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WAVELET FILTERS AND INFINITE-DIMENSIONAL UNITARY GROUPS

OLA BRATTELI AND PALLE E. T. JORGENSEN

ABSTRACT. In this paper, we study wavelet filters and their dependence on
two numbers, the scale N and the genus g. We show that the wavelet filters,
in the quadrature mirror case, have a harmonic analysis which is based on
representations of the C*-algebra On. A main tool in our analysis is the
infinite-dimensional group of all maps T — U (N) (where U (NV) is the group
of all unitary N-by-N matrices), and we study the extension problem from
low-pass filter to multiresolution filter using this group.

CONTENTS
List of Tables 1
1. Introduction 1
2. Background on wavelet filters and extensions 2
3. Decomposition of polynomial loops into linear factors 7
4. Extensions of low-pass polynomial filters to high-pass filters 9
5. Representations associated with polynomial filters 11
6. Reduction of representations as a reduction of N 21
References 25
LisT oF TABLES
1 Eigenvalues, multiplicities, and eigenvectors of o(4) 20

2 Decompositions from eigenvalue-one multiplicities, and eigenvectors for o(4) 21

1. INTRODUCTION

Digital filters are defined by a choice of coefficients which weight digital time
signals from signal processing. It has been known since the eighties that these
coefficients are also those which relate the operations of scaling and translation on
the real line R in the construction of multiresolution wavelets; see (2.11) and (2.18).
There the digital filters are also known as quadrature mirror filters and they are
fundamental in generating wavelet bases in L?(R). They can be determined by
various rules which however at times appear somewhat ad hoc in the literature.
Here we will describe a pairwise bijective correspondence between three sets:
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(i) the wavelet filters,
(ii) a certain infinite-dimensional unitary group (also called a loop group),

and finally

(iii) a specific class of representations on L?(T) of some relations from C*-algebra
theory. These last mentioned relations go under the name of the Cuntz rela-
tions and are widely studied in operator theory.

The question of reducibility versus irreducibility of the representations in (iii) will
be central, as will be unitary equivalence of pairs of representations. Our study of
the equivalence question for representations-is motivated by a-desire for classifying
wavelets and systematically constructing interesting examples. The question of
reducibility of the representations in turn is motivated by the need for isolating
when wavelet data is minimal in a suitable sense. Wavelets come with some specified
numerical scaling which may be a natural number, N = 2,3,..., or it may be an
expansive integral matrix of some specified dimension d. (Here we shall restrict to
d = 1.) It turns out that the reducibility question for the representations is closely
tied to whether or not the scaling data (in this case N) is minimal in a suitable
sense; see Section 6 below.

We also mention that the algebra Op is used in the theory of superselection
sectors in quantum field theory [DoRo89]. While O is used there in connection
with representation theory, our viewpoint here is completely different: Doplicher
and Roberts use in [DoRo87] a category of endomorphisms of Op in deriving a non-
commutative Pontryagin duality theory, also called Tannaka-Krein theory, in giving
an algebraic description of G when G is a given compact (non-abelian) Lie group.
The intertwiners for systems of representations of G in [DoRo89] and [DoRo87]
induce the endomorphisms of Q. Our viewpoint is in a sense the opposite: We
identify a class of representations of @y which has the structure of a compact loop
group, i.e., the group of all maps from T into U (N) where U (V) denotes the group
of unitary N x N matrices.

2. BACKGROUND ON WAVELET FILTERS AND EXTENSIONS

To fix notation, let us give a short rundown of the standard multiresolution
wavelet analysis of scale N. We follow Section 10 in [BrJo97b], but see also
[GrMa92], [Mey87], [MRV96] and [Hor95]. Define scaling by N on L%*(R) by

(21) (U8) () = N3¢ (N~"e),
and translation by 1 on L%(R) by
(2.2) (T¢) (v) = &(z = 1).

A scaling function is a function ¢ € L%(R), such that if Vy is the closed linear span
of all translates T* ¢, k € Z, then ¢ has the following four properties:

(2.3)  {T*p; k € Z}is an orthonormal set in L%(R);
(2.4) Uy € Vo;
(25)  AneaUmVo = {0};

(2.6)  V,ezU™Vo = LA(R).
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The simplest example of a scaling function is the Haar function ¢, which is the
characteristic function of the interval [0, 1].
By (2.3) we may define an isometry

(2.7) Fo: Vo — L3 (T): € —m

-as follows:
€(+) = 2Lnbnp(- —n)
(2.8) Fo d
m(t) = m(e™%) = T, b,
Then
(2.9) £(t) = m(t)e()

where € — é is the Fourier transform. If € € V_; = U™V, then U¢ € Vo, so we
may define

(2.10) me = F, (U€) € IA(T),

and then

2.11) VNE(NE) = me (1) (1)

In particular, defining

(212) mo(t) = my (1)

we note that condition (2.3) is equivalent to

(213) PER (I8°) (1) = 3 Ip(t +27k)P = (2)7%,  constancy a.e.t € R,
k

which in turn implies

N-1
(2.14) > Imo(t +2xk/N)[* = N.
k=0

(Note that (2.14) does not conversely imply (2.13). Condition (2.14) merely implies
that ¢ defines a tight frame. In the representation theory in Section 5 this distinc-
tion does not play a role. Only the unitarity of M(z) in (2.22) is relevant. See
[Hor95, Theorem 3.3.6]. Similarly, the representation theory in Section b applies in
cases more general than the ones tied to the L?(R) wavelets via (2.12) and (2.18).
In the latter case one also has the low-pass condition mg(1) = V/N. In the loop rep-
resentation (2.23)-(2.24), this is equivalent to Ag j(1) = 1/v/N for j =0,... ,N—
These conditions involve the evaluation of the functions mq(-) or Ag;(-) at z = 1.
But z = e~ where w is the frequency variable, so the conditions are the low-pass
conditions for w ~ 0.)
If £, n € U1V, then we have the equivalence:

ELTFpforallk € Z
n

(2.15)
Zk —o me (t + 27k /N)m, (t + 2mk/N) = 0 for almost all t € R.
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If £ € U™V, then
&(- —k), k € Z,is an orthonormal set
(2.16) (3
Ao Ime (¢ + 2mk/N)[* = N.
With the low-pass filter mg already given, now choose high-pass filters my, ... ,mn_1
in L?(T) such that

(2.17) Nzlmm] (t+2mk/N)=8; ;N
= , o
for almost all ¢ € R, and define wavelet functions 1, ..., ¥n—1 by
(2.18) VNG (Nt) = mi(1)@(t).
Using (2.15)—(2.18) one then shows that the functions
(2.19) {TF; ;ke€Z,i=1,...,N -1}
form an orthonormal basis for V_; N Vy 4, and thus, using (2.5)—(2.6), the set
(2.20) {(UrT*; jnke€Z,i=1,...,N~1}
forms an orthonormal basis for LZ(R). Concretely, the functions in (2.20) are
(2.21) UrT*i(z) = N~ (N "z — k).

Thus, reformulating (2.17), orthonormality of {U™T*;} is equivalent to unitarity
of the matrix ,

mo(z) mo(pz) - mo (pN—lz)
(2.22) M(z) = ﬁ my (2) mi(pz) - my (pN12)
my-1(2) mn-1(pz) -+ mn-1 (pN"lz)

for almost all z € T, where p = e (so it is enough to consider z = e? 0<z<
27). Here M is a function from T into U(N) of a special kind. It will be convenient
for our analysis to consider general functions from T into U(N). To this end, we

do a Fourier analysis over the cyclic group Z/NZ, and we introduce

(2.23) Ay =+ 3 wmi(w),

and the inverse transform
N-1

(2‘24) m; (z) = Z Zin,j(ZN).
5=0

These transforms are also the key to the correspondences (i) < (ii) < (iii) men-
tioned in the Introduction. Then (2.24) may be summarized as

(2.25) M(Z):A(ZN)ﬁ Z p:z o | 2 |

2
N-1 pN=1,N-1 . ,(N-1)?,N-1
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and the requirement that M (z) is unitary for all z € T is now equivalent to A(z)
being unitary for all z € T. But A is an arbitrary loop. (A loop is by definition a
function from T into U (V). See the introduction to Section 3.) Hence the formulas
(2.23)—(2.24) represent the bijection (i)—(ii) alluded to in the Introduction above.

One main problem considered in this paper is the problem whether the high-pass

filters my, ..., my—1 selected such that (2.17) is valid can be chosen to be “nice”
functions when the low-pass filter mg is “nice”, where “nice” may mean continuous,
differentiable, polynomial, etc.

Using (2.23), this problem amounts to choosing a unitary matrix A(z) once the
first row of A(z) is given as a unit row vector a(z). Ideally, one would like to use a
selection map F' from the unit sphere S2V=1 of CV into N-dimensional orthogonal
frames in CV, i.e.,

Fo(x)
(2.26) F(x) = ,
FN_ 1 (X)
where the vectors Fo(x),...,Fy_1(x) form an orthonormal basis for CV for each

x € S?N-1 and such that Fo(x) = x for each x, and define

a(2)

(2.27) A(z) = Fi(a(z)

Fy_1(a(2))
For example, when N = 2 one may use Daubechies’s choice
(228) Fl((Bl, 122) = (—1_32, 3_31).

In general one can of course find measurable functions with these properties, but it
is remarkable that one cannot choose them to be continuous when N > 4. Following
Remark 10.2 in [BrJo97b], if S»~! is the unit sphere in R™, then a theorem of Adams
[Ada62] says that the highest number of pointwise linearly independent vector fields
that can be defined on 5"~ is p(n)—1, where the function p(n) is defined as follows:
Let b be the multiplicity of 2 in the prime decomposition of n; write b = ¢ + 4d
where ¢ € {0,1,2,3}and d € {0,1,2,...}; and put p(n) = 2°+8d. Thus one verifies
p(2) =2, p(4) =4, p(8) =8, p(16) = 9, and in general p(n) < n if n ¢ {2,4,8}.
Hence the only possibilities of finding a continuous selection function F' are when
N =2or N =4. When N = 2 one can use Daubechies’s selection function (2.28).
When N = 4 one could possibly use the Cayley numbers to construct a selection
function, but we have not been able to verify this. Note that if U(V) is replaced
by the real orthogonal group O(N), a selection function can be found if and only
if N € {2,4,8} by using the complex numbers, the quaternions and the Cayley
numbers, respectively. For example, for N = 4, the matrix

zZ1 z9 zZ3 z4

—Z z —Z Z
(229) 2 1 4 3
—2Z3 Z4 zZ1 —Z9

—Z4 —Z3 Z2 Z1

.
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is in O(4) whenever the first row is a unit vector in R%. Using the identification of
C as 2 x 2 real matrices

. ~ z1 z9
(2.30) 21 +izg & ( S, ) ,
this corresponds to Daubechies’s selection function (2.28). We do not know whether
or not there is a selection function in the complex case when N = 4. The claim
made in [BrJo97b, Remark 10.2] that there is such a function for N = 8 is definitely
erroneous. What is true is that the matrix

21 22 23 24 25 26 27 28

—ZzZ9 Z1 —2Z4 zZ3 —Zg z5 zg  —Z7
—2Z3 Z4 Z1 —R9 —Z7 —2Z8 zZ5 Z6
(231) —Z4 —2Z3 z9 zZ1 —2Z8 Z7 —Rg zZ5
—Z5 Z6 z7 z8 Z1 —Zg —RZ3 —2Z4
—Zg —Z5 zgs —Z7 zZ9 Z1 Z4 —2Z3
—Z7 —Z8 —Z5 Z6 Z3 —Z4 z1 z9

—Z8 zZr —Zg —R5 Z4 23 —RX9 Z1

is in O (8) whenever the first row is a unit vector in R®. However, trying to convert
this to an element of U (4) by the same trick as above leads to

z1 z9 z3 24
—Z3 Z1 —7Z4 Z3
—Z3  Z4 @ Z1 —Z2
—Zz4 —Z3 Z3 21

(2.32)

but this is not in general unitary when the first row is a unit vector in C*.

However, there is a completely different method of selecting A(z) using more
global properties of the first row a(z) which applies in the case that a is a poly-
nomial in z. This special case is interesting because it corresponds to compactly
supported scaling functions ¢: the scaling function ¢ constructed from mg by cas-
cade approximation has support in [0, Ng — 1] if and only if the low-pass filter
mo(z) is a polynomial of degree at most g — 1, and satisfies mg(1) = VN. See
[BrJo97b], [BrJo98a], [BrJo98b], [BEJ99], [ReWed8], and [Dau92]. In this context
there is a method of extending a(z) to A(z) which is independent of the selection
theory, and A(z) may even be taken to be a polynomial in z (with coefficients in
B(CN)) of degree equal to the degree of a. The embryonic form of this method is
due to Pollen [Pol90], [Pol92], but has been developed further: see, e.g., [ReWe9§],
[Vai93]. We will give an account of the method in operator-theoretic form, and
give the results in Proposition 3.2 and Theorem 4.1. Combining Theorem 4.1 with
(2.25) we therefore obtain

Theorem 2.1. Let N € {2,3,...} and let ¢ be a scaling function with support
in [0, Ng — 1] where g € {1,2,3,...}. Then one can use multiresolution wavelet

analysis to find associated wavelet functions i1, ... ,¥N—1 also having support in
[0,Ng—1].
Proof. The conditionson ¢, %1, ..., ¥n—1 correspond to the functions mg, m, ...,

mpy—1 being polynomials of degree Ng—1, [Hor95], hence Theorem 2.1 follows from
Theorem 4.1 and (2.25). More details are given in Corollary 4.2 and its proof. [J
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In Sections 5 and 6 we will consider the representations of the Cuntz algebra On
defined by mg, my, ..., my_1 when these are polynomials, and thus extend results
from [BEJ99].

3. DECOMPOSITION OF POLYNOMIAL LOOPS INTO LINEAR FACTORS

We define a loop to be a continuous function from the circle T into the compact
group U(N) of unitary N x N matrices, where N = 1,2,.... The set C(T,U(N)) of
loops has a natural group structure under pointwise multiplication, and this group
is called the loop group [PrSe86]. We say that a loop is polyriomial if its matrix
elements are polynomials in the basic variable z € T = {w € C ; |w| = 1}. The set
P(T,U(N)) of polynomial loops then forms a semigroup in C(T,U(N)) called the
polynomial loop semigroup. (Note that the formulas (2.23)—(2.24) for the bijection
between the set of wavelet filters and the loop group are valid also in the wider
category of L*°-functions, i.e., when each mEA) € L*®(T) and each 4;; € L>(T).
This is the generality of [BrJo97b].) Note that if U is a given loop, then U has
a class in the Kj-group of C(T, My), i.e., K1 (C(T, My)) = Z, see [Bla86]. This
class is called the McMillan degree in the wavelet literature [ReWe98], and we will
denote it by K; (U). It can be computed as the winding number of the map

(3.1) T>z—rdet(U(2)) €T.

If U is in the loop semigroup, the integer K;(U) is necessarily nonnegative. The
map U — K1(U) is a group homomorphism from C(T, U(N)) onto Z. We need an
elementary lemma [ReWe98].

Lemma 3.1. Ifu: T — T is a polynomial, then u is a monomaial.

Proof. We have u = Zzzo ¢, z® for suitable coefficients ¢ € Z. By multiplying u by
a nonpositive power of z we may assume co # 0. But then 1 = u(2)u(z) = c,Go2"+
powers of z between —(n—1) and (n—1) +¢,coz~" and hence ¢, = 0. By induction,
u(z) = co. O

We now use this to show that any polynomial loop U has a decomposition into
linear factors [ReWe98, pp. 60-61].

Proposition 3.2. Let U be a polynomial loop in P(T,U(N)). The following con-
ditions are equivalent.

(3.2) Ky1(U)=d.
(3.3)  There exist one-dimensional projections Py, ..., Py on CN and a

V € U(N) such that

U(z) =Us(2)Us(z) - - Ug(2)V,
where
Ui(z) =zP+ (1 — PZ’)

fori=1,...;dand z€T. (Ifd=0, thenU(z) = V.)
Proof. Since K1(U;) =1 and K1 (V) = 0, the implication (3.3) = (3.2) is obvious.
We prove the other implication by using induction with respect to d. To this end,
we will use the following reduction lemma.
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Lemma 3.3. Assume that
(3.4) U(z) = Ag+ Arz + -+ A 2F

defines a U € P(T,U(N)), where Ax # 0 and k > 1. Then U has a unique
decomposition

(3.5) U(2) = (1 Q) + 2Q)(Bo+ Biz + -+ By 7Y,

where @ is the projection onto the range AxCN of Ay (and then (1 — Q) + 2Q and
Bo+ Biz+ -+ Bg_12"71 are in P(T,U(N))).

Proof. Let @ be the projection onto A;;(CN: We have
(3.6) 1=U(2)"U(2)
= (Ay+ ATz AR (Ao + Az 4 4 AR

= A} Aoz~ 4+ terms in higher powers of z.

Hence
(3.1 A Ao =0,
and thus, since @ is the projection onto the range of Ay, we obtain
(3.8) QA =0 and (1-Q)4x =0.
Now put
(3.9) W(z) = ((1-Q)+2Q)'U(=)
=((1-Q)+27'Q)(Ao+ -+ 2" Ax)
=2"1QA,
+ (1 - Q)Ao+ QA1)
4.

+2¥(1 — Q)Ax (ordered by increasing powers).
It follows from (3.8) that W (z) has the form
(3.10) W(z) = Bo+ Biz+ -+ Br_12°71,

and (3.5) follows. (In fact, Bo = (1 — Q) Ao + QA1 = Ao+ QA;, ..., and By_1 =
(1-Q)Ax—1 + Ax.) By our choice of @, the decomposition (3.5) is unique by
(3.8). O

End of the proof of Proposition 3.2. We will prove the proposition by induction
with respect to the McMillan index d. Assume first that d > 1 and that the
proposition holds for all indices < d — 1, and suppose that

(3.11) U(z) = Ag+ Ayz + -+ Ap2*

has index d. But by Lemma 3.3, U has a decomposition

(3.12) UG = ((1-Q) +:QW(z),

where @) is a nonzero projection. But then

(3.13) d=Ki(U)=Ki1((1- Q)+ 2Q) + K1 (W (2))
=dim(Q) + K1(W(2)),
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so K1(W(z)) < d—1. We may then apply the induction hypothesis to W(z).

Finally, there exist dim(@) one-dimensional projections Pi,. .., Pgim(q) such that
Q=Pi+P+ -+ Pdim(Q)> and then

dim Q
(3.14) (1= Q) +2Q)= [[ (1= Pa)+ 2Py,

n=1

It follows that U has the form (3.3).
Finally, if K1(U) =1 and U has the form (3.11), there are two possibilities:

1. £k =0 and U is a constant -unitary matrix.. Then U already has the form in
(3.3) with d = 0.
2. k> 0. Then one may apply Lemma 3.3 to write U(z) = ((1 - Q) + 2Q)W (z)
with () a nonzero projection, but as
0=Ki(U) =dimQ + K;(W)
and K1 (W) > 0, this is impossible.
This ends the proof of Proposition 3.2. a

4. EXTENSIONS OF LOW-PASS POLYNOMIAL FILTERS TO HIGH-PASS FILTERS

In this section we will prove Theorem 2.1. This theorem follows from Corollary
4.2, below. Theorem 4.1 states that every vector o in CV9 which satisfies a certain
orthogonality condition is the first row of coeflicients of some element of the loop

group.

Theorem 4.1. Let a = (aq,a1,...,04-1) be g row vectors in CV. The following
conditions are equivalent.

(4.1)  The vectors satisfy the relations
Z (a5 | igj) =0 for j #0,
i

and
Z (Ofi |ai) = 1,

where we use the convention that o; =0 if i <0 ori>g.
(4.2)  There ezists a polynomial loop

A(z) € P(T,U(N))
of degree g — 1 such that the first row of A(z) is

g—1
E 2o
=0

Proof. The implication (4.2) = (4.1) follows from considering the first row of
(4.3) A(R)A(2)" =1

in My for all z, i.e., A(2) A(2)" is the constant Laurent polynomial 1.

The other implication is proved by a very similar method as in the proof of
Proposition 3.2. Again we use induction with respect to g.

If g = 1, condition (4.1) just says that ap is a unit row vector, and we can find
a constant function A (z) = A just by Gram-Schmidt orthogonalization.
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Assume that ¢ > 1, and that the result has been proved for all smaller g. We
may assume that ay_; # 0 (otherwise we are already through by the induction
hypothesis). Let P be the one-dimensional projection onto ag_1, i.e.,

(4.4) ag-1P =ay4_1.
Now define
(4.5) B(z)=a(z)(1-P+z"1P)
= (ao +ayjz 4+ ag_lzg_l) (1 - P+ z_lP)
=z lgyP o
+ao(l—P)+oqP
ta()
+...

2972 (g 1P+ gz (1— P)
+ zg_lag_l (1-P).

But since (ag |ag—1) = 0 by (4.1), the 27! term disappears, and (4.4) implies that
the 2971 term disappears. Therefore §(z) is a polynomial in z of degree g — 2.
One now verifies from the unitarity of (1 — P+ z‘lP) that the coefficient vectors
of B satisfy the same.relations.(4.1) as those of a. Hence, applying the induction
hypothesis, there exists a polynomial loop B (z) of degree g — 2 such that the first
row of B (z) is B (z). Thus, putting

(4.6) A(z)=B(2)(1—P+2zP),
it follows from (4.5) that the first row of A (z) is & (z). This completes the induction,
and thus the proof of Theorem 4.1. O

Let us restate Theorem 2.1 and its proof in terms of the low-pass filter mq(z):

Corollary 4.2. Let mg be a polynomial, and let N € {2,3,...}. Suppose
Z1y 2
(4.7) Imo (2)* + Imo (zp)[* + -+ + |mo (22" 1) = NV

for all z € T, where p = ¢*¥ . Then there are polynomials {m; ;i =1,...,N — 1}
of the same degree as mq such that the combined system {m; ; 0 < i < N} satisfies
the unitarity property of (2.22), or equivalently (2.17) with the convention z > €'’.
In other words, every mqg may be completed to a quadrature mirror filter system.

Proof. With mg and N given as stated in the corollary, set

(4.8) Ao (2) ::% > wimi(), el

Then it follows from (4.7) that the coefficients o, as a set of row vectors in CV,

satisfy (4.1) in Theorem 4.1. Picking then A (z) = (4;; (2)) € P(T,U(N)) as in

(4.2), using the theorem, and setting
N-—

(4.9) m,(z) = Z ZjA,,‘,j (ZN) y

J=

[as

see (2.24), we note that these functions satisfy the conclusion in the corollary. O
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5. REPRESENTATIONS ASSOCIATED WITH POLYNOMIAL FILTERS

If mg, m1,...,my—1 are complex functions on T such that the matrix M (z) in
(2.22) is unitary, one may define isometries S, ..., Sy—1 on L2 (T) by
(5.1) (8:€) () = mi (2) € (=)
and then
* 1 =
(5.2) (576) (2) = 5 D i (w)€ (w),
w
wl=z

see [BrJo97b, (1.16)—(1.17)]. The isometries S, ..., Sy—1 then have mutually or-
thogonal ranges, '

and these ranges add up to 1,

N-1
(5.4) >SS =1.

i=0
The relations (5.3)—(5.4) are called the Cuntz relations (of order N), and the uni-
versal C*-algebra generated by operators so, ..., sy—1 satisfying these relations is

called the Cuntz algebra (of order N). It is a simple antiliminal C*-algebra, which
means that its space of Hilbert-space realizations cannot be equipped with a stan-
dard Borel structure (see [Cun77]).

Let us recall some results from [BJKW97] and [BEJ99]. Let # be a Hilbert
space, and s; — 7 (s;) = S; € B(#) a representation of the Cuntz relations on #.
Assume that there exists a finite-dimensional subspace X C H with the properties

(5.5) Sfkck,  i=0,1,...,N—1,
and '
(5.6) K is cyclic, ie., [ (On)K]=H

(here [7(On)K] denotes the closure of the linear span of all polynomials in
Soy ..., Sn—1 applied to vectors in K). Define operators V; € B (K) by

(5.7) V* =S5tk
Then
N-1
(5.8) S ViV =1k
1=0

Define a map o on B (K) by
N-1

(5.9) o (A) =D VAV
i=0

Then o is a unital completely positive map, and

Theorem 5.1. ([BJKW9T7]) There is a positive norm-preserving linear isomor-
phism between the commutant algebra

(5.10) T(On) ={A€B(H); Ar(z) = 7 (z) A for allz € On}
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and the fized-point set

(5.11) B(K) ={AeB(K);o(4) = A}
given by
(5.12) m(On) 3 A — PAP,

where P is the projection of H onto K. In particular, © is irreducible if and only if

o 1s ergodic. C

More generally, if K1, Ko (with corresponding projections PO and P(Z)) are
S*-invariant cyclic subspaces for two representations 71, mo of On on Hi, Ha, and
(5.13) V9 = POn; (s:) |,
forj=1,2,i=0,...,N —1, define p on B(K1,K2) by

(5.14) p(4)=> VP ay®r.
%
Then there is an isometric linear isomorphism between the set of intertwiners

(5.15) {A € B(H1,Hs) ; Amy (z) = ma (2) A for all z € Oy}

and the fized-point set

(5.16) {B EB(Kl,Kz) ; p(B) = B}
given by
(5.17) A—3B=pP®ApW).

We argued in [BEJ99] that if mg,...,my_1 are polynomials in the circle vari-
able z, and # = L? (T), then such a finite-dimensional subspace K exists, having
dimension Ng and spanned by 1,271,272, ..., 2~¥9+1, In this section we will ana-

lyze these representations further, and also show that K can be replaced by lower-
dimensional subspaces under some circumstances. Let us assume from now on that
the loop group element A (z) in (2.23)-(2.25) is a polynomial of degree g —1, so that
mg (2),...,my-1 (#) are polynomials of degree at most N (¢ — 1)+ N—-1= Ng—1.

We will use the notation A(z) = (4i; (z))ﬁ;;lo for the loop-group element
A: T — U(N). Since the Fourier expansion is finite, A (z) has the form

g-1
(5.18) Alz) =) AW,
k=0

where A¥) € B(CV) for k = 0,...,g—1. The factorization in Lemma 3.3 motivates
the name genus for g.
We have




WAVELET FILTERS AND UNITARY GROUPS 13

Corollary 5.2. If A(z) is a general polynomial of z with values in B (CN) of the
form (5.18), the following four conditions (5.19)—(5.22) are equivalent:

(5.19) A(2)"A(z) =1y, z €T, i.e., A takes values in U(N);
Iy ifn=0,

0 if n € Z\ {0},
A =0 ifm ¢ {0,1,...,9—1};

(6.21) there are projections Py,..., P, in B ((CN), positive integers r1,...,Ts,
and a unitary W € U (N). such that - '

4) = (MTey (v = P+ 27 B)) W5

_with the convention that

(5.20) S, A)xAlk4n) = {

and
(5.22)  there are projections Qo, Q1, ..., Qg—1 and a unitary V € U (N) such
that
g—1
AO =V I~ -Qy),
j=
g-1
A = VZ(]IN - Qo)
Jj=0
(v = Q1) @ (Iy — Qj1) -+
o (Iy = Q1)
g—1
A =V ] Q.
j=0
Proof. This follows from Proposition 3.2 and explicit computations. O

Remark 5.3. The case ¢ = 2 = N includes the family of wavelets introduced by
Daubechies [Dau92] and studied further in [BEJ99]. Note that ¢ = 2 yields the
representation

(5.23) AD=v(y-Q), AY=vQq,
by (5.22). But then (5.20) takes the form
(5.24) AO*40) =1y —Q, AM* A0 = g

which will be used in the sequel.

Let us return to the connection between loop-group elements and representations
of O . The algebra Oy has the following basic representation s; — S; on L? (T):

(5.25) S;€(2) =296 (2N), 0<j<N,€é€L*(T),z€T.

If s; — T; is any other representation, then as noted in [Cun77], [Cun80], and
[BJP96], the system (S}Ti)“ realizes a unitary N X N matrix with entries in

B (L*(T)).
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Proposition 5.4. Let (S;) be the basic representation of On, and let (I;) be an
arbitrary representation. Then the following two conditions are equivalent:

(5.26)  Each operator S}T; on L2 (T) is a multiplication operator;
and
(5.27)  the Tj-representation has the form
Tié (2) = mq (2) € (V) 0<i< N, £€L?*(T), z€T,
where mg,...,my_1 € L® (T)

Proof. (5.26) = (5.27) If (5 26) holds then there are functions A; ; € L* (T) such
that S77; = A; ; where the right-hand side also denotes the multiplication operator
determined by the function in question. Then

N-1 N-1 N-1
(5.28) Tr=Y88Ti=> Sjdi; = Ai;(zV)S;.
j=0 j=0 j=0
Setting
N-1
(5.29) m; (z) = Z A; (ZN) P2
j=0

and using the Cuntz relations, we conclude that 7; has the form in (5.27).

(5.27) = (5.26): If, conversely, the representation (7;) is given to have the form
in (5.27), then one checks that the filter functions m; must satisfy the unitarity
property (2.22) above. If then A; ; (z) are given by (2.23), then

(5.30) STié Z wITiE (w Z wim; (w) € (2),
wN—z wN—z

and we conclude that (5.26) holds, i.e., S;T; is multiplication by the function

A; j (), where A; ; is derived from m; via (2.23) O

We will henceforth denote the representation T; defined by (5.30) by T;(A), so in
particular,

(5.31) ™ =g,

where the notation S; is reserved for the representation defined by (5.25).

We will now apply the results in (5.5)—(5.17) to analyze these representations
further. As mentioned-after (5.17), the linear span K of 1,271,272 ... 2~ N9+l is
cyclic and T*-invariant, i.e., satisfies (5.5)—(5.6) with T in lieu of .S, see [BEJ99,
Proposition 3.1 and Corollary 3.3]. But if mq, ..., my_1 is not merely polynomials
of degree Ng — 1, but can be derived from a polynomial loop A (z) of degree g — 1
by (2.24), we may do better. To this end, let us look at the action of T( *
en (2) = z". Put n = j+ NI uniquely, Where jeA0,1,. —1}and!l € Z Then,
using (5.28),

(532)  TMen =3 S5 (2 )en

:ZES*A(k) _Nk ZZA Ien Nk-
P
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But n — Nk=j+ Nl —-Nk=j+ N (l —k), and since

. ek ifj =4,
5.33 Sie; —k) =
( ) ' €5+N(1-k) {0 if §' # 7,
we obtain
g-1____
(5.34) Tz'(A)*ej+Nl = ZAﬁf})ez_k'
k=0

It follows that Ti(A) * is represented by a matrix which-is a slanted ‘block matrix of
the following form:

(0,07 N1 UK 5N

(=ry=r)

(5.35)

—(g-1)

The matrix elements outside the shaded blocks are all zero, and each block has N
columns and g rows. Each block is a translate N steps to the right and 1 step up
compared to the previous one,and the most central block is located with corners at
(0,0), (N —1,0), (N —1,—g+1), (0,—g + 1). It follows that if we fix one n € Z,
iterated applications of T,-(A) * for various #’s ultimately will transform this vector
into a linear combination of e,’s where m € {0,—1,~2,...,—r}, where r is the
largest integer such that (—r, —r) is contained in one of the blocks. Thus the linear

span K of {eg,e_1,...,e—_r} is J}(A)*-invariant, and because of the relation
(5.36) 1= 7T,
I
|I|=n

K will also be cyclic (see [BEJ99, Section 3] for more details of this argument).
Thus, computing r more explicitly, we deduce

Proposition 5.5. If T4 is the representation of the Cuntz algebra Op defined by
a polynomial loop A (z) of degree g — 1, then the subspace

(5.37) K = linspan {eg,e_1,6_2,...,6_p}

satisfies (5.5) and (5.6), i.e., K is T(4)*-invariant and cyclic, where
- 9

(5.38) r=g+ {Nj .
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Here |z 1s the largest integer < .

Proof. From the figure (5.35) it follows that

g ifg<N,

g+1 ifN<g<2N -1,
g+2 if2N <g <3N -1,
ete.

(5.39) r=

O

The case considered in detail in [BEJ99] was N = g = 2, so we regain the result
r = 3 from there, i.e., in that case K = span{eg,e_1,e_2,e_3}.

We will now apply Theorem 5.1 to the representations above, when £ = KA
is given by (5.37) and r = r(4) by (5.38). The operators V; € B (K4)) defined by
Ti(A) in lieu of S; in (5.7) will be denoted by V;(A), and then the o defined by (5.9)
is denoted by ¢(4) = ¢(4:4) e

N-1
(5.40) oA (x) = Y v xy A"
i=0
for X € B(K@W). 1f T4, T(B) are two representations of our kind let o(B-4)
denote the p defined by (5.14), i.e.,
(5.41) B4 (X) = E Vi(B)XVi(A)*,

7

so o(B:4) isin B (IC(A) KB )). We will mostly be interested in the situation that A
and B have the same genus g, and then X(4) = K(B) by Proposition 5.5 (of course
we may always replace ¢(4), ¢(B) by max{g(A),g(B)} and thus assume K4) =
IC(B))‘ Now B (IC(A),IC(B)) can be made into a Hilbert space K(B:4) in a natural
fashion by defining the norm of ¢ € B (}C(A), K®E )) by

(5.42) [P = Tel (r ) = T (i) ,

where Tr(A), Tr(®) are the standard unnormalized traces on B (IC(A)), B (IC(B)),
respectively. Then o(B:4) € B (IC(B ’A)). Because of Theorem 5.1, our main concern
will be the spectral multiplicity of 1 in the spectrum Sp (O'(B 7‘4)), as well as the

associated eigensubspace K(B4). It turns out that these items are much simpler to
compute for the adjoint ¢(B:4)* ¢ B (IC(B’A)) (i.e., the adjoint of o(B:4) as a Hilbert

space operator). Then Sp (O'(B’A) *v) =Sp (O'(B’A)) and in particular 1 € Sp (0'(B’A)) ’

if and only if 1 € Sp (¢(B4)*). If A = B and the completely positive unital map
o(44) admits a faithful invariant state, it follows from [BrJo97a, Lemma 6.3] that
the dimensions of the fixed-point sets of ¢(4:4) and ¢(44)* are the same. However,
we will see that o(44) does not necessarily admit a faithful invariant state. Our
strategy will be to compute Sp (O'(B ’A)) by evaluating

(5.43) det (21 — o 4P)7) = det (1 - o4 D))

and then compute the fixed points by hand. Note that from (5.41) we have
(544) O.(B,A)* (X) — Z‘V;(B)*X‘/Z(A)
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for X ¢ K(BA) = B (IC(A),IC(B)). If X = E_k,_; = the rank-one partial isometry
mapping e_; into e_x, we compute, in Dirac’s notation,

(545) 0P (B )= VDB, VT = VPl ) (Ve |,

which is complicated to handle. On the other hand,
(5.46) o B (Bgm) = Y VO BV

_ 21: Vi(B)*e_k> <"V,-(A)*6-z‘
— Z T;'(B)*C—k> <'I;»(A)*e_1‘ ,

where the last step used T*-invariance of K, see (5.5) and (5.7). But 7™ is given by
(5.34), and hence the matrix elements of o(B:4) can be computed explicitly. Let us
-do the calculation in a special case:

The case ¢ = 2 and N > g. Then » = 2 by Proposition 5.5, and K is three-
dimensional. Then the loop A (z) has the form

(5.47) AR)=V(1-Q+2Q)=AO® 4 241),

where V' is a unitary and @ a projection in B (CN). As noted in (5.24), we have
(5.48) AO 4O — gy — @, AD*AD = .

Now define

(649)  Aij=(-Q),;=0;-Qij =012, N-1
Setting A; := A ;, then (5.46) and (5.34) give

A * (Eg o) = AoEo,o + (1 — Xo) E—1,-1,

cAA (B ) =Av_1Eo1 14 (1= An-1) E—g o,

)

)

oA (By _3) = Ao, N—2E0,—1 — Aon—2E_1,_2,

)

(
(
(5.50) oA * (B _1) = Ao,n—1F0,~1 — Ao, N—1E_1,_2,
(
(

cAA(E_y ) = A (B_y _g)" whenever 0 <1< k < 2.
From here one computes

(5.51) det (w1 — ol44)

= det (m]l — O'(A’A)*>

= o (2~ 1) (= do) (& — (Aw-1 = Av=2)) (z = do,v-1) (& = do,n-1) -

Since the A;; are matrix elements of a projection, we see immediately that the
eigenvalue 1 has multiplicity one except in special cases as when A\g = 1, Ay_1 =1
and Ay_2 =0, or Ag,y—1 = 1. Hence:
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Theorem 5.6. If g = 2 and N > 2, the representation T4) is irreducible for
generic loops A. It is reducible if and only if the projection Q@ € B (CN) defining A
by (5.47) satisfies at least one of the conditions

(5‘52) Qo}o =0 ( <= M = 1)
or

(5.53)
On-1,n-1=0 and Qn-sn-2=1 ( <= Ay_1=1and Ay_o = 0).

Proof. We will use the fact that the .A; ; numbers are the matrix entries.of a pro-
jection, 1 — Q. Since (1 — Q)* = (1 — Q), we have

(5.54) e =M+ Pyl
J#k
Thus the case (5.52) may occur with
0 00 --- 0
0
0 . .
(5.55) Q= : : = (0) ® Qrea-
: . Qred .
0 Ceee. .
Also (5.53) may occur with
0 0
0 0
Qred Lo 1 0
00 -~ 0|10
00 -~ 0|00

But the case Qo n—1 =0, 1i.e., Ao y—1 = An-1,0 = 1, cannot occur. Then it follows
from (5.54), and the fact that 0 < Ax <1, that

M N-1=0 forall k#0,and
(5.57) { A:f:lo for all k i N—1,
o
0 0 -~ 0 1
0 | «ivoee - 1o
(5.58) 1-Q=1 : P : ,
0| ......... |0
T [0 - 00
for a projection P € B (CN ‘2). But this is obviously not a projection. O

Remark 5.7. Hence for a given unitary V € U (N) and projection @ € B (CV), we
see that the eigenvalue 1 may have the following multiplicities in the characteristic
polynomial for various values of A ~ (V, Q):

1 has multiplicity 3: This occurs in one case.
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Case 1.1. A\g =1, Ay_1 =0, and Ay—1 = 1. The projection 1 — @ then has the
form

1 0 0 0 0

0 | i .. 0 0
(5.59) t—Q=| |+ P | |

0 ......... 0 0

0 0 -~ 0 10

0]0 -~ 0100

where P is a projection in B ((CN”S) (so when N = 3 there is no more choice.)
1 has multiplicity 2: This occurs in two mutually exclusive cases.

Case 2.1. Ag=1and (Ay—2 > 0 or Ay—1 < 1).
Case 2.2. Ay <1, Ay_2 =0, and Ay_1 = 1.

1 has multiplicity 1: This occurs in all remaining cases.

Since the dimension of the fixed-point set of o(4) is always at most equal to the
multiplicity of 1 in the characteristic polynomial, it follows from Remark 5.7 and
Theorem 5.1 that the linear dimension of the commutant of the 7(4) (= T(V:@).
representation is always at most 3. Since the smallest-dimensional nonabelian C*-
algebra is B (C?), which has dimension 4, it follows that the commutant is always
abelian when ¢ = 2, and the representation decomposes into a sum of at most three
irreducible mutually disjoint representations. In order to get the exact number, we
have to compute the fixed-point space of o(4) exactly. To this end, we note that the
matrix of o(4)] relative to the basis {E;x ; =2 <4,k < 0} of B (C®) is (we actually
compute the matrix of ¢(4)* using (5.50) and take the adjoint)

(5.60)

oW 1(0,0) (-1,-1)  (=2,-2) | (0,-1) (0,=2) (=1,-2)|(=2,-1) (=1,0) (-2,0)

(0,0) 1-Xo 0 0 0 0 0 0 0
(-1,-1)| © AN-1 1-An_1 0 0 0 0 0 0
(-2,-2)| o AN_2 1-An_2 0 0 0 0 0 0
(0,-1)| © 0 0 An—1,0 0 |=An_1,0 0 0 0
(0,-2)| o© 0 0 AN—2,0 0 |=An_2,0 0 0 0
(—1,—-2) 0 >\N—2,N—1 —AN_g’N_l 0 0 0 0 0 0
(=2,-1)] 0 An_i,N—2 —AN_1n—2| O 0 0 0 0 0
(—1,0) 0 o} 0 0 0 0 _>\0,N—1 AQ,N_I 0
(-2,0)] o 0 0 0 0 0 |=Xon—2|don—z O

Thus one may compute the eigenvectors of ¢(4). The generic result is as in Table
1.

Note that in non-generic cases, like Ag = 1, and/or (Ay—1 = 1 and Ay_5 = 0),
some of the listed eigenvectors are zero. This is not surprising since these are
exactly the cases where the root 1 in the characteristic polynomial is multiple. Let
us consider these cases separately:
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TaBLE 1. Eigenvalues, multiplicities, and eigenvectors of o(4)

Multiplicity | Eigenvalue Eigenvectors

4 0 Eo,9, E_90, Bo_1+F_1,_2, E_10+E_2_1
1 Ao Eoo

1 1 _ Ik =Fopo+FE_ 1,1+ E_2_2

1 AN—1—AN-2 (1=X0) (1= An-1)Eop

+(An-1 —Av—2— o) (1 - An-1) E_1,-1
~An=z2(AN—i —An—2 — Ao) E_a 2

1 AN-1,0 AN-1,0E0,-1+ An—2,0F0,-2

1 Ao, N—-1=AN-1,0 | don—1E_ 10+ don—2F_20

Case 3.1. A\g =1 (= Ao,n—1 = Ao,ny—2 = 0) and Ay_1 < 1 or Ay_3 > 0: In this
case the last two eigenvectors in the list in Table 1 are zero, but one may verify
that these may be replaced by the vectors Ep _5 and E_5 0. Thus the eigenspace
corresponding to 1 is indeed 2-dimensional in this case, and spanned by 1x and
Eo 0.

Case 3.2. \g < 1, Ay_1 = 1, Ay—2 = 0: In this case it follows from (5.54) that
Anv-1x =0forall k# N —1and Ay_ox = 0 for all kK # N — 2, so the matrix in
(5.60) degenerates into the upper-left-hand 3 x 3 matrix, which is

Ao 1-X 0
(5.61) 0 1 0.
0 0 1

So we see that a new eigenvector for Ay—1 — Ay—2 =11s
(5.62) E_y _s.

Let us now look at the even more degenerate cases where the multiplicity of 1
in the characteristic polynomial is 3:

Case 3.3. Ao =1, Ay_1 = 1, Ay_2 = 0: From the discussion of Case 3.2 above, it
follows that then the upper-left 3 x 3 matrix of (5.60) is 13, while the rest of the
matrix is zero. Thus the fixed-point set is the linear span of

(563) Eo)o, E—l,—l; and E-—Z,—Z«

Case 3.4. Ay_1,0 = 1: This case is less interesting as it does not occur, but not
restricting A; ; we have the following: Then it follows from (5.58) that Ao = Ay_1 =
0, AN—2,0 = An—2,nv-1 = 0, and the matrix (5.60) splits into a direct sum of the
following three 3 x 3 matrices:

0o 1 0 10 -1 0 00
(5.64) 0 0 1 o0 o |,and | -1 1 0
0 Av—z 1—An_2 00 0 0 00

The first matrix has eigenvalues 0, 1, —Ay_2, while the two others have eigenvalue 1
with multiplicity 1 and 0 with multiplicity 1. The corresponding three eigenvectors
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are
(5.65) Ix =Foo+E_ 1,1+ E_3 9, FEo,_1, and E_10.
Thus the dimension of the eigensubspace is in all cases equal to the multiplicity

of the root 1 in the characteristic polynomial, and the above analysis implies

Corollary 5.8. Ifg =2 and N > 2, the representation T4) decomposes into at
most three irreducible representations which are mutually nonequivalent. Generi-
cally, T4 is irreducible, and otherwise the decomposition structure is summarized
in Table 2.

TABLE 2. Decompositions from eigenvalue-one multiplicities, and

eigenvectors for o(4)
Case Number of | The fixed-point set of o(4)
subrepresen- | is spanned by
tations
Ao=1,An_2=0, 3 Ego, E_1,—1,and E_5 _»
and Ay_1 =1
Ao < 1, AN_1 = 1, 2 1x and E_g’_Q
and Ay_2 =0 (i.e., Eo’g + E—l,—l and E_g’_g)
Ao =1 and . 2 ]1K and E0,0
()‘N—-l <lorAy_9> 0) (i,e,, Eo,o and E—l,—l -+ E_z,_g)

Remark 5.9. Table 2 shows a remarkable feature which these representations
share with the ¢ = 2, N = 2 representations studied in [BEJ99], namely that
the fixed-point set of o(4) is both abelian and an algebra in all cases. Hence it
follows from (5.12) that the projection P onto K commutes with the commutant
7(On)', and thus we may find cyclic vectors for the various subrepresentations

by picking vectors in the range of the minimal projections in the fixed-point set
B (/C)U(A). For example, for the first case in Table 2 (Case 3.3), the three vectors
27", n =0,1,2in L? (T) are cyclic for the three disjoint representations the original
representation decomposes into, respectively. For the second case in Table 2 (Case
3.2), the pair 2%, 272 has the same property, as well as the pair 27!, 272 or any
pair of the form Az® + pz=!, 272, So far we do not know a single example (for

(4) . . .
general N, g) where B (K)° s not abelian, or is not an algebra.

6. REDUCTION OF REPRESENTATIONS AS A REDUCTION OF N

Consider as arbitrary, element A € P(T,U(N)). Hence both N and the genus
g are arbitrary, but given. We saw that there is an associated wavelet filter m(4),
as well as a representation T(4) of Oy acting on L?(T). (As before we work in
the standard Fourier basis for L%(T), i.e., es(2) = 2™, n € Z.) We identified the
subspace K spanned by {e_,,...,e_1,eq} where r was picked so that reducibility
of T(4) is decided by the fixed-point set of an associated completely positive map
o-,(CA) given by

N-1
(6.1) ()= > v
1 =0




22 OLA BRATTELI AND PALLE E. T. JORGENSEN

with

(6.2) V;(A) — 7’/cTi(A).

While we identified the complete spectral picture of 0',(CA) in the special case ¢ = 2,
the higher genus case is not yet entirely understood. But we note that the identity
from the g = 2 case,

(6.3) o (B ) = Ao(A) Eo o,

which is clear from (5.60), remains true for arbitrary g. Hence our use of U}CA) yields
reducibility of the representation 7(4) whenever \g(A) = 1. We recall that if
(6.4) Az) = AO) 4 A Lo g g9l Al

then Ao(A) is defined as the (0,0)-matrix entry in A)*A®©).

Remark 6.1. To prove (6.3) for the general case, recall that

N-1 N-1g-1
(65) Ti(A)EO = Z Aiyj (ZN) €; = Z Z AE?ej+kN~
j=0 j=0 k=0
Using (6.2), we therefore get
N-1g-1
(6.6) Vi Meo = PeTi A¥) Peejin = A eo,
7=0 k=0

and by (5.45),

67 ol B0 = X [} (4] = (1

A(o)*A(o))O Fo0=20(4) Eoy,

)

AL lab

which is (6.3).
But it is worth stressing that the argument (6.6), for the vector ep in K, does

not carry over to the other basis vectors e_1, e_s, .... This is clear already in the
case g = 2 from (5.60). More generally, for e_;, for example,
(6.8) Ve s = AlJeo+ A jeo1 + A yea+- o,

and therefore

(6.9) (A) (Bo1,-1) = )‘(II)EO o+ ’\g\r )1 No1B-1-1t )\530_)2'1\,_2]5‘_2,_2 +o
531)1 ofo,-1+ )‘g gf)—lE-l o+ /\gv-)z No1B-1,-2+ ’\5\?0—)1 NooBa 14,

where )\(kl = (A(k *A l)) i.e., the (4,7) entry in the N x N matrix A= A1)

Even if /\5\, )1 N-1=1, that does not imply that all the other coefficients /\( Y from
(6.9) will necessarlly vanish; see the details below. While

(6.10) ARY vy = 1= 202 =A% =0 forallije{0,...,N -2},

the other coefficients in (6.9) such as )‘EV—)Z, N_g OF /\gfé ) would typically be nonzero

even if /\530_)1’.,\,_1 = 1. So even then, E_;1 _; will not be fixed by a,(CA), and there

is not a natural analogue to (6.3). While if g = 2, then the difference ’\g\eo—)l,N—l —
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/\532)2 N_o 18 in the spectrum of cr,(CA), see Table 1, this will generally not be true if
g > 2. Then the spectral picture for o',(CA) is not fully understood.

However, the following result shows that a general wavelet representation 7'(4)

may be reducible because a special point Ag(A) in the spectrum of J,(CA) may be
one. This is a special reduction however, as we also showed that whenever any

point A in spectrum (0,(CA)) satisfies A = 1, we get a possibly different reduction of
the representation (T(4), L*(T)).

Theorem 6.2. Let A € P(T,U(N)). Then the following four conditions are equiv-
alent:

(i) Ao(4) =1;
(ii) There is a B = (Bij;)};—y € P(T,U(N — 1)) such that

1 0 0 - 0
0 Bii(z) -~ -~ Bin-i(2)

(6.11) AN AR = | 0 : : :

0 BN-—;,I(Z) BN—I,;V—I(Z)
1/0 - 0
0
(6.12) AQ)TIAE) = | " — ()@ B ().
0

(iii) After modifying with a U(N)-automorphism of On the corresponding
wavelet filter m(4) satisfies

{ mgA)(z) =1, forallz €T,

m{® (z) = Y05 Ba (M)

T 65 € Ceo, for alli=0,..., N - 1.
a,(CA)* (Eo]o) € CEyp.

Remark 6.3. Formula 6.13 explains the assertion made in the introduction about
reduction in the size of the number N which serves as the scaling of the wavelet in
question. Once B is identified then there is an (N — 1)-wavelet filter

N-=-2
(6.14) m®)(z) = 3 Biju (V) A,
j=0
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Proof. (1) = (ii): Using the factorization (5.22) in Corollary 5.2, we note that
(6.15) AL AO) = (1 - Qg-1) (1 - Qg—2) -

(1= Q)[(L-Q0) (- Qy)---

can (]1 — Qg—Z) (]1 - Qg—l)

and the V(€ U(N)) from (5.22) is V = A(1), i.e., evaluation of A(z) at z = 1. Let
€0 be the first canonical basis vector in CV. Then (i) states that

(6.16) (1L = Qo) (1 = Q1)+ (1 = Qg=1) €0l = 1.
Hence (1 — Qg—1)¢€0 | H (1 — Qg—1)€0) = 1, where
(6.17) H:=1-Qg2) (1—-Q1)|(1—-Qo)|(1-Q1) (IL—-Qg2).

Using Schwarz’s inequality and induction, we conclude that (1y — @;) €0 = €0, and
therefore Qjeo = 0 forall j = 0,...,9 — 1. Hence (Iy — Q; + 2Q;) €0 = €0, and
from (5.22),

(6.18) A1) A(2)e0 = €.
The same argument yields
(6.19) <60 |A(1)_1A(Z)6j> = (50,‘7',

and so (ii) follows.
(ii) = (iil): Substituting (6.11) into (2.24), we get

(6.20) (V'lA)i’0 (2) = i 0,

(6.21) (V=14), ; (2) = 80,

and

(6.22) (V‘IA)M (z) = Bij(2) ifi,j>1,

and (6.13) in (iii) follows.
(iii) = (iv): Using

(6.23) T =+ 3 mP(wew), &€ (T)

wN=z

and introducing the matrix product from (iii), we get

A;io(2) = Vi,

6.24 ’ n— .
(624 { Aij(2) = 3451 VikBin(2), § > 0.
Using again (2.24), we thus get
(6.25) T eg = Vigeo

where V; ; denotes the matrix entries of V' (:= A(1)) in U(N).
(iv) & (v) = (i): By (6.23),

(6.26) T eo = Aio(z) € P (T, 0 5
and so if (iv) is assumed, then

(6.27) A =0 fork>o.
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Since

(6.28) ZALO(Z)A,»,O(Z) =1

in general, we get

(6.29) Ao(4) = ZE}A% =1L
From (6.26), we get
g-1____
(6.30) e =Y Al ek,
k=0

and by (5.46),
(6.31) i (Bog) = MYE i

Note the coefficient of Eg o in (6.31) is Ag (4) = )\g,)g)‘ For the other coefficients,

we have

2
(6.32) AED[T < AR
and
(k8) _ N [ 48[
(6.33) Moo =Y A -
=0

Hence, the vanishing of the non-(0, 0) coefficients in (6.31) is equivalent to condition
(6.27), which we already showed is equivalent to both (iv) and (i). d
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