J el e2 e3 e4 es UI u2 U3 

el 0 0 e3 0 es Ul 0 0 
e2 0 0 0 -e4 -es 0 0 U3 
e3 -e3 0 0 es 0 0 UI 0 
e4 0 e4 -es 0 0 es 2e4 U2 
es -es ea 0 0 0 0 es ul 
UI -UI 0 -es 0 0 -UI 0 
u2 0 0 -UI -2e4 -es UI 0 2u3 
U3 0 -U3 0 -u2 -UI 0 -2u3 0 

Proof. Let E = {e1,e2,e3,e4,e5} be a basis of g, where 

0 0 n, G 
0 

~). e,= G 1 

~)' el = ,\ e2 = 0 0 
0 0 0 

e4 = G 0 

D· G 
0 

~) 0 es = 0 
0 0 

Then 

0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 

A(ei) = 0 0 1-,\ 0 0 0 0 0 0 0 
0 0 0 ,\ 0 0 0 0 -1 0 
0 0 0 0 1 0 0 0 0 -1 

0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 

,\-1 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 -,\ 1 0 0 0 
0 0 0 1 0 0 0 -1 0 0 
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0 0 0 0 0 
0 0 0 0 0 

A(es) = 0 0 0 0 0 
0 0 0 0 0 

-1 1 0 0 0 

and for x E f1 the matrix B( x) is identified with x. 
By~ denote the nilpotent subalgebra of the Lie algebra f1 spanned by the vectors 

e1 and e2. 

Lemma. Any virtual structure C on generalized module 5. 9 is equivalent to one 
of the following: 

a) ,\ # 0, ~ 
C1(ei)=O, i = 1, ... '5; 

b),\=~ 
0 0 0 
0 0 0 

C2(ei) = 0, i = 1,2,3,5, C2( e4) = 0 0 p 
0 0 0 
0 0 0 

c),\= 0 

C3( ei) = 0, i = 1, 2, 3, 

0 0 0 0 0 0 
0 0 0 0 0 0 

C3( e4) = 0 0 0 C3(es)= 0 0 0 
0 2p 0 0 0 0 
p 0 0 0 p 0 

Proof. Let q be a virtual structure on the generalized module 5.9. Without loss 
of generality it can be assumed that q is primary. Since 

we have 
1°.A=0 

0 1 C12 
0 1 C22 

C(e1)= 1 c31 0 
0 0 
0 0 

fl(o,o)(~) =:> Re1 EB Re2, 

£1(1-.\,o)(~) =:> Re3, 

g(>-,- 1 )(~) =:> Re4, 

9(1,-1)(~) =:>Res, 

0 0 
0 0 
0 C( ez) = 2 C31 
0 0 
0 0 

U( 1 ' 0 )(~) =:> Ru1, 

uC»,o)(~) =:> Ru2, 

u(O,l)(~) =:> Ru3, 

2 c12 0 
2 C22 0 
0 0 C( e3) = 
0 0 
0 0 

0 0 0 
0 0 0 
0 3 C32 0 
0 0 0 
0 0 0 
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0 0 4 cl3 0 0 0 
0 0 4 

c23 0 0 0 
C(e4) = 0 0 0 C( e5) = 0 0 5 

C33 
0 4 

C42 0 0 0 0 
4 

C51 0 0 0 5 
c52 0 

2°. A=~ 

0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 

C(ei) = 0 1 c32 0 C( ez) = 0 2 
C32 0 C( e4) = 0 0 4 

C33 
0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 4 

C52 0 

C(e3) = C(e5) = 0. 

3°. A= 2 

3 en 0 0 0 0 0 
3 Czi 0 0 0 0 0 

C( ei) = 0, i = 1, 2, 4, C( e3) = 0 0 0 C(e5) = 0 0 0 
0 0 0 5 

C41 0 0 
0 0 0 0 0 0 

4°. A~ {0, ~,2}. 
C(ei) = 0, i = 1, ... ,5. 

Checking condition (6), Chapter II, after diect calculation we obtain 
A= 2: C(ei) = 0, i = 1, ... ,5; 
A= 0: 

(0 0 0\ 

C(e3 ) = l~ 
0 

~r C(e1) = C(ez) = 0, 4 + 5 C13 C33 
0 
0 

0 0 4 
C13 0 0 0 

0 0 4 
C23 0 0 0 

C(e4) = 0 0 0 C( e5) = 0 0 5 
C33 

0 4 0 0 0 0 C42 
4 4 4 4 

5 + C42+c23 0 0 0 4 + c42 -c23 0 C33 2 cl3 2 

A=~: 

0 0 0 
0 0 0 

C(ei) = 0, i = 1, 2, 3, 5, C(e4) = 0 0 4 
C33 

0 0 0 
0 4 

c52 0 

Consider the following cases: 
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0 cf3 0 
0 c~3 0 

1f = c~ 3 0 0 
0 0 0 
0 0 0 

and C1 (x) = C(x) + A(x)lf- lfB(x). Then 

0 0 0 0 
0 0 0 0 

C1( e4) = 0 0 0 C1(e5) = 0 
0 4 + 4 0 0 C42 C23 

c!2+ci3 0 2 0 0 

C1(ei)=0, i = 1,2,3. 

0 0 
0 0 
0 0 
0 0 

c!2+ci3 0 2 

By corollary 2, Chapter II, the virtual structures defined by C and C1 are equiv­
alent. 

2° . .A=~· Put 
0 0 0 
0 0 0 

lf= 0 4 C52 0 
0 0 0 
0 0 0 

and C2 (x) = C(x) + A(x)lf- lfB(x). Then 

By corollary 2, Chapter II, the virtual structures defined by the mappings C and 
C2 are equivalent. 
The proof of the Lemma is complete. 

Let (g, g) be a pair of type 5.9. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. 

Since the virtual structure q is primary, we have 

Thus, 

g(o,o)(~) = ~e1 EB ~e2, 

9(1->.,o)(~) = ~e3, g(l,o)(~) = ~u1, 
g(>-,- 1 )(~) = !Re4, g(>-,o)(~) = ~u2, 

g(l,-1)(()) = !Re5, g(O,l)(f)) = Ru3, 



5. FIVE-DIMENSIONAL CASE 

and 

Consider the following cases: 

[u1, u2] E g(l+>-,o)(~), 

[u1, u3] E g(l,l)((J), 

[u2, u3] E g(>-,l)(~). 

[u1,u2] = a3e3 +a1u1, 

[u1, u3] = 0, 

[u2, u3] = {3U3. 
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Using the Jacobi identity we sec that a3 = 0, a1 = -p, {3 = 2p, and the pair 
(g, g) has the form: 

[ 'l el e2 e3 e4 es Ul U2 U3 

el 0 0 ea 0 es ul 0 0 
e2 0 0 -e4 -es 0 0 U3 
e3 -e3 0 0 es 0 0 Ul 0 
e4 0 e4 -es 0 0 pes 2pe4 U2 
es -es es 0 0 0 0 pes U1 
Ul -ul 0 0 -~es 0 0 -P.Ul 0 
u2 0 0 -ul - pe4 -pes ul 0 2pu3 
U3 0 -U3 0 -u2 -ul 0 -2pu3 0 

1.1°.p=0. Then the pair (g, g) is equivalent to the trivial pair (g1, gi). 

1.2°. p -::f. 0. Then the pair (g,g) is equivalent to the pair (j:,b,g2 ) by means of 
the mapping 1r : g2 --t g, where 

1r(ei) = ei, i = 1, ... ,5, 

1r(uj)=puj, j=1,2,3. 

[u1, u2] = 0, 

[u1, u3] = 0, 

[u2, u3] = 0. 

Using the Jacobi identity we obtain that p = 0, and the pair (g, g) is equivalent 
to the trivial pair (gl, 91 ). 

3°.-A~{O,~}. 
3.1°. A = -1. Then 

[u1,u2] = a1e1 + a2e2, 

[u1, u3] = 0, 

[u2, u3] = 0. 

Using the Jacobi identity we see that the pair (g, g) is equivalent to the trivial 
pair (!h, gi). 
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3.2°. ,\ tf_ {-1,0, ~}.Then 
[u1, uz] = 0, 

[u1, u3] = 0, 

[u2, u3] = 0, 

and the pair (g, g) is trivial. 

Since dim 'D2 g1 = 3, dim 'D2 i:Jz = 6, we see that the pairs (g1, .91) and (g2, g2) are 
not equivalent. 

Proposition 5.10. Any pair (g, g) of type 5.10 is equivalent to one and only 
one of the following pairs: 

1. 

[ 'l e1 e2 e3 e4 es U1 u2 U3 

e1 0 0 e3 (1- >.)e4 ->.es U1 0 AU3 

e2 0 0 -e3 -pe4 (1 - 1-l )es 0 u2 /-lU3 
e3 -e3 e3 0 0 e4 0 U1 0 
e4 (>.- 1)e4 f-le4 0 0 0 0 0 u1 
es >.es (p - 1 )es -e4 0 0 0 0 u2 
u1 -u1 0 0 0 0 0 0 0 
u2 0 -u2 -u1 0 0 0 0 0 
U3 -,\u3 -pu3 0 -u1 -u2 0 0 0 

2. >-=~,p=-~ 

[ ' l e1 e2 e3 e4 es u1 u2 U3 

e1 0 0 e3 le4 1 u1 0 1 --es -u3 

e2 0 0 -e3 r 32 
0 

21 
-e4 2es u2 --U3 

e3 -e3 e3 0 20 e4 0 U1 n 
1 1 0 0 0 0 0 e4 --e4 --e4 u1 12 ~ 0 0 0 0 es 2es --es -e4 u2 

U1 -ul 0 0 0 0 0 0 0 
u2 0 -u2 -u1 () () () () e4 u u u u 

1 ~U3 0 0 0 U3 -2U3 -ul -u2 -e4 

3. ,\ = -1, 1-l = 1 

[ ' l e1 e2 e3 e4 es ul u2 U3 

e1 0 0 e3 2e4 es ul 0 -U3 
e2 0 0 -e3 -e4 0 0 u2 U3 
e3 -e3 e3 0 0 e4 e4 ul e2 
e4 -2e4 e4 0 0 0 0 0 Ul 
es -es 0 -e4 0 0 0 0 u2 
Ul -ul 0 -e4 0 0 0 0 u2 
u2 0 -u2 -ul 0 0 0 0 0 
U3 U3 -U3 -e2 -ul -u2 -u2 0 0 

4. ,\ = -1, 1-l = 3 

[ ' l el e2 e3 e4 es Ul u2 U3 

el 0 0 e3 2e4 es Ul 0 -U3 
e2 0 0 -e3 -3e4 -2es 0 u2 3u3 
e3 -e3 e3 0 0 e4 0 Ul 0 
e4 -2e4 3e4 0 0 0 0 0 u1 
es -es 2es -e4 0 0 0 

ea ucf 
Ul -ul 0 0 0 0 0 
u2 0 -uz -ul 0 -e3 0 0 0 
u3 U3 -3u3 0 -ul -u2 0 0 0 
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5. ,\ = 0, f.l = 0 

[' l el e2 e3 e4 es UI u2 U3 

el 0 0 e3 e4 0 UI 0 0 
e2 0 0 -e3 0 es 0 U2 0 
e3 -e3 e3 0 0 e4 0 ul 0 
e4 -e4 0 0 0 0 0 0 UI 
es 0 -es -e4 0 0 0 0 u2 
ul -ul 0 0 0 0 0 0 e4 
u2 0 -u2 -ul 0 0 0 0 ea 
U3 0 0 0 -ui -u2 -e4 -es 

6. ,\ = 0, f.l = 0 

[,] el e2 e3 e4 es UI U2 U3 

e1 0 0 e3 e4 0 U1 0 0 
e2 0 0 -e~ 0 es 0 u2 0 
e3 -e3 e3 

o,j 0 e4 0 u1 0 
e4 -e4 0 0 0 0 0 0 u1 
es 0 -es -e4 0 0 0 0 u2 
u1 -u1 0 0 0 0 0 0 -e4 
u2 0 -u2 -u1 0 0 0 0 -es 
U3 0 0 0 -u1 -u2 e4 es 0 

7. A.=l f.l=O 2' 

[' l e1 e2 e3 e4 es U1 U2 U3 

0 0 1 1 0 1 e1 e3 -e4 -z-es U1 2u3 
e2 0 0 -e3 20 es 0 U2 e4 
e3 -e3 e3 0 0 e4 0 U1 0 
e4 

1 0 0 0 0 0 0 u1 --e4 

es 
12 

-es -e4 0 0 0 0 u2 z-es 
U1 -u1 0 0 0 0 0 0 0 
u2 0 -u2 -U1 0 0 0 0 0 
U3 

1 
-e4 0 -u1 -u2 0 0 0 -z-u3 

8. ,\ = ~' f.l = 0 

[' l e1 e2 e3 e4 es U1 U2 U3 

0 0 1 1 0 1 e1 e3 -e4 -z-e5 U1 zU3 + e4 
e2 0 0 -e3 20 es 0 u2 ooe4 
e3 -e3 e3 0 0 e4 0 U1 0 

1 0 0 0 0 0 0 ul e4 --e4 
12 

-es -e4 0 0 0 0 U2 es z-es 
U1 -U1 0 0 0 0 0 0 0 
U2 0 -u2 -u1 0 0 0 0 0 
U3 

1 -ooe4 0 -Ul -u2 0 0 0 -z-u3- e4 

9. A.=-~,f.l=l 

[ 'l el e2 e3 e4 es U! u2 U3 

0 0 3 1 0 1 e1 e3 z-e4 -e5 U1 -z-u3 
e2 0 0 -e3 -e4 20 0 U2 U3 
e3 -e3 e3 0 0 e4 0 U1 es 

3 0 0 0 0 0 u1 e4 --e4 e4 
es ! 0 -e4 0 0 0 0 u2 -z-es 
U! -U1 0 0 0 0 0 0 0 
u2 0 -u2 -ul 0 0 0 0 0 
U3 

1 
-U3 -e5 -ul -u2 0 0 0 z-u3 



408 III. THE CLASSIFICATION OF PAIRS 

Proof. Let E = { e1, e2, e3, e4, es} be a basis of g, where 

e, ~ G 0 n e, ~ 0 0 

D· e, ~ G 1 n, 0 1 0 
0 0 0 

e.~ G 0 

D· e,~ G 0 

D 0 0 
0 0 

Then 

0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 

A(ei) = 0 0 1 0 0 ' A(e2) = 0 0 -1 0 0 
0 0 0 1-A. 0 0 0 0 -p 0 
0 0 0 0 -A. 0 0 0 0 1-p 

0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 

A( e3) = -1 1 0 0 0 ' A( e4) = 0 0 0 0 0 
0 0 0 0 1 A.-1 J.L 0 0 0 
0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 
0 0 0 0 0 

A(es) = 0 0 0 0 0 
0 0 -1 0 0 
A. p-1 0 0 0 

and for x E g the matrix B ( x) is identified with x. 
By f) denote the nilpotent sub algebra of the Lie algebra g spanned by e1 and e2. 

Lemma. Any virtual structure q on the generalized module 5.10 is equivalent 
to one of the following: 

a) (A.,p) ~ {(0,0),(-1,1),(0,2),(-1,3),(1,-1),0,0),(-~,1)} 

CI(ei)=O, i = 1, ... '5; 

b) (A., J.L) = ( -1, 1) 

0 0 p 0 0 0 
0 0 q 0 0 0 

C2(ei)=O, i=1,2,5, C2(e3)= 0 0 0 , C2(e4) = 0 0 0 
q-2p-r 0 0 0 0 0 

0 r-p 0 0 0 r 

c) (A., J.L) = (0, 2) 

0 0 0 0 p 0 
0 0 0 0 q 0 

C3(ei) = 0, i = 1,2,3, C3( e4) = 0 q-p 0 C3(es) = q-p 0 0 2 ' 2 
0 0 0 0 0 0 
0 0 0 0 0 0 
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d) (A, 11) = ( -1 , 3) 

0 0 0 
0 0 0 

C4(ei)=O, i=1, ... ,4, C4(es)= 0 p 0 
0 0 0 
0 0 0 

e) (A, 11) = (0, 0) 

0 0 p 0 0 q 
0 0 p 0 0 q 
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Cs(ei) = 0 0 0 ' Cs(e2) = 0 0 0 
' Cs(ei) = 0, i = 3,4,5; 

-p 0 0 -q 0 0 
0 -p 0 0 -q 0 

f) (A,I1) = (1, -1) 

0 0 0 0 0 0 
0 0 0 0 0 0 

C6(ei)= 0 0 p 
' C6( e2) = 0 0 q 

' C6(ei) = 0, i = 3,4,5; 
0 -p 0 0 -q 0 
0 0 0 0 0 0 

g) (A, 11) = 0, 0) 

c,(ei) = n 0 

n c,(e,) = n 0 n, 0 0 
0 0 C7( ei) = 0, i = 3, 4, 5; 
0 0 

\o 0 aJ \o 0 6/ 

h) (A,I1) = (-~,1) 

0 0 0 
0 0 0 

Cs(ei) = 0, i = 1,2,4,5, Cs( e3) = 0 0 0 
0 0 0 
0 0 p 

Proof. Let q be a virtual structure on the generalized module 5.10. Without loss 
of generality it can be assumed that q is primary. Since 

g(o,o)(~) :) ~e1 EB ~e2, U(l,o)(~) :) ~u1, 

g(l,- 1 )(~) :) ~e3, U(0, 1 )(~) :) ~u2, 

g(l--\,-~t)(~) :) ~e4, 

g(--\,1-tL)(~):) ~es, 
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we have: 

0 0 1 
C13 0 0 2 c13 

0 0 1 
C23 0 0 2 

C23 
C(ei) = 0 0 1 

C33 C(e2) = 0 0 2 
C33 

1 
C41 

1 
C42 

1 
C43 2 

c41 
2 

C42 
2 

C43 
1 

C51 1 C52 1 
C53 2 C51 2 C52 2 C53 

0 0 3 c13 4 
ell 

4 
C12 0 

0 0 3 
C23 

4 
C21 

4 c22 0 
C(e3) = 0 0 3 C33 C(e4) = 4 c31 4 c32 0 

3 
C41 

3 
C42 3 

C43 0 0 4 
C43 

3 
C51 

3 
C52 

3 
C53 0 0 4 C53 

5 
ell 

5 
C12 0 

5 c21 5 
C22 0 

C(e5) = 5 c31 5 
C32 0 

0 0 5 
C43 

0 0 5 
C53 

Checking condition (6), Chapter II, we obtain: 

a) (A,f-L) rf. {(0,0),(-1,1),(0,2),(-1,3),(1,-1),(~,0),(-~,1)} 

( 0 
0 

C(el) = l 0 
1 C41 

(1 + A)cg3 

where 

Now put a13 

0 1 0 C13 \ 
0 ,.,1 n 

v 

0 c~3 , C( e2) = 0 
1 2 C42 C43 C41 
1 

C52 

"23) 
1 

C53 (1 - f-L )cg3 

f-Lci3 = Aci3' 

f-LC11 = Ac~1' 
f-LCb = Ac§2, 

(!-L + 1)cl2 = (,\- 1)c~2 , 

f-LC~3 = ,\c~3' 
(!-L + 1 )c~ 3 = ( ,\ - 1 )c~ 3 , 

2f-Lcl3 = (2,\ - 1 )c~ 3 , 

(2!-L -1)cb = 2,\c~ 3 . 

0 
n 
v 

0 
2 

C42 
2 

c52 

2 
c13 
2 c23 
2 

C33 
2 

C43 
2 

C53 
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Put 
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0 
0 
0 

Aa41 

0 
0 
0 

Aa13 
>.a23 

(>.+1)cg3 
(>.- 1)a42 

Aas2 

(>.- 1)a33 
(2>. - 1 )a43 

2Aas3 

0 
0 
0 

J.W41 

0 
0 
0 

(1 + J.l )a42 

J.La13 
J.La23 

(1 + J.l )a33 
2~-ta43 

(1-~-t)cg3 ( 2~-t - 1 )as3 

0 0 0 
0 0 0 
0 0 -a23 + a13 

-as3 
0 

0 0 0 
0 0 0 
0 0 0 
0 0 (1 - >.)a13 - J.ta23 + a41 
0 0 4 C53 
0 0 0 
0 0 0 
0 0 0 
0 0 a33 + a42 
0 0 - >.a13 + (1 - J.l )a23 + as2 

0 0 a13 
0 0 a23 

H= 0 0 a33 
a41 a42 a43 
4 C53 a 52 a 53 

and C1(x) = C(x) + A(x)H- HB(x). Then 

C1(ei) = 0, i = 1, ... ,5. 

By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 
b) (>., J.t) = ( -1, 1) 

C(ei) = C(e2) = C(es) = 0, 

0 0 3 c13 0 0 0 
0 0 3 C23 0 0 0 

C( e3) = 0 0 0 C(e4) = 0 0 0 
4 2 3 + 3 -c53 - C13 C23 0 0 0 0 0 

0 4 3 C53 - C13 0 0 0 4 C53 

411 
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Now we can put C2 =C. 
Similarly we obtain the other results of the Lemma. 

Let (g,g) be a pair of type 5.10. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Consider the following cases: 

1°. (>.,p) rf_ {(0,0),(-1,1),(0,2),(-1,3),(1,-1),0,0),(-~,1)}. Then 

[e1,e2] = 0, 

[e1, e3] = e3, [e2, e3] = -e3, 

[e2, e4] = -pe4, [e3,e4] = 0, [e1, e4] = (1- >.)e4, 

[e1, es] = -Aes, 

[e1,u1] = u1, 

[e2, es] = (1- p)es, 

[e2,u1] = 0, 

[e3,es] = e4, [e4,es] = 0, 

[e1, u2] = 0, 

[e1, u3] = Au3, 

[e2,u2] = u2, 

[e2,u3] = pu3, 

[e3, u1] = 0, [e4, u1] = 0, [es, u1] = 0, 

[e3,u2] = u1, [e4,u2] = 0, [es,u2] = 0, 

[e3, u3] = 0, [e4, u3] = u1, [es, u3] = u2. 

Since the virtual structure q is primary, we have 

ga(fJ) = ga((J) x ua((J) for all a E f)* 

(Proposition 10, Chapter II). Thus 

and 

g(o,o)(fJ) :J ~e1 ffi ~e2, g(l,-1)((J) :J ~e3, 

g(>-,~t)((J) :J ~u3, 

g(->.,1-~t)(fJ) :J ~es, 

g(o,1)(fJ) :J ~u2, 

[u1, u2] E g(1'1)((J), 

[u1, u3] E g(>-+1,1-!)((J), 

[u2, u3] E g(>-,~t+l)((J), 

[u1, u2] = a4e4 + ases + a3u3, 

[u1, u3] = b1e1 + b2e2 + b3e3 + b3e3 + bses + f32u2, 

[u2, U3] = C1e1 + C2e2 + C3e3 + C4e4 + C5e5 + 11 U1. 

Let (A,p) f=. (~,-~). Using the Jacobi identity we see that the pair (g,g) is 
equivalent to the trivial pair (g1 , g1 ). Otherwise the pair (g, g) has the form: 

[ ' l e1 e2 e3 e4 es U1 u2 U3 

e1 0 0 e3 1 1 U1 0 1 -e4 --es -U3 
e2 0 0 -e3 t 32 

0 
21 

-e4 2es U2 --U3 
e3 -e3 e3 0 20 e4 0 u1 b 
e4 1 1 0 0 0 0 0 --e4 --e4 u1 12 ~ 0 0 0 0 es 2es --es -e4 u2 
U1 -u1 0 0 0 0 0 0 0 
u2 0 -u2 -u1 0 0 0 0 c4e4 1 1 0 0 0 U3 -2U3 2U3 -ul -u2 -c4e4 
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Consider the following cases: 
1.1°. c4 = 0. Then the pair (9, g) is trivial. 
1.2°. c4 #- 0. Then the pair (9, g) is equivalent to the pair (92 , g2 ) by means of 

the mapping 1r : 9z -----+ g, where 

2°. (A.,J.L) = (-1, 1). Then 

[e1,e2] = 0, 

[e1,e3] = e3, [e2,e3] =-e3, 

7r(ei) = ei, i = 1,2,5, 

1r( e3) = {YC4e3, 

1r(e4) = {YC4e4, 

1r(u1) = u1, 

1 
7r( u2) = a/7:" uz' -? C4 

1 
1r(u3) = -u3. 

~ 

[e1,e4] = 2e4, [e2,e4] =-e4, [e3,e4] = 0, 

[e1, es] = es, [e2, es] = 0, [e3, es] = e4, [e4, es] = 0, 

[e1,u1] = u1, [e2,u1] = 0, [e3,u1] = (q-r-2p)e4, [e4,u1] = 0, 

[e1,u2] = 0, [e2,u2] = u2, [e3,u2] = u1-pe4-res, [e4,u2] = 0, 

[e1, u3] = -u3, [e2, u3] = u3, [e3, u3] = pe1 +qe2, 

Since virtual structure q is primary, we have 

and 

9(o,o)(~) = Re1 EB Rez, 9( 1 ,- 1 )(~) = Re3, 

9(2 ,- 1 )(~) = Re4, g( 1 ' 0 )(~) =Res EB Ru1, 

9( 0 ' 1 )(~) = Ru2, 9(-1'1)([)) = Ru3, 

[u1, u2] E 9( 1 ' 1 )(~), 

[u1, u3] E 9(0 ' 1 )(~), 

[uz, u3] E g( - 1 ' 2 )(~), 

[u1, u2] = 0, 

[u1, u3] = f32u2, 

[uz, u3] = 0. 

Using the Jacobi identity we see that the pair (9,g) has the form: 

[ ' l e1 e2 e3 e4 es ul u2 

e1 0 0 e3 2e4 ea Ul 0 
ez 0 0 -e3 -e4 0 u2 
e3 -e3 e3 0 0 e4 (q-r)e4 u1 +res 
e4 -2e4 e~ 0 0 0 0 0 
es -es 

(r =eq)e4 
0 0 0 0 

U1 -u1 0 0 0 0 0 
u2 0 -u2 -u1-res 0 0 0 0 
U3 U3 -U3 -qe2 -u1-res -uz (:r- q)uz 0 

[es, u1] = 0, 

[es, u2] = 0, 

u3 

-U3 
U3 
qe2 

u1 +res 

(q~~uz 
0 
0 
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Consider the following cases: 
2.1°. q = 0. Then the pair (g,g) is equivalent to the trivial pair (g1,gr) by 

means of the mapping 7r: £h -+ 9, where 

7r(ei) = ei, i = 1, ... ,5, 

1r(u1) = u1 +res, 

1r( uz) = Uz, 

1r(u3)=u3. 

2.2°. q "/:- 0. Then the pair (9, g) is equivalent to the pair (g3,.g3) by means of 
the mapping 7r : 93 -+ g, where 

7r(ei) = ei, i = 1,2,3, 

1r( e4) = qe4, 

1r( es) = qes, 

1r(u1) = u1 +res, 

1r( uz) = u2, 

1 
1r( u3) = -u3. 

q 

The other cases can be considered similarly. 

Now it remains to show that the pairs determined in the Proposition are not 
equivalent to each other. 

Since 
dim Z(D91/ Z(D91 )) "/:- dimZ(D92/ Z(D92)), 

we see that the pairs (£h, gl) and (92, g2) are not equivalent. 
Since dim D91 "/:- dim D93, we see that the pairs (91, 91) and (93, g3) are not 

equivalent. 
Since dim D2 91 "/:- dim D2 94, we see that the pairs (91, 91) and (94, 94) are not 

equivalent. 
Consider the homomorphisms fi: fii-+ g((2,IR), i = 1,5,6, where fi(x) is the 

matrix of the mapping ad lv2 9;x in the basis { e4, ul} of fii· Since the subalgebras 
fi(9i), i = 1, 5, 6, are not conjugate, we conclude that the pairs (gi, fli), i = 1, 5, 6, 
are not equivalent. 

Since dim D2g1 "/:- dim D2g9 , we see that the pairs (91, gl) and (99 , g9 ) are not 
equivalent. 

Consider the homomorphisms 

fi : 9i -+ g((5, IR), i = 1, 7, 8, 

where fi(x) is the matrix of the mapping 

D9i/ Z(D9i)-+ Dgi/ Z(Dgi), y + Z(Dgi) f--* [x, y] + Z(Dgi) 

in the basis { e3 + Z(Dgi), e4 + Z(Dgi), es + Z('Dgi), Uz + Z('D9i), u3 + Z('Dgi)}. 
Since the subalgebras fi(gi) are not conjugate, we conclude that the pairs (9idJi) 

are not equivalent. 
Thus the proof of the Proposition is complete. 
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6. Six-dimensional case 

Proposition 6.1. Any pair (.g, g) of type 6.1 is equivalent to one and only one 
of the following pairs: 

1. 

[ ' l el e2 e3 e4 es e6 UI U2 U3 

el 0 2e2 -2e3 0 es -e6 UI -u2 0 
e2 -2e2 0 ed 0 0 es 0 UI 0 
e3 2e3 -el 0 e6 0 u2 0 0 
e4 0 0 0 0 ea e~ (f (f 0 
es -es 0 -e6 -es UI 
e6 e6 -es 0 -e6 0 0 0 0 u2 
UI -ul 0 -u2 -ul 0 0 0 0 0 
U2 U2 -ul 0 -u2 0 0 0 0 0 
U3 0 0 0 0 -ul -u2 0 0 0 

2. 

[ ' l el e2 e3 e4 es e6 UI u2 U3 

el 0 2e2 -2e3 0 ea -e6 UI -u2 0 
e2 -2e2 0 ea 0 es 0 UI 0 
e3 2e3 -el 0 e6 0 u2 0 0 
e4 0 0 0 0 ea e6 U] U2 0 
es -es 0 -e6 -es 0 0 0 UI 
e6 e6 -es 0 -e6 0 0 0 0 U2 
ul -ul 0 -u2 -ul 0 0 0 0 es 
u2 U2 -ul 0 -u2 0 0 0 0 e6 
U3 0 0 0 0 -ul -u2 -es -e6 0 

3. 

[ ' l el e2 e3 e4 es e6 ul u2 U3 

el 0 2e2 -2e3 0 es -e6 ul -u2 0 
e2 -2ez 0 ea 0 0 es 0 Ul 0 
e3 2e3 -el 0 e6 0 U2 0 0 
e4 0 0 0 0 ea e6 ul U2 0 
es -es 0 -e6 -es 0 0 0 UI 
e6 e6 -es 0 -e6 0 0 0 0 U2 
ul -ul 0 -u2 -ul 0 0 0 0 -es 
u2 ucf -ul 0 -u2 0 0 0 0 -e6 
U3 0 0 0 -ul -u2 es e6 0 
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Then 

0 0 0 0 0 0 0 0 1 0 0 0 
0 2 0 0 0 0 -2 0 0 0 0 0 

A( ei) = 
0 0 -2 0 0 0 

A( e2) = 
0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 1 0 0 0 0 0 0 1 
0 0 0 0 0 -1 0 0 0 0 0 0 

0 -1 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 

A(e3) = 
2 0 0 0 0 0 

A( e4) = 
0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 1 0 
0 0 0 0 1 0 0 0 0 0 0 1 

0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 

A( e5) = 
0 0 0 0 0 0 

A( e6) = 
0 0 0 0 0 0 

0 0 0 0 0 0 ' 0 0 0 0 0 0 
-1 0 0 -1 0 0 0 -1 0 0 0 0 
0 0 -1 0 0 0 1 0 0 -1 0 0 

and for x E g the matrix B( x) is identified with x. 

By f) denote the nilpotent subalgebra of the Lie algebra g spanned by the vectors 
e1 and e4. 

Lemma. Any virtual structure q on generalized module 6.1 is equivalent to one 
of the following: 

0 0 0 
0 0 0 

C(ei)=O, i=1,2,3,5,6, C(e4) = 
0 0 0 
0 0 -p 

p 0 0 
0 p 0 

Proof. Let q be a virtual structure on generalized module 6.1. Without loss of 
generality it can be assumed that q is primary. Since 

g(o,o)((J) = lRe1 E8lRe4, 

g(2,o)(fJ) = JRe2, 

g(-2,0)(()) = JRe3, u(l,l)(f)) = JRul, 

g(l,l)(f)) = JRe5, u(-l,l)(f)) = JRu2, 

g(-l,l)(f)) = JRe6, uco,o)((J) = JRu3, 
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we have 

0 0 1 
c13 0 0 0 

0 0 0 0 0 2 
c23 

0 0 0 0 0 0 
0 0 1 

C43 0 0 0 
1 

C51 0 0 0 2 
Cs2 0 

0 1 
c62 0 0 0 0 

0 0 0 0 0 4 
c13 

0 0 0 0 0 0 
0 0 3 

C33 0 0 0 
0 0 0 0 0 4 

C43 

0 0 0 4 
Cs1 0 0 

3 
c61 0 0 0 4 

c62 0 

0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 
0 0 0 

C( es) = 
0 0 0 
0 0 0 

0 0 5 
C53 0 0 0 

0 0 0 0 0 6 
c63 

Put 
0 0 h13 

0 0 0 

H= 0 0 0 
0 0 h43 

hs1 0 0 
0 h62 0 

where the set of coefficients hij is a solution of the following system: 

c~ 3 = 2h13 

c~ 2 = h62 - h51 

c~ 3 = h13 - h43 - h62 

c~ 3 = -h13 - h43 - hs1 

Note that the solution exists, since the matrix of the system is non-singular. 
Now put C 1(x) = C(x)- A(X)H + HB(x) for x E g. Then 

0 0 1 
c13 0 0 0 

0 0 0 0 0 2 
c23 

C1(ei) = 
0 0 0 

C1(e2) = 
0 0 0 

0 0 1 ' 0 0 0 C43 
1 

Cs1 0 0 0 0 0 
0 1 

c62 0 0 0 0 
0 0 0 0 0 4 

c13 

0 0 0 0 0 0 

C1(e3) = 0 0 0 
C1( e4) = 0 0 0 

0 0 0 0 0 4 
C43 

p 0 0 4 
cs1 0 0 

3 0 0 0 4 0 c61 c62 

417 
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CI(es) = C1(e5) = 0. 

By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 
Since for any virtual structure q condition (6), Chapter II, must be satisfied, 

after direct calculation we see that C1 has the form determined in the Lemma. 
This completes the proof of the Lemma. 

Let (g, g) be a pair of type 6.1. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Then 

[e1,e2]=2e2, 

[ e1 ,e3] = -2e3 ,[ e2 ,e3] = e1, 

[e1,e4]=0, [e2,e4]=0, [e3,e4]=0, 

[ei,es]=es, [e2,es]=O, [e3,es]=e5, [e4,es]=es, 

[el,e6]=-e6, [e2,e5]=es, [e3,e5]=0, [e4,e5]=e5, 

[e1 ,u1] = u1, [e2,u1] = 0, [e3,u1] =u2,[e4,u1]-pes+ul?[es,u1] =0, [e5,u1] = 0, 

[e1,u2] =-u2, [e2,u2] =u1,[e3,u2] =0, [e4,u2] =pe5+u2,[es,u2] =0, [e5,u2] =0, 

[e1,u3]=0, [e2,u3]=0, [e3,u3]=0, [e4,u3]=-pe4, [es,u3]=ub[e5,u3]=u2. 

Since the virtual structure q is primary, we have 

(Proposition 10, Chapter II). Therefore 

[u1, u2] = 0, 

[u1,u3] = bses +(huh 

[u2, u3] = c5e5 + [2U2. 

Using the Jacobi identity we see that the pair (g, g) has the form: 

[' l el e2 e3 e4 es e6 Ul U2 

el 0 2e2 -2e3 0 es -e6 Ul -u2 
e2 -2e2 0 ed 0 0 es 0 ul 
e3 2e3 -el 0 e6 0 u2 0 
e4 0 0 0 0 es e6 ul u2 
es -es 0 -e6 -es 0 0 0 0 
e6 e6 -es 0 -e6 0 0 0 0 
ul -Ul 0 -u2 -ul 0 0 0 0 
u2 U2 -ul 0 -u2 0 0 0 0 
u3 0 0 0 0 -ul -u2 -bses-f3Iul -bse6-f3Iu2 

Then the mapping 1r : g' -t g such that 

U3 

0 
0 
0 
0 

Ul 
U2 

bses + f3I u1 
bse6 +/11 u2 

0 
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establishes the equivalence of pairs (£h, fll) and (9', g'), where the latter has the 
form: 

[ ,] el e2 e3 e4 es e6 U} u2 U3 

el 0 2e2 -2e3 0 es -e6 Ul -u2 0 
e2 -2e2 0 ed 0 0 es 0 ul 0 
e3 2e3 -el 0 e6 0 U2 0 0 
e4 0 0 0 0 es e6 Ul u2 0 
es -es 0 -e6 -es 0 0 0 0 Ul 
e6 e6 -es 0 -e6 0 0 0 0 u2 
UI -ul 0 -u2 -ul 0 0 0 0 bses 
U2 u2 -ul 0 -u2 0 0 0 0 bse6 
U3 0 0 0 0 -ul -u2 -bses -bse6 0 

Consider the following cases: 

1°. b5 = 0. Then the pair (9',g') is equivalent to the trivial pair (91,gi). 
2°. b5 > 0. Then the pair (9', g') is equivalent to the pair (92, f12) by means of 

the mapping 7f : 92 --+ 9' ,where 

7r(ei)=ei, i=1, ... ,6, 

7r(uj)=Auj, j=1,2,3. 

3°. b5 < 0. Then the pair (g', g') is equivalent to the pair (g3, .93) by means of 
the mapping 7f : 92 --+ 9', where 

7r(ei) = ei, i = 1, ... ,6, 

1r(uj) = .;=b;uj, j = 1,2,3. 

Now it remains to show that the pairs determined in the Proposition are not 
equivalent to each other. 

Let ai denote the radical of Dgi for i = 1, 2, 3. Consider the homomorphisms 
fi: 9i--+ g((4,JR), i = 1,2,3, where fi(x) is the matrix of the mapping ada; x in 
the basis { e6, e6, u1, u2}, x E 9i. 

Since the subalgebras fi(fli), i = 1, 2, 3, are not conjugate, we conclude that the 
pairs (9i, g), i = 1, 2, 3, are not equivalent to each other. 

Proposition 6.2. Any pair (g, g) of type 6.2 is trivial. 

[ ,] el e2 e3 e4 es e6 Ul U2 U3 

el 0 0 0 (,\-l)e4 0 (,\- l)e6 Au1 Au2 U3 
e2 0 0 2e3 e4 -2es -e6 U} -u2 0 
e3 0 -2e3 0 0 e2 e4 0 U} 0 
e4 (1 - A)e4 -e4 0 0 -e6 0 0 0 U} 

es 0 2es -e2 e6 0 0 U2 0 0 
e6 (1 - A)e6 e6 -e4 0 0 0 0 0 U2 

UI -,\ul -ul 0 0 -u2 0 0 0 0 
u2 -Au2 u2 -ul 0 0 0 0 0 0 
U3 -u3 0 0 -ul 0 -u2 0 0 0 
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Proof. Let£= {e1, ez, e3, e4, es, e6} be a basis of g, where 

el ~ 0 0 

D· e, ~ 0 0 

D· e,~ 0 1 

~), ,\ -1 0 
0 0 0 

e, ~ G 0 

~)' e, ~ 0 0 

~)' (~ 
0 

D 0 0 e6 = 0 
0 0 0 

Then 

0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 

A(ei) = 
0 0 0 0 0 0 

A(ez) = 
0 0 2 0 0 0 

0 0 0 ,\-1 0 0 0 0 0 1 0 0 
0 0 0 0 0 0 0 0 0 0 -2 0 
0 0 0 0 0 ,\-1 0 0 0 0 0 -1 

0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 1 0 0 0 0 0 0 0 
0 -2 0 0 0 0 

A(e4) = 
0 0 0 0 0 0 

0 0 0 0 0 1 1-,\ -1 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 -1 0 

0 0 0 0 0 0 0 0 0 0 0 0 
0 0 -1 0 0 0 0 0 0 0 0 0 

A(es) = 
0 0 0 0 0 0 

A( e6) = 
0 0 0 0 0 0 

0 0 0 0 0 0 0 0 -1 0 0 0 
0 2 0 0 0 0 0 0 0 0 0 0 
0 0 0 1 0 0 .1- ,\ 1 0 0 0 0. 

and for x E g the matrix B( x) is identified with x. 

Lemma. Any virtual structure q on generalized module 6.2 is trivial. 

Proof. Let q be a virtual structure on generalized module 6.2. Note that 

is a semisimple subalgebra of the Lie algebra g. Without loss of generality it can 
be assumed that q( a) = { 0}. Therefore 

C(ei) = (c;k)I::;;j::;;6,i = 1,4,6, C(ez) = C(e3) = C(es) = 0. 
I::;;k::;;3 

Checking condition (6), Chapter II, we obtain: 

0 0 1 c13 0 0 0 
0 0 0 0 0 0 

C(e1)= 
0 0 0 

C( e4) = 
0 0 0 

0 0 0 0 0 ( ,\ - 1 )ci3 
0 0 0 0 0 0 
0 0 0 0 0 0 
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0 0 0 
0 0 0 

C( e6) = 
0 0 0 
0 0 0 
0 0 0 
0 0 (.A- l)ci3 

and C( e2) = C( e3) = C(e5) = 0. Put 

0 0 1 
C13 

0 0 0 

H= 0 0 0 
0 0 0 
0 0 0 
0 0 0 

Now put C1 (x) = C(x) + A(x)H- HB(x). Then 

C1(ei)=O, i=1, ... ,6. 

By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 
This completes the proof of the Lemma. 
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Let (g, g) be a pair of type 6.2. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by the virtual structure determined in the Lemma. 
Then 
[e1,e2] = 0, 

[e1, e3] = 0, [e2, e3] = 2e3, 

[e1, e4] = (.A-1)e4, [e2, e4] = e4, [e3, e4] = 0, 

[e1, e5] = 0, [e2, es] = -2es, [e3, es] = e2, [e4, es] = -e6, 

[e1, e6] = (.A-1)e6, [e2, e6] = -e6, [e3, e6] = e4, [e4, e6] = 0, [es, e6] = 0, 

[e1, u2] = .Au2, 

[e1 , u3] = u3, 

[e2,u1] = u1, [e3,u1] = 0, [e4,u1] = 0, [es,ui] = u2, [e5,u1] = 0, 

[e2,u2] = -u2, [e3,u2] = u1, [e4,u2] = 0, [es,u2] = 0, [e6,u2] = 0, 

Put 

[e2,u3] = 0, [e3,u3] = 0, [e4,u3] = u1, [es,u3] = 0, [e6,u3] = Uz. 

[u1, u2] = a1 e1 + a2e2 + a3e3 + a4e4 + ases + a6e6 + a1 u1 + a2u2 + a3u3, 

[u1, u3] = b1e1 + b2e2 + b3e3 + b4e4 + bses + b6e6 + f31u1 + f32u2 + (33u3, 

[u2, u3] = c1e1 + c2e2 + c3e3 + c4e4 + cses + c6e6 + /1 u1 + [2U2 + [3U3. 

Using the Jacobi identity we see that the pair (g, g) has the form: 

[ 'l e1 e2 e3 e4 es e6 ul U2 U3 

e1 0 0 0 (.\- 1)e4 0 ( .AI)e6 AU1 AU2 U3 
e2 0 0 2e3 e4 -2es -e6 u1 -uz 0 
e3 0 -2e3 0 0 e2 e4 0 U1 0 
e4 (1- .A)e4 -e4 0 0 -e6 0 0 0 U1 
es 0 2es -e2 e6 0 0 u2 0 0 
e6 (1 - .A)e6 e6 -e4 0 0 0 0 0 u2 
u1 -.\u1 -u1 0 0 -u2 0 0 0 0 
U2 -.\u2 U2 -ul 0 0 0 0 0 0 
U3 -U3 0 0 -ul 0 -u2 0 0 0 
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The pair (g, g) is equivalent to the trivial pair (91 dJI ). 

Proposition 6.3. Any pair (g, g) of type 6.3 is equivalent to one and only one 
of the following pairs: 

1. 
[' l el e2 e3 e4 es e6 Ul u2 U3 

el 0 2e2 -2e3 0 -es e6 0 U2 -U3 
e2 -2e2 0 ed 0 -e6 0 0 0 

~ e3 2e3 -el 0 0 -es 0 U3 
e4 0 0 0 0 -es -e6 0 u2 U3 
es es e6 0 es 0 0 0 Ul 0 
e6 -e6 0 es e6 0 0 0 0 Ul 
U} 0 0 0 0 0 0 0 0 0 
U2 -u2 0 -U3 -u2 -ul 0 0 0 0 
U3 U3 -u2 0 -U3 0 -ul 0 0 0 

2. 

[ 'l el e2 e3 e4 es e6 U} U2 U3 

el 0 2e2 -2e3 0 -es e6 0 U2 -U3 
e2 -2e2 0 ea 

0 -e6 0 0 0 (f e3 2e3 -el 0 0 -es 0 U3 
e4 0 0 0 0 -es -e6 0 U2 U3 
es es e6 0 es 0 0 0 e1 +3e4 +u1 2e3 
e6 -e6 0 es e6 0 0 0 2e2 -e1 +3e4 +u1 
Ul 0 0 0 0 0 0 0 0 0 
U2 -u2 0 -U3 -u2 -e1-3e4-u1 -2e2 0 0 0 
U3 U3 -u2 0 -U3 -2e3 e1-3e4-u10 0 0 

Proof. Let£= {el,e2,e3,e4,es,e6} be a basis of g, where 

(~ 
0 

~J G 
0 

D G 
0 

D el = 1 e2 = 0 e3 = 0 
0 0 1 

e,= G 0 n es= G 1 D, (~ 
0 

~) 1 0 e6 = 0 
0 0 0 



6. SIX-DIMENSIONAL CASE 423 

Then 

0 0 0 0 0 0 0 0 1 0 0 0 
0 2 0 0 0 0 -2 0 0 0 0 0 

A(el) = 0 0 -2 0 0 0 
A(e2) = 0 0 0 0 0 0 

0 0 0 0 0 0 ' 0 0 0 0 0 0 
0 0 0 0 -1 0 0 0 0 0 0 0 
0 0 0 0 0 1 0 0 0 0 -1 0 

0 -1 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 

A( e3) = 2 0 0 0 0 0 
A(e4) = 0 0 0 0 0 0 

0 0 0 0 0 0 ' 0 0 0 0 0 0 
0 0 0 0 0 -1 0 0 0 0 -1 0 
0 0 0 0 0 0 0 0 0 0 0 -1 

0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 

A( es) = 0 0 0 0 0 0 
A(e6) = 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 
1 0 0 1 0 0 0 0 1 0 0 0 
0 1 0 0 0 0 -1 0 0 1 0 0 

and for x E g the matrix B( x) is identified with x. 

By f) denote the nilpotent subalgebra of the Lie algebra g spanned by the vectors 
e1 and e4. 

Lemma. Any virtual structure q on generalized module 6.3 is equivalent to one 
of the following: 

0 p 0 0 0 -p 
0 0 0 0 2p 0 

C(ei) = 0, i = 1,2,3,4, C(es) = 0 0 2p 
C(e5) = 0 0 0 

0 3p 0 0 0 3p 
0 0 0 0 0 0 
0 0 0 0 0 0 

Proof. Let q be a virtual structure on generalized module 6.3. Without loss of 
generality it can be assumed that q is primary. Since 

g(o,o)(f)) = !Re1 EB !Re4, 

g(2,D)((J) = !Re2, 

g(-2,D)((J) = !Re3, 

g(-l,-l)(f)) =IRes, 

g(l,-l)((J) = JR.e6, 

uco,o) (f)) = !Rul' 

u(l,l)((J) = 1Ru2, 

u(-l,l)(f)) = Ru3, 
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we have 

4 
ell 0 0 
0 0 0 

C(ei) = C(ez) = C(e3) = 0, C( e4) = 0 0 0 
4 0 0 C41 
0 0 0 
0 0 0 

0 5 
C12 0 0 0 6 

C13 
0 0 0 0 6 

Czz 0 
0 0 5 0 0 0 

C( e5) = C33 
C(e6) = 

0 5 0 0 0 6 
C42 C43 

5 
C51 0 0 0 0 0 
0 0 0 6 

c61 0 0 

Put 
0 0 0 
0 0 0 

H= 0 0 0 
5 0 0 C51 
0 0 0 
0 0 0 

and C1 (x) = C(x)- A(X)H + HB(x) for x E g. Then 

4 0 0 rc~I 0 0 

C1(ei) = CI(ez) = C1(e3) = 0, C1(e4) = l c~l 0 0 
0 0 
0 0 
0 0 

0 5 c12 0 0 0 6 
C13 

0 0 0 0 6 c22 0 
0 0 5 0 0 0 

C1(e5) = C33 C1(e6) = 
0 5 0 0 0 6 

C42 C43 
0 0 0 0 0 0 
0 0 0 6 

c61 0 0 

By corollary 2, Chapter II, the virtual structures C and C1 are equivalent. 
Since for any virtual structure q condition (6), Chapter II, must be satisfied, 

after direct calculation we see that C1 has the form determined in the Lemma. 

This completes the proof of the Lemma. 

Let (g, g) be a pair of type 6.3. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
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Lemma. Then 

[e1,e2]=2e2, 

[ e1 ,e3] =-2e3, [e2,e3] = e1, 

[e1,e4]=0, [e2,e4]=0, [e3,e4]=0, 

[e1 ,es] =-es, [e2,es] =-e6,[e3 ,es] = 0, [e4,es] = -es, 

[e1,e6] = e6, [e2,e6] =0, [e3,e6] =-es,[e4,e6] = -e6,[es,e6] =0, 

[e1,u1] = 0, [e2,u1] = 0, [e3,u1] = 0, [e4,u1] = 0, [es,ul] = 0, 

425 

[e1,u2J=u2, [e2,u2J=O, [e3,u2J=u3, [e4,u2J=u2, [es,u2] pe1+A,[e6,u2]=2pe2, 

[e1 ,u3] =-u3,[e2,u3] = u2, [e3 ,u3] = 0, [e4,u3] = u3, [es,u3] = 2pe3, [e6,u3] =-pe1+A, 

where A= 3pe4 + u1. 
Since the virtual structure q is primary, we have 

(Proposition 10, Chapter II). Therefore 

[u1, u2] = o:2u2, 

[u1, u3] = (33u3, 

[u2, u3] = 0. 

Using the Jacobi identity we see that the pair (g,g) has the form: 

[' J el e2 e3 
el 

-2e2 e2 
e3 2e3 
e4 0 
es es e6 
e6 -e6 0 es 
Ul 0 0 0 
U2 -u2 0 -u3 

U3 U3 -u2 0 

where A = 3pe4 + u1. 
Consider the following cases: 

e4 es e6 Ul U2 

0 
-es e6 

0 (f -e6 0 
0 0 -es 0 U3 
0 -es -e6 0 u2 
es 0 0 0 pe1 +A 
e6 0 0 0 2pe2 
0 0 0 0 0 

-u2 -pe1 -A -2pe2 0 0 
-U3 -2pe3 pel- A 0 0 

U3 

-u3 

~2 
u 

U3 
2pe3 

-peb +A 

0 
0 

1°. p = 0. Then the pair (g,9) is equivalent to the trivial pair (£11,91)· 
2°. p f. 0. Then the pair (g, 9) is equivalent to the pair (g2 , 92 ) by means of the 

mapping 1r : £12 ----* g, where 

Ir(ei) = ei, i = 1, ... ,6, 

Ir(uj)=~uj, j=1,2,3. 
p 

Since the Lie algebra Q1 is reductive, and ih is nonreductive, we see that the 
pairs (gl, fh) and (g2, 92) are not equivalent. 
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Proposition 6.4. Any pair (g, g) of type 6.4 is trivial. 

[ ,] el e2 e3 e4 es e6 U} u2 U3 

el 0 0 0 0 (1 - -\)es (1 - -\)e6 U} AU2 AU3 

e2 0 0 2e3 -2e4 -es e6 0 u2 -U3 
e3 0 -2e3 0 (f -e6 0 0 0 u2 
e4 0 2e4 -e2 0 -es 0 U3 0 
es ~,\-1~es es e6 0 0 0 0 U} 0 
e6 ,\- 1 e6 -e6 0 es 0 0 0 0 ul 
U} -U} 0 0 0 0 0 0 0 0 
U2 -Au2 -u2 0 -u3 -U} 0 0 0 0 
U3 -Au3 U3 -u2 0 0 -U} 0 0 0 

Proof. Let E = { e1, e2, e3, e4, es, e6} be a basis of g, where 

0 0 

~), e, = G 0 

~), 0 0 

~), el = ,\ 1 e3 = 0 
0 0 -1 0 

e4 = 0 0 D, es = G 1 n 0 0 

~) 0 0 e6 = 0 
1 0 0 

Then 

A(e1 ) = r~ 
0 0 0 0 0 

r! 
0 0 0 0 

!1, 
0 0 0 0 0 0 0 0 0 
0 0 0 0 0 

A( e2) = 
0 2 0 0 

0 0 0 0 0 ' 0 0 -2 0 
0 0 II 1 \ 0 0 0 0 1 

\~ 
u .L-/\ 

\~ 
-.L 

~) 0 0 0 0 1-,\ 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 1 0 0 0 0 -1 0 0 0 

A( e3) = 
0 -2 0 0 0 0 

A( e4) = 
0 0 0 0 0 0 

0 0 0 0 0 0 0 2 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 -1 
0 0 0 0 -1 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 0 

A( es) = 
0 0 0 0 0 0 

A(e6) = 
0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 0 0 
-\-1 1 0 0 0 0 0 0 0 1 0 0 

0 0 1 0 0 0 ,\-1 -1 0 0 0 0 

and for x E g the matrix B( x) is identified with x. 

Lemma. Any virtual structure q on generalized module 6.4 is equivalent to one 
of the following: 
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a) A= ~-

0 0 0 
0 0 0 

C(er) = 
0 0 0 

C(ei) = 0, i = 2, ... ,6; 
0 0 0 
0 0 p 
0 -p 0 

b) A"/=~· 
C(ei)=O, i=1, ... ,6. 

Proof. Put 

Note that a= ~e2 EB ~e3 EB ~e4 is a semisimple subalgebra of the Lie algebra g. 
By Proposition 12, Chapter II, without loss of generality it can be assumed that 
C(a) = {0}. Therefore 

Since for any virtual structure q condition (6), Chapter II, must be satisfied, 
after direct calculation we obtain: 

C(es) = 

Put 

0 
0 
0 
0 

(1 - A)ci1 
0 

1 
ell 

0 
0 
0 
0 
0 

H= 

0 
0 
0 
0 
0 
0 

cL 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 h 
0 -h 0 

n u 
0 
0 
0 
0 
0 

1 
-c53 

0 
0 
0 
0 
0 

(1 - A)ci1 

0 
0 
0 
0 
1 

C53 

0 

0 ci1 
0 0 
0 0 
0 0 
0 0 
0 0 

and c1 = C(x) + A(x)H- HB(x) for X E g. Then, by corollary 2, Chapter II, the 
virtual structures c and cl are equivalent. 
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Consider the following cases: 

1°. A f.~· Suppose h = 2,L1 c~ 3 . Then C1(ei) = 0, i = 1, ... ,6. 

2°. A=~· Then C1 (ei) = 0, i = 2, ... ,6, 

0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 p 
0 -p 0 

This completes the proof of the Lemma. 

, where p = c~3 . 

Let (g, g) be a pair of type 6.4. Then it can be assumed that the corresponding 
virtual pair (g, g) is defined by one of the virtual structures determined in the 
Lemma. Then 

[ei,ez]=O, 

[e1,e3]=0, 

[e1, e4] =0, [ez, e4] = -2e4,[e3, e4] =e2, 

[ei,es]=(l-A)es, [ez,es]=-es, [e3,es]=-e6,[e4,es]=O, 

[e1, e6] = (1-A)e6, [ez, e5] = e6, [e3, e5] = 0, [e4, e6] = -es,[es, e6] =0, 

[ei,ul]=ui, [ez,ui]=O, [e3,u1]=0, [e4,u1]=0, [es,ui]=O, [e6,ul]=O, 

[e1, uz] =Auz-pe6,[ez, uz] =uz, [e3, uz] = 0, [e4, uz] = u3, [es, uz] =u1,[e5, uz] = 0, 

[ei,u3]=Au3+pes,[ez,u3]=-u3, [e3,u3]=uz, [e4,u3]=0, [es,u3]=0, [e6,u3]=u1. 

Put 

[u1, uz] = a1e1 + a2e2 + a3e3 + a4e4 + ases + a6e6 + a1u1 + azu2 + a3u3, 

[u1, u2] = b1e1 + b2e2 + b3e3 + b4e4 + bses + b6e6 + f31u1 + f32u2 + f33u3, 

[u 1 , u2] = c1e1 + c2e2 + c3e3 + c4e4 + cses + c6e6 + {1U1 + {2U2 + {3U3. 

Using the Jacobi identity we see that the pair (g, g) has the form: 

[' l el e2 e3 e4 es e6 ul U2 U3 

el 0 0 0 0 (1 - A)es (1 - A)e6 ul AU2 AU3 
e2 0 0 2e3 -2e4 -es e6 0 U2 -U3 
e3 0 -2e3 0 e~ -e6 0 0 0 u2 
e4 0 2e4 -e2 0 -es 0 U3 0 
es ~A- 1~es es e6 0 0 0 0 UI 0 
e6 A- 1 e6 -e6 0 es 0 0 0 0 ul 
UI -ul 0 0 0 0 0 0 0 0 
U2 -AUz -u2 0 -U3 -UI 0 0 0 {lUl 
U3 -Au3 U3 -u2 0 0 -Ul 0 -{lUI 0 ' 

where /I(A- ~) = 0. 
Consider the following cases: 
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1 o. 1 1 = 0. Then the pair (g, g) is equivalent to the trivial pair (g1 , g1 ). 

2°.11 #- 0, A=~· Then the pair (g,g) is equivalent to the pair (g1,gi) by means 
of the mapping 1r : fi1 ----* g, where 

n(ei) = ei, i = 1, ... ,6, 

n(u1)=u1, 

/1 
n(uz) = Uz- 2e6, 

/1 
n(u3) = u3 + 2e5. 

This completes the proof of the Proposition. 

Proposition 6.5. Any pair (g, g) of type 6.5 is trivial. 

[ ,] e1 ez e3 e4 e5 e6 

e1 0 ecf 0 e4 0 0 
ez -ez e4 0 ez 0 
e3 0 -e4 0 0 -e3 e3 
e4 -e4 0 0 0 0 e4 
e5 0 -ez e3 0 0 0 
e6 0 0 -e3 -e4 0 0 
U1 -u1 0 0 0 0 0 
Uz 0 -u1 0 0 -uz 0 
U3 0 0 -uz -u1 0 -U3 

Proof. Consider x E g such that 

0 0 

D X= 1 
0 

u1 Uz U3 

U1 0 0 
0 U1 0 
0 0 Uz 
0 0 U1 
0 Uz 0 
0 0 U3 
0 0 0 
0 0 0 
0 0 0 

Note that xu = idu. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial. 
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7. Pairs with subalgebra of dimension higher then 6 

Proposition 7.1. Any pair (g, g) of type 7.1 is trivial. 

el ez ea e4 es e6 e7 ul Uz ua 

el 0 0 0 0 0 e6 e7 ul Uz 0 
ez 0 0 0 2e4 -2es e6 -e7 Ul -uz 0 
e3 0 0 0 0 0 -e6 -e7 0 0 ua 
e4 0 -2e4 0 0 e~ 0 e6 0 ul 0 
es 0 2es 0 -ez e7 0 Uz 0 0 
e6 -e6 -e6 e6 0 -e7 0 0 0 0 UI 
e7 -e7 e7 e7 -e6 0 0 0 0 0 uz 
Ul -ul -ul 0 0 -uz 0 0 0 0 0 
Uz -uz uz 0 -ul 0 0 0 0 0 0 
U3 0 0 -ua 0 0 -ul -uz 0 0 0 

Proof. Consider x E g such that 

0 0 

D x= 1 
0 

Note that xu= idu. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial. 

Proposition 7.2. Any pair (g, g) of type 7.2 is trivial. 

el ez ea e4 es e6 e7 ul Uz ua 

el 0 ea ea 0 0 0 0 UI 0 0 
ez -ez 0 0 ez ea 0 0 UI 0 
e3 -ea 0 0 (f -ea 0 ez 0 0 ul 
e4 0 0 -ea 0 -e6 e7 0 0 ua 
es 0 -ez e3 0 0 2e6 -2e7 0 Uz -ua 
e6 0 -ea 0 e6 -2e6 0 es 0 0 Uz 
e7 0 0 -ez -e7 2e7 -es 0 0 ua 0 
UI -ul 0 0 0 0 0 0 0 0 0 
Uz 0 -ifl 0 0 -uz 0 -if a 0 0 0 
'l.L3 0 -'Ul -u3 U3 -uz 0 0 n v v u 

Proof. Consider x E g such that 

0 0 

D X= 1 
0 

Note that xu = idu. Then, by Proposition 13, Chapter II, the pair (g, g) is trivial. 

Proposition 8.1. Any pair (g, g) of type 8.1 is trivial. 

[ ' l el ez ea e4 es e6 e7 es UI Uz ua 

el 0 0 2ea e4 -2es -e6 -e7 es ul -uz 0 
ez 0 0 -ea e4 es 2e6 -e7 -2es 0 Uz -ua 
e3 -2ea ea 0 0 el e4 -es 0 0 UI 0 
e4 -e4 -e4 0 0 -e6 0 el 6 ez ea 0 0 UI 
es 2es -es -el e6 0 0 -e7 Uz 0 0 
e6 e6 -2e6 -e4 0 0 0 ea ea 0 0 (f e7 e7 e7 es -el - ez 0 -es ua 0 
es -es 2es 0 -e3 e7 -ez 0 0 0 ua 0 
UI -ul 0 0 0 -uz 0 -u3 0 0 0 0 
Uz (J -uz -UI 0 0 0 0 -ua 0 0 0 
ua ua 0 -UI 0 -uz 0 0 0 0 0 
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Proof. Let£= {e1, ... , e8} be a basis of g, where 

0 0 0) 
G 

0 

~ ) G 
1 

D· e1 = -1 0 ' e2 = 1 e3 = 0 
0 0 0 -1 0 

0 0 

D 0 0 

~), e, = (~ 
0 

~), e4 = 0 e5 = 0 0 
0 0 0 

e1= 0 0 

~), es= 0 0 

~), 0 1 
0 0 

and for x E g the matrix B( x) is identified with x. 
By f) denote the nilpotent subalgebra of the Lie algebra g spanned by the vectors 

e1 and e2. 

Lemma. Any virtual structure q on generalized module 8.1 is trivial. 

Proof. Note that g is a semisimple Lie algebra. By statement 12, Charter II, 
without loss of generality it can be assumed that C(g) = {0}. 

Let (£,g) be a pair of type 8.1. Then it can be assumed that the corresponding 
virtual pair (fi, g) is trivial. 

Since the mapping q : g ---+ .C(U, g) corresponding to the virtual pair (£,g) is 
primary, we have 

(Proposition 10, Charter II). Thus, 

and 

-(OO)tr..\ 1Tll ffiiTll g ''\')) = 11'1>.e1 cull~e2, 

fi( 1 ' 1)(f)) = !Re4, 

fi(- 1 ' 2)(()) = Re6, 

g(l,-2)(()) =Res, 

g(-1,1)(()) = Ru2, 

gC 2 ,-1)(rJ) = Re3, 

gC-2 ' 1)(()) = Re5, 

g(-I,-1)(()) = Re7, 

gC 1 ' 0)(f)) = Ru1, 

g(o,-I)((J) = Ru3, 

[u1, u2] E g(o,I)(f)), 

[u1, u3] E g(1,-1)((J), 

[u2, u3] E gC-1'0)(()), 

[ui, u2] = 0, 

[u1, u3] = 0, 

[u2, u3] = 0. 

It follows that the pair (g, g) is trivial. 
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Proposition 9.1. Any pair (g, g) of type 9.1 is trivial. 

[' l el ez e3 e4 es e6 e7 es eg UI Uz U3 

el 0 0 2e3 e4 -2es -e6 -e7 es 0 UI -uz 0 
ez 0 0 -e3 err es 2e6 -e7 -2es 0 0 Uz -U3 
e3 -2e3 e3 0 el e4 -es 0 0 0 UI 0 
e4 -e4 -e4 0 0 -e6 0 el + ez e3 0 0 0 UI 
es 2es -es -el e6 0 0 0 -e7 0 uz 0 0 
e6 e6 -2e6 -e4 0 0 0 

ea ea 
0 0 0 

ucf e7 e7 e7 ea 
-el- ez 0 -es 0 U3 0 

es -es 2es -e3 e7 -ez 0 0 0 0 U3 0 
eg 0 0 0 0 0 0 0 0 0 U1 ucf U3 
UI -ul 0 0 0 -uz 0 -U3 0 -UI 0 0 
Uz Uz -uz -UI 0 0 0 0 -U3 -uz 0 0 0 
U3 0 U3 0 -UI 0 -uz 0 0 -U3 0 0 0 

Proof. Consider x E g such that 

0 0 

D X= 1 
0 

Note that xu= idu. Then, by Proposition 13, Chapter II, the pair (g, _g) is trivial. 
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