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0. INTRODUCTION

So far six families of smooth irregular surfaces are known to exist in P* (up to pullbacks
of these families by suitable finite covers P* —s P*%). These are the elliptic quintic scrolls,
the minimal abelian and bielliptic surfaces (of degree 10), two different families of non-
minimal abelian surfaces of degree 15 and one family of non-minimal bielliptic surfaces of
degree 15. The elliptic quintic scroll is classical. The degree 10 abelian surfaces arise as
sections of the Horrocks-Mumford bundle [HM], and the degree 10 bielliptic surfaces were
found by Serrano [Ser] using Reider’s method [Rei]. It was noticed by Ellingsrud and Peskine
(unpublished, compare also [Au]) that the Horrocks-Mumford surfaces can be (5,5)-linked to
non-minimal abelian surfaces of degree 15. The other type of non-minimal abelian surfaces
of degree 15 was found by the fourth author in his thesis [Po] using the syzygy approach
of [DES]. Whereas the abelian surfaces obtained by liaison lie on three quintics, the latter
abelian surfaces are contained in one quintic hypersurface only. Finally, the existence of
the non-minimal bielliptic surfaces of degree 15 was established in [ADHPR] while studying
the geometry of the embedding of the minimal bielliptic surfaces. The unifying element
which governs the properties of all these surfaces is their Heisenberg symmetry. In fact, it
is only this symmetry which makes it possible to construct the irregular surfaces of degree
15 (where Reider’s method does not apply). In all cases every interesting property of these
surfaces we know is related to or depends on the presence of the Heisenberg symmetry. We
do not know of any irregular surfaces in P* which do not possess a Heisenberg symmetry
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2 SYZYGIES OF ABELIAN AND BIELLIPTIC SURFACES IN P*

(again up to pullbacks under finite covers P — P*), but we also do not know of an a priori
reason why such surfaces should not exist.

The main purpose of this paper is to describe the structure of the Hartshorne-Rao modules
and the syzygies of the known smooth irregular surfaces in P%. At the same time we explain
how to construct these surfaces via syzygies, thus giving a unified construction method for
the smooth irregular surfaces known so far. In fact, this means that one can now construct all
known smooth non-general type surfaces in P* via the syzygy approach (compare [DES], [Po],
[Sch]). In particular, one can compute explicit equations for all these surfaces with the help
of Macaulay [Mac]. We refer to [DES] for remarks concerning these computations in general
and to http://yosemite.math.uni-sb.de/software.html for the corresponding programs. In
fact, the main results of this paper (6.3 and 6.6) where first predicted and checked by using
Macaulay. The degree of the smooth non-general type surfaces in P* is bounded [EP], and it
is conjectured that the precise bound is 15. The degree 15 surfaces considered in this paper
are the only smooth non-general type surfaces known of degree 15.

The abelian and bielliptic surfaces have in common that either their first Hartshorne-Rao
module (in the degree 10 cases) or the dual of their second Hartshorne-Rao module (in the
degree 15 cases) has up to twists a minimal free presentation of type

0 M+ 5REZ15R(-1) « ...,

where R is the homogeneous coordinate ring of P%. In fact, by Heisenberg invariance, a; is
of type

a = (Mpl (y)aMpz(y)’Mps (y))a

where each building block M, is what we call a Moore matriz (compare Section 4 for a precise
definition). The matrices Mj,; are 5 x 5-matrices with linear entries and depend linearly on
points p; € P4 Thus the module M corresponds to a plane Il =< pi,ps,p3 >C P% The
plane II is called the representing plane of M. In order to obtain surfaces in this way the
representing plane has to be chosen very carefully, in particular the general plane does not
give rise to surfaces.

The abelian surfaces are in addition invariant under a certain involution ¢ of P4 There
are basically only 3 possibilities to construct a module as above which is Heisenberg- and ¢-
invariant. This can be stated precisely using the eigenspaces P4 and PL of ¢ (compare (5.1)).
By [De2] the plane P? gives the first cohomology module of the Horrocks-Mumford bundle
and leads thus to the abelian surfaces of degree 10 (and hence also to the linked abelian
surfaces of degree 15). The second of these possibilities, in a special case, leads to the union
of two elliptic quintic scrolls (see 6.7). Finally, the third possibility gives rise to the new
abelian surfaces of degree 15 found in [Po] (compare Section 8). The bielliptic surfaces are
only Heisenberg- but not ¢-invariant. On the other hand, we know from [ADHPR] that every
minimal and non-minimal bielliptic surface lies on a unique quintic hypersurface, namely
either the trisecant scroll of a quintic elliptic scroll or the secant variety of an elliptic normal
curve in P4 In fact, every such quintic hypersurface contains 8 bielliptic surfaces paired
under ¢ and a pencil of abelian surfaces of degree either 10 or 15 arising from the Horrocks-
Mumford bundle. Since the representing plane ]P’?l_ of the module of these abelian surfaces
can be seen as the plane spanned by the non-trivial 2-torsion points of any given elliptic
quintic normal curve, and since there are 8 non-trivial 3-torsion points on such a curve,
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a natural idea for the bielliptic surfaces is to study planes which depend on the 3-torsion
points of an elliptic normal curve (compare 6.3 and 6.6). These torsion points are given as
the intersection of the curve with a certain hypersurface (see 4.13). For explicit calculations
on a computer it is convenient to work over a finite prime field Z, (compare again [DES]).
For this purpose one has to choose the characteristic p such that at least some of the torsion
points are rational over Zy.

In the case of abelian surfaces the module M does not determine the surface. It either
gives rise to the Horrocks-Mumford bundle (in the degree 10 case) or to certain reflexive
sheaves (for the non-minimal abelian surfaces) whose sections give the corresponding sur-
faces. On the other hand both the minimal and the non-minimal bielliptic surfaces are
determined by their module M (see again 6.3 and 6.6).

The building blocks of the syzygies of M are again matrices associated to homomorphisms
of Heisenberg modules. The building blocks L,(y) of the first order linear syzygies of a3
for example are 5 X 5-matrices of a type which we call syzygy matrices. They also depend
linearly on parameter points q € P%.

The paper is organized as follows:

In Section 1 we recall the representation theory which we will need later on. Section 2
contains a quick review of the syzygy approach of [DES], which is in fact an application
of Beilinson’s theorem [Bei]. In Section 3 we study the Horrocks-Mumford surfaces from a
Beilinson point of view, and we determine the shape of the syzygies of the minimal bielliptic
surfaces. We are, however, at this point not yet able to determine the differentials of the
minimal free resolution of the module M leading to the minimal bielliptic surfaces.

Sections 4, 5 and 6 contain the main new ideas and arguments of this paper. In the sequel
we will give a short outline of these sections (see the beginning of Section 4 for more details).

Moore matrices and syzygy matrices make their first appearance in Section 4, where they
arise naturally as matrices representing certain Heisenberg invariant homomorphisms coming
from the Koszul complex on P%. It is also in this section that we first establish various
relations between Moore matrices and geometric objects. Indeed, it is well known and goes
back to Bianchi [Bi], Klein [KI], and others, that Moore matrices are the crucial ingredients
in the minimal free resolution of elliptic normal curves in P%. Similarly, syzygy matrices,
i.e., matrices of type Ly(y), appear in the minimal free resolution of elliptic quintic scrolls
(see Lemma 4.4). For certain parameter points the determinants of our matrices define the
secant variety of an elliptic normal curve and the trisecant variety of a quintic elliptic scroll
resp. (see 4.12). In order to describe the first order linear syzygies of our modules we need
to study products of Moore matrices and syzygy matrices. It turns out that these products
define an incidence scroll when we restrict the parameter point p of the Moore matrix to an
elliptic quintic normal curve. This scroll is closely related to the degree 15 scroll which is
the union of the vertices of the rank 3 quadrics through an elliptic quintic normal curve. It
is the geometry of these scrolls which will allow us later on to get a hold on the syzygies of
the modules M. We will also determine the 3-torsion points and the 6-torsion points of an
elliptic quintic normal curve. For this we need to recall some facts about Shioda’s modular
surface S(5) and certain maps related to the Horrocks-Mumford bundle.

In Section 5 we study modules obtained by concatenating three Moore matrices, in particular
in the cases described in (5.1). We investigate when these modules are artinian (5.5 and
5.6) and we study their linear and quadratic syzygies. Using the results of Section 4 we can
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show that these syzygies correspond to trisecants of certain scrolls. This is another crucial
point where we establish a correspondence between algebraic properties of the syzygies and
geometric properties of certain scrolls.

Section 6 contains the main results of this paper, namely a complete description of the
syzygies of the bielliptic surfaces of degree 10 (see 6.3) and degree 15 (see 6.6).

In Section 7 we briefly review the abelian surfaces of degree 15 which arise by liaison, whereas
Section 8 contains a short discussion of the new abelian surfaces of degree 15 which were
originally found in [Po]. Finally, in Section 9 we discuss some interesting degenerations of
our surfaces. Qur considerations underline in particular the fact that the Hilbert scheme is
connected [Ha).

The first author, Alf Aure, died 17.10.94. His death has been a great loss to all of us.
While this paper was finished after his death, Alf Aure contributed to all the main ideas
and supplied many of the crucial arguments.

Acknowledgement. The authors would like to thank the DFG (Grant Po 514/1-1 and Schwer-
punktprogramm ”Komplexe Mannigfaltigkeiten”, Grant Hu 337/4-3) and the Center for
Advanced Studies, Oslo, for partial support.

1. THE HEISENBERG GROUP OF LEVEL 5

In this section we recall the representation theory of the Heisenberg group Hs. The
geometric significance of Hs comes from the fact that its normalizer N5 in SL(5,C) is the
symmetry group of the Horrocks-Mumford bundle on P* [HM], [Del]. In turn, the Horrocks-
Mumford bundle provides a link between some of the Hs-invariant varieties in P* which we
study in this paper. Some of these varieties are additionally invariant under the involution
t € Ny defined below. We also recall the representation theory of the subgroup G5 C Nj
generated by Hs and ¢.

Let V be a 5-dimensional C-vector space with dual bases eg,...,es of V and yo,...,ys
of V*. The Heisenberg group of level 5 in its Schrodinger representation is the subgroup
Hs C SL(V) generated by the transformations

g:€ — €1
T:e; - Eley, &=/,

Hs has order 125 and is a central extension
1—)u5—)H5—)Z5XZ5—)1,
where pi5 is the group of 5'" roots of unity. Let 8 be the generator of Gal (Q(¢) : Q) given by

6(¢) = £2. The Schrodinger representation of Hs on V is an irreducible representation Vp
of Hs and it gives rise to three more: Let V; be the representation given by the composition

Hs & Hy - GL(V), i=T1,3.

Vo,. .., Vs plus the 25 characters of Zs X Z5 exhaust the irreducible representations of Hs.
The normalizer N5 of Hs in SL(V') has order 15,000. In fact,

Ns/Hs & SL(2,Zs),
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and

Ns = Hs x SL(2,Zs) C SL(V)

is a semi-direct product. Let
Gs = Hs X Z2 C Ns

be the subgroup generated by Hs and the involution
L€ > e_j.

We recall the the character table of Gs from [Mal]:

{a} Cryn Cq
1 1 1 I
50°(cx) 0 6 () 17
1 1 ~1 S
50°(c) 0 —8(a) v
2 i 0 Zo

where {a} is the class containing only the central element o € ps,
Cmn = {a&®™c™™ ™0™ r~" | a € ps}
(there are 12 different Cp, ») and
Co = {ac?™"¢™ 7™ | m,n € Zs}

(there are 5 classes Cy). We denote by Z the direct sum of the 12 different irreducible
representations Z, ;. If we restrict Z to Hs we obtain the direct sum of the non-trivial
characters of Hs. We also need the following formulae from [Mal]:

Vi@Vi3Vi @2V, VidVii 23V 02V, VieVie2IeZ

(V) 2 Vies, (V) 2Vh,,  Vies=Vi, Viez=vielav),

where ¢ € Z4. For the exterior powers we have

AVizavh,, AW 2Vh, A 2V

P* = P*(y) = P(V) will stand for the projective space of lines in V and
R= C[yo,...,y4] = @ Smy*

m>0

for its homogeneous coordinate ring. If not otherwise mentioned, R carries the action of
G5 induced by the dual of the Schréodinger representation. The well-known formula for the
characters of the symmetric powers

5
Xsmv = Z (_1)l+1Xs"'-"ng"v

=1
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yields
HO(PY, Ope(1)) = Vo,  HO(P*,0p(2)) =3Vs,  HO(P*Om(3)) =5V; @2V

HO(P*,0p(4)) = 10V, 4V,  HO(P*,0m(5)) 26l @52

We write

PL=P(Wy), PL=P(W.)CE(V)
for the eigenspaces of ¢. Note that a subgroup of N5 isomorphic to the icosahedral group

As = SL(2,Zs5)] < ¢ >

acts on P4 and PL (compare [BHM2, (1.1)]). We will write g = (1:0::--:0),...,e4 =
(0:---:0:1) for the vertices of the standard simplex in P* with respect to our fixed basis
of V.

In Section 4 we consider different P4’s with coordinates denoted by y, z, 2 and w. Certain
natural rational maps between these P*’s are Gs-equivariant, if we consider different Hs-
actions as follows: P4(y) = P4(Vp) as above, P4(z) = P4(14), P4(z) = P4Vp) and P4(w) =
P4(V,). Note, that a subscheme & C P* which is Gs-invariant with respect to one of these
actions is also Gs-invariant with respect to any of the others. In the context of different
P*’s, say e.g. P%(y) and P*(z), we will use the following notation: If ¥ = X(y) C P4(y) is a
subscheme, then let £(z) C P%(z) denote the same subscheme ¥ with coordinates y replaced
by coordinates .

2. SURFACES AND SYZYGIES

In this section we recall from [DES] how to construct surfaces in P* via the syzygies of their
Hartshorne-Rao modules. In fact, this is an application of Beilinson’s spectral sequence.

X will always denote a smooth surface in P4 and
- d its degree
- = its sectional genus
- pg its geometric genus
- g its irregularity .

In order to construct Jx and thus X via syzygies one first has to construct the Hartshorne-
Rao modules of X:

Hijx = @ H'(P*,dx(m)), i=12
meZ
Starting from these graded R-modules of finite length one is looking for vector bundles F
and § on P* with rk § = rk F + 1, and a morphism ¢ € Hom(F,§), which drops rank
precisely along X. In fact, it is convenient to involve suitable syzygy bundles of the H:Jx
as direct summands of ¥ and G. Recall:

Proposition 2.1. Let M = @ M}, be a graded R-module of finite length and let
kEZ

0M+—LoELi+...8Ls«0
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be its minimal free resolution. Then for 1 < ¢ < 3 the sheafified syzygy module
Fi=8yzi(M) = (kera;)™ = (Imaiy1)”
is a vector bundle on P* with intermediate cohomology
. M j=:
J (P4 7, o~
%H (%, (k) '{ 0 j#i, 1<j<3

Conversely, any vector bundle F on P* with this intermediate cohomology is stably
equivalent with F;, i.e.,

FeF, oL, L a direct sum of line bundles. O

Example 2.2. The Koszul complex
0+ C(m) « R(m) «V*Q@R(m—1) < A’V*QR(m—2)+ ... «A’V*@R(m—5)+0

resolves C(m), where C is considered as a graded R-module sitting in degree 0. It follows

that _
Syzi(C(m)) = Q*(m),1 <1 <3,

where Qf = AiT]I;f(V). By using the Koszul complez one proves that
Hom(Q'(z), 27 ()) = A*7V,
the isomorphism being defined by contraction. [

Which syzygy bundles to choose in order to construct a surface X with given invariants
comes out by analyzing Beilinson’s spectral sequence for Jx(m), m = 3 or 4. Recall:

Theorem 2.3. [Bei] For any coherent sheaf 8§ on P* there is a spectral sequence with
E,-terms

B} = H* (P4, 8(p)) ® 2 7?(~p)
converging to 8, i.e., E24 =0 for p+ q # 0 and @ EZP'? is the associated graded sheaf of a
sustable filtration of S. O

This fits nicely with the approach via the Hartshorne-Rao modules since the d;-differentials
d?? € Hom (H? (P*,8(p)) ® Q7?(—p), H (P*,8(p+ 1)) @ QP (—p—1))
= Hom (V* @ H? (]P’4,S(p)) ,HY (P, 8(p + 1)))
coincide with the natural multiplication maps. In our case this typically means that syzygy
bundles of the H;Jx will appear in the E,-diagram of the spectral sequence. We will
interpret one part of Beilinson’s spectral sequence for Jx(m) as the spectral sequence of a
vector bundle F, the other part as that of a vector bundle § with tk § = rk F + 1. The

differential between the two parts will define a morphism ¢ € Hom(¥,§) whose maximal
minors vanish along the desired surface:

05586 53x(m)—0.

Then we can compute the explicit equations of X from a mapping cone between the minimal
free resolutions of F and §.

Some a priori information on the dimensions A*Jx(m) can be obtained from Riemann-
Roch:
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Proposition 2.4. Let X C P* be a smooth surface. Then

1
X@x(m) = x(Om () = (" F )a+mz ) =14g-p,. O
Moreover one knOWS:

Proposition 2.5. [DES] Let X C P* be a smooth, non-general type surface which is not
contained in any quartic hypersurface. Then we have the following table for the h'dx(m):

0 0 0 0 0 0
N+1 Py 0 0 0 0
0 q h23)((1) h23X(2) h23X(3) hzﬂx(4)
0 hlax(Z) h13X(3) hlﬂx(4)
0 0 0 0
where
N=mr—q+p;—-1. O

In the sequel we will represent a zero in a cohomology table by an empty box.

We finally mention two classification results concerning the invariants of those surfaces
we are interested in here. Both results are an immediate consequence of adjunction theory

[So], [SV].

Proposition 2.6. [Ra, Proposition 9.1] Let X C P* be a smooth surface with d = 10 and
m = 6. Then X is minimal and either abelian, or bielliptic. O

For the converse statement compare the next section.

Proposition 2.7. [Po, Lemma 7.1] Let X C P* be a smooth surface with d = 15, 7= =21,
and x(Ox) =0. Then X is one of the following:

(1) A ruled surface over an elliptic curve.

(i) A non-minimal abelian surface.

(111) A non-minimal bielliptic surface.

In the cases (ii) and (111) X is embedded by

25
H=Hpnin— Y Ei.
=1

(with obuvious notations). O

Remark 2.8. It is not known, whether surfaces of type (i) ezist. O
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3. THE MINIMAL ABELIAN AND BIELLIPTIC SURFACES

In this section we review the minimal abelian surfaces in P* from a syzygy point of
view. These surfaces are classified as the smooth zero-schemes of the Horrocks-Mumford
bundle in a suitable twist, and they may be constructed from the H!-cohomology module
of the bundle. It follows, that this module is the first Hartshorne-Rao module for every
such surface. Its presentation matrix is known from [De2]. It is the type of this matrix
which motivates our considerations later on. We provide further motivation by computing
the shape of the minimal free resolution of the first Hartshorne-Rao module of a minimal
bielliptic surface in P%. From this computation we may expect and will in fact prove in
Section 6, that the presentation matrix is of the same type as above. In this case, however,
the surface is uniquely determined by the module.

We will abbreviate HM for Horrocks-Mumford. Let & be the HM-bundle on P* = P(Vp)
normalized such that ¢;(€) = —1, c2(€) = 4. By its construction in [HM)] the bundle is acted
on by the normalizer N5 of Hs in SL(Vp). €(3) has a four-dimensional space of sections.
Since H°&(2) = 0 every 0 # s € H°&(3) vanishes along a surface, say X,:

0+03EB)—=dx,(5)—=0. (3.1)

Every such X is called a HM-surface. It is invariant under the action of G5. €(3) and thus
Jx,(5) are globally generated outside the 25 HM-lines L;; obtained from

Loo = PL
by translating with the elements of
Hs/pus 2 Zs X ZLs .
L =|J L;j is cut out by the Hs-invariant quintics, i.e., by the elements of
H(0ps ()™ 2 A*HC(€(3)).

Note that every Hs-invariant quintic is in fact also invariant under ¢ (an explicit basis of
HO(Ops(5))Hs will be given in Section 4). Horrocks and Mumford show that for s generic
X is smooth in the points of L too, and thus it is a minimal abelian surface with d = 10
and m# = 6 (compare Proposition 2.6). Conversely, every minimal abelian surface in P*
arises in this way (up to coordinate transformations). By (3.1) there are Gs-equivariant
isomorphisms

Higx,(2) 2 Hig, i=1,2.

In particular, the Hartshorne-Rao modules of X, are independent of s. The H2-module is
just the vector space

H?Jx, & H*E(-2) =25 .
3
Proposition 3.2. [HM], [De2], [Ma3], [Ma4]. N = @ Ny = H1E is a graded R-module
k=0

with Hilbert function (5,10,10,2), generated by Ny = Vs_ It has a minimal free resolution
of type '
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0+ N+ 5R & 15R(-1) 10R(-2) 2R(-3)
©® — o) R
Fy F Fy « F3 <0 5

where the induced complex

4AR(-3)
0« HSS — Fp= D

15R(—4)

Fy = 35R(~5) « Fy = 20R(—6) « F; = 2R(—8) + 0

is the minimal free resolution of H2E. O

Therefore via (3.1) we may compute from N the explicit equations of the minimal abelian
surfaces in P* and their degenerations.

Corollary 3.3. Let X, be a HM-surface. Then Jx, has syzygies of type

30(-5)
0« Jdx, « @

150(=6)

350(—7) + 200(-8) N 1)
20(—-10) «+ 0.

In particular, X, is cut out by 8 quintics and 15 sextics. The quintics alone cut out X, and
the 25 HM-lines. These are the 6-secant lines to X,. O
To compare later on with the bielliptic surfaces we also mention:

Corollary 3.4. Let X, be a HM-surface. Then:
(1) Jx, has the following cohomology table:

w

(1) Beilinson’s spectral sequence for Jx,(3) yields an ezact sequence

0—F=0(-2)020(3) 5 G =8yz(N(1)) - Jx,(3) = 0. (3.5)

Proof. (i) We refer to [HM] for the cohomology groups of €.
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-1,1

(i) Comparing with the spectral sequence for £(1) we find that 5Q!(1) Ly 100 is surjec-

a4
tive. Hence also 50(—1) = 3(3) is surjective with kernel O(—2). By Beilinson’s theorem
we obtain a resolution

0—0(-2)022%38) > §—3Jx,(3) =0,

where G is the kernel
gt

0—+G—5Q4(1) & 100-=0.

By Proposition 2.1
§ = 8ya1(N(1))

since both bundles have the same rank and intermediate cohomology. O

Remark 3.6. By Beilinson’s spectral sequence applied to Jx,(4) we reobtain the ezact se-
quence ($.1) tensored by —1. O

We will next discuss the shape of the syzygies of the minimal bielliptic surfaces in P*.
For this purpose we need to recall from [ADHPR] some of the geometry of the embedding
of these surfaces. Let W be a 3-dimensional C-vector space, let

E = Ey = {z§ + 3 + 73 + A\zoz172 = 0} C P2 =P(W)

be a smooth elliptic curve in the Hesse pencil with origin pp = (0: 1: —1), and let 2o, ..., 214
be the canonical basis of H°Og(15po). The Heisenberg group Hys acts on H°0 £(15po) by

015 * Zi —F Zi—1,
. o =i, _ 27 [15
T15 : 2§ — 515 Zi, £15 =e i/ .

We may identify the Heisenberg group Hz C SL(W) in its Schrodinger representation with
the subgroup of Hys generated by o3 = o5 and 73 = 775. Indeed,

[035, T15] = &5 - id, g3 = e2mi/3,

So Hj x H3 acts naturally on Wg = Og(15po) @ W*. The center of the diagonal A C H3 x Hs
acts trivially on Wg. Hence Eg = W /A is a rank 3 vector bundle over E/Z; x Z3 = E.
Consider the corresponding projective quotient map

E xP? » P%3 =P(Ek) .
The line bundle L' = Og(15po) X Opz (1) descends to a line bundle L on P%. Its sections

S0 = 20Q@ %o + 25 ®T1 + 210 ® T2
$1= 23Q %0 + 28 @1 + 213 @ T2
S2 = 26Q%0 + 2101 + 21 QT2
83 = 29Qxo t+ 214 Q1 + 24 QT2
S4 =212Q0%0 + 2201 + 27 QT2

are invariant under A and define a basis of H°L. We may identify Hs C SL(V{') in the dual

Schrédinger representation with the subgroup of Hys generated by o = o35 and 7 = 7.

Indeed,

[o35, 73] =¢71-id .
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The induced action of Hs on L', with Hs acting trivially on Opz(1), commutes with the
action of Hs. On HOL it defines the action

o(8i) = Si—1 T(si) = € %si

i.e., HOL = Vj as Hs-modules. The sections so, ..., s4 map P% Hs-equivariantly to a quintic
hypersurface which is the trisecant variety

Trisec S’E C P* = P(Vb) .

P% contains a pencil |Ak| of abelian surfaces isogeneous to a product and eight bielliptic
surfaces B(; j), indexed by the non-trivial characters (i, j) € Z3xZ3\{(0,0)}. These surfaces
are embedded as smooth surfaces with d = 10 and 7 = 6. Every minimal bielliptic surface in
P* arises in this way (up to coordinate transformations). By construction, the surfaces By; ;)
are invariant under the Schrodinger action of Hs but not under the action of ¢. Actually

¢ (Bii,p) = B(=i-j) -
Proposition 3.7. Let B C P* be a minimal bielliptic surface embedded as above. Then:

(1) 3dB has the cohomology table

N

i

20 5
1
5 10 | 10
1
m L4
(1) Beilinson’s spectral sequence for Jp(3) yields an ezact sequence
0= F=50(-1) ®Q%(3) = G = Sy (NVB(1)) = J5(3) = 0, (3.8)

2
where N2 = @ NP = H}dp(2) is a graded R-module with Hilbert function (5,10,10),
k=0
generated by NE = V.

(i) NB has a minimal free resolution of type

0+ NB <+ 5R«+ 15R(-1) 10R(-2) R(-3)

25R(—4) B55R(—5)  40R(—6) ¢ 10R(=7) « 0.

T
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Equivalently, dp has syzygies of type

O(=5)
0+ Jdp « @ y\

250(—6)  550(=7) ¢ 400(—8) + 100(=9) « 0.

In particular, B is cut out by I quintic and 25 sextics, and it is uniquely determined by NB.
Proof. (i) The assertion follows from Riemann-Roch and Proposition 2.5. First notice that
h%dB(1) = x(dB(1)) = 0. So by taking cohomology in the exact sequences

0—Jdp(m—1) = Jp(m) = Jua(m) = 0

associated to the generic hyperplane section H we see that h2Jpg(m) = 0 for m > 1. This
implies that

h'35(5) = x(35(5)) -1 =0,
since B is contained in precisely one quintic hypersurface [ADHPR] .

(ii) Beilinson’s spectral sequence for Jp(3) yields a resolution
0—50(-1)®Q*@8) » S5 = Jp(3) =0,

where Gp is a kernel
0— §p — 5Q1(1) = 100 = 0.

Then
rank §p = 10 < rank Syz;1(Np(1)) .

By Proposition 2.1 equality holds and
S =8y=1(N5(1)),

since both bundles have the same intermediate cohomology. Moreover, Beilinson’s spectral
sequence represents Jp(2) as the cohomology of a monad

0—200(-1) - B=52*3) @ Q*(2) = NP @0 =0,

and Bott’s theorem gives H}B = 0. Hence by taking cohomology in the display of the monad
we see that Ni° generates NZ. Part (i) implies that NZ has Hilbert function (5,10, 10).
It remains to show that N2 = V3. Since HOOp (2) = 3V this is equivalent to showing
that H°Op(2) = 4V3. With the notations introduced after Remark 3.6 it suffices to show
that H° (Op(30po) ® Ope(2)), or equivalently that H°Og(30po) consists of a direct sum of
copies of V3 only. But since E, embedded by Og(15po) in P4, is projectively normal [Hul],
H°0g(30po) is a quotient of HOOp4 (2) & 24V53.

(iii) Finally we will compute the shape of the minimal free resolution of NB. Since

rank Syz; (N2(1)) = 10
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the syzygies of NB are of type

0 NB « 5R + 15R(—1) 10R(~2) aR(-3)  bR(—4)
R D D @
aR(-3) +— cR(—4) «+ ... ...
7 @ 7

(25 — b+ c)R(—4)

(From the mapping cone between the minimal free resolutions of ¥ and Gp we see that
necessarily a = h°Jp(5) = 1, hence b = 0 and ¢ = h%Jp(6) — 25 = x(dB(6)) — 25 = 0
by Riemann-Roch. The remaining graded Betti numbers are uniquely determined by the
Hilbert function. O

So far we have only discussed the shape of the syzygies of the modules involved. On our
way we will explicitly compute the presentation matrices of these modules. For the abelian
surfaces this was already done in [De2]. Namely, by using the monad of the HM-bundle it
is shown that

vo 0 0 0 O O ya O O y1 0 O ys w2 O
0 0 0 0 g2 v1 0 O y35 0 O y ya 0O O
ag=|10 0 0 yo 0 0 0 yw 0 ys y2 y 0 0 O
0 0 v» 0 O O y2 0 wo 0 w3 0 0 0 wys
0 vy 0 0 O yo 0 y2 0 0 O O O wy1 w

is the presentation matrix of N. «; is obtained by concatenating three 5 X 5-matrices whose
type we will study next.

4. MOORE MATRICES

In this section, which is the heart of our paper, we introduce matrices which where first
considered by R. Moore [Moo]. These matrices, which we call Moore matrices and syzygy
matrices resp., arise naturally from the representation theory of Hs and are the crucial
building blocks in the minimal free resolutions of Gs-invariant elliptic normal curves and
elliptic quintic scrolls in P* resp. More general Moore matrices play also a crucial role in
[GP1] where they provide equations for (1,d)-polarized abelian surfaces. We recall in the
sequel some of the known geometry of elliptic curves and their associated varieties, but we
also prove some new results which are of a geometric nature. In particular, Proposition 4.13,
Lemma 4.18 and Proposition 4.19 are new. Furthermore, we study the interplay between
varieties associated to elliptic curves and our matrices. This is new and crucial for everything
which comes later. Therefore it is helpful to keep the following geometric picture in mind. In
this picture there are two kinds of G5-invariant elliptic curves and two kinds of Gs-invariant
elliptic scrolls. The curves are the elliptic normal curves E of degree 5 and certain elliptic
curves E' of degree 15, while the scrolls are the elliptic quintic scrolls @ and certain singular
elliptic scrolls S of degree 15. These curves and these scrolls all depend on a parameter
point in P! which we omit in our notation at this point, see Propositions 4.2, 4.10, 4.3, and
4.16 resp. for precise descriptions. There are certain 3-3 correspondences between these
curves and surfaces. Each scroll ) contains three curves E as bisections, and each curve E
is contained in three scrolls Q. Similarly, each scroll S contains three curves E’ as bisections,
and each curve E' lies on three scrolls S. On the other hand, each curve E' is a section of
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a unique scroll @ and vice versa, and each curve E is the 4-tuple singular locus of a unique
scroll S and vice versa. Finally, the union of the curves E is a surface Sy5 of degree 15 with a
G5-equivariant birational map to a surface Sy5 of degree 45 which is the union of the curves
E' (Proposition 4.10). The first and the last correspondence is described in Propositions
4.3 and 4.16 resp., the proofs of the others, which are similar, are omitted since we do not
need them explicitly. The significance of these curves and surfaces for the Moore matrices
M, and the syzygy matrices L, defined below lies in the fact that these matrices have linear
entries which depend linearly on a point in P4, When the point p is a general point on a
curve E, then we may identify the hypersurface defined by det M, with the secant variety
of the curve E and the hypersurface defined by det L, with the trisecant variety of a scroll
Q over E. On the other hand, when the point p is a general point on E’, then we may
identify the hypersurface defined by det M, with the trisecant variety of the unique scroll
@ containing E' and the hypersurface defined by det L, with the secant variety of a curve
E isomorphic to E' via the map from S5 to Sys. This is made precise in Proposition 4.12.
The scroll S comes into play when we consider the incidence

I={(p,q)| The quadratic entries of M,L, all lie in the ideal of E}.

This incidence variety turns out to be an elliptic scroll over the curve E, which is mapped
onto a scroll S in the P* of quadrics in the ideal of E (Lemmas 4.14, 4.15).

All surfaces in this paper may be constructed via syzygies from modules presented by a
matrix «; which is obtained by concatenating three Moore matrices M,,, i = 1,3. And
any five first order linear syzygies of oy will be given by a block of syzygy matrices Ly,
i = 1,3. To show that the module presented by such a matrix a; gives rise to a surface via a
syzygy construction, we need to show that the module is artinian and that it has the correct
number of linear and quadratic syzygies. This is done for our choices of points p;, p2 and p;
in Section 5 using the properties of the Moore matrices and syzygy matrices obtained in this
section. For the bielliptic surfaces we choose the points p; on an elliptic curve E and we show
in Section 5 how double points and trisecant lines to the scroll S via the above incidence give
rise to ten first order linear syzygies for oy in blocks Ly,;, 7 = 1,3, j = 1,2 (Lemma 5.7 and
Proposition 5.8). In fact, given the points p; on E we can identify the corresponding points
gi; on a scroll Q. More precisely, these points g;; lie on curves of type E or E' on Q. In
Section 6 we use this identification to show that the matrix a; gives rise to a surface on the
trisecant variety of a scroll () or on the secant variety of a curve E (Theorems 6.3 and 6.6).
Now the 3-3 correspondences above come into this picture. The module presented by oy
depends only on the plane spanned by the points p;, the representing plane of this module.
For the minimal bielliptic surfaces this plane meets a unique scroll @ in a line and three
points, and it is a trisecant plane to all three curves E on this scroll. For the non-minimal
bielliptic surfaces the representing plane meets three scrolls @ in a line and three points.
These three scrolls intersect along a curve E and the plane is trisecant to this unique curve
E. For our purposes it is easier to work with a fixed curve E, so this 3-3 correspondence
will not be explicit in our arguments. Finally, each scroll Q may be identified with the
symmetric product S?(E) of one of the curves E (Remark 4.7, (iii)), so that one may use
the arithmetic on E to make computations on ¢ (Proposition 4.16 ff., cf. [Hul], [ADHPR)).

Matrices of type

M(z,y) == (z3i-sjysi+sj)ijezs and L(z,y) = (2i-jy2i—j)ijezs resp.,
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will be called Moore matrices and syzygy matrices resp. We will also consider these matrices
with the z’s, y’s or z’s being replaced by the coordinates of a fixed point in P4(z), P4(y) or
P*%(z), where we will understand, that these matrices are determined up to scalars only. For
example, we will write

My(y) = M(p,y) and L,(y) = L(q,y),

ifp=(po:--+:ps) EP*z)and g=(go:---: qs) € P*(2) are fixed parameter points.
Blocks of such matrices show up if we tensor the Koszul complex resolving C(m) by V5 and
decompose into irreducible Hs-modules:

= Va®Rm) X 51 @ Rim — 1) & 10V ® R(m — 2) - ...

More precisely, let us use the notation of Section 1 and choose decompositions of V3 @ V*
and Vi ® Vy resp. into irreducible Hs-modules Vl(o), . ,V1(4) of type V; and Vo(o), - ,1/;)(4)
of type Vp resp. Namely, let

Vl(k) = span( ék),. . ik)) with f,-(k) = €2k+i ® Yk+i

and

I/;)(k) = spa,n(g(()k), e ,gik)) with ggk) = €k+i & Y2k+i-

With respect to the first decomposition every element in
P(Homu,(Vi ® R(m — 1), Vs ® R(m))) & P(Homu, Vi, Vs ® V5))
is given by the choice of a Hs-invariant subspace

VP evieVe 280 V®, p=(po:-:ps) €P:

The ** basis vector of V? is the linear combination of f,-(o),..., f,~(4) with po,...,ps as
coeflicients. Similarly, we may use the second decomposition to describe the elements in

P (Homyr, (Vo ® R(m — 2), Vi ® R(m — 1)) = P(Homy, (V, i @ V§).

With respect to these choices and with respect to our fixed basis e;, 1 € Zs, of Vo, V; and
V3 we get isomorphisms

P*(z) 2 P(Homp, (Vs ® R(m — 1), Vs ® R(m))), p~ My(y)

and

P*(2)  P(Homu, (Vo ® R(m —2), Vi ® Rim — 1)), g+ Lq(y).

Let us describe the determinants of our matrices. Following [Moo] one can choose a basis
S1y..y 84 of HOE(3) such that

Yo = $1 A 82 = 5yoy1Y2y3ya M =581A88 =Y ez VivliaVis
Y2 =81 NS4 = =D icq YiYitaYits Y3 =82 N83 = D icq YsYir1Yita
Y4 =S2/N8g=— Eiezs yiyiz+1y?+4 V5 =383 Nsg = %Eiezs y? - Hiez5 Yi
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form a basis of
H°(0p:(5))™> = A’H°(&(3)).

The rational map

0 :P* s P5* = P(H(0p+(5))7%)", yr (0(v) : m(y) : -+ : v5(y))

is well-defined outside the union L of the HM-lines and has as image a smooth hyperquadric
Q) whose dual quadric @ = {hghs — h1hs + hohs = 0} C P5(h) may be identified with
the Pliicker embedding of Grass(2, H°(€(3))) in P(A2ZH?(&(3))). By composing © with the

Gauss map we obtain
0 :P*\ L — Q C P(H(Op:(5))H5) = P(A2HC(£(3))).

The tangent hyperplane Tg g(,) parametrizes those Hs-invariant quintics which contain y €
P*, and the quintics in Tg g(4) N € correspond to decomposable tensors s At € AZH(E(3))
with s(y) = 0. Hence O can be seen as the map which associates to a point y € P*\ L the
pencil of sections of £(3) vanishing in y. In particular, © is generically 100 : 1 [Moo]. So via
p— 071(Tq,0(p)), where p € P4(y), we obtain all Hs-invariant quintics which correspond to
decomposable tensors, i.e., those which correspond to points in the Grassmannian of lines in
P(H°(&(3))). Every such quintic will be called a HM-guintic. The HM-quintics are exactly
the determinantal hypersurfaces associated to Moore matrices and syzygy matrices resp.:

Remark 4.1. (i) For Moore matrices we observe that

det M(z,y) = det M(y,z) =

= v5(2)70(y) — va(@)n () + 13(2)72(y) + 12(2)73(y) — M(2)74(y) + 70(2)75 (y)-\

Therefore {det Mp(y) = 0} = O (Tq (yo(p):vs(p):<vs(p))) ¥ P 18 not on a HM-line.
(11) For the syzygy matrices we get

det L(z,y) =
= 15(2)%(¥) + 12(2)11(¥) + 72(2)72(y) + 11 (2)13(y) + 13(2)72(y) — Y0(2) 75 (v).

ﬁence édet Ly(y) = 0} = (T, (~v0(0):~s (@) ()va():—v2()2s(a))) ¥f q i mot on a HM-
mne.

We will show next that the Moore matrices and the syzygy matrices are the crucial
building blocks in the minimal free resolutions of Gs-invariant elliptic normal curves and
elliptic quintic scrolls in P* resp. Let us first recall in the following two propositions a

number of standard facts concerning the geometry of these varieties. For proofs we refer to
[Hul], [BHM1], [BHM2] and [Moo].

Proposition 4.2. (i) Elliptic curves with a level-5 structure correspond bijectively to G-
invariant elliptic normal curves in P4, i.e., to elliptic normal curves in P* on which Hs
operates by translations with 5-torsion points and ¢ as the reflection in the origin given
by the intersection of the curve with PL. There exzists a 1-dimensional family E(a:p) of
Gs-invariant elliptic normal curves in P* (possibly degenerate). E(x.u) intersects PL in

OBy = (A1 ).
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(i) Let A= {(0:1),(1:0),((1 £v5)¢¥ :2),k € Zs}. Then for every () : u) € PL\ A,
the curve E(y.,) s smooth. For (A : u) € A, however, E(y.,) is a connected cycle of §
lines, i.e., a pentagon. Notice that we may identify the elements of A with the vertices of an
icosahedron sitting inside S? & P! (cf. [K1]).

(i) Two curves of type E(y.,) intersect iff the corresponding parameters belong to opposite
vertices of the icosahedron. In this case the two singular curves have common vertices and
thus form a complete pentagon. Under the action of N5 these pentagons are equivalent to
the one with vertices eg,...,eq4, i.e., to E.1) U E(1.0)-

(iv) The union Sis = U( apyert By 18 an irreducible determinantal surface Sis of degree
15. It 1s smooth outside the 30 vertices of the 6 complete pentagons formed by the singular
curves E(xyy, (A:p) € A. The normalization of Sis is isomorphic to Shioda’s modular
surface S(5). It thus has a natural structure of an elliptic surface over the modular curve
X (5) = P! of level 5. The smooth fibres are isomorphic to the smooth curves Ey.,).

(v) The 5-torsion points in the smooth fibres give rise to 25 sections of S(5) which are
mapped 1:1 under S(5) — S5 onto the Horrocks-Mumford lines. In particular, X(5) may
be canonically identified with Log = PL. We will denote these sections also by L;j, (3,7) €
Z5 X Zs.

(vi) The 3-section of S(5) which intersects each smooth fibre in its non-trivial 2-torsion
points is mapped under S(5) — Si5 onto a plane, nodal, irreducible sestic curve B C P%
(Brings curve). The equation of B in P2 is

Yoy1y2 — You1ys — Yo(y3 +95) +2u5y5 = 0.
B has double points at the siz points
(1:0:0), (1:&:¢7Y, i€Zs,

which form the unique minimal As-orbit in P%.

(vii) Every smooth curve E(y.,) meets B in three points. These are the vertices of a triangle
tangent to the fized conic Cy = {yd +4y1y2 = y1 —ya = y2 —ys = 0} C P3. We will identify
X(5) 2 PL with C4 via the As-equivariant map s : (A : p) — (2dp: p? : =)2). O

Proposition 4.3. (i) For (A:p) € PL\ A and 7; a non-trivial 2-torsion point on E(x:p)
the translation scroll
T (mi) = U p,ptmi CP*
PEE(A:M)

is a smooth Gs-invariant elliptic quintic scroll in P* over the curve Eopy/ <Ti > E(ap
is contained in T(x.,)(Ti) as a bisection of the ruling of this scroll. Conversely, any Gs-
invariant elliptic quintic scroll T in P* arises in this way.

(i) Given I there exist ezactly three pairs (E;,7;), i = 0,2 of elliptic curves and 2-torsion
points as above, such that ¥ is the Ti-translation scroll of E;. In particular, ¥ meets P2
along the disjoint union of the i, i = 0,2 and the ruling of ¥ over the origin of the base
curve.

(1))  Analogously, given a smooth Gs-invariant elliptic normal curve E(y.,) C P* there ezist
ezactly three Gs-invariant elliptic quintic scrolls containing it, each two of them meeting
transversally along the elliptic curve. Namely, these are the translation scrolls Ty, (i), i
a non-trivial 2-torsion point on E(x:p)-
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We may rephrase these results as follows:

(iv) There ezists a I-dimensional family Q(x.u), (A : p) € PL, of Gs-invariant elliptic
quintic scrolls in P* (possibly degenerate). The ruling of a smooth Q(x:p) over the origin of
the base curve is the line l(x.u) = {y1 — Y4 = y2 — ys = Auyo + p?y2 — N2y1 = 0} C P2, This
line is tangent to the conic Cy at the point (2\u : u? : —)2), which corresponds via s to
(A:p) € PL 2 X(5).

(v) For every (X : p) € PL\ A the surface Q(x.p) is smooth. Otherwise Q(x.) 15 a cycle of
5 planes.

(vi) Q(x:p) contains precisely the curves E(Xﬁ) such that (5\ : i) is a root of the polynomaial

P =_)‘2ﬂ)‘3+ﬂ3)‘2 +)\3)‘” +A“2'u3
with (X : p) fized. If Q(x.p) is singular then it contains 3 pentagons with 2 of them coming

together. Conversely, P33 determines the surfaces Q(x.,) containing a fized curve E(;\:ﬂ).

Proof. To prove (v) we observe that Q(x.,) is singular iff it contains a pentagon E(5.z)- The
assertion follows from the corresponding smoothness statement for the elliptic curves and
(vi) above. O

Lemma 4.4. (i) The Moore matriz M(z,p) is skew-symmetric (up to column permuta-
tions) for p= () : u) € PL(y) and its 4 x 4-Pfaffians define the Gs-invariant elliptic normal
curve Ep = Ep(x). In particular, E, has a minimal free resolution of type

M(z

IEP ’P) IEP
0 0p, «+—0+—V3R0(-2) +—" V1 ®0(-3) +— 0(-5) + 0.

(i) For p = (\: u) € PL(y) the 4 X 4-minors of the syzygy matriz L(u(2),p) define the
Gs-invariant elliptic quintic scroll Qp, = Qp(2) C P4(2). In particular, @, has a minimal
free resolution of type

I oz
0 Og, +— 02V, ®0(=3) "“2P v, @ 0(-4) EL 0(=5)

with [z] = (20,...,24).

Proof. (i) is well-known, compare e.g. [Bi], [KI].

(ii) Let p € PL(y) and Q, = {z | tkL(:(z),p) < 3}. A straightforward calculation shows
that the saturated ideal of ), contains 5 cubics which define a ruled surface of degree 5
(see [Moo, 4.2]). On the other hand, (2o,...,24) - L(¢(2),p) = 0. Hence L(¢(z),p)’ defines
a morphism from F = Q3(3) to =V ® (‘) Whlch drops rank along Qp Altogether Qp is
a Gs-invariant elliptic quintic scroll with the claimed minimal free resolution (compare e.g.
[Ok1]). Moreover, L(:(z), p) has rank 3 along the line I, C P% which implies that Q, = @,
by Proposition 4.3, (iv). O

Corollary 4.5. Let p=(): pu) € PL. A set of defining equations for E(y.,)(z) is given by
A
¢ (@) = —uz? — pPripaziga + Naipazigs,
and a set of defining equations for Qx.u)(2) is given by
A
CE M)( ) =X P2} + W] Zi+1%i+3 +zl+2zz+4)
— M (zit128y0 + 2lhazitd) — Nzizigaziva — pt2izigaziys,
where 1 € Zs. 0O
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Remark 4.6. As in Lemma 4.4 we obtain: M(p,y) is skew-symmetric for p = (A : pu) €
PL(z) and its 4 x 4-Pfaffians define E(x.,y = Eou(y) in PAy). On the other side,
L(g,y)(yo,...,ya)t = 0 for ¢ = (X : p) € PL(2) and in this case the 4 x 4-minors of
the matriz L(q,y) define Q(u—x) C P4(y). O

Remark 4.7. Let p= (\:p) € PL.
(i) By applying Beilinson’s theorem to Jq,(2) we get a resolution of type

0 +— Jg,(2) +— Q2(2) +& 50(-1) + 0.

@ is a 1 X 5-matriz with entries in A2V (see Ezample 2.2). By comparing the mapping cone
over ¢ with the minimal free resolution in Lemma 4.4 we see that

o = (uft(e:) + M~ (€i))iezs)

where €, ...,eq4 is the chosen basis for V and f* : Vi — A2V, are the Horrocks-Mumford
maps [HM] defined by

f+(z a:,‘e,') = ngei+2 Aeirs and f_(z wie,') = Z:l:iei+1 Ae€itq.

Notice that f* correspond to the pencil of trivial characters in HomGs(Vl,Az%ﬂ) >2I
2Z.(is) The Plicker equations for uft(z) + \f~(z) € A%V, to be a decomposable tensor,
i.e., to correspond to a line L, C P*, are just the equations of the elliptic curve E(x:p)-
(i) The lines Ly, « € E(y.p), are the rulings of the scroll Q(x.p). LOE(W) 18 ezactly l(x.p),
the ruling over the origin of the base curve. Any scroll Q(x.,) may be identified with the
symmetric product of an elliptic curve (cf. [BHM2] p.744). Therefore, in our case, Q(x.p)
may be canonically identified with S?(E(y.,)). O

Next we will discuss some facts concerning S5 and other projective models of the Shioda
modular surface S(5). First we recall from [BH] a natural choice for a Q-basis of the
Néron-Severi group of S(5). As mentioned in Proposition 4.2, (v), S(5) has 25 sections L;;,
(4,7) € ZsxZs, which consist of the 5-torsion points in each smooth fibre. Furthermore S(5)
has 12 singular fibres of type Is. We will order the components Fi;, k = 1,12 and [ € Z5 of
the singular fibres Fj, in a coherent way, such that Log- Fro =1 and Fy;- Friy1 = 1. If F
denotes the class of a smooth fibre, then Lgo, F and Fy, k = 1,12, | = 1,4, are a basis for
NS(S(5)) ® Q (cf. [BH, Prop.1]). A result of Inoue and Livné (cf. [BH, Theorem 1]) says,
that there exists a unique divisor class I € Pic(5(5)) with 5I = 3=, ; L;j. In terms of the
above basis it is given by

12

I=5Loo +24F — Y (2Fk1 + 3Fkz + 3Fks + 2Fka).
k=1

The complete linear system |I 4+ 2F| defines an immersion ¢ : S(5) — S15 C P* [BHMI,
Proposition 9], which is nothing else than the normalization morphism described in Propo-
sition 4.2, (iv). In the sequel we will be mainly concerned with the linear system |31 + 5F —
> Pri|, where Py are the vertices of the singular fibres of $(5), k = 1,12 and | € Zs. In
[BH, Theorem 4] the following result is proved:
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Proposition 4.8. Let 5(5) denote the blow-up of S(5) in the 60 points Py. The linear
system |31 + 5F — Y Pyi| defines a regular map o4 : S(5) — P%, which is birational onto
a surface Sys of degree 45. The singular fibres of 5’(5) are mapped to complete pentagons.
Two such pentagons coincide if the parameters of the fibres belong to opposite vertices of the
icosahedron, and are disjoint otherwise. O

The proof in [BH] relies on some properties of the maps vt and v~ introduced in [BHM1]:

VYo (Y mie) = Y (@arta - oo
1€Zs i1€Zs

and

v": V1 = Vo, v—(z Tie;) = Z($i+1$?+2 - :v?+3a:,'+4)e,'.
i€Zs 1€Zs

v¥ correspond to the pencil of trivial characters in Homg, (V1,Vo ® VE,”) >2IP3SD5Z. We
recall from [BHM1]:

Remark 4.9. Let (\:p) € PL.

(i) vt(z) =v~ () =0 ezactly at the singular points of Sis.

(ii) If = € P* is none of these singular points then pvt(z) — A~ (z) = 0 iff uf*(z) +
Af~(z) is a decomposable tensor in A*V,. When this occurs the point P(vE(z)) lies on the
corresponding line L.

(i) The five cubic equations arising from pv™(z)—Av™(z) = 0 cut out the union of E(y.,)
and the singular points of Sis (in case E(y.,) is a pentagon its vertices show up as embedded
points). In particular, vt and v~ are proportional ezactly over Si5. O

In the sequel we will consider vT as the Gs-equivariant rational map
vt PYz) = PAV)-->P4(z) = P4(Vb)

defined in coordinates by z; — xi122%,, — 22, 7it3. Then the base locus of v* is the dis-
joint union of the pentagon E(q.1)(¢) = {Zi+1%i+4 = 0}icz, (scheme theoretically the vertices
show up as embedded points) and the 25 vertices of the other 5 complete pentagons. In
particular, v* is dominant and a standard computation shows that it is generically 16 : 1.
Moreover, since v and v~ are given by cubic polynomials, and since every linear combina-
tion of them vanishes on a fibre E(y.,) of S5 and on the vertices Py; we have a commutative
diagram

S(5) 9, S15 C P*

ot
Ps e, !
oy

N
Sis C P4,
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Proposition 4.10. (i) ¢4 maps Loo birationally onto the conic Cy = {22 + 42129 =
21 — 24 =29 — 23 =0}CP?|_.

(1) v maps P% onto PL. The 3-section D of S(5) which intersects each smooth fibre in
its non-trivial 2-torsion points is mapped 3 : 1 by 4 onto PL.

(1)) vt embeds a curve Ey.,,), (A: p) € PL\A, as a Gs-invariant elliptic curve Elyu C P4
of degree 15. The curve Ef ) is the section of the scroll Q(x.y) which corresponds to the
set {{p, ¢} | 8p + 2¢ = 0} under the identification Q(r.u) = S*(E(r:p))-

Proof. (i) is clear since v*) , is the map

|1p1_

"’+Ip1_ (2 z2) = (22k2g el s —23 s —ad : xy2d).

(ii) follows readily since v*| , is the map

2

2
+ . . . . 2 2, . 3 2, 2 _.3..2,. 2

v |P1.($0~931-$2)—>(0.$1$2—$0$2-wl—xoxz.wow2 2} : 22z — z132),

and since v restricted to the Brings curve B C P2 has as base locus a scheme of length 15.
Indeed, it follows from the above discussion that set-theoretically this base locus coincides
with

PAn{vt =v"=0}U{(0:0:1:1:0)},

i.e., that it consists of the double points eg = (1:0:0), (1: & : £7%), i € Zs, of B and
the point (0: 0: 1), and that these points count with different multiplicities as follows. The
node ep has multiplicity 4 since there are exactly two pentagons, namely E(.;) and E(;.q)
having eg as a vertex where two non-trivial 2-torsion points coalesce, while all the other five
nodes have multiplicity 2 since for each of them there are precisely two pentagons meeting
P% transversely in such a point (compare with Lemma 9.1, (ii) for more details). Similarly,
(0:0:1) counts with multiplicity 1 in the base locus.

(iii) It follows from Remark 4.7 and Remark 4.9 that the image E(,, ) of E(y.;) under vt
is a section of ()(x.,). This section meets the ruling over the origin of this scroll in the point
vt((X : p)), ie., in its point of tangency to the conic Cy. On the other hand, E{A: ) has
degree either 15 or 5 by Gs-invariance. Moreover, it is of numerical class Co+bf with b = 12
or b = 2 since it meets the ruling in one point. Here Cj is the minimal section and f a ruling.
There is no Gs-invariant curve in the numerical class of Cy + 2f, thus Eé ) has degree 15
and is of numerical class Cp + 12f. A Gs-invariant curve in this class is of type 2p + 3¢ = 7;
on S?%(E(x.)), Ti a 2-torsion point on E(x.p)- By looking again at the intersection point with
the ruling over the origin we see that necessarily ; = 0. O

For later reference we recall from [ADHPR] the following:

Remark 4.11. For general (X : u) € PL the curve E{y.,) coincides with the base locus of
the pencil |Ak| of degree 10 abelian surfaces on TrisecQ(x.).

Proposition 4.12. (i) If p is a point on a smooth fibre E(y.,)(z) of Sis which is not
a 5-torsion point, i.e., which does not lie on a HM-line, then the quintic hypersurface
{det My(y) = 0} is the secant variety Sec E(y.,) and {det L,(y) = 0} is the trisecant va-
riety Trisec Q(u:—z)-
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(i) If q is a point on a smooth fibre Eéku)(x) of Sy which does not lie on a HM-line,

then the quintic hypersurface {det M,(y) = 0} is the trisecant variety Trisec Q(x.,) and
{det L (y) = 0} is the secant variety Sec E(y,,y. O

Proof. In view of the correspondence described in [ADHPR, Proposition 12] between secant
varieties of elliptic normal curves and trisecant varieties of elliptic quintic scrolls, and of the
identity

Yo Uo
U Uy
L(e),u)' - | 2 | = M(2,y) - | ua
Ys ug
Ya Ug

it is enough to prove only the statements made for matrices of type M.

(i) There are 5 independent Hs-invariant quintic hypersurfaces through a Gs-invariant
elliptic normal curve (cf. [Moo, 2.4]), hence © contracts E(y.,)(z) to a point P. It is shown in
[Moo, §3] that ©~!(Tq,p) = Sec E(x.,). This quintic in turn coincides with {det M,(y) = 0}
by Remark 4.1, (i).

(ii) Analogously, one shows that there are precisely 5 Hs-invariant quintic hypersurfaces
through an elliptic curve of type Eé A u)($)' Namely, EE e ”)(w) lies on the scroll Q(x.,) by
Proposition 4.10, (iii), and since there are 3 Hs-invariant quintic hypersurfaces through an
elliptic quintic scroll [Hul, VIIL.3.5], since |-2Kgq,,.,, | moves in a pencil [BHM2, Proposition
5.4], and since h'(Jg,.,,(5)) = 0 the claim follows by taking the Hs-invariant part of the
cohomology of the exact sequence

o— JQ(A:/.;) (5) - JEEA:“) (5) - OQ(A:#) (_2KQ(A;4)) — 0.

Therefore to show (ii) it is enough to check only one point g on E{, () \ L. This is done
in [ADHPR, Corollary 14] for g chosen as the intersection point of Eé A u)(w) and Cy. O

Proposition 4.13. Let T' = {2 + (z1 + z4)(z2 + z3) = 0} be the quadric cone over the
conic Cy C P4 with vertez PL. Then I' meets each smooth fibre Ey.,) of the surface Sy5 in
twice its origin and simply in the non-trivial S-torsion points.

Proof. First note that E(y.,) is not contained in I'. Since I' is singular along P it will be
sufficient to show that the non-trivial 3-torsion points of E(., liein I

For this we use the 4:4 correspondence between Gs-invariant elliptic normal curves and trise-
cant varieties of Gis-invariant elliptic quintic scrolls. Recall from [ADHPR] that a trisecant
scroll Trisec ) contains a pencil |Ax| of abelian surfaces. Among these there are precisely
4 translation scrolls coming from the 4 triangles from the Hesse pencil with respect to the
twisted H3-action in each plane of Trisec Q. Clearly, as translation scrolls they are given by
a 3-torsion point on the corresponding elliptic curve. Notice that these 4 elliptic curves do
not lie on the scroll Q.

Conversely, given an elliptic curve, a 3-torsion point on it defines a translation scroll of the
above type. The eight non-trivial 3-torsion points on the curve give rise to only 4 translation
scrolls, hence the claimed correspondence.

Now both the elliptic scroll @ and the desingularization of the trisecant scroll Trisec @), are
projective bundles over an elliptic curve E, and the projections are Gs-equivariant. We
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denote the plane in Trisec @ over the origin og of E by m,,. It contains a plane cubic curve
of the scroll @ which we denote by C,,. Note that m,, is also the plane spanned by the
origin of E(.,) and a pair of points (p, —p), where p is a non-zero 3-torsion point of Ey.,)
and that we obtain any such plane in this way.

The proposition now follows from the

Claim. The plane 7o, ts one of the planes of the cone I'.

Proof of claim. The plane cubic curve C,, meets each of the three elliptic normal curves on
Q in its origin, i.e., in a point on P1. Thus P! is contained in 7,;. On the other side, C,
meets the ruling l,, of @ over og in its point of tangency to Cj, hence m,; NP3 C C4 and
the claim follows. 0O

Later on we will consider Hs-invariant graded R-modules whose presentation matrix is
obtained by concatenating three Moore matrices Mp, (y), Mp,(y) and Mp,(y). It will follow
from the representation theory described at the beginning of this section that the first order
linear syzygies of such modules come in blocks of L-matrices. Therefore we are interested
in the product matrices

Pa?:z(y) = M(w,y) L(Z,y)-
Each entry of P; ,(y) is a quadric in the span of
Y, Yit1Yite, Yitalits

for some ¢ € Zs with coefficients that are bilinear forms in z’s and 2z’s. We collect these
forms in the matrix

Z020 T121 T222 T323 T424
T123 + X422 T224 + To2zz T3Z0 +T124 Te21 +T220 ToZ2 + 2321 |,
To21 + T324 X322 + T420 T423 +ToZ1 To2a +T122 T120 + T223

which, after column permutations, can be rewritten in a compact way as
T3i234
T(z,2z) = (tji) = | *3i+123i+3 + T3i+423i42
T3i+223i+1 t T3i+323i+4 / ;cq
The entries of T' define a morphism
&1 : PY(z) x PY(2) = P(2).
Let us fix a point (A : u) € PL \ A. The variety

Iy = {(377‘2) | Pr,z(y) =0 forany y € E(,\:u)(y)} - P4(w) X P4(z)

parametrizes the product matrices whose entries are in the linear system of quadrics defining
the smooth elliptic curve E(x.)(y). I(x:u) Will be used in Section 5 to compute the first order
linear syzygies of a module as above in the case that all 3 points p;, p; and p; are on the
elliptic curve E(y.,y (). For this purpose we will need the following results.
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Lemma 4.14. Iy, is cut out by the 10 bilinear forms
Azizi + p(Tizazie1 + Titsziga) = pxizi — M(Tig12i43 + Tivazigz2) =0, 1€ Zs .

It is an elliptic scroll, which maps by projection to the elliptic curve E(y.,)(z) in the first
factor (this map defining the ruling) and isomorphically to Qx.u)(2) in the second factor.

Proof. By writing down Py ,(y) explicitly and by comparing with the equations qEA’“ )(y) of
E(»:p)(y) given in Corollary 4.5 we see that I().,) is defined by the condition

A0
(,u ) g)-T(a;,z)=0,

i.e., by the 10 equations above. A straightforward calculation shows that the saturation
of these forms with respect to 2o,...,24 (%0,...,%4) contains the equations of Ey.,(z)
(Q(/\:p)(z))'

Conversely, by plugging in our fixed point p = (A : p) € PL, we see that P, ,(p) = 0 iff
z is on the line [, the ruling of Q(x.)(2) over the origin. By Hs-invariance the image of
I(y:u) under the projection to z (to z) contains 25 points (lines) of E(x.uy(z) (Q(ap)(2))-
By Bezout this image contains the whole elliptic curve (scroll). O

We have shown that I(y.,) is contained in E(y.,)(z) X Q(a:u)(2) and that it is a smooth
elliptic scroll. We now restrict the morphism ®7 to this scroll. Let w; = z3;23;, 1 = 0,4,
be the entries of the first row of T. Then ®71 and the rational map defined by the w; into
P*(w) = P*(V2) coincide on I(y.,), if P*(w) is suitably embedded in P'4(t). In fact, under
the identification of P'4(¢) with the space of quadrics in y’s, we embed P%(w) as the space
of quadrics in the ideal of E(y.,)(y). The image of I().,) in P*(w) proves to be very singular
along the curve E(y.,)(w). More precisely, we have:

Lemma 4.15. Let S(y.) be the image of I(y.,) under ®7. Then S(y.,) is contained in the
linear subspace ]P"(*,\: u)(w) C P4(t) which is cut out by the linear forms

AMboi + ptai = ptoi — At =0, ¢=0,4.

In fact, S(x.u) is the degree 15 scroll in ]P‘(l)‘: u)(w) defined by the singular lines of the rank 8
quadrics through E(y.,)(w).

Proof. Consider the rational map
®r, : PY(z) x P4(z) —» P%A:“)(w) C PM(¢),

defined by the entries of the first row of T'. Clearly, the restrictions of &7 and &1, to Iy
coincide. The first assertion of the lemma follows. For the second one we first remark that
®1, maps the ruling {p} x l;(2), where p = (X : ), 1: 1 to PL(w). Thus Sy, is two-
dimensional. Recall now from [Hul, VIIL.3.5] that H O(HZE(A:“) (w)(5))H5 is a net whose base

locus is exactly the scroll of the singular lines of the rank 3 quadrics through Ey.,)(w). So
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it suffices to show that S(y.,) is contained in every Hs-invariant quintic which is singular
along E(y.u)(w). By [Hul, p.82] a basis for these quintics is given by

4
Qo(w) = Z wiqg ’

=0

4
Q1(w) =) wigi+1di+s »
i=0
4
Qa(w) = ) wigit2gits,
1=0

where ¢; = q,()‘:")(w) are the equations of E(y,)(w). A straightforward calculation shows

that for all ¢

Qi(z020, 323,121, T424,L222) =0
modulo the equations of I(y.,) . O

We recall the geometry of the degree 15 scroll defined by the singular lines of the rank 3
quadrics through an elliptic normal curve in P4

Proposition 4.16. (i) The scroll S(y.,) is a birational image of the symmetric product
S2?(E(x:u)) via the identification map which associates to a proper secant line g of E(»:p) the
point of intersection of this secant with the singular line of the rank 8 hyperquadric uniquely
determined by the fact that it contains the curve and that its singular locus meets pq outside
the curve.

(%)  S(xp) 18 4-tuple along E(y.,y and smooth elsewhere.

(i) The union Xpy, of all the secants of E(y.,) spanned by points which add up to p+ ¢
in the group law is a smooth rational cubic scroll, whose directriz dp4q is a ruling in S(y.,).
As a ruling in the symmetric product S?(E(y.,)) this is the ruling over the point p + q on
the base curve. This ruling hits the curve E(y.,) C P* in ezactly one point corresponding to
-2(p+9).

(iv) The curve {{p,q} | 3p + 2¢ = 0} on the symmetric product S*(E(x.,)) is mapped 4:1
onto the curve E(x.y) C S(x:p). The image of {p,q} is the intersection of the secant pq with
dptq.

Proof. See [Hul], [BHM1], [BHM2]. O

Remark 4.17. (i) The scroll S,y contains three elliptic curves , which on the symmetric
product S%(Ey.,)) are numerically equivalent to the anticanonical divisor. Namely, these
can be identified with the set of unordered pairs of points {{p,q} | p = ¢+ 7} on E(,.),
7 a non-trivial 2-torsion point on E(y.,). The group law is given by {p,q} + {r,s} =
{p+r,q+r}={p+s,q+ s}, which is well-defined since p— q=1r — s = 7; is 2-torsion.
(i) Through any point of E(x.,) there are ezactly four rulings of S(x.,). In particular, the
rulings through the origin of E(x.,) correspond to the directrices d-;, T; a 2-torsion point on
Eouw- U
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Lemma 4.18. Let 7;, i = 1,3 be the non-trivial 2-torsion points of E(x.py and let Il 1, be
the plane spanned in P* by the directrices dr, and dr,. Then Il ., meets S(y., in dr,, dr,
and the points corresponding on the symmetric product to {{p,q} |3(p+¢) =p—q=T73}.
In particular:

(i) There are ezactly 8 rulings not contained inll,, r, which meet this plane. These are the
rulings over the points © € E(y.,) with 3z =11 + T3, = # T3.

(1) These rulings meet the plane in non-trivial 6-torsion points of the numerically anti-
canonical curve on S(.,) corresponding to T3 as in Remark 4.17, (i).

Proof. Assume that the plane II,, -, and the ruling over a point z € E(,.,) intersect. Let H
be the hyperplane spanned by II, r, and this ruling. The curve E(y.,) hits this ruling in the
point —2z and the other two rulings in the origin. Therefore we may write

HnN E()\:/.t) = OE(x.) + (—231) +a+b+e

The chosen 3 rulings are directrices of rational cubic scrolls which contain the elliptic curve,
and H intersects each of these scrolls along their directrix and two rulings. From Proposition
4.16, (iii) we get the following relations:

On the scroll with directrix over 7

a+b=c+(-2z) =m.
On the scroll with directrix over m
at+c=b+(-2z)=m.

Note that we have essentially defined the points a, b, ¢ via these relations, hence for the scroll
over & we necessarily get

b+c=a+oE(w) =z.

Adding the second relations in each case we get a + b+ ¢+ (—4z) = z + 71 + 72, and since
a+b+c+ (—2z) =0 we deduce 3z = 73.

Let us consider now the hyperplane H' spanned by II,, r, and the ruling in the rational scroll
over the directrix of . This ruling hits the curve in points p and q say, and thus we can
write H' N E(y.p) = O,y TP+ q+a+b Asabove we get that a+p =b+ ¢ =7 and
a+ q = b+ p = 7, which implies p — ¢ = 73. The rest of the lemma follows now from
Remark 4.17, (i). O

We will finally determine the 6-torsion points of a Gs-invariant elliptic normal curve in P4,
For this purpose we will again use the rational map v* : P4(z)-->P*(z), and the morphism
®7. Notice that the map

P¥(z) = P4(V1)-->P*(w) = P(V%)

defined in coordinates by wg; = zi(ziy22%,, — 27, Tiy3) is Gs-equivariant. It corresponds
to a trivial character in Homg, (Vi, Vo @ V¥) = 21 @ 35 @ 52.

T
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Proposition 4.19. Let (\: u) € PL\ A.
(i) The graph T'(x.,y C P4(z) x P4(2) of the restriction of v* to the elliptic normal curve
E(x:y) s contained in the incidence scroll I(y.,) .
(i) @7 maps the graph T'(x.,) 4 : 1 onto the curve E(y.,)(w) C ]P"(*/\m)(w). Moreover, the
composition

@70 (B, (2) X 53, 0)) F B (2) = Bia) ()

acts as multiplication by 2 in the group law of the elliptic curve Ey.p).

i11) The octic hypersurface {w3 + (w1 + wa)(w2 + w3) = 0}, where wy; = w;(wg+2w?+4 -
x?,1Tiy3), t € Zs, meets each smooth fiber of S15 C P*(z) in twice the 2-torsion points and
simply in the remaining 6-torsion points .

Proof. (i) One can easily check that

(2 —0/\ ’5) - T(z,v*(z)) =0

(A:p)

modulo the equations ¢;"*", i € Zs, of E(».,)(¢). Hence we deduce from the proof of Lemma

4.14 that the graph I'(y.,) is contained in the incidence scroll I(y.,).

(i) By Lemma 4.15 the image of I(y.,) under ®r is the singular scroll S(y.,). Therefore all
claims in (ii) follow from the fact that through any point p of E(y.,)(w) there pass exactly
four rulings of S(x.u)(w). Namely, these are the directrices dy of the cubic scrolls X, with
2q = —p in the group law (cf. Proposition 4.16, (iii) and (iv), and Remark 4.17, (ii)).

(i) is then clear from Proposition 4.13. O

For the next section we summarize some of the results of 4.14-4.19. First these results
give rise to the diagrams

ol
I(N#) - S(,\;,,)(w)
A

2

™1 14
Y
T
E(A:u) (w) Q(A:u) (z)
and
Liap) E(x (w)
A y
¥ & p
'U+ '
E()‘:#)(w) E(,\:p,)(z)'




A. AURE, W. DECKER, K. HULEK, S. POPESCU, K. RANESTAD 29

The varieties of the second diagram are subvarieties of the corresponding varieties of the
first diagram. In the first diagram p = ®r o, ', and in the second diagram

— (i +
¥ = (dgg @) XV |5, @)

The maps &7, 7, and p of the second diagram are restrictions of those in the first diagram,
while 9 and vT are sections of the corresponding maps in the first diagram. 4.14, 4.15, 4.16
and 4.19 say that both diagrams commute. In the next section we will need to know which
pairs of points (p,q) € I(xpu), P € Enp)y ¢ € Q(a:p) are mapped by @1 to the points of
E(x:p)(w) and to the plane I, -, of Lemma 4.18. Since v™ is an isomorphism we can identify
points on Ef,. (z) with points on E(x.)(z).

Remark 4.20. Under the identification of Q(.u) with S*(E(x..)) each numerically anti-
canonical curve on S?*(E(y.,)) corresponds to one of the three Gs-invariant elliptic quintic
curves on Q(ay). The curve corresponding to {{p,q} | p = q + i} will be denoted by
E(xpy(m). O

Corollary 4.21. (i) The map p of the second diagram is 4 : 1 and acts as multiplication
by 2 in the group law of the elliptic curve Eb‘m)(z).

(i) The HM-lines in P*(z) are proper 3-secants to Q(x.u)(2). In fact, they are all $-secants
to the curve Eb‘: u)(z) and intersect the curve in the 10-torsion points which are different

from the 5-torsion points.

(i1) The numerically anticanonical curve E(x.u)(73) C Q(x:p)(2) 18 mapped by p isomor-
phically to an elliptic curve on S(x.u)(w) which meets the plane Il , -, of Lemma 4.18 in 8
non-trivial 6-torsion points.

Proof. (i) follows from 4.14 and 4.19. (ii) follows from 4.10. (iii) follows from and 4.18. O

5. MODULES OBTAINED BY CONCATENATING THREE MOORE MATRICES.

In this section we use the results of Section 4 to analyse graded R-modules whose pre-
sentation matrix is a block of three Moore matrices. We are particularly interested in those
modules listed in (5.1). We check under which conditions the modules in (5.1) are artinian
and we compute their linear and quadratic syzygies. This provides enough information for
the following sections, where we will construct surfaces from these modules and determine
their syzygies completely.

Let II =< p1,p2,ps >C P%(z) be a plane, let

a = (MP1 (y)’ Mpz (y)a MPa (y))a

and let M = @ Mj be the Hs-invariant graded R-module presented by a;:
k>0

0+ M+ Vzs®R <3V @ R(-1).
We call II the representing plane of M. The minimal free resolution of M is of type

0+ M+Fpo®REFI1QR-1)EDPFR,QR(-1)E .- B PF QR(-I)«0
1>2 >5
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with Fo o = My = V3 and Fy ; = 3V;. The syzygies Fy ;41 are canonically isomorphic to the
cohomology groups of the Koszul complexes

v = ARV @ My < ANV M — AMPYVF QMg -,

defined by the multiplication maps M1 « Vg ® M; (see [Gr]). These Koszul complexes
tensorized by R(—k — l) fit as vertical lines into a double complex with Hs-equivariant
differentials. The horizontal lines are obtained by tensoring M; with the Koszul complex
resolving C(-1).

Following [Po] we first consider the case where M is additionally invariant under ¢. In terms
of Gs-modules the double complex reads:

! { 1 1

0+ Va®R & (3Vi ©2Vi¥) ® R(—1) + (4V, @ 6V¥) ® R(—-2) + (25@2Z) ® R(-3) +
: 1 1
0 +« M; ® R(-1) «  M; ®Vs ® R(-2) + M; ®2V{¥ ® R(-3) +
] 1 1 )
0 «+ 0 — M; ® R(-2) «+ M@V, ® R(-3) +
1 1 1

For every k the induced maps Fx_1,r  R(—1') + F,®R(—!) are just the components of ay.
In order to study o we use the notations of the beginning of Section 4. We want to compute
the restriction of the differential @ of the double complex to a 5-dimensional Gs-invariant
subspace of V3 ® V. Therefore we choose a decomposition of V3 @ V' = 3V; & 2V1# into
irreducible Gs-modules (the subspaces selected in Section 4 are not ¢-invariant). Namely,

we consider the subspaces whose i*! basis vector is given by f,-(o), f,-(l) + f,-(4), f,-(z) + f,-(s)
and fi(z) - f,-(a), fi(l) - f,«(4) resp. Every a = (ag : -+ : as) € P* with either a3 = a4 =0 or
ap = a; = ag = 0 defines a Gs-invariant subspace

VeCVa@Vy 23V @2V

The i*? basis vector of V* is the linear combination of the ith basis vectors above with
ag,...,as as coefficients. The restriction to V* of the differential o of the double complex
is given by the Moore matrix

My(y) with p=(ao:a1—|—a4:a2+a3:ag—a3:a1—a4)€P4.

Thenp € P2 iff Vo= V; and pe PLif Ve = V¥ .

Suppose for the moment that M; is 10-dimensional. Then there are three possibilities for
M, namely M; = 2V1#, My 2V V1# or M; = 2V;. Correspondingly, there are the
following three possibilities for the representing plane of M:

(51)’ (i) < p1,p2,p3 >= P?’. .
(5.1), (if) <p1,p2>CPL, psePl.
(5.1), (i) pr=(ao:a1:az:a2:0a1) €EP, <pa,ps >=PL.

(5.1), (i) gives the module of Section 3 corresponding to the HM-surfaces. By Proposition
4.2 we can choose p;, p2 and p3 to be the non-trivial 2-torsion points on any smooth elliptic




A. AURE, W. DECKER, K. HULEK, S. POPESCU, K. RANESTAD 31

curve E(y,,)(z). Due to the results on the incidence scroll in Section 4 we will have some
control over the module M in the case where all three points are on a smooth Ey.,)(z). For
example, the following is a special case of (5.1), (ii):

(5.1), (ii)) < p1,p2 >C P% is the line spanned by two non-trivial 2-torsion points of
E(a)(z) and ps € PL is its origin.

Let us fix one smooth curve E(y,,)(z) and denote by 7, ¢ = 1,3 the non-trivial 2-torsion
points and by p one of the non-trivial 3-torsion points of this curve. The following cases,
in which M is not invariant under ¢, are of particular interest because of Lemma 4.18 and
Remark 4.17:

(5'1)’ (iV) bi = T, 1= 1,2 and pP3 = T3 + p.
(5.1), (v) pi=7i+pi=13.

In the sequel we will analyse graded R-modules M with a presentation matrix oy defined
by a representing plane II =< p;,ps,p3 >C P*%(z) with particular interest in the cases of
(5.1).

Let us first check under which conditions M is artinian. We need the following notation.
Let N(u,y) be the 5 X 5-matrix with bilinear entries in u’s and y’s defined by the relation

(uo,u1,uz,us,uq ) - M(z,y) = (20,1, %2,23,24 ) - N(u,y). (5.2)

In other words,

N(u,y) = (U2i+j¥i+i)ijess-
Lemma 5.3. If y € P4(y) is in the support of the module M, then the matriz M(z,y) has
rank at most 4 on the plane II and there ezists a point u € P*(u) such that p; - N(u,y) =0,
i = 1,3. In particular, M is artinian iff its representing plane II is not in the kernel of the

linear map
N(u,y) : P4(z) = P4(z), z+~ z-N(u,y)

for every (u,y) € P*(u) x P4(y).

Proof. If the module M has support at y, then there exists a point u defining a common
left side syzygy for all the three Moore blocks of a; at that point y. The lemma now follows
from the defining relation (5.2). O

Lemma 5.4. Let y be in the support of the module M. Then we have the following two
possibilities:

(}) Ify is not on a HM-line, then II is contained in the HM-quintic {det M(z,y) = 0}. In
particular, the tmage of II under the rational map

O :P4z) -+ P 2 (yo(z) i ma(z): - : v5(2))

does not span all of P5*.

(11) Ify is on one of the HM-lines, then the plane II contains two lines of a Gs-invariant
pentagon. In particular, II does not intersect a smooth elliptic curve E(y,,)(x) nor does it
contain a HM-line.

Proof. (i) If y is not on a HM-line then by Remark 4.1 det M(z,y) is not vanishing iden-
tically and {det M(z,y) = 0} is a HM-quintic which must contain II by Lemma 5.3.
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(i) By Hs-invariance we may assume that y € PL. Then M(z,y) is skew-symmetric (up
to column permutations), it has the left side syzygy

IEy(m) ’ M(.’l),y) =0,

and it has rank 4 outside Ey by Lemma 4.4. Lemma 5.3 and the relation (5.2) tell us that
Ig, () is a multiple of a common u for every z € II. The entries of I, (z) are the quadrics
which cut out the elliptic curve E,. These define a quadro-cubic Cremona transformation
from P* to P* which by the above must contract the plane II. There are no such planes
if E, is smooth since the Cremona transformation contracts only Sec E which does not
contain any plane (see [Seg], [Sem] and also [ADHPR] for the properties of the quadro-cubic
Cremona transformation). If Ey is a pentagon, then precisely the planes spanned by two
lines of the pentagon are contracted. The second assertion in (ii) can be checked from the
explicit equations of the elliptic curves and the HM-lines resp. O

Proposition 5.5. The module M defined by the plane Il =< p;,p2,ps > s artinian in
the cases (i), (11)’, (iv) and (v) of (5.1) where all three points lie on a smooth Gs-invariant
elliptic normal curve E C P4,

Proof. Suppose that the module M has support at some point y € P%(y). Then II is
contained in the HM-quintic {det M(z,y) = 0} by Lemma 5.4, (ii) and (i). We will show
that this quintic coincides with Sec E, a contradiction, since Sec E contains no planes.

Let more generally U be any HM-quintic containing all three lines [;; = p;p;, ¢ < j. The [;;
are secant lines to E, and we denote by T;; the translation scrolls of E generated by these
lines (compare [BHM2]). T;; has degree 5 if p; — p; is 2-torsion and degree 10 otherwise.
For every i1 < j there exists precisely one section s;; of the HM-bundle £(3) whose reduced
zeroscheme is T;; [BHM2]. For our purpose it suffices to show that U contains at least two
different T;;’s since then U is uniquely determined as the wedge product of the corresponding
sections of the HM-bundle. In particular, U must coincide with Sec E, because this HM-
quintic contains all translation scrolls of E as above.

The orbit of [;; under G5 consists of 25 lines if /;; is ¢-invariant, i.e., if p; + p; = 0 or p;
and p; are 2-torsion, and of 50 lines otherwise. By Bezout U contains E and thus Tj; unless
possibly if [;; is t-invariant and T;; has degree 10. In the cases (i) and (ii)’ p1, p2 and p; are
2-torsion points. Therefore the Tj; are the three distinct quintic elliptic scrolls which are
the 2-torsion translation scrolls of E and they are all contained in U. In case (iv) Tj2 has
degree 5, whereas T3 and T33 are two different scrolls of degree 10, and the lines l13 and I3
are not ¢-invariant. In case (v) non of the lines is ¢-invariant and the three scrolls of degree
10 are different. In any case U contains three different Tj;’s. O

Proposition 5.6. Let py = (ap : a1 : a2 : az : a1) € IP’?,_, p2=(0:1:0:0:-1) and
p3 =(0:0:1:—1:0) as in case (5.1), (111). Then the module M defined by the plane
II =< p1,p2,ps > is artinian iff p; € P2 \ A, where A is the union of the 6 lines

20=0 and o+ Ei.'L'l + E_i.'tz =0, 1€ Zs,

corresponding to the unique minimal As-orbit in (P%)*.

Proof. By Lemma 5.3 we have to show that II is contained in the kernel of the linear map

N(u,y) : IP’4(:c) - P4(a:), - N(u,y)
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for some (u,y) € P*(u) x P4(y) iff p; € A. The variety
I_ = {(u,y) € P*(u) x P*(y) | PL C ker N(u,y)}
is defined by the 10 bilinear forms
Uit2li+l — Yi+3Yits = UitaVitz — Uit1¥i+3 =0, 1 € Zs.
The saturation of these forms with respect to yo,...,ys contains the 10 cubic equations
vt(u) =v(u) =0,

which cut out the 30 vertices of the 6 complete pentagons in S35 C P4(u) (compare Remark
4.9, (i)). Conversely, every such vertex is contained in the image of I_ under the projection
to P4(u). Under the action of the normalizer N5 of the Heisenberg group these pentagons are
equivalent to the one with vertices ep,...,e4. For (v = €;,y) € I_ the plane II is contained
in ker N(u,y) iff p; is on the line o = 0. The lemma follows by the action of N5. O

‘From now on we will always suppose in case (5.1), (iii) that p; € P2 \ A.

Next we will study the first order linear syzygies of a;. It is clear from the representation
theory described at the beginning of Section 4 and from the double complex of the Koszul
cohomology that these come in blocks of L-matrices. We recall from Section 4 that the
product matrices My (y)L4(y) have quadratic entries in y’s with coeficients that are bilinear
forms in z’s and 2’s defining a morphism

&1 : PY(z) x P4(z) — P,

which is a projection of the Segre embedding. Five first order linear syzygies of a; are given
by a non-trivial relation

My, (y)Lg, (y) + Mp, (y)Lgy (y) + Mpg(y)Lgs(y) = 0

with ¢; € P4(2) or Ly (y) = 0, i = 1,3. We will express such a relation in terms of &7
and thus in terms of the three linear subspaces defined as Rp; = ®7({pi} x P%(2)), i = 1,3
(clearly, these subspaces are P%’s). First notice that the following case cannot occur, since
&7 is a morphism:

(I)  (pi, ¢i) is a base point of @ for one ¢, while the other two L-matrices are zero.

Therefore every five first order linear syzygies of a; are a linear combination of those corre-
sponding to one of the following cases.

(I) @7(pi,¢) = @7(pj,q;) is a double point of Ry, U R,; for one pair ¢ < j, while the
third L-matrix is zero.

(IIT) The three different points ®7(p;,q;) are collinear, i.e., these points define a proper
trisecant to Ry, U Rp, U Ryp,.
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Lemma 5.7. Let c € {1,2} and suppose that R,,, Rp, and Ry, span a P*~°. Then a; has
precisely Sc first order linear syzygies.

Proof. (i) If Rp,, Ry, and R,, span a P!3 then there are two cases:

a) Two of the P¥’s meet in a point and their span is disjoint from the third one.

b) The P*’s are pairwise disjoint and any of the three intersects the span of the two others
in a point.

In case a) there is no proper trisecant. In case b) let {i,5,k} = {1,2,3}. We spot one
trisecant by projecting from the point of intersection of R, with the span of R,; and R,, to
a P8, where the images of Rp, and Ry, have to meet in a point. This trisecant is the unique
proper trisecant (independent of the choice of ¢,7,k). So in both cases there are precisely 5
first order linear syzygies.

ii) If R,,, Rp, and Ry, span a P2, then there are five cases:

a) Two of the P¥s meet in a line and their span is disjoint from the third one.

b) One of the P¥’s meets any of the others in a point, the two others do not meet.

c) Rp,, Rp, and Ry, meet in a common point.

d) Two of the P¥s meet in a point and their span intersects the third one in another point.
e) The P¥s are pairwise disjoint and any of the three intersects the span of the two others
in a line.

Arguing as above we see that there is no proper trisecant in the cases a), b) and c), one in
case d) and a pencil of them in case €). Altogether, there are precisely 10 first order linear
syzygies in each case. O

Proposition 5.8. For generic choices in (5.1), (ii) a1 has precisely 5 first order linear
syzygies. In the other cases of (5.1) there are precisely 10 such syzygies (Lq"")i?%' The
points g;; can be chosen as follows: ==

(i) Lgsy = Lg;, =0, qij € PL otherwise, 11 = qi2.

(#)’ Lgg, = Lgy, =0, qu1, 12, @21 € PL, qu1 = q12 and g2 = ¢5(0x,,,,,) € P3.

(461) 11 =(0:1:0:0:—1), gog = (0: —a1 : ao : ap : —a1), g31 = (—2a1 : a2 : 0: 0 : ap),
qi2=(0:0:1:-1:0), 22 =(2a2:0: —ay:—ay:0) and g32 = (0: a0 : —az : —az : ap).
() Lgs, =0, g1 € PL, i = 1,2 and ¢33 € E(.,)(73) not on a HM-line.

(v) Lgg, = Lga, =0, and gij € Ey, ) not on a HM-line otherwise, q11 = q12.

Proof. We first study the situation, where all three points p;, p, and p3 are on the elliptic
curve E(y..)(z). Let ]P"(‘,\: w C P* denote the P* of quadrics defining E(y.,). Then ]P"(l,‘: W)
meets W := ®7(E(x,) X P4(2)) along the degree 15 scroll S(y.,) as in Lemma 4.15. Now
define W' as the P2-scroll obtained by projecting W from ]P"(&: )"

Lemma 5.9. (i) W' is a linearly normal, smooth P2-scroll in P® of degree 10.
(1) W' has no proper trisecants.

Proof. Recall from Proposition 4.16 that S(y.,) is a birational image of the symmetric prod-
uct S? (E(x:p))- More precisely, if €x, u) denotes the unique non-split extension

0— OE(,‘,“)(—OE(,‘:“)) = Ep) — OE(A:“) — 0,

where og, ,, is the origin of E(y.,), then the correspondence in Proposition 4.16 maps
P(Enp)(=T0E.,,)) to Sixy via the morphism induced by Op(g(w)(_nE(w)))(l). Then




A. AURE, W. DECKER, K. HULEK, S. POPESCU, K. RANESTAD 35

the identification in Lemma 4.15 of S(y.,) with the image of I(y.,) under @7 accounts for
the exact sequence of vector bundles on Ey,,):

0— 8(>\=#)(_70E(A:y)) - HO(JE(A:y)(z)) ® OE(A:p)(_l) —+ Q= 0,

where Q is a rank 3 vector bundle such that W' coincides with the image of P(Q) under the
map induced by Opg)(1). Twisting this sequence by Og,, ,, (1) we get

0— 8()‘:‘,)(—2030\:”)) — HO(JE(M“)@)) ® OE(A:u) - Q(1) = 0.

Together with its dual this sequence presents naturally P(QY(—1)) C (P*)* X E(x.,) as the
dual of the scroll P(& ,\,“)(—20}30:“))) C P* x E(xu). The projections to P* and its dual
resp. map the P!-bundle to an elliptic quintic scroll and the P2 -bundle to the dual quintic
trisecant scroll resp. Thus we know from [ADHPR] that Q(30z,,,,,) is indecomposable of
degree -1. Furthermore QV(—30g,,,,) has one section. In fact, h°(Q¥ ® L) = 1 for all
degree 3 line bundles £ on E,.,) and hO(QV) = 10. Thus W’ is linearly normal of degree 10
in P, and every triple of planes in W' spans a hyperplane. Therefore any two planes must
span a P° and no three planes can have a trisecant. We conclude that W' is smooth with
no trisecant. 0O

As a consequence of the lemma we see that W is smooth outside ]P"(i)\: ) and that any proper

trisecant to W lies in ]P"(l)\: Y and thus must be a trisecant to S(y.,). In particular, up to linear
combinations, 5 first order linear syzygies of a; correspond either to a point of intersection
of two of the three rulings R,;, = R,; N ]P"(i)“ u)» ot to a proper trisecant of these rulings.

In the cases (i) and (ii)’ Ry, N Ry, N Ryy = {0E .y} while in case (v) the rulings intersect
in the chosen 3-torsion point p (compare Proposition 4.16, (iii) and Remark 4.17, (ii)). Here
we identify as always points on E(y.,)(z) with points on E(y.,)(w). In case (iv), however,
Rps hits the plane spanned by Rm and sz in the point ®7(ps, g32), where gs2 € E(x.)(73)
by Lemma 4.18 and Corollary 4.21. Notice more precisely that ®1(ps, gs2) lies on a ruling
of S(x:u) which meets E,.,) in a non-trivial 6-torsion point. In both cases (iv) and (v) the
points ¢ are not on a HM-line, since any point (p,q) with ¢ in S?(E(,.,)) on a HM-line
would map to a ruling of S(y.,) which meets E(,.,) in a non-trivial 5-torsion point again by
Corollary 4.21. Therefore there are precisely 10 first order linear syzygies in all cases where
p1, p2 and p3 lie on the elliptic curve E(y,,)(z), and the points ¢ can be chosen as claimed.

Of course (i) is known from [De2], [Ma3] and [Ma4] and can also be seen by just computing
the equations of R,,, Ry, and R,,, where, say, py = (1:0:0:0:0), po=(0:1:0:0:1)
and p3 =(0:0:1:1:0). A similar calculation, dependingon p; = (ag:a1:a2:a2:a1) €
P2\ A, and with p, = (0,1,0,0,—1) and p3 = (0,0, 1, —1,0), shows the existence of precisely
ten first order linear syzygies in case (iii). It is easy to compute that 3°_, M, - Ly, =0,
J = 1,2, when the g¢;; are chosen as claimed (see also [Po]).

We finally need to show that for generic choices in (5.1), (ii) a; has precisely 5 first order
linear syzygies. For this, we consider first S_ = ®7(PL(z) x P%(2)) and Sy = &7(P%(z) x
P! (z)). Then S_ is contained in the P® C P4(t) defined by

too = t10 = t20 = to2 + to3 = t12 + %13 = t22 +t23 = o1 + tog = t11 +t14 =121 + 224 =0,
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while S is contained in the P? inside this P® cut out by the additional
t11 + to3 = to1 + t22 = 0.

Thus for p1,p2 € P4 and ps € PL the subspaces Rp, and Rp, will meet S, in a line while
Ry, will meet S_ in a plane. Since this latter plane will meet the P® of S} in at least a
point there must be at least one not necessarily proper trisecant line for the Ry, 1 = 1,3.
Thus the corresponding a; has at least 5 linear syzygies. It now suffices to find three points
such that the corresponding P*’s span a P!3. E.g., we may take p; = (1 :0:0:0 : 0),
p2=(0:1:0:0:1)and p3 =(0:1:1:—1:-1) in which case Rp,, Rp, and R,, span the
hyperplane defined by
2t20 +t11 —to2 —toz +t14a =0

in P14(t). O

Note that in the Gs-invariant cases the first order linear syzygies are decomposed into G-
representations. This will be the case also for the rest of the syzygies below, although we
do not make it explicit since Hs-invariance is enough to make the computations.

Proposition 5.10. In the above cases of (5.1) with 10 first order linear syzygies (Lq,;)
the linear part of the minimal free resolution of M, written in terms of Hs-modules, is as
follows:

, (Lq;;)
v @R "¢ 31 @ R(-1) € 2V @ R(=2) & aI @ R(=3) « 0,
where K is a direct sum of Koszul maps [y]* = (yo,...,ys)!. Moreover a =2 in the case (i),

a =1 in the cases (11)’ and (iv) and a = 0 in the cases (111) and (v).

Proof. We will take into account the results of Proposition 5.8 concerning the points g;;.
Notice that Ly(y)[y]* = 0 iff ¢ € PL. In this case [y]* defines the only linear syzygy of L,(y)
(compare Remark 4.6). If however ¢ is a point not on one of the HM-lines, then det Ly(y)
does not vanish identically by Remark 4.1, and L,(y) has no syzygies at all. This settles the
cases (i), (ii)’, (iv) and (v). In case (iii) we compute that the linear syzygies of (Lq,,,Lq,,)
are precisely a direct sum of two copies of [y]. These do not give rise to a linear syzygy of
(Lgi;) asiss O

Proposition 5.11. In the above cases of (5.1) with 10 first order linear syzygies (Lg,;)
there are 4 first order quadratic syzygies of ay in the case (i), 2 in the case (i) and 1 in

the cases (ii)’, (v) and (v).

Proof. The decomposition of the space of quadrics in P* into irreducible Hs-modules is
S52Vy = 3V3. Explicitely such a decomposition is given by distinguishing the following
subspaces:

<Y Siezs, < Yit1Yits Siezs, < YitaYits >i€ls -

Moreover, S?Vy ® V4 decomposes into characters of Hs. ;From the double complex of the
Koszul cohomology we see that quadratic syzygies of a; are elements in

Homp, (x ® 0(—3),3V1 ® 0(—1)) = Homp,(x, S*Vy ® 3141),

where x is some character of Hs.
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We first study those first order quadratic syzygies which involve the trivial character. These
come in blocks of column vectors of type

5(y) = (boy? + bryirayi+s + boYit1¥ita )icz, »

where b = (bp : by : by) is a parameter point in P2 The it" entry of the 5 x l-matrix
M, (y)L}(y) is a cubic in the span of

3 2 2 2 2
Yis YiVit1Yi+a, YiYi+2Yi+3, Yip1Yi+3, Yi+1¥Yitror Yit2Yitar Yits3Yit+d,

i = 0,4, whereas the coefficients are bilinear forms in z’s and b’s. We collect these forms in
the column vector

oo 2 o
Toby + (21 + z4)b1
Toby + (22 + z3)b2
T'(:l,', b) = Zobo + T4b2

z3b1 + z4bo

z1by + z3bo

\ T1 bo + ) bl }

T’ defines a rational map
&1 : PY(z) x P3(b)-->P%(s),

well-defined outside the codimension 5 set
Bq:.T, = (]Pl_(.'l:) X Pz(b)) N {b(z) +b1by = 2909 — 2102 = 2261 + 10 = 0},

which is a rational curve projecting bijectively onto PL in the first factor, and onto the conic
{Bg + b1b; = 0} C P2(b) in the second factor.

So a first order quadratic syzygy for a; involving the trivial character is given by a non-trivial
relation

My, (y) L}, (y) + My, (y) L1, (y) + Mpy (y) Ly, (y) =0

with r; € P2(b) or Li(y)=0,i= 1,3. We may express such a relation in terms of 7 and
thus in terms of the three linear subspaces Sp; := @1 ({pi} x P%(b)) C P5(s), i =1,3. Then
we see that every quadratic syzygy is a linear combination of those corresponding to one of
the following cases.

(I) A basepoint, i.e., (pi,r;) € Bs,, for some ¢, while the other two L’-matrices are zero.
(I) A double point of Sy, U Sy;, i.e., @1+ (pi,r;) = @7+ (pj,7;) for one pair i < j, while the
third L’-matrix is zero.

(ITI) A proper trisecant line of Sy, U Sp, U Sp,, i.e., the three different points @1+ (py,r;),
@1/ (p2,72) and ®1v(p3,r3) are collinear.

The genuine quadratic syzygies which appear in the minimal resolution of the module M are
determined only modulo those quadratic syzygies which depend on the linear ones. These
in turn appear as non-trivial relations

(MPI (y)Lth (y) + MP2 (y)Ltn (y) + Mps(y)L% (y))(yoa cee ay4)t =0.
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Each summand is a product matrix M,(y)Lq(y)(vo, . . -,ya)* with cubic entries as above, but
this time the coefficient vector is

( ToZ20 \
zo(z1 + z4) + (21 + z4)(22 + 23)
zo(z2 + 23) + (22 + z3)(21 + 24)

T"(z,2) = T220 + T4(21 + 24)

z3(2z2 + 23) + T420
\ z1(21 + 21) + 2320 )

z120 + z2(22 + 23)

T" defines a rational map
0% T P4(.’I:) X ]P’4(z)——e>]P6(3),

which is a projection of ®7. Therefore the linear map p defined by
by — 20, by — (Zz + 23), by — (21 + 24)

gives rise to a commutative diagram

P4(z) x P2(b) - - *-» P5(s)
A YA
p G g

P4(z) x PA(z) — s PI4(2).

The projection w7 restricted to @7 (P4(z) x P%(2)) is well-defined outside the image via &7
of the base locus Bg,, of @®7». The first component of Bs,,, is precisely the base locus
P%(z) x PL(2) of the map p : P4(z) x P4(2)-->P*(z) x P?(b), while the second component

(PL(z) x P4(2)) N {2 + (21 + 24)(22 + 23) = 2220 — T1(21 + 24) = T2(22 + 23) + £120 = 0}

is a P2-bundle over P! (z) which maps onto the quadric cone I' = {22 + (21 + 24)(22 + 23) =
0} C P%(2). Under this projection the plane over a point o € P! (z) is mapped to the plane
on I over the point ¢5(0) on C4 C P2 (2).

We will need one further fact, namely, that S, = &1 ({p} x P%(b)) C P®(s) coincides with
the fixed line
S_ ={30=31 =89 = 83 + S5 = S4 + S¢ =0}CP6(3)

for all p € PL(z), whereas S, is a plane inside the 4-dimensional linear subspace
St ={s3 —s5 =354 — 36 =0}C]P’6(s)

for all p € ]P’?,_.

Now we may proceed to study the cases of (5.1), in each case determining all quadratic
syzygies and comparing with Proposition 5.8 to see which of them are dependent on the
linear ones.
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In case (i) we get three planes S, inside Sy. Each pair of planes intersect in a point inducing
thus three quadratic syzygies of type (II), while there is exactly one proper trisecant to all
three planes giving rise to a fourth syzygy of type (III). In this case the points giving linear
syzygies are base points for the map p, so a; has 4 genuine quadratic syzygies.

In case (i)’ the planes Sp, and Sp, span Sy while Sp, = S_. Since Sy and S_ span P8(s),
there are 2 candidates for quadratic syzygies: one of type (II) from the double point of
the first two planes, and one of type (I) from the basepoint of &1+ over the point p3. Of
the linear syzygies in this case, the points (p1,q11), (P1,12), (P2, g21) lie in the base locus
(P4(z) x PL(z)) of p, while (ps, gs2) is mapped to the basepoint of &1+ over p;. Thus only
the quadratic syzygy of type (I) is dependent on the linear ones, and a; has exactly one
genuine quadratic syzygy, which we may choose to be of type (II).

In case (iii) Sp, is a plane in S, while Sp, = Sp, = S_. Thus there are 2 quadratic syzygies
of type (I) from the basepoints over p; and ps3 and 2 quadratic syzygies of type (II) from the
doublepoints on S_. Of the linear syzygies, the points (p1,¢11) and (p1, g21) are basepoints
of p, while the other points are not. Therefore the linear syzygies give rise to 2 quadratic
syzygies of type (I) or (II), depending on the choice of p; = (ap : a1 : a2 : a2 : a1) € ]P’?,_ \ A.
In any case, a; has precisely 2 genuine quadratic syzygies.

For the last two cases we will take a closer look at the condition that all three points p;,
p2 and p;3 lie on a smooth elliptic curve E(y.,)(z). First we look at the projection via 7p
of the P* bundle W = ®7(E(x,,)(z) x P4(2)) C P'*(¢) into P%(s). Inside W lies the image
U of E(xp)(z) x PL(2). Since @7(P*(z) x PL(2)) is in the base locus of the projection, the
images of W and U in PG(s) coincide. Furthermore U is projected from a point on the plane
over the origin, hence its image U has degree one less.

We have seen that the linear syzygies all come from a double point or from a proper trisecant
to the scroll Sy, inside ]P"(LA: w C P14(¢). This ]P"(*A: ) meets the projection center in the origin
o(x:p of the elliptic curve E(y.,) in S(x:p)- S(a:p) is 4-tuple in this point so its image T{x.,)
under m7 must be a scroll of degree 11 in a ]P"Z',\: w C PS(s). This scroll is 4-tuple along
an elliptic quartic curve F(y.,), which is the image of Ey.,) under the projection from the
origin.

The scroll Ty, sits inside the P?-scroll U, which in turn spans P%(s) since the line S, =
S_ over the origin and the three planes over the nontrivial 2-torsion points span P8(s).
The degree of U is 15, whence the degree of U is 14, and any hyperplane which contains
T(»:p) must intersect U in three more planes. Three planes in U over the points p; do
have a double point or a proper trisecant outside the span of T(.,) iff they span at most
a hyperplane in P®(s). This happens exactly when the three planes together with Tinp
span a hyperplane. Now U is the P?-bundle over E = E(:p) of a rank 3 vector bundle with
determinant Og(150), 0 = OF(,.,), and since one gets U by projecting from a point over
the origin its rank 3 bundle has determinant Og(140). The rank 2 vector bundle associated
to S(x:) has also determinant Og(150), so the bundle associated to T{y.,) has determinant
Og(11o). Therefore three planes in U over the points p; have a double point or a trisecant
outside the span of T{y.,) precisely when the three points p; add up to the origin in the
group law of the elliptic curve.

We can now settle the last two cases.

In case (iv) the three Sp,’s are planes which meet T{,.,) along lines. The three points do not
add up to the origin, thus there are no trisecant lines outside the P:(’A: ») Spanned by Tiy.,).
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On the other hand, the two lines over 2-torsion points do intersect on T{y.,), while all three
lines have a pencil of trisecant lines on T{y.,). This accounts for one quadratic syzygy of
type (II) and one of type (III). Of the linear syzygies, the points (pi,qi1) arebasepoints of
p, while the points (p;, ¢i2) are mapped to a proper trisecant line. Therefore a; has exactly
one genuine quadratic syzygy, which we may choose to be of type (II).

In case (v) the three Sp;’s meet in T\y.,) as they did in S(x.,), and there is one trisecant line
to the above planes which lies outside T{y.,) (the three points in this case do add up to the
origin). So there is only one genuine quadratic syzygy which is is of type (III).

This concludes the analysis of quadratic syzygies corresponding to the trivial character.
For the non-trivial characters the calculations are similar. Again we multiply the matrix

M, (y) with a column vector with quadratic entries in the y’s, namely, with the column
vector for the trivial character acted on by o77*.

We look at the case (j,k) = (1,2), the other cases are s1m1lar
Now the i*? entry of the product matrix is a cubic in the span of

3 2 2 2 2
Yi+1r Yi¥i+1Yi+2, Yi+1Yi+3Yi+4, Yipa¥i+er Yi+2Yitsr Yi Yi+3y Yilita

1 = 0,4, and its coefficient column vector is

( 74bo \
Taby + (20 + E223)by

z4by + (€z1 + E4za)be

T('l’z)(w,b) = £$1b0 + 62:1,'362

Etaaby + E2z3bo

E3zoby + Eraabo

\ ﬁswobo + &1y )

multiplied by £12. T('1’2) defines a rational map
: P4(z) x P2(b)-->P5(s),

(I)Tcl 2)

well-defined outside the codimension 5 set
BQT(,I 2 = (le(w) X Pz(b)) N {bg + blbz = E.’L‘lbo — £3w0b2 = Ewlbl + fswobo = 0},
which is a rational curve projecting bijectively onto the HM-line |

Liz = or?PL = {z4 = 20 + %23 = €x1 + E*23 = 0} C P4(2)

in the first factor, and onto the conic {bg + biby =0} C IF’Z( ) in the second factor.

The quadratic syzygies which are induced by the linear ones appear with summands of type
My(y)Lq(y)(ys, Eya, E2y0, E3y1, E*y2)t, with cubic entries as above. This time the coefficient
vector of the i*? entry is

Tg24
($4(§4Zo + €23) + (€320 + E223) (8321 + £2z2)\
24(E321 + E22) + (€z1 + E72) (8% 20 + €23)
T(1,9)(2,2) = 124 + 223 (620 + E23)
42 (321 + E225) + 2324
E3z0(E20 + €23) + E2xza2y
\ E3zozy + Ex1(E321 + €22) /

T
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multiplied by ¢'+3. The linear map
bo — 24, by — (6321 +§222), by — (&430 + 62:3)

gives rise to a commutative diagram similar to the one for the trivial character. Only this
time the map from P4(t) to PS(s) factors through the projection from the HM-line Ly,
which corresponds to our character.

Since none of the planes spanned by the p;’s of the cases listed in (5.1) meets any HM-line
except P!, the only possible quadratic syzygies of this character come either from double
points, or from trisecants of the images of the three planes {p;} x P?(b) in P®(s), which are
not inherited from P%4(¢). The calculations run as above, except that now we have no new
trisecants or double points. For instance, if all the p;’s lie on an elliptic curve, then this is
because addition on the elliptic curve should now sum up to a non-trivial 5-torsion point
instead of the origin. In the t-invariant cases the three planes will span all of P%(s), without
intersecting each other, and therefore they will have a pencil of trisecant lines, all of which
are inherited from P4(¢). O

Proposition 5.12. In the above cases of (5.1) with 10 first order linear syzygies (Ly;)
there are no second order quadratic syzygies of a;.

Proof. The number of such syzygies, if they exist at all, is a multiple of 5. More precisely,
from Proposition 5.10, Proposition 5.11 and the double complex of the Koszul cohomology
we may deduce that the linear and quadratic part of the minimal free resolution of M
contains a subcomplex

v: @ R "¢ 3v, @ R(-1) o ) o @R(-2) ol ® R(—3)
& — ®
(@ +5)I@R(-3) cVa®R(~4)

where a,b < 2 and L} = (L}, ), i = 1,3, is as in the proof of Proposition 5.11. Hence 5
second order quadratic syzygies are given by a relation

LQ-'1 (y)Pl (y) + Lq.'z (y)PZ (y) + L;(y)P:i (y) =0, =13 (5'13)

where P, and P, are § x 5-matrices with quadratic entries and P; is an (a + b) X 5-matrix
with linear entries. We want to show that ¢=0 or equivalently that such a relation is trivial
or depends on the second order linear syzygies.

We consider first the cases (ii)’, (iv) and (v). In these cases Lg,, = 0 by Proposition 5.8 and
(a +b) = 1 by Proposition 5.10. Thus the third of the above matrix equations is just

Lygx (y) P2 (y) + L (y) Ps(y) = 0, (5.14)

and Lj(y)Ps(y) has generic rank < 1. Hence Lg,, (y) P2 (y) must also have generic rank < 1.
But in all the above cases det Ly, is a genuine quintic polynomial, thus Ly, has generic
rank 5 which means that P,(y) must have rank < 1. If P,(y) is non-zero it represents an
element in

P(Homp, (V2 ® R(—4), Vo ® R(-2))) = P(Homp, (V2, Vo ® §*V5)),
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and is thus of type
2 . .
Pa(y) = bi—jYsitsj + Ci—jYsi+sj+2ysitsj+s + dimjysitsj+1ysitsjte, 1,7 € Ls,

where (bg : -+ - : d4) is a parameter point in P!%. In this case a check on the 2 x 2-minors of
Py(y) shows that P,(y) factors through x ® R(—3) for some character x of Hs, i.e., Py(y)
is a product Py(y) = PY(y)PL/(y), where Pi(y) = (€¥yusti)tez, and PY(y) = (E5yesi)iez,
for some (j,k) € Zs X Zs (of course this follows also from the factoriality of the polynomial
ring). By comparing coefficients in (5.14) we see that in fact x must be the trivial character,
Le., P3'(y) = Ps(y) = [y] = (%0, ... ,v4) and P3(y) = [y]".

In case (v) Lj is non-zero by the proof of Proposition 5.11. It follows that P2(y) and Ps(y)
are zero, since otherwise the first order quadratic syzygies would depend on the linear ones.
Indeed, this can be seen by rewriting (5.14) as

L. ()P} (y) + Li(y)Ps(y) = 0

with L! =~ = Lg,,Py(y). Then also Pi(y) = 0, since det Ly,, (and also det Lg,, ) are not

g32
vanishing identically. Notice that in this case there are no second order linear syzygies.

In the cases (ii)’ and (iv) there is precisely one second order linear syzygy. We may suppose
by the proof of Proposition 5.11 that L(y) and thus also Ps(y) are zero. Hence (5.13) yields

(ALgy, (y) + pLgs, (v)) Pr(y) + (AL1(y) + L (y)) Ps(y) =0

for all (A : u) € PL. ALy, (y) + uLg, (y) has generic rank 4 (being skew-symmetric) but
nevertheless moving kernel with respect to (X : u) € P!. Therefore a similar argument as
above allows us to conclude that P;(y) = 0 or Pi(y) = [y]*[y]. In the latter case (ALg,, (y) +
pLgy (¥))[y]t = 0 implies P3(y) = 0, so (P, P2, P3)* = ([y]*[y],0,0) depends on the second
order linear syzygies. In the first case Py = P, = P; = 0.

Case (i) is well known (see [De2], [Ma3] and [Ma4]) and can be worked out directly. In
case (iii) we may suppose that L] = 0 by the proof of Proposition 5.11 (compare the proof
of Proposition 8.2 for L} and L}). Since everything is very explicit, this case can also be
worked out directly. O

6. SYZYGY CONSTRUCTION OF BIELLIPTIC SURFACES

In this section we prove the main results of this paper. Namely, we describe the structure
of the Hartshorne-Rao modules and the syzygies of the minimal bielliptic surfaces in P4 and
of the bielliptic surfaces of degree 15 studied in [ADHPR]. At the same time we explain
how to construct these surfaces via syzygies. We are not able to show directly that our
constructions do lead to smooth surfaces. To overcome this difficulty we make use of a
detailed classification of the Hs-invariant surfaces of small degree lying on either the trisecant

variety of an elliptic quintic scroll in P4, or on the secant variety of an elliptic normal curve
in P4,

Proposition 6.1. Let V(y.,) = Trisec Q(x.u) C P*, (A : p) € PL\ A, be the trisecant variety
of the elliptic scroll Q(x.y) and let X C Vi be a reduced Hs-invariant surface of degree

d <10 lying on this quintic hypersurface. Then either
(i) d =15 and X is the elliptic scroll Q(x.y), or
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(1t) d = 10 and X is either a minimal abelian surface in the pencil |Ak/|, or one of the four
singular translation scrolls in this pencil (see [ADHPR] and Remark 4.11), or a minimal
bielliptic surface By ;.

Proof. Let V denote the normalization of Via:p)- Recall from [ADHPR, Proposition 24 and
Proposition 26] that V can be identified with a P%-bundle P% over E, the elliptic curve
which is the base of the scroll Q(y.,). The group Gs acts on V{,.,) and thus also on v,
and furthermore the projection p : V — E is equivariant under this action. The generators
of Num V are F, the class of a fiber of p, and H, the class of Op, (1). The normalization
map onto Vix.u) C P* is induced by O]P% (1), so we compute that H® =5, H2- F = 1 and
H . F? = F3 = 0. On the other side, the canonical class K on V is numerically equivalent
to —3H + 5F, and in fact | — K| corresponds to the pencil |Ax| on V(».,) (see [ADHPR,
Theorem 30]).

Assume first that X is not contained inside the non-normal locus of V{,.,), and let X, denote
the strict transform of X on V. By Heisenberg invariance the degree of X is divisible by 5,
thus we need to find the integral solutions of Xo = aH + bF, with H? - Xo =5m, m =1,2.
The coeflicients a and b satisfy the inequalities

a=H -Xo-F>0, and 10a+3b=H - -X,-(3H —5F) > 0.

Moreover, X, must intersect the pullback on V of any curve in the antibicanonical pencil
on Q(x:p) in a scheme whose length is a multiple of 25, since these are all Hs-invariant. If
Cx is the base curve K2 of the pencil of anticanonical surfaces on V, then the numerical
class of the curves in the antibicanonical pencil on Q(x.,) is 8H — Ck. So their pullback to
V is equivalent to (3H — 5F) - (5H — (3H — 5F)) = (3H — 5F) - (2H + 5F). Thus we get
that 35a + 6b is a multiple of 25. Combining this with the above H? - Xy = 5a + b = 5m,
for m = 1,2, we get that
10a 4+ b is a multiple of 25.

For m = 1 there are no numerical solutions. In case m = 2 we are left with (a,b) = (3, —5).
This is the numerical class of the anticanonical bundle on V and from [ADHPR, Lemma
3, Lemma 4 and Theorem 30] it follows that the only reduced surfaces of degree 10 in this
class are those listed at (ii) in the statement of the lemma.

At last (i) follows from the fact that the scroll Q(x.,) coincides with the non-normal locus
of V( Aip)+ (|

Proposition 6.2. Let W(y.,) = SecE(y.u) C P*, (A : p) € PL\ A, be the secant variety
of the elliptic curve E(y.,) C P4, and let X C Wixp) be a reduced Hs-invariant surface of
degree d < 15 lying on this quintic hypersurface. Then either

(1) d =5 and X is one of the 8 translation scrolls T, (7i), where 7; € E(y,,) 18 a non-
trivial 2-torsion point, or

(i) d = 10 and X is either a singular translation scroll (see [BHM2] and [ADHPR, proof
of Proposition 36]), or the union Tx.)(m1) U B(ap)(72), where 7 € By, t = 1,2, are
distinct non-trivial 2-torsion points, or

(ii) d = 15 and X is either a non-minimal abelian surface Ay (see [ADHPR, Theorem
32]), or a non-minimal bielliptic surface ﬁ(i,j) (see again [ADHPR]), or the union of a
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degenerate abelian surface of degree 10 and an elliptic quintic scroll B(x.,)(7:), or the singular
scroll S(x.p) (see Proposition 4.16), or the union X(x.u)(T1) U Z(ap)(T2) U Ba:p) (73), where
7i € Enyy, 1 = 1,3, are the non-trivial 2-torsion points. Among these surfaces the bielliptic
are the only ones that are not also t-invariant.

Proof. Let W be the blow-up of W(a:p) along the curve E(y.,). Then W has the structure
of a P!-bundle over the symmetric product ¥ of E(y.,) (see [ADHPR, proof of Proposition
36] for more details). Let X be the strict transform of X on W. Now G5 acts on W and
both projections p: W — £ and ¢: W — E(».,) are equivariant under this action. Let F
denote the class of a fiber of q. Such a fiber is mapped to a rational cubic scroll in P*. Let
B denote the scroll in W over a section of & with self-intersection 1. The image of B on
W(x:u) is the cone of secants to E(y.,) through a given point on it. In particular, it is a cone
over an elliptic curve of degree 4. Therefore B has a unique section with self-intersection —4
which is contracted to a point on E(y.,). Let S be the section in W over ¥ which consists
of the directrices in each of the F’s. The image of S in Sec E(y.,) is the scroll S(y.,).

If H on W is the pullback of the class of a hyperplane section of Wix:n), then H = S+2B—6F

in Num W. Furthermore, if K is the class of the dualizing sheaf of W and Ky the pullback of
the canonical class on X, then K = —2S5 — 3B + 14F and Ky = —2B + F. The exceptional
surface Y on W is anticanonical and has the structure of a product E(x.u) X E(x.p) (see
[ADHPR, p. 886]). In particular, every curve on it has non-negative selfintersection.

The intersection numbers on W are: H2-F =3, H2?.§ =15 H?.-B = 4. Moreover,
B2 F=B-F!=H -F!=F=B®=0,while H-B-F=H-B*=1,and B-5? =
12, B-F-S=-F-5?=B?.§=1, &%= -25. We are looking for integral solutions of
Xo=aF +bB +cS, H? - Xy = 5m, m = 1,3, with coefficients satisfying the inequalities

c=Xo-B%>0, b—c=Xo:-S-F>0 or a=b=0,c=1,

and
a+b+4c=Xo-B-(S+2B-10F) >0,

where the last inequality comes from the fact that B-(H —4F) = B-(S+ 2B — 10F) is the
section with selfintersection —4 on any surface in the class B. Furthermore,

2ab + ac+2b+13bc = X3 - (2S +3B - 14F) >0
since every curve on the exceptional surface has non-negative selfintersection. Finally,
2a +b is a multiple of 25.

Indeed, consider the 3 quintic elliptic scrolls which are the 2-torsion translation scrolls of
E(.4)- The pullback of any antibicanonical curve on one of these scrolls belong to the class
(2B—F)- (4S5 +2B —26F), and it intersects X in a multiple of 25 points, unless Xy is the
union of the three scrolls.

For m =1 only the triple (a,b,c) = (—1,2,0) satisfies our conditions. The surfaces Xy =
—F +2B are the pullbacks of numerical anticanonical curves on . It follows from [CC] that
X is necessarily one of the three elliptic quintic scrolls Xy, (i) C Wix:u), where 7; € Ey.,
is a non-trivial 2-torsion point.
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For m = 2 we are left with (a,b,¢) = (—2,4,0). Invariant divisors in the corresponding nu-
merical class are either singular translation scrolls of degree 10 (see [HM], or [Hul, Theorem
VIL3.1]), or the union of two elliptic quintic scrolls Zx.u)(T1) U Za:py(72)-

Finally, for m = 3 the numerical solutions are
(a,b,¢) € {(-3,6,0),(0,0,1),(—14,3,3)}.

A surface in the first numerical class is a pullback of an antitricanonical curve on X, and so
it is an ¢-invariant scheme (“translation scroll”) of degree 15. Such a surface is either the
union of a degenerate abelian surface of degree 10 (see [BHM2]) and a quintic elliptic scroll
Y(x:u)(7i), or the union of all the three quintic elliptic scrolls X(.,)(7:). The second class
corresponds to the surface S(y.,) of degree 15, while the last solution corresponds to the
pullback of numerically anticanonical surfaces on the variety V of the proof of Proposition
6.1 via the blow-up map W — V with exceptional divisor S (see also [ADHPR, Proposition
28 and 36]. Here the bielliptic surfaces are the only ones that are not also ¢-invariant. O

Theorem 6.3. Let M = @ M, be the Hs-invariant graded R-module presented by
k>0

) = (M1'1 (y)a M, (y)? M1'3+P(y))’

where T;, i = 1,3, are the non-trivial 2-torsion points and p is a non-trivial S-torsion point
on the elliptic normal curve E(y,,) C P*, (A : ) € PL\ A. Then Syz1(M(1)) is a vector
bundle of rank 10 and there ezxists a sheaf monomorphism

¢ :50(—1) ® 23(3) — Syz1 (M(1)).

Such a morphism drops rank along a smooth minimal bielliptic surface B of degree 10, and
it s uniquely determined up to isomorphisms, hence B is uniquely determined by M. More-
over, B is contained in precisely one quintic hypersurface. This is the trisecant variety
Trisec@Q = {det Ly(y) = 0} defined by a point q on the numerically anticanonical curve
Eapy(73) C Q(aip) not on a HM-line (compare 4.3, 4.12, 4.20 and 4.21). Conversely, any
smooth minimal bielliptic surface B C P* can be obtained in this way (up to coordinate trans-
formations). In particular, there are 8 different bielliptic surfaces on Trisec @, corresponding
to the eight different choices of a non-trivial 3-torsion point on Ey.,).

Proof. First of all M is artinian by Proposition 5.5, whence Syz;(M(1)) is a vector bundle.
Now oy has exactly ten first order linear syzygies by Proposition 5.8, one first order quadratic
syzygy by Proposition 5.11, one second order linear syzygy by Proposition 5.10 and no
second order quadratic syzygies by Proposition 5.12. In particular, M has Hilbert function
(5,10,10) and a minimal free resolution of type

0+ M« 5R+« 15R(—-1)  10R(-2)  R(-3)
. ®
R(-3) « @
® N
25R(—4)  55R(—5)  40R(—6) < 10R(~7) 0.

It follows readily that there exists, up to isomorphisms, a uniquely determined sheaf mono-
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morphism ¢ € Hom(50(—1)®Q3(3), 8yz1(M(1))), and that this morphism drops rank in the
expected codimension 2. Thus the maximal minors of ¢ cut out a locally Cohen-Macaulay
surface B whose ideal sheaf Jp has a resolution

0= 50(-1) ® Q3(3) 5 Syz (M(1)) = d5(3) = 0.

By Porteus’ formula deg B = ¢2(Syz1 (M(1)))—c2(50(—1) ®£03(3)) = 10, while, in case B is
reduced and irreducible, Riemann-Roch on P? yields 7(B) = 6 for the arithmetic sectional
genus. On the other side, x(Op) = 0 and A'(0p) = h3(Q23) = 1, thus B has the same
numerical invariants as a minimal bielliptic surface in P%. In order to see that B is indeed
a smooth bielliptic surface we will use Proposition 6.1.

We will first show that B is contained in Trisec@). From the mapping cone

100 @ 50(=1) <> 23(3) ® 50(—1) ~—— 50(=1) ® 50(—1) ~——— 0(-2)

@, ¢l — %o P1
1 Yo
v

150 5 8yzy (M(1)) ~— 100(=1) ® O(=2) ® 250(=3) ~— O(=2) ®....

between the minimal free resolutions of 50(—1) & 23(3) and Syz; (M(1)) we see that B
is contained in precisely one quintic hypersurface in P%. In fact we can say more. The
composition @ : 50(—1) ® 50(—1) — 150 in the above diagram is given by the first order
linear syzygies of a;. Since h'(02%(3)) = 0 we may lift @o to a morphism ¢ € Hom(100 &
50(—1), 150) whose constant part is of maximal rank. After moding out constants in both
sides we are left with a 5 x 5-matrix L with linear entries whose determinant is exactly the
equation of the unique quintic containing B. We may suppose by Proposition 5.8, (iv) that
the first order linear syzygies of a; are given by a block of syzygy matrices

(LQu(y) L<112(y))
L‘I21 (y) L022 (y)
0 Ly, (y)

with ¢ € PL, 1 = 1,2, and ¢33 € E(x)(7s) not on a HM-line. Moreover, by Proposition
5.10, a1 has only one second order linear syzygy and this is of type ([y],0). We therefore may
suppose that our matrix L coincides with Ly, (y), whence B lies on the quintic hypersurface
Trisec Q = {det Ly,,(y) = 0} (compare Proposition 4.12, (i)).

We will show next that B is reduced. Assume the contrary and let B,.q denote the reduced
support of B. Then Bjeq C TrisecQ is a Hs-invariant surface of degree 5, hence Bieq
coincides with @ by Proposition 6.1, and B is a locally Cohen-Macaulay double structure
on Q. It follows that B is necessarily a local complete intersection (see e.g. [Ma2, proof of
Theorem 1]), and that it comes through a Ferrand doubling [Fe]. In other words, there is
an exact sequence

0—dp/d5 — g/ — L — 0, (6.4)

where £ is a line bundle on Q. Since £ = Jg/dp we also have an exact sequence

0+L—>0p—0g—0. (6.5)
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Let Cp and f be the generators of Num @, and write L = aCy + bf. If follows from (6.4)
that the twisted normal bundle Ng ® £ of @ in P* has a nowhere vanishing section. In
particular,

0 =c:(Ng ® L) =25+ 14a + 3b+ a® + 2ab.

On the other hand, x(£) = x(0OB) — x(Oq) = 0 by (6.5) since B has the numerical type of
a bielliptic surface. Thus Riemann-Roch implies that

L2 = Kqo-L, ie, a’ + 2ab = —a — 2,

where K¢ denotes the canonical class on (). The last equation gives that either a = —2b,
or a = —1. In conclusion, there are exactly 2 solutions for these equations, namely

L=-2C)+f and L =-Cp—12f.

Since we already know all the line bundles of numerical type L = —2Cq + f it is easy to
deduce (cf. the proof of [HV, Proposition 4]) that in the first case the only such doublings are
the HM-surfaces in [HV]. This is a contradiction, since the HM-surfaces are of the numerical
type of an abelian surface and thus in particular have different cohomology. The second
case can be ruled out by taking global sections in the exact sequence

0 85/%(5) = 80/8%(5) = £(5) » 0.

B/ EFQ (5) has no sections since both B and the first infinitesimal neighborhood of the scroll

@ are contained in the same unique quintic, while £(5) has at most 2 sections since £(5) =
—2K. But this is a contradiction since H%Jg /32Q(5) = 50.

In conclusion, B is a reduced Hs-invariant surface of degree 10 on Trisec () which is not
t-invariant. Thus it must be a smooth minimal bielliptic surface by Proposition 6.1.

The converse statement is clear from [ADHPR] and Proposition 3.7. O

Theorem 6.6. Let M' = ) Mj, be the Hs-invariant graded R-module presented by
E>0

o1 = (Mr+p(Y), Mry+5(y), Mrs+5(y)),

where 7;, 1 = 1,3, are the non-trivial 2-torsion points and p is a non-trivial 8-torsion point
on the elliptic normal curve E(y.,) C P4, (A : p) € PL\ A. Then:
(:) M' has Hilbert function (5,10,10,1) and a minimal free resolution of type

04 M’ 5R« 15R(-1)  10R(-2)

(&)
N R
D
20R(—4)  45R(-5) « 30R(=6) x_ SR(-7)
® =
R(-8) >o.

(1) Syz ((M')V(3)) is a vector bundle of rank 21 and there ezists a sheaf monomorphism

¢ : 200(—1) = Syzz (M")V(3)).




48 SYZYGIES OF ABELIAN AND BIELLIPTIC SURFACES IN P*

Such a morphism drops rank along a smooth non-minimal bielliptic surface B' of degree 15,
and 1t is uniquely determined up to isomorphisms, hence B' is uniquely determined by M’'.
Moreover, B' is contained in precisely one quintic hypersurface, namely Sec E(y.,), and the
ideal sheaf Jp' has a minimal free resolution of type '

O(-5)
0 « dp + 82 K
100(—6) " 150(-7) « 50(-8) « 0.

Proof. As in the proof of Theorem 6.3 we deduce that M’ is artinian, that it has Hilbert
function (5,10,10,1) (use Gotzmann’s persistence theorem [Go]), and a minimal free res-
olution as stated above. In particular, Syz;((M')V(3)) is a rank 21 vector bundle, and it
follows that there exists, up to isomorphisms, a uniquely determined sheaf monomorphism
¢ € Hom(200(—1),8yz2((M')V(3))), whose degeneracy locus is a locally Cohen-Macaulay
scheme B’ of codimension 2. From the exact sequence

0 = 200(—1) 5 Syz (M")V(3)) = dp/(3) = 0

we deduce as in the proof of Theorem 6.3 that Jp/ has the syzygies as claimed, that deg B’ =
15, that, in case B’ is reduced and irreducible, 7(B’) = 21, and moreover that x(0p/) =0
and h'(Op/) = 1. In order to see that B’ is indeed a smooth non-minimal bielliptic surface
we will use Proposition 6.2.

We will first show that B’ is contained in Sec E(y.,). We may suppose by Proposition 5.8,
(v) that the first order linear syzygies of a; are given by a block of syzygy matrices

(Lq1 (y) Ly (y))
qu (y) 0 )
0 Ly, (y)

where the common determinant + of all 4 non-zero matrices Ly, (y) defines Sec E(y.,). The
first order linear syzygies together with the first order quadratic syzygy of a; form a 15 x 11-
matrix whose transpose is the presentation matrix of the ideal Iz of B’. It follows that
Ip/ contains all the 10 x 10-minors of this 15 x ll-matrix. In particular, Ip contains
detLg, - detLy,, which is the square of 4. But we have more: Ip: contains the product of v
by any 5 x 5-minor of any 10 x 5-matrix formed by two of the three blocks L,,. That the
unique quintic containing B’ is Sec E(.,) = {det~ = 0} follows therefore immediately from
the

Claim. The 5 x 5-minors of all three 10 X 5-matrices
( Lg (y) )
Ly, (v)

Proof of Claim. Let y be a point where all these minors vanish. We may assume that y lies
on Sec E(x.,) = {7y = 0} outside the curve E(y.,), thus we may assume that Lg, (y) has rank
4. We argue as in the proofs of Lemmas 5.3, 5.4 and Proposition 5.5. In this case let

L(Z, y)(Ao, ey )\4)t =0

vanish at most on a curve.
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be the unique relation between the columns of L(z,y) for z = ¢1. The rank condition on
the 10 X 5-matrices now says that

L(z’y)(’\O) Tt A4)t =0

for z = g;, 1 = 1,3. Thus the linear span of the three points g; is contained in det L(z,y) = 0
for the given point y. Now this linear span is a plane: The points ¢; = p+ 7; on EE ) TAY
as points on Q(x.,) be identified with the pair of points (p,7;) when we identify Q(».,) with
the symmetric product of Ey.,). Therefore they lie on the same plane cubic curve on the
quintic scroll, namely the curve of points with one coordinate equal to p. It follows from
the argument at the end of Section 2 in [ADHPR] that the three points on this curve are
collinear iff the sum 7 + 7 + 73 = —p. Therefore the ¢; span the plane of the cubic curve.
This is a plane in the trisecant scroll of Q(y.,), so in fact this plane must lie in the quintic
det L(z,y) = 0. Thus the 50 Gs-translates of this plane must lie in this quintic also, so by
Bezout this quintic has to be the trisecant quintic. But the map © from Section 4 contracts
only a curve to the point corresponding to this quintic and the claim follows. O

We will show next that B’ is reduced. Assume the contrary, and let B; 4 C Sec E(y.,) be the
reduced support of B. To derive a contradiction we take cohomology in the exact sequence

0'*3'*03"*03;@1"*0'

Since h?(0p:) = 0 it follows that h?(Op ) = 0. In fact, the same argument shows that
h%(Oy) = 0 for any subscheme Y C B’. We now consider two cases. In any case we can
apply Proposition 6.2 since B} 4 is Hs-invariant.

If deg B4 = 10, then B}, is of type B],qy = X(au)(T1) U Za:p)(72). So B’ is a locally
Cohen-Macaulay surface which is the union of a double structure X on one scroll, say
Y(x:py(71), and the other scroll X(y.,)(72). On the other side, Sec E(.,) contains the unique
HM-double structure on X(x.,)(71). As a double structure contained in Sec E(y.,) this is
uniquely determined outside the curve E(,.,) since the quintic is smooth outside this curve.
Since the HM-double structure is locally Cohen-Macaulay, X and therefore B’ must contain
it as a subscheme. This contradicts the fact that A2(Oy) = 0 for any subscheme Y of B'.

If deg B4 = 5, then B’ is a locally Cohen-Macaulay triple structure on a scroll X(y.,)(7i)-
Again, such a triple structure is unique outside the curve E,.,) since the quintic is smooth
outside this curve. Therefore B’ must contain the HM-double structure on the scroll, a
contradiction as above.

In conclusion, B’ is a Hs-invariant, reduced surface of degree 15 on Sec E(x:p) which is not
t-invariant. Thus it is a smooth non-minimal bielliptic surface by Proposition 6.2. O

At this point we want to mention one further type of Gs-invariant surfaces in P* with
d = 10 and m = 6. Namely, as we will see below, there exists a one-dimensional family of
surfaces B" which are a union of two Gs-invariant elliptic quintic scrolls meeting exactly
along a G's-invariant elliptic normal curve. The topological realization of the dual graph of a
type III degeneration of an elliptic scroll is a M6bius band, hence the topological realization
of the dual graph of a type III degeneration of two elliptic scrolls meeting exactly along an
elliptic curve is a Klein bottle, i.e., two Mdbius bands glued along their boundaries. This
already indicates that the surfaces B" should be similar, at least in terms of numerical
invariants, to a minimal bielliptic surface in P*.
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On the other hand, the canonical bundle of the union of two scrolls is a 2-torsion bundle,
whereas the canonical bundle of the bielliptic surfaces in P* is 3-torsion. This already
indicates that the union of two scrolls is not a degeneration of the smooth bielliptic surfaces.
In fact, we shall see in the appendix that the union of two scrolls corresponds to a smooth
point in the Hilbert scheme and that every (small) deformation is again a union of two
scrolls. On the other side, D. Morrison gives in [Morl], [Mor2] a complete description of
all weakly projective semistable degenerations of bielliptic surfaces with 3-torsion canonical
class. Unfortunately, none of the examples of Hs-invariant degenerations to be discussed in
Section 9 falls in his list.

Theorem 6.7. Let M" = @ M;j/ be the Hs-invariant graded R-module presented by
k>0

a] = (MT1 (y)a M1'2 (y)1 MOE(A:#) (y))’

where 7;, i = 1,2, are two non-trivial 2-torsion points and og,, . s the origin on the elliptic

normal curve Ex,,) C P, (A :p) € PL\ A. Then:
(i) M'" has Hilbert function (5,10, 10) and a minimal free resolution of type

04 M"+5R« 15R(-1)  10R(-2)  R(-3)
N S
R(-3) « &
® N
25R(—4) 55R(—5)  40R(—6) + 10R(—T7) + 0.

(ii) Syz1(M'(1)) is a vector bundle of rank 10 and there exists a sheaf monomorphism
@ :50(—1) ® Q%(3) = Syz1(M"(1)).

Such a morphism drops rank along the surface B" = T(x.u)(T1) U E(a:p)(2) of degree 10,
and 1t 1s uniquely determined up to isomorphisms, hence B" is uniquely determined by M".
Moreover, B" is contained in precisely one quintic hypersurface, namely Sec Ey.,), and the
ideal sheaf Jpn has a minimal free resolution of type

0(-5)
0 « 3B” — ® y\

250(—6)  550(=7) + 400(—8) « 100(=9) + 0.

Conversely, any union B" C P* of two elliptic quintic scrolls meeting ezactly along an
elliptic normal curve is obtained in this way (up to coordinate transformations).

Proof. The proof of (i) and (ii) is similar to the one of Theorem 6.3. Details are left to
the reader. For the converse statement let B = X(x.,)(71) U E(a:)(72) be the union of
the 7;-translation scrolls of Ey.,), ¢ = 1,2. By comparing the minimal free resolutions in
Lemma 4.4, (i) and (ii) we deduce easily the existence of a commutative diagram:

M(y’ OE(A:/.L) )

Ig,.
0 «—- V3 0 0(-2) Vi ® O(-3)
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with suitably chosen v; and ¢; € PL, i« = 1,2. In particular, this provides an explicit
description of the first and second order linear syzygies and of the first order quadratic
syzygies of the first Hartshorne-Rao module of B”, from which our claim follows as in
Proposition 3.7. O

7. NON-MINIMAL ABELIAN SURFACES OBTAINED VIA LINKAGE

In this section we review the non-minimal abelian surfaces obtained from the minimal
ones via linkage from a syzygy point of view. This also serves as a further motivation for
Section 8 where we will present a new family of non-minimal abelian surfaces in P*.

Let A = X, be an abelian surface of degree d = 10 and sectional genus m = 6 as in Section
3. Then we can link A in the complete intersection of two quintic hypersurfaces to a smooth
surface A’ with d = 15 and 7 = 21. It follows from a Bertini type argument on the blow-up
of P in L that for generic choices A’ is indeed also smooth in the points of the union L of
the HM-lines L;; (Ellingsrud and Peskine, unpublished). By Proposition 2.7 (compare also
[Au]) A’ is a non-minimal abelian surface with the 25 HM-lines L;; as exceptional lines and
the canonical divisor K = ) L;j. Moreover, A’ carries a polarization of type (2,10) [Au,
Corollary 4.11], [ADHPR, Corollary 40] (compare Proposition 8.4 below). From the exact
sequence

0 — X —30(-5) & 150(—6) = da — 0
given by the syzygies of J4 we deduce via linkage [PS] a resolution
0= F" =0(-5) & 150(—4) =+ §' =XV(-10) = Ja — 0. (7.1)
Hence H2J 4 is the C-dual module
N' = B2 = H2XY(=10) = (H94(5))" = (N3))",
and H1J 4 is just the vector space
Hlda =H'Ju(5) = (H*Ja)* =28

(compare Section 3). In terms of N’

G’ = ker(20(-5) £ Syz2(N')) ,

where (3 is induced by the minimal free resolution of N'. So we may compute the equations
of A’ directly from N’ and thus from N. Of course this can also be seen from the exact
sequence

0— &Y(—8) = 30(=5) = Jar — 0,
obtained from (3.1) via linkage.
Proposition 7.2. 4/ has syzygies of type
30(-5)

0(—3;1'(- @ ;\

50(=7)  150(=8) « 100(=9) + 20(—10) 0 .

The quintics alone already cut out A’ . O
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Remark 7.3. We have the following cohomology table for g ar:

~

i

20

A
[4

m

By applying Beilinson’s spectral sequence to J a1(3) we reobtain the exact sequence (7.1). O

Remark 7.4. Generalized Serre correspondence [Ok2, Theorem 2.2] yields an ezact se-

quence
0-0—-8&1B)=dJa(5) =0,

where &' is a stable rank 2 reflezive sheaf with Chern classes ¢y = —1, ¢ =9, ¢3 = 25 and
cs = 50. Since

dim Ext! (3.1 (5), 0) = p,(4) = 1,

this extension is uniquely determined. So it coincides with the one given by Beilinson’s
spectral sequence applied to Ja/(4). From (7.1) we can derive an alternative description:
&'(—2) is the cokernel

0—150(—4) > ¢ - &'(-2) =0,

where v is given by the syzygies of §'. So &' depends on N' only and plays the role of the
HM-bundle for the linked surfaces. O

8. A NEW FAMILY OF NON-MINIMAL ABELIAN SURFACES

In this section we present the construction of a new family of non-minimal abelian surfaces
of degree 15 and sectional genus 21 in P%. This construction and Proposition 8.2 are taken
from [Po, Section 7]. For some of our results we need to rely on a computation using [Mac].

Let IT =< p1,p2,p3 > be a plane as in (5.1), (iii) and Proposition 5.6 with p; = a = (ag :
ag:ag:ag:a;) EPE\A, pp=(0:1:0:0:—-1)andps =(0:0:1:—1:0), and let
M be the Gs-invariant graded R-module with representing plane II. Then M is artinian
by Proposition 5.6. By construction My = V3 and M; & 2V; as Gs-modules. We will use
the double complex of the Koszul cohomology to compute My for k > 2. The kernel of the
vertical differential 4V, @ 6%# MRV, 26V @ 41/6# contains 2V0#, and in fact equality
holds by Proposition 5.8. Therefore M,y 22 2V0#. M has no second order linear syzygies by
Proposition 5.10 and it has exactly 2 genuine first order quadratic syzygies by Proposition
5.11. Thus a similar argument as above shows that M3 = 2I. Moreover, M has no second
order quadratic syzygies by Proposition 5.12.

In the sequel we will claim correctness of our results only for a general point p; = a €
PZ \A. In fact, the module M with representing plane II will lead to a smooth surface only if
we choose p; general enough (compare Section 9). So it will be sufficient for our purposes to
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check in an example that some Zariski open conditions are non empty. E.g., we can check in
an example, say p; = (1:0:0:0:0), that M = 0 for k > 4. Therefore, for generic choices,
M has Hilbert function (5, 10,10,2) as in the case of the first Hartshorne-Rao module of
the HM-surfaces (compare Proposition 3.2). But this time the minimal free resolution of
N, = (M)V(3) is of the form

0« N, < 2R R
20R(—2) < 35R(—3) 15R(—4)

10R(—6) 15R(-7) «+ 5R(-8)+ 0.
Comparing with (7.1) we define
F=0(-5)®150(—4) , Ga = Syzz(Na).

As one can check with [Mac] in an example the generic ¢ € Hom(F,G,) gives rise to a
smooth surface A, C P* with d = 15, 7 = 21 and x = 0. By construction J4, has a minimal
free resolution of type

0(-5)
0 Ja, @

100(=6)

150(=7) «+ 50(-8) « 0
and the cohomology table

l

20

\
[4

m

Hence by Proposition 2.7 A, is a non-minimal abelian surface with 25 exceptional lines.
Generalized Serre correspondence yields an exact sequence

00— E(3) > da,(5) —0, (8.1)

where €, is a stable rank 2 reflexive sheaf on P* with Chern classes ¢; = —1, ¢ = 9,
c3 = 25 and ¢4 = 50. As in Remark 7.4 one sees that (8.1) can also be obtained by applying
Beilinson’s spectral sequence to J 4,(4), and hence deduce that &, is the cokernel

0 — 150(—4) 3 G, — &,(-2) = 0,

where v is induced by the syzygies. In any case H°(€,(3)) has dimension 2.
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Proposition 8.2. Fiz a general point p; = a as above and a basis s1,sy of H°(€,(3)).
Then there ezists a pencil

A(A:u) = {’\31 + psy = 0}

of Gs-invariant, smooth, non-minimal abelian surfaces with d = 15, m = 21, all lying on the
unique quintic hypersurface

U={31/\82=0}CP4.

Moreover

Sing(€ U E;;
consists of the 25 lines E;; obtained as the Hs-translates of the line
Eoo = {y1 — y4 = y2 — y3 = ao¥o + 2a1y1 + 2azy2 = 0} C P3 .

These lines are in the base locus of the pencil and hence are the exceptional lines of the
smooth members in the pencil.

Proof. €, has the syzygies

20(-3)
ﬂ ( Qg2 21) t
0 & « ® — 150(- 5)4—50( 6) «+ 0,
100(—4) .

where the maps are given by the minimal free resolution of N,. Recall that

L<h1 (y) LQ12 (y)
Q21 = qu1 (y) L422 (y)
L931 (y) L032 (y)

with ¢i;, 1 <1 <3,1 <5 <2, asin Proposition 5.8. as; is given by the 2 genuine first order
quadratic syzygies of a; which we have to choose among all first order quadratic syzygies
corresponding to the trivial character of Hjs as in the proof of Proposition 5.11. There are
4 such syzygies which we collect in the matrix

0 0 0 0
S = | (YiraYi+s)iezs 0 (Yit1Yit4)iezs (})iezs
0 (Yit1Yit+4)iczs (¥})iezs —(Yit2Yits)iezs

Modulo the first order linear syzygies we have the relations

ai ao
—ap a2
S- =0,
0 —ai
—a2 0

which tell us how to choose a3, depending on a. For the general point p; = a one can check
that 8 drops rank on Ep and thus also on all the Hs-translates E;;. Hence |J E;; C Sing(&,)

and equality follows from
deg Sing(&,) = c3(&) = 25.

That | E;; is contained in the base locus is clear from generalized Serre correspondence. O
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Remark 8.3. (i) One can show that in fact €,(3) is globally generated outside |J E;; and
that |J Eij is precisely the base locus of the pencil Ax.u).

(1) The gquintic hypersurface U is interesting in its own and has a rich geometry. For
details compare [Po, Section 7] and [GP2]. O

Proposition 8.4. (i) If A, is a new abelian surface, then H is of type (1,20).
(i) If A’ is a linked abelian surface as in Section 7, then H is of type (2,10).

Proof. (i) One can check using [Mac] that A, intersects PL in 3 points and P2 in the
line Ego and 12 further points. Choose any of these 12 points as the origin of A, (strictly
speaking of the minimal model A™® of A,, of course). The involution ¢ leaves the union of
the 25 lines E;; invariant and descends to an involution ¢ on AP®, ; has exactly 16 fixed
points on A™® namely the images of the points where A4, intersects P! and ]P"i resp., and
the point which arises from blowing down the line which is contained in the intersection of
A, and ]P’?l_. Moreover, ¢ induces an involution on £ = 0O Agxin(H ), i.e., ¢ is an involution
of the polarized abelian surface (A™" L) and L is a symmetric line bundle, i.e., ¢*L = L.
Since ¢ has exactly 16 fixed points it must be the involution £ — —z on A™®, This follows
from the Lefschetz fixed point formula (see e.g. [BL]). The involution ¢ has 12 even 2-torsion
points (they come from the 12 isolated points of (P?)* N A,) and 4 odd 2-torsion points
(these come from (P')~ N A, and the invariant line that was blown down). Hence by [LB,
Proposition 4.7.5] the polarization given by L must be of type (1,20).

(ii) In this case we get by the same argument that there are 16 even 2-torsion points and no
odd 2-torsion points. Again by [LB, Proposition 4.7.5] the polarization must be the square
of a primitive polarization, i.e., it must be of type (2,10). O

9. DEGENERATIONS OF ABELIAN AND BIELLIPTIC SURFACES.

In this section we describe several types of Hs-invariant degenerations of abelian and
bielliptic surfaces of degree 10 and 15. The degenerations of the smooth HM-surfaces are
already completely classified and very well understood (cf. [HM], [BHM2], [HV], [BM],
[Hu2]). Therefore we will focus in the sequel only on degenerations of the other abelian and
bielliptic surfaces described in this paper. Our results are in the spirit of those in [BHM?2],
but we do not aim at complete lists here. Nevertheless our results underline the fact that
the Hilbert scheme is connected [Ha].

In order to construct degenerations we specialize the representing planes of the modules
which give rise to the smooth surfaces. In (5.1), (ii’), (iv) and (v) these planes are spanned by
torsion points on an elliptic normal curve. Therefore we first need to understand the limits
of such points on a singular fibre of the Shioda modular surface S(5). We recall that all such
fibres are mapped to pentagons in P* via the normalization map described in Proposition
4.2. For the degenerations we look at the limit points on the standard pentagons E(g.;) and
E(1.0) with vertices eo,...,e4 only. On S(5) we have the following:

Lemma 9.1. Let D, X, and T resp. be the 3-, 8-, and 24-section resp. of the Shioda
modular surface S(5) defined by the torsion points of order 2, 3, and 6 resp. on the smooth
fibres. Furthermore, let O denote the zero section, and let T' be a singular fibre, say with
vertices eo,...,e4, such that the involution v operates by e; — e—;. If the edges of T' are
€it2€it3, L € Zs, then the following is true:

(3) O intersects I' in the fized point of v on €3€3 which corresponds to (1:-1).
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(ii) D passes transversely through the t-invariant point on €zez which corresponds to (1:1),
and 1t passes with multiplicity 2 through eg.

(iii) X passes with multiplicity 8 through e; and es and intersects transversely ;€3 in 2
points corresponding to the 2 primitive roots of -1 of order 3.

(iv) T passes with multiplicity 4 through eo, with multiplicity 8 through e; and es, with
multiplicity 6 through ex and e3, and intersects transversely ezes in 2 points corresponding
to the 2 primitive roots of unity of order 8.

The analogous results hold for the pentagon with edges €;11€i14, ¢ € Zs.

Proof. (i) and (ii) are well-known, see [Sh], [Na] or [HKW, Proposition 2.33] for a proof and
comments. For (iii) and (iv) one can proceed as in the proof of [HKW, Proposition 2.33],
along with a careful book-keeping of the various glueings in the toroidal compactification.
Another method is to make these computations directly on a projective model of S(5),
namely in our case on Sy5 C P* with I' = E(q.1y. In this setting (iii) follows directly from
Proposition 4.13. In fact, on €zé3 the limits of the proper 3-torsion points are defined by
the equation y2 — yays + y2 = 0. For (iv) one uses the fact that the octic hypersurface
wZ + (w1 + wa)(w2 + ws), where wa; = yi(yit2y?is — YZ11Yi+3), ¢ € Zs, meets each smooth
fiber of S15 in 6-torsion points only by Proposition 4.19. Thus, for instance, on €ze3 the
limits of the proper 6-torsion points are defined by the equation ySy$(vZ + y2ys + y3) = 0.
The proof of the other assertions in (iv) is similar. O

We are now ready to study degenerations of our surfaces. Again a first question will be
whether our limit planes represent artinian modules with the expected number of syzygies,
i.e., with the same graded Betti numbers as the general members of our families. The planes
contained in coordinate hyperplanes are not of interest for us:

Remark 9.2. Any plane II inside a coordinate hyperplane {z; = 0} gives rise to a non-
artinian module by Lemma 5.8, since II is contained in the kernel of N(ei e;). O

For the minimal bielliptic surfaces of degree 10 the first Hartshorne-Rao module of the
surface has a representing plane of type I =< 7,73,73 + p >, where 7;, ¢ = 1,3 are the
non-trivial 2-torsion points and p is a non-trivial 3-torsion point on a Gj-invariant elliptic
normal curve in P4 Remark 9.2 rules out most of the possible limit planes. We may,
however, consider the case where the points 7 and 72 come together at eg, while 73 + p
goes to one of the two possible limit points on &€z (in the case of E(q.q)) or €7éz (in
the case of E(;.9)). There are two branches of the Brings curve B through eo with tangents
{y2 = ys =y1—ya = 0} or {y2—ys = y1 = y4 = 0}. This gives rise to four limit planes which
are spanned by {y2 = y3 = y1 —ys = 0} and one of the two points (0:0: 6 : 1 : 0) € e3¢5 or
by {y2 —ys = y1 = ya = 0} and one of the two points (0:6; : 0:0: 1) € ereq, where 6; and
0, are two different primitive third roots of unity. One checks through a direct computation
that these limit planes define indeed four artinian graded modules with the Hilbert function
(5,10,10) and with the expected syzygies. Moreover, a determinantal construction as in
Proposition 3.7 and Theorem 6.3 leads to four locally Cohen-Macaulay surfaces ¥{g,.1) or
Z(g,:1) in P* with the same numerical invariants as a smooth minimal bielliptic surface of
degree 10.

We will describe the equations of these degenerations. In fact, ¥{4,.1) and Z(g,.1) can be seen
as special points of other components of the Hilbert scheme. Namely, consider the surfaces

A A
},(A:p,) = U 1/1( ) and Z()xtﬂ) — U Z'( /-"),
1€Zs i€Zs
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where each Y**) and Z** is a double structure (only generically Cohen-Macaulay) on a
plane:

A
Yi( #) = {y12 = yi2+2 = YilYiv2 = )‘yi+2yi2+3 + Nyiyiz+4 = 0}

and
2 = {y? = yly = vivitr = Mit1via + pyivhs = 0}

The reduced support of Y(y.,) or Z(y.,) is the union of 5 planes, which in turn is a degen-
eration of an elliptic quintic scroll in P*. Therefore, in a way, these surfaces are double
structures on a degenerate elliptic quintic scroll. ¥{y.1) and Z(;.;) are HM-surfaces and lie
on three quintics, but for the general point (A : p) these surfaces lie on the same unique
degenerate quintic {vo = yoy1y2y3ys = 0}. Correspondingly, the plane which is spanned by
the tangent {y2 = y3 = y1 — y4« = 0} and a point (0: 0 : X : u : 0) € eze3 or the tangent
{y2—ys =y1 =ys =0} and a point (0: X:0:0: p) € ereg is P2 for (\: p) = (1: 1),
whereas for the general point (A : ) this plane represents an artinian module with the same
number of syzygies as for the minimal bielliptics.

Now recall that the first Hartshorne-Rao module of the union of two Gj-invariant elliptic
quintic scrolls as in Theorem 6.7 has a representing plane of type II =< 71, 7,0 >, where
i, i = 1,2, are two non-trivial 2-torsion points and o is the origin of a Gs-invariant elliptic
normal curve in P%. Therefore we can specialize as above such that 7 and 7, come together
to the vertex e, while o goes to the point (0:0:1: —1:0) €ezezor (0:1:0:0—1) € g1eq.
Thus Y(;1.—1) and Z(3._;) are degenerations of the union of two elliptic quintic scrolls as in
Proposition 6.7.

Next we study the non-minimal bielliptic surfaces of degree 15 as in Theorem 6.6. The
dual of the second Hartshorne-Rao module of such a surface has a representing plane of type
Il =<1 +p,72 + p,73 + p >, where 7;, i = 1,3 are the three non-trivial 2-torsion points
and p is a non-trivial 3-torsion point of a Gs-invariant elliptic normal curve in P%. As in
the case of the minimal bielliptic surfaces Remark 9.2 rules out most of the possible limit
planes. Some limit planes however give rise to artinian modules. Let 7 4+ p and 72 + p come
together at the vertex ey while the third point 73 + p goes to one of the two possible limit
points on €z€3 (in the case of E(q.1)) or €1€; (in the case of E(1,0)). The image in P* of the
curve T of points of order 6 has four branches through ep with tangents spanned by eg and
one of the four points corresponding to primitive roots of unity on the lines ez¢€3 and e1eg.
This gives rise to four limit planes containing ep and meeting €;€3 and €1€; transversally at
points of order 6. The corresponding modules are artinian and give rise to four reduced but
reducible surfaces. These are the union of five cubic surfaces, namely

{yi = Oky211Yits + Yir2yis =0}, i€ Zs,

or
{yi = Oky? syita + yi+1y?+2 =0}, i€ Zs,

for k = 1,2, where again 6; and 6; are two different primitive third roots of unity. In

each case the first five cubic surfaces glue along the pentagon E(.1), while the last five cubic

surfaces glue along the pentagon E(;.0). As in the minimal bielliptic case these degenerations

belong to pencils of surfaces, where this time the surface corresponding to () : u) € P! has
the five components

{yi = Ay?+1yi+3 + Nyi+2yi2+4 =0}, 1€Zs,
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or
{yi = )\y,-2+3yi+4 + uyi+1y?+z =0}, i€Zs

For (A : ) = (1 : 1) these surfaces are (5,5)-linked to HM-surfaces and lie on on three
quintics, but for the general point (A : ) these surfaces lie on the same unique degenerate
quintic {vo = yYoy1y2ysys = 0}. Correspondingly, the plane spanned by eg, Aes + ue;
and Aey + pes or eg, Aey + peq and ey + pes is ]P’?I_ for (A : ) = (1 : 1) while for the
general point (A : p) this plane represents a module with the same number of syzygies
as for the non-minimal bielliptic surfaces of degree 15. Recall from [Po] that there is a
pencil of degenerations of the linked abelian surfaces, such that the surface corresponding
to (A : ) € P! has the five components

{vi = Mukpa¥iss + viraiya) + u(yiraviis + vlsties) =0}, 1 € Zs.

Now we will discuss briefly some degenerations of the new non-minirmal abelian surfaces of
degree 15. The following results are taken from [Po, Section 7].

We recall that for these surfaces the dual of the second Hartshorne-Rao module has a
representing plane spanned by P! and a general point a € ]P’_%_. We have seen in Proposition
8.2 that such a module gives rise to a pencil A(y.,) of non-minimal abelian surfaces, all lying
on the same unique quintic hypersurface. It is shown in [Po, Lemma 7.6] that this quintic is
uniquely determined as the Hs-invariant quintic containing the 25 exceptional lines of the
smooth members of the pencil, i.e., the 25 lines E;; obtained as the Hs-translates of the line

Eoo = {y1 — ys = y2 — ys = aoyo + 2a1y1 + 2agy; = 0} C P%

(compare again Proposition 8.2). To obtain degenerations we can either specialize the pa-
rameter point a or look at special members of the pencil Ay.,).

A first type of degenerations corresponds to the choice of the parameter point a € ]P’?,_ as one
of the nodes of the Brings curve, say a = (1:0:0:0: 0). These degenerations are singular
surfaces X(x.u) C P4, (A : p) € P, which all lie on the degenerate quintic hypersurface
{70 = Yoy1y2y3ys = 0}. A straightforward but tedious computation shows that

X()\:u) — U Xi(A:Il),
1€7Zg

where the X i(’\:“ ) are the cubic surfaces defined by

A
X = {yi = Mu2iayies — Yiravls) + H¥i+19%02 — Vora¥itce) = O}

We fix now a general () : u) € P! and write X; = X,

Proposition 9.3. (i) X; is a smooth Del Pezzo cubic surface in the hyperplane H; =
{yi = 0}. Moreover, it is invariant under the action of T, whereas o(X;) = X;_1, i € Zs.
(i) Two surfaces X; and X;, 1 # j, meet along a smooth conic and a point outside the
conic. There are altogether five such points, namely the vertices e;, i € Zs, of the complete
pentagon E(o.1y U E1.0). Through each point e; there pass ezactly four such Del Pezzo
surfaces.
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(i) Write Eg.q) = UiGZ.s L; with Ly = {yi+2 = Yit+3 = yi+4 = 0}, ¢ € Zs, and E,0) =
Usezg L' with L'; = {yi+1 = Yi+s = Yiva =0}, ¢ € Z5. Then

XNH;,=X;U L',‘+1 ULito2 ULjys U L',‘+4.

Furthermore, these four lines are exceptional on all X; with j € Zs \ {i}.

Proof. The claims follow by a straightforward computation using the explicit equations of
X;. O

Observe now that for this choice of the parameter point the except1ona1 lines of the
degree 15 non-minimal abelian surfaces degenerate to E;; ij =0 T’Eoo, ) J € Zs, where
Ego = {y0 = y1 — ys = y2 —ys = 0}. It is easily checked that E’,o, E,l, E,z, E;3 and E;
are (—1)-curves on the Del Pezzo surface X;. As a consequence we obtain the following
geometric characterization of our configuration:

Proposition 9.4. For each i € Zs the lines E',-o, Eil, Eiz, E'ia, Ei4 and Liys, L'i+1 can be
completed to a Schlifli double siz configuration of lines in the hyperplane H;, which in turn
determines the Del Pezzo surface X; as the unique cubic surface in H; containing the given
double siz.

Proof. The intersection patterns are clear from the explicit description of the configuration,
and thus the claim follows from [HCV, §25]. O

We will finally mention some degenerations, which we have checked in an explicit example
using [Mac]. For some of them see [Po] and [GP2] for more details.

First of all each general pencil A(y.,) of non-minimal abelian surfaces as above contains
degenerations which are ruled surfaces P(Og + L), where E is an elliptic curve and L €
Pic’(E), mapped to P* either by H = Co + 20fo — ¥, jezs Bij or by H = 4Co + 5f, —
> i jezs Eij, where in both cases the 25 exceptional lines form an Hs-orbit. In the first case
the image in P* is a scroll of degree 15 with singularities along the image of Cy, which is a
curve of degree 20, arithmetic genus 26 and with 25 nodes (the images of the points where
the curves f, — E;; meet Cp). In the second case the image is a ruled surface of degree 15,
with singularities along the image of Cp, which is an elliptic curve of degree 5.

Another class of degenerations corresponds to the choice of the parameter point a as a
general point on the Brings curve. These are conic bundles P(Og + £), with F and L as
above, mapped to P* by H = 2Cy + 10f, — Ei,jez5 E;;.

Finally, for a choice of the parameter point a as a general point on the modular conic
C; C P%, we obtain a pencil of surfaces X(a:p)» Which has an elliptic quintic scroll as base
component. Furthermore, X(,.,) contains residual to the elliptic scroll a surface T(y.,) of
degree 10 and sectional genus 6. For general (X : y) € P! the surface T} A:p) 18 a smooth
minimal abelian surface isogenous to a product, and meeting the base elliptic scroll along
a section of degree 15, which is of the type described in Proposition 4.10, (iii) and Remark
4.11. Moreover, a special member in the pencil X(y.,) is the first infinitesimal neighborhood
of the base elliptic quintic scroll.




60 SYZYGIES OF ABELIAN AND BIELLIPTIC SURFACES IN P4
APPENDIX

by C. Ciliberto and K. Hulek

In this appendix we show that the union X of two quintic elliptic scrolls in P* intersecting
along an elliptic normal curve defines a smooth point in the Hilbert scheme H of surfaces of
degree d = 10, sectional genus m = 6 and x(Ox) = 0. The dimension of H at [X] is 25. As
a corollary we obtain that every (small) deformation of X is again a union of two quintic
elliptic scrolls.

Let E be an elliptic normal curve of degree 5 in P* with origin 0 and non-zero 2-torsion
points {Q;;¢ = 1,2,3}. The union of all secants joining points P and P + Q; where P varies
in E is a smooth elliptic ruled surface S; of degree 5. For i # j the union

X=8US8; (i#J)

is a surface which is singular exactly along E where the two surfaces S; and S; meet transver-
sally. In particular X is a locally complete intersection surface, and it is not difficult to
compute that 2Kx = Ox. As an abstract surface X is a chain of two elliptic ruled surfaces
glued along a 2-section. Such surfaces appear in the classification of degenerations of biel-
liptic surfaces [FM]. Clearly the degree of X is 10. The hyperplane section consists of two
elliptic curves intersecting in 5 points, i.e. m(X) = 6. Moreover ¢(X) = 1,pys(X) = 0, i.e.
x(0x) =0.

Theorem 1.

(1) The Hilbert scheme H of surfaces of degree 10, sectional genus 6 and x(Ox) = 0 s
smooth at [X].

(i) The dimension of H at [X] is 25.

Corollary 2. Every (small) deformation of X is again a union of two quintic elliptic scrolls.

Before we can give a proof of this, we must have a brief look at the geometry of the
surfaces S;. For this we again fix an elliptic curve E with origin 0. (This is not the elliptic
curve from above, but the curve E/(Q;).) We now denote the non-zero 2-torsion points of
E by {P;;1 = 1,2,3}. The second symmetric product S?E of E is, via the map

n:S’E— E
{z,y} »z+y
a P1-bundle over E. It was already observed in [At, p. 451] that this is the unique indecom-

posable P!-bundle with e = —1. Let p: E x E — S*E be the natural quotient map. The
curve

Eo = p(E x {0})

is a section of S2E. We shall choose the point p(0,0) as its origin and, by abuse of notation,
we shall denote it again by 0. The curves

Ai= {(:E,&I +Pi);w € E}(D;J E) (Z = 1a2a3)
are mapped 2:1 under p onto 2-sections E; C S?E. As abstract curves E; = E/(P;). We

shall choose the point 0; = p(0, P;) = p(P;,0) as the origin of E;. The group of 2-torsion
points of A; is mapped to two points {0;,Q;}. Every fibre f of S’E intersects E; in two
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points which differ by Q;. We shall denote the fibre of S*E over P € E by fp, and put
S = S%E. The following formulae follow immediately from the above description:

(1) Ks=0s(-2Eo + fo)

(2) OS(EO)lEo = OEO (0)

(3) Os(Ei) =0s(2E0 - fr,)
(4) Os(Ei)|g; = O, (0i — Q:)

The line bundle Og(H) = Os(Eo + 2fo) is very ample and embeds S as a scroll of degree
5 into P4 Under this embedding the 2-sections F; are mapped to quintic elliptic curves
and S can be reconstructed from each of these quintic normal curves as translation scrolls
defined by the point @);. Conversely fixing E;, the three non-zero 2-torsion points of E; give
rise to three elliptic quintic scrolls S;. We choose two of them and consider the singular
surface X which is the object of our considerations. In order to prove Theorem 1 we have
to compute the cohomology groups H!(Nx) of the normal bundle of X. For this we first
have to investigate the normal bundle of S. By [HV, Proposition 4] there is an extension

(5) 0= Kg' = Ns— 0s(5H) ® K% — 0.

Lemma 3. (i) h°(Ns)=25

(i) hI(Ng)=0 for j > 1.

Proof. By (1) Kg' = 05,(2Eo — fo). It follows, e.g. since K35, # Op, that hO(KL;I‘,l) =0.
Clearly h?(K3') = h°(K%) = 0 and hence by Riemann-Roch h'(Kg') = 0. Let M =
Os(5H) ® K%. From the definition of H and (1) one obtains that M = Og(Ep + 12f,). It is
easy to see by the Nakai-Moishezon criterion that M® K5 = Os(3Eo + 11fo) is ample and
hence h¥(M) = 0 for j > 1. But then Riemann-Roch gives h°(M) = 25 and the assertions
follow from sequence (5) . O

Lemma 4. h?(Ns(—E;)) =0 for j > 0.
Proof. Again setting M = O5(5H) ® K% and twisting (5) by Os(—E;) we obtain

(6) 0— Kg'(—E;) = Ns(—E;) = M(—E;) = 0.

Since Kg'(—E;) = Os(fp, — fo) this line bundle has no cohomology. By definition of M and
(8) we obtain M(—E;) = Os(—Eo + 12f5 + fp;). Clearly h°(M(—E;)) = R2(M(-E;)) =0
and once again by Riemann-Roch h'(M(—E;)) = 0. The assertion now follows from the
above sequence (6). O

We can now compute the cohomology of Nx. Theorem 1 is an immediate consequence of

Proposition 5. (i) h%(Nx) =25
(i) Ri(Nx)=0forj> 1.

Proof. Let C = E; and consider T = Ngys; ® Noys; = 00(20i — Qi — Q;). In particular T

is a non-trivial element of order 2. As in [CLM, section 2.2] we have exact sequences

(7) 0> Ns; &> Nx|s;, =T =0
(8) 0— Nxls; ® 0s;,(—C) = Nx — Nx|s; = 0.
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It follows from Lemma 3 and sequence (7) that h®(Nx|s,) = 25 and h/(Nx|s,) = 0 for
J 2 1. Twisting (7) by Og;(—C) we get

(9) 0— Ng;(—=C) = Nx|s; ® 05,(-C) = T ® 05,(—-C) — 0.

Using (3) we find that T ® Os,(—C) = O¢(0; — Q;) which again has no cohomology. It
therefore follows from Lemma 4 that h?(Nx|s; ® Os;(—C)) = 0 for § > 0. The claim then
follows from sequence (8). O

Proof of Corollary 2. Let X(2,5) be the modular curve parametrizing elliptic curves with
a level 5 structure and a non-zero 2-torsion point. We claim that every point of X(2,5)
which is not a cusp gives rise to some X as before. Indeed the elliptic curves with level
5 structure are in 1:1 correspondence with Heisenberg invariant elliptic normal curves in
P%. Given a non-zero 2-torsion point P we have exactly 2 other non-zero 2-torsion points.
Hence we can use these 2 points to construct X. Now consider some X as before. Up to a
change of coordinates we can assume that X is constructed as the union of two translation
scrolls of a Heisenberg invariant elliptic normal curve. Let Hy be the unique component of
H containing X. We have a map & : X°(2,5)x PGL (5,C) — Ho where X°(2,5) is X(2,5)
without the cusps. Since every elliptic normal curve has only finitely many automorphisms
® is locally 1:1 and hence a local (analytic) isomorphism. This proves the claim. O

Clearly this situation can be generalized to higher dimensions in several ways. We hope
to return to this in the near future.
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