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Abstract

Monotone convex operators and time-consistent systems of oper-
ators appear naturally in stochastic optimization and mathematical
finance in the context of pricing and risk measurement. We study the
dual representation of a monotone convex operator when its domain is
defined on a subspace of L,, with p € [1, 00], and we prove a sandwich
preserving extension theorem. These results are then applied to study
systems of such operators defined only on subspaces. We propose var-
ious sandwich preserving extension results depending on the nature of
time: finite discrete, countable discrete, and continuous. Of particular
notice is the fact that the extensions obtained are time-consistent.

1 Introduction

The literature on extension theorems for functionals features some funda-
mental results. For all we just mention two: first is the Hahn-Banach the-
orem and its various versions, that provides e.g. a majorant preserving
extension and then the Konig theorem that provides a sandwich preserving
one (see e.g. [18]). Both cases give results for linear functionals with val-
ues in R. This paper presents sandwich preserving extension theorems for
convex monotone operators defined in a subspace L in L,(B) with values in
L,(A) (ACB), for p € [1,00].

Other results of this type are studied in the case of linear operators, see [2]
for p € [1,00) and [9] for p = co. Indeed the need for working in an operator
setting taking values in L,(.A) is motivated by applications to mathematical
finance: pricing and risk measurement. To explain for any two fixed points
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in time, say s < ¢, a financial asset with payoff X € L; C L,(F;) has a price
xs+(X) evaluated at s. This value is 5 4(X) € Ly(Fs), where Fy C F;.
These price operators are linear if the market model benefits of assumptions
of smoothness, such as no transaction costs, no liquidity risk, perfect clearing
of the market, no constrains in trading, etc. However, they are convex (when
considered from the seller’s perspective, the so-called ask-prices) when such
market model assumptions are not fulfilled. Convex operators of such form
also appear as value processes in the case of dynamic stochastic optimization
and often this is in fact a way to obtain such price processes.

It is reasonable to have domain of these operators defined on a subspace of
the corresponding L,, space. In fact, in general, not all positions are actually
available for purchase in the market. It is only in the idealistic assumption
of a complete market that we find that all positions are always feasible, i.e.
the subspace is actually the whole L, space. Strictly speaking, though less
discussed in the literature, also the risk measurement is usually performed
more reasonably on a subspace of L,. In this case the subspace represents
those risks for which there is grounded measurement in terms of e.g. sta-
tistical knowledge, time series analysis, and general good information. For
risks outside this set, a too conservative evaluation of risk can be made with
the result of higher (even too high to be competitive) hedging prices asked.
This is relevant from an insurance perspective.

When dealing with a dynamic approach to pricing, we consider an informa-
tion flow represented by a filtration (F)icpo,7) (T' < o0) and then a system of
price operators is naturally appearing: (zs;)s+c7, where 7 C [0, 7. For the
fixed times s,t : s <t the price operator is zg; : Ly — Ly,(Fs) where the
domain is the subspace Ly C L,(F;). An important necessary property of
these system of operators is time-consistency, which models the consistency
of prices or measures of risk over time. Namely, for s <t < u and X € L,
the evaluation x,/(X) at time s is required to coincide with the two steps
evaluation g ¢ (x4, (X)).

The question we address is how to extend the whole family of operators,
so that the domains reach the whole L,(F;) in such manner that time-
consistency is preserved together with some sandwich property. The sand-
wich property itself is a control from above and below reasonably given on
such operators, as it happens, in their own context, for the Hahn-Banach and
Ko6nig theorems. In applications this may assume various meanings. In [3],
[2], [15] there are different studies on some aspects of the fundamental theo-
rem of asset pricing with controls on tail events, first in a multiperiod market
and then in a continuous time market. In [9] the majorant and minorant
operators are linked to no-good-deal dynamic bounds and the corresponding
pricing measures. From the application perspective, the feasibility of these
pricing rules is directly linked to the existence of the corresponding time-
consistent sandwich preserving extension of the system of price operators.



So far this connection has been explored only for linear pricing. The present
paper provides fundamental results to address some questions related to
convex pricing.

We stress that to obtain a time-consistent extension it is not enough to
collect all the extensions of the single operators in one family. It is only via
some careful procedure of extension that we can obtain such result.

Also it is important to mention that crucial for the development of this
theory is the representation result we obtain for convex operators defined
on a subspace L of L,(B) taking values in L,(.A) (A C B). Representation
theorems for convex operators have been studied in the context of risk-
measures in the recent years. The first results were obtained for the static
case, corresponding to operators with real values (A trivial). Here we have
to mention [17] (for p € [1,00]) and [16] (for p = o0), where the domain
of the operators is the whole L,(B) space, and the paper [4], where a very
general framework is proposed, which also includes the case of a subspace
L of L,(B) (for p € [1,00]) with lattice property on L. In both cases the
mappings take real values. We also mention [5] and [14] for a representation
in the case of operators defined on the whole Lo (B) with values in Lo (.A)
studied in the context of conditional risk measures. Our contribution in
this area provides a representation theorem for convex operators defined on
L C L,(B) (for p € [1,00]) without requiring the lattice property.

The paper is organized as follows. In Section 2 we give a precise presen-
tation of the operators, the spaces, and the topology we consider. Then
the representation theorem is proved. Section 3 is dedicated to the sand-
wich extension of such convex operators. The sequel of the paper deals with
time-consistent systems of operators. In Section 4 the sandwich extension
is studied in the case of discrete time. In Section 5 we reach out to obtain
the sandwich extension for continuous time systems of operators.

2 Convex operators in L, and their representation

Let (€2, B, P) be a complete probability space. Here we consider B to be the
P-completed o-algebra generated by a countable family of sets in €. Also
let A C B be a P-augmented countably generated o-algebra!. For example,
any Borel o-algebra of a metrizable separable space completed by the P-null
events satisfies this assumption.

1This assumption will be implicitly used in the sandwich extension theorems. It is not
necessary for the upcoming representation theorem.



For any p € [1,00] we consider the L,(B) := Ly,(f, B, P) of real valued
random variables with the finite norms:

||X|| = (E[|X|le/p’ p € [1700)7
P esssup|X|, p = oo.

We equip these spaces with a topology. In the cases p € [1,00), we consider
the usual topology derived from the norm. In the case p = oo, we fix the
weak* topology. We will denote by the superscript “+7, e.g. L,(B)*, the
cones of the non-negative random variables with the corresponding induced
topology.

In the sequel we deal with a linear sub-space L C L,(B). We always consider
L equipped with the topology induced by the corresponding L,(B) space.
Motivated by the applications we assume that:

i) 1€ L,

ii) for the o-algebra A C B we have the property that 14X € L for every
A€ Aandevery X € L.

Fix p € [1,00| and the sub-space L C L,(B) as above. We consider an
operator
z:L— L,(A) (2.1)

that is:

e monotone, i.e. for any X', X" € L,

ﬂj‘(X/) 2 fL‘(X//), X/ 2 )(//7

e conver, i.e. for any X', X" € L and X € [0, 1],

z(AX"+ (1= NX") < Az(X') + (1 - Nz(X")

e lower semi-continuous, i.e. for any X € L and any sequence (X, ), in
L with limit X,
liminf 2(X,,) > z(X)

n—oo

weak A-homogeneous, i.e. for all X € L

x(14X) =142(X), A€ A,

e projection property

w(f)=1f feL(A)NL.



In particular we have z(0) = 0 and z(1) = 1.

Note that, if p € [1,00) and the operator x is monotone and linear (as in
[2]) the assumption of weak .4-homogeneity is equivalent to .4-homogeneity,
i.e. for all X € L, we have

2(§X) = §x(X)

for all £ € L,(A) such that (X € L. If p = oo and the operator is linear and
semi-continuous, then the same result holds (see [9]).

2.1 Representation of a convex operator

Our first result is a representation theorem for L,-valued convex operators
of the type above. This can be regarded as a non-trivial extension of [20,
Theorem 5]. The result by Rockafellar is written for functionals and can be
retrieved setting A to be the trivial g-algebra up to P-null events.

Theorem 2.1. Let x be an operator of the type (2.1). Then the following
representation holds:

z(X) = esssupVev{V(X) — x*(V)}, Xel, (2.2)

where
z* (V) = esssupXeL{V(X) - x(X)}, Vevy,

and V is the space of the linear, non-negative, continuous, A-homogeneous
operators V : L,(B) — Ly(A) such that E[z*(V)] < oo.
Moreover, the operator x also admits representation in the form:

z(X) = esssupVEV{V(X) - :E*(V)}, X elL, (2.3)

where

(V) = esssupXEL{V(X) — x(X)}, Vev, (2.4)
and V is the space of the linear, non-negative, continuous, A-homogeneous
operators V : Ly(B) — Ly(A).

For future reference we borrow the terminology proper of the literature on

risk measures and we call the operator x* minimal penalty.

Before the proof of the theorem we present a couple of technical lemmas.



Lemma 2.2. If V = 14Vi +14:Vo, for Vi,Vo € V, A€ A, and A° := Q\ A,
then
2" (V) = Laz™ (V1) + Lacz™(V2). (2.5)

Moreover the set {V(X) —a*(V): V € V} is a lattice upward directed.

Proof. For any X,Y € L we have

LA(Vi(X) —2(X)) 4+ 1ac (Va(Y) = 2(Y)) = V(14X + 14Y) — 2(14X + 14Y)
< esssupZEL{V(Z) — :r(Z)}

Hence,

Laesssupy e {Vi(X) — 2(X)} 4 Lacesssupy ¢ { Va(Y) — 2(Y)}
< esssupye{V(Z) — z(2)}.

Namely, we have 142*(V1) + 14c2*(V2) < 2*(V). On the other hand, for
any Z € L, we have

V(Z) = 2(2) = 1a(Vi(2) — 2(2)) + 1ac (Va(2) — 2(2))
< 1aesssupzep {Vi(2) — 2(Z)} + Lacesssup e {Va(Z) — 2(2)}.

Therefore, z*(V) < 142*(V1) + 1acx*(V2). So (2.5) holds.

To prove the lattice property, it is enough to consider for any Vi, Vo € V, the
set A = {Vl(X) —x*(Vh) > V(X) — .’L'*(Vg)} cAand V = 14V] + 14 V5.
From (2.5) we have that:

V(X) = 2"(V) = 1a(Vi(X) — 2" (1)) + 1ae (Va(X) — 2" (V2))
= sup {Vi(X) — 2" (V1), Va(X) — 2" (Va) }.

By this we end the proof. O

Lemma 2.3. For any V €V, the set {V(X) —z(X): X € L} is a lattice
upward directed.

Proof. We consider X1, X5 € L and we set A := {V(X;1)—z(X;1) > V(Xy)—
z(X2)} € A. Consider X = 14X + 14cX5. Then

V(X)—z(X)= 1A(V(X1) — J:(X1)) + 1 4e (V(Xz) — a:(X2))
= sup {V(X1) — z(X1), V(X2) — 2(Xy)}.

By this we end the proof. O

We are now ready to prove Theorem 2.1.



Proof. Define
h(X) = E[;;:(X)], Xel

Note that h is a non-negative, monotone, convex, lower semi-continuous,
and proper (i.e., h(X) > —oo and finite for some X, see [20, p. 1]) func-
tional. Thus, by application of [20, Theorem 4 and Theorem 5|, we have the
representation
h(X) = sup {U(X) — h*(v)} (2.6)
veL*
where

h(w) = sup {U(X) - h(X)}

is the Fenchel transform of h and L* is the set of continuous linear forms
on L. Note that we can restrict to v € L* such that h*(v) < oo, and in
this case v is a non-negative linear form. Recall that we always consider the
usual Ly-norm topology in the case p € [1,00) and the weak™ topology in
the case p = co. Then we distinguish the two cases.

If p € [1,00), the classical Hahn-Banach theorem guarantees that v(X),
X € L, can be extended to a non negative continuous linear form v(X),
X € L,(B), and the extension admits the representation

v(X) = E[fX}, X € L,(B),

for some f € Ly(B) with ¢ =p(p—1)~! and f > 0.

If p = oo, then we refer to a version of the Hahn-Banach theorem for locally
convex topological spaces as in [10, Chapter II] and we proceed as follows.
Recall that the weak* topology on L. (B), defined by the family of semi-
norms

Pg(+) ::E[g-], for every g € L1(B): g >0,

is locally convex. For every non-negative linear form v on L, continuous for
the weak™ topology, there is a semi-norm p, such that

[0(X)| < pyg(X).

Hence, applying the above mentioned corollary, we can extend v to a non-
negative weak™® continuous linear form on L. (B). The extension admits the
representation

o(X) = E[fx}, X € Loo(B),

for some f € Lq(B) such that f > 0.
Therefore for p € [1,00], the convex functional h(X), X € L, in (2.6) can
be rewritten as:

hX)= sup {E[fX]-h"(E[f])}
fE€L¢(B):f>0

= sup {E[fX] - h*(E[f])}
few

(2.7)



where
W= {f € Ly(B): f=0,h"(E[f]) < oc}. (2.8)
Note that W # ), because h is real valued.

We remark immediately that E[f|A] = 1, for every f € W. Indeed, consider
any A € Aand X = 14. For any a € R we have

E[fala] —h*(E[f]) < h(ala) = Elz(ala)] = aE[14].

Hence,
a(ELf14] - P(4)) < W*(BIf) < .
Thus taking a — 400, we see that E[fl4] = P(A), A € A. Namely

B[fIA] = 1.
For every f € W, denote

V(X):= E[fX|A], X € Ly(B). (2.9)

Hereafter we show that V' € V. First of all note that the operator V is
naturally non-negative, linear, and .4-homogeneous. It is also continuous.
Indeed for the case p € [1,00) it is immediate from the conditional Holder
inequality.
For the case p = oo, we consider a neighborhood of E[fX|.A] for the weak*
topology:

U:={Y € L(A) :Vg; € L1(A), i =1,...h, |E[g:E[fX|A]-E[g;Y]| <¢}
Since f > 0 and E[f|A] =1, then g;f € L1(B), i =1, ..., h, and the set
U:={Z € Lo(B): Vg € Li(A),i=1,...h, |E[gifX]|—E[g:fZ]| < e}
is a neighborhood of X in L. (B) in the weak* topology and for all Z € U,
E[fZ|A] € U. This proves the continuity of V' for the weak™* topology. Thus
V belongs to V.

Define 2*(V') := esssupxc{V(X) — 2(X)}, for V in (2.9). We show that

E[z*(V)] < co. From the lattice property of Lemma 2.3, from [19, Prop VI
1.1.], and the monotone convergence theorem, we have:

Elz*(V)] = sup { E[V(X)] - Ez(X)]}

XeL

= }S(Igz{E[fX] —h(X)}

= sup {v(X) — h(X)} = h*(v) < oo.
XeL

Then we can conclude that V as in (2.9) is an element of V.
We are now ready to prove the representation (2.2). For every V' € V, define

2 (V) = esssupXeL{V(X) - x(X)}.

8



Note that from x(0) = 0, we have that z*(V) > 0. For every V € V and
X € L, we have
2" (V) = V(X) — x(X)

or, equivalently,
z(X) > V(X)—z*(V).

Thus
z(X) > esssupVEV{V(X) — x*(V)} (2.10)

To conclude we need to show the reverse inequality. To this aim it is enough
to show that

E[x(X)] < E[esssupVeV{V(X) - x*(V)}], X el (2.11)

Indeed we have:

Blw(X)] = h(X) = sup {B[fX] — h*(E[f])}

few

— sup { E[E[fX|A]] - h*(E[f])}
few

< sup {E[V(X)] — E[z*(V)]}
Vey

= Elesssupycp{V(X) — 2*(V) }]

where the last equality is due to the lattice property of Lemma 2.2 and [19,
Proposition VI.1.1]. We have then proved the representation (2.2).

To prove the representation (2.3), we note that ¥V C V. From equation (2.2)
we have

z(X) = esssupVEV{V(X) - x*(V)}
< esssupVEV{V(X) — :c*(V)}

From the definition of 2* in (2.4) we have that z*(V) > V(X) — 2(X), that
isz(X) > V(X)—x*(V), for every V € Vand X € L. So, we conclude that

z(X) > esssupycy{V(X) —2*(V)}.

By this we end the proof. O

Corollary 2.4. Let x be of type (2.1). Then the following representation
holds:

z(X) = esssupfeD{E[fX].A] —z*(E[f - ’_A])}, Xel, (2.12)

where

D:={f € Ly(B): f=0, E[f|A] =1} (2.13)

9



with ¢ = p(p — 1)~ and
g (E[f-|A]) = esssupXEL{E[fXLA] - IL‘(X)}, feD.

Proof. From [2, Theorem 1.1], for the case p € [1,00), and [9, Theorem
3.3 and Proposition 3.14], for p = oo, we know that there is a one-to-one
relationship between V and D. Then the results follow directly from the
representation (2.3). O

The representations of convex functionals were studied in the recent litera-
ture of risk measures in the case when the o-algebra A is trivial. In [17] the
representation is studied for convex risk measures (i.e. convex, monotone,
lower semicontinuous, and translation invariant functionals) defined on the
whole Ly(B) with p € [1,00] with values in (—o0,00). In [16] the study is
carried on for p = oco. In both cases it is crucial that the functionals are
defined on the whole space. In [4], the representation is studied for convex,
monotone, order continuous functionals defined on Fréchet lattices and tak-
ing values in (—o00,00]. This allows for a very general setup, however the
assumption on the lattice property is crucial. If A is non-trivial, then we
can refer to [5] and [14] for studies on the representation of convex oper-
ators in the context of conditional risk measures (i.e. convex, monotone,
lower semicontinuous, translation invariant operators) defined on the whole
L (B). Our contribution to this area provides a representation of convex
operators defined on a subspace L C L, (B) with values in L,(A), p € [1, 00],
without the assumption of the lattice property.

3 Sandwich extension of a convex operator

In the sequel we consider a criterion for the existence of an extension Z of the
convex operator x to the whole L,(B). The given z lies within two operators
m and M. This extension is sandwich preserving. There is no uniqueness of
such sandwich preserving extension, but our approach allows for an explicit
representation of at least one of them, denoted Z, which turns out to be the
maximal.

First of all we introduce the minorant as a superlinear operator: m :
L,(B)t — L,(A)*, ie.,

m(X +Y)>m(X)+m(Y), X, Y € L,(B)",

m(AX) = dm(X), X e Ly(B)t, x>0,

and the majorant as a sublinear operator: M : L,(B)t — L,(A)*, i.e.,

M(X+Y)<MX)+M(Y), XY €L,B),

10



M(\X) = AM(X), X e L,(B)t, x>0.

We remark that sublinearity implies M (0) = 0.

Moreover, in the case p = oo, we say that the map M : Loo(B)T — Loo(A)T
is regular if for every decreasing sequence (Xp,), in Loo(B) with X, | 0,
n — oo P-a.s, we have

M(X,) -0, n—oo Pa.s. (3.1)

Theorem 3.1. Fiz p € [1,00]. Let x : L — L,(A) be of type (2.1).
Consider the weak A-homogeneous operators m,M : L,(B)T — L,(A)*
such that m is superlinear and M 1is sublinear and, if p = co, M 1is also
reqular. Assume the sandwich condition:

m(Z) +x(X) < M(Y) (3.2)

VXeL VY, ZeL,(B)t: Z+X<Y.

Then x admits an extension & (to the whole L,(B)), which is convex, mono-
tone, lower-semicontinuous, weak A-homogeneous and satisfying the projec-
tion property such that (3.2) is preserved, i.e.

m(Z)+ z(X) < M(Y) (3.3)
VXeL,B) VY, ZeL,(B)": Z+X<Y.
In particular the operator
E(X) == esssupycps{V(X) —2*(V)}, X € Ly(B), (3.4)

with
(V) :=esssupxc {V(X) —2(X)}, Ve VS, (3.5)

is a sandwich preserving extension of . Here above V° is the set of lin-
ear, continuous, non-negative, A-homogeneous operators on Ly(B) such that
E[z*(V)] < o0, and satisfying the sandwich condition:

m(X) < V(X) < M(X), X e L,(B)T.
Moreover, for any other such extension T, we have that
#(X) > z(X), X € L,(B).
We call & the mazimal extension.
Proof. From Theorem 2.1, for all X € L,

z(X) = esssupyep{ V(X) —2*(V)}.

11



Thus VYV € V), the restriction of V' to L satisfies:
m(Z)+V(X)—2*(V)<MY) VX €LVY,Z€L,(B)": Z+X<Y.
Then, for all a > 0,

am(Z)+aV(X)—z*(V) <aM(Y)

Let A={m(Z)+V(X)—-M(Y) > 0},
0 < B(La(m(Z) + V(X) — M(Y)) < éE(lA:v*(V)) < 0.
Let @ — oo, it follows that 14(m(Z) + V(X) — M(Y)) = 0 P a.s.. Thus
m(Z) + V(X) < M(Y) (3.6)

forall V. € Vand VX € L,VY,Z € L,(B)" : Z+ X <Y. From the sand-
wich extension theorem for linear operators, [9, Proposition 3.11] in case
of L, spaces 1 < p < oo, and [9, Theorem 3.9] in case of Lo, spaces (see
also [2, Theorem 5.1]), every V' € V restricted to L, admits a sandwich pre-
serving linear extension to the whole L,(B) denoted V*° which is monotone,
lower semi continuous, weak A-homogeneous, and satisfying the sandwich
condition:

m(Z)+VS(X) < M(Y) VX € L,(B)VY,Z e L,(B)": Z+X<Y.
Define
£(X) = esssupycps {V(X) — 2" (V) }, X € Ly(B),

where V is the set described in the statement of the theorem, and z*(V) =
esssupycr,(V(Y) — z(Y)). It follows that & extends = and it is lower semi
continuous, convex, monotone, weak A-homogeneous and it also satisfies

the projection property. It remains to verify that & satisfies the sandwich
condition. Let Y, Z € L,(B)* VX € L,(B): Z+ X <Y,

m(Z) + #(X) = esssupyeps{m(Z)+V(X)—-az*(V)}
< M(Y) + esssupycps(—z*(V))
= M(Y)+esssupyep(—z*(V)) = M(Y). (3.7)
Now consider any other convex, monotone, lower-semicontinuous, weak A-

homogeneous extension Z satisfying the sandwich condition. From Theorem
2.1 we have that

Z(X) = esssupy ey, {V(X) —2°(V)}, X € Ly(B),
with
7*(V) = esssupxer, ) {V(X) — 2(X)}

12



where V; is given by the mentioned theorem with reference to the operator
Z. Moreover, since Z satisfies the sandwich condition we can see that (3.6)
holds for Vz and that

z(X) = esssupVGVg{V(X) -z*(V)}, X e LyB).

From the definition of z* and of z* with Z(X) = z(X), X € L, we can see
that z*(V) > z*(V) is valid for all V' € V. Hence E[z*(V)] > E[z*(V)],
V €V, and in particular V¥ C V5. Then Z(X) < esssupyeys{V(X) —
z*(V)}. On the other hand for every V € V¥ and X € L,(B) we have
V(X) —z(X) < z*(V), hence V(X) — z*(X) < Z(X). Thus we conclude
esssupycyps{ V(X) — z*(V)} < Z(X) and we have proved that:

Z(X) = esssupyeps {V(X) — 2°(V) }.

Since #*(V) > 2*(V) for all V€ V2, then #(X) < #(X) for all X €
L,(B). O

Remark 3.1. The above extension I (3.4) satisfies the following inequality:
VX € L,(B)T m(X) < —3(—X) < 3(X) < M(X).

This inequality is in fact equivalent to (3.3) for every convex, monotone,
lower semi continuous, weak A-homogeneous operator defined on the whole
L,(B). The first assertion follows from equation (3.3) applied one time with
(Z,X,Y) =(X,-X,0) and the other time with (Z, X,Y) = (0, X, X). The
second assertion follows from the convexity of Z.

Corollary 3.2. For every V € V¥, the penalty (3.5) in the representation
(3.4) of the extension & of the operator x, satisfies x*(V) = &(V'), where

(V)= esssupXeLp(B){V(X) - #(X)}. (3.8)

Moreover, define VS as the set of elements in V satisfying the sandwich
condition (3.6). Then the extension (3.4) can be rewritten as:

#(X) = esssupyeys {V(X) —&(V)}, X € Ly(B). (3.9)
Furthermore, we can also give the representation:
#(X) = esssuppeps { B XAl ~ 2(E[f - |4}, X € L(B), (3.10)
with
DS = {f eD: m(X) < E[fX|A] < M(X), VX € Lp(B)}. (3.11)

The penalty I is called minimal penalty following the terminology of risk
measures.
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Proof. Fix V € V5. From the definition we have z*(V) < #(V). On the
other hand, from (3.4), we have Z(X) > V(X) — 2*(V), for all X € L,(B).
Hence, z*(V) > V(X) — 2(X), for all X € L,(B). Thus z*(V) > z(V).
This proves (3.8). For the proof of (3.9) we apply the same arguments as
for the proof of (2.3) in Theorem 2.1. And for the proof of (3.10) we apply
the same arguments as for the proof of (2.12) in Corollary 2.4. O

Definition 3.1. The operator m is non degenerate if it satisfies E(m(1p)) >
0 for all B € B such that P(B) > 0.

Lemma 3.3. Assume that m is non degenerate. Every f € D° such that
E(Z(E(f-|A)) < oo belongs to

D :={feD|f>0Pa.s.}.

Proof. Let B € B such that P(B) > 0. It follows from the Remark 3.1 that
for all real A > 0, &(—Alp) < —m(Alp). From the representation (3.10) of
Z(=Alp), we get Z(—Alp) > E(=Alpf) — Z(E(f - |A)). It follows that for
all X > 0, E(1gf) > E(m(1p)) — ZEELA) - Letting A — oo, the result
follows from E(m(1p)) > 0, being m non degenerate. O

We deduce the following result from Corollary 3.2 and Lemma 3.3.

Corollary 3.4. Assume that m is non degenerate, then T admits the fol-
lowing representation

#(X) = esssupjeps. { E[f X|A] — Z(E[f - |A])}, X € L,(B), (3.12)

with
D%¢ := D% N De. (3.13)

The following result can be regarded as an extension of [2, Theorem 5.2] to
the case of convex operators.

Corollary 3.5. If the minorant m and the majorant M in Theorem 3.1 are
linear operators:

m(X) = E[moX\A], X eL,B)T,
M(X) = E[MyX|A], X e Ly,B)*

for some random wvariables mo, My € Ly(B)T: ¢ = p(p — 1)7! such that
0 <mgy < My. The extension (3.4) & can be written as:

#(X) = esssupep{ B[f X|A] — 2*(E[f - |A] }, X e L,(B), (3.14)
where

D= {feLq(B): 0 <mo < f< Mo, E[f|A :1}.

14



Proof. This is a direct application of Corollary 3.2. O

We now prove that under the sandwich condition the esssup in (3.4) is
attained. This will be a consequence of the following compactness result.

Lemma 3.6. Let M be sublinear, monotone, weak A-homogeneous, and, if
p=o00, reqular. Let C={f eD: 0< E(f-|A) < M}. Identifying f € K
with the linear form E(f-) on L,(B), K is a compact subset of the ball of
radius E(M(l)q)é of Li,(B), 1 < p < oo equiped with the weak™ topology
o(Ly, Lp). In case p = oo, K is furthermore contained in L1(B).(Notice that
if p< oo, L, = Lq withq=p(p—1)"".)

Moreover, with the notations of Theorem 3.1, the set D° is compact for the
weak™ topology .

Proof. K is a subset of the ball of radius E(M(l)q)i of L,(B). As this
bounded ball is compact for the weak* topology (Banach Alaoglu theorem),
it is enough to prove that K is closed for the weak* topology. Denote K the
weak™ closure of K. Let U € K. U is a positive continuous linear form on
L,(B).

In case p € [1,00), ¥ is represented by an element of L,(B) for ¢ = p(p—1)~!
(Riesz representation theorem).

We detail the case p = oco. We first prove that ¥ defines a measure on
(Q,B). Let (X)), be any sequence of elements of Lo (B) decreasing to 0
P a.s. From the regularity of M, Ve > 0, there is ng such that Vn > ny,
E(M(X,)) < e. Denote U the neighborhood of ¥ defined as U = {¢ €
L' (B), |¥(Xp,) — &(Xn,)| < €}. Since ¥ € K, there is ¢ € UNK. For
such ¢, 0 < ¢(X,,) < E(M(X,)) < e. Tt follows that |¥(X,,)| < 2¢. As ¥
is a non negative linear functional and the sequence (X,,), is decreasing to
0, it follows that 0 < W(X,) < 2¢ for every n > ng. From Daniell Stone
Theorem, see e.g. [16, Theorem A48], it follows that ¥ defines a probability
measure on (2, B). This probability measure is absolutely continuous with
respect to P and this gives the existence of some g € L;i(B) such that
U = E(g-) (Radon Nikodym Theorem). For all X € Ly (A), the equality
U(X) = E(X) is obtained similarly making use of the neighborhood of W¥:
Ux ={¢p € L (B), |¥(X)—¢(X)| <e}. It follows that E(g|.A) = 1. The
inequality E(fX14) < E(M(X)1,4) for X € L,(B) and A € A is obtained
similarly and hence ¥ = E(g.) where g belongs to K. This proves the
compactness of IC for the weak™ topology.

DS is equal to {f € K : E(m(X)1a) < E(fX14),¥X € L,(B),VA € A}.
Thus D¥ is a closed subset of K for the weak* topology. O

Proposition 3.7. Assume the hypothesis of Theorem 3.1. For every X €
Ly(B), there is some fx in DY (depending on X ) such that

(X)) = E(fxX|A) = Z(E(fx - |A))- (3.15)

15



Proof. We start from the representation (3.10) given in Corollary 3.2:
#(X) = esssupjeps { E[f X|A] — Z(E[f - |A]) }, X € L,(B). (3.16)

From the lattice property proved in Lemma 2.2, it follows that E(z(X)) =
supeps [E(fX) — E(Z(E[f - |A])]). From the definition of & and the lattice
property proved in Lemma 2.3, it follows that E(Z(E[f-|.A])) is a lower semi
continuous function of f € D for the weak* topology and thus we deduce
from the compactness of D¥ (see Lemma 3.6) that the upper semi continuous
function E(fX)—E(Z(E[f-|A])), f € D°, has a maximum attained for some
fx (which may not be unique). From equation (3.16) it then follows that
fx satifies (3.15). O

4 Sandwich extensions of discrete time systems

We equip the probability space (€2, B, P) with the right-continuous P- aug-
mented filtration (]:t)te[o,T]- We assume that, for all ¢, F; is generated by
a countable family of events, by which we mean that F; is the smallest
o-algebra containing the countable family and all P-null events.

Let p € [1,00]. For any time ¢t € [0, T] (T > 0), consider the linear sub-space:
L C Ly(F), L C Ly (4.1)

Let 7 C [0,7] such that 0,7 € 7. In the sequel we denote (zs4+)steT
on (Lt)te7 the system of operators xs; : Ly — Lg of the type (2.1), for
s, teT: s<t.

In financial applications these operators represent a time-consistent system
for ask prices in a market with friction. The time s is the price evaluation
time of an asset which has payoff at ¢ and the prices are defined on the
domain L; of purchasable assets. Note that, in general, L; C Ly,(F;) for
some t € [0,T] and Ly = L,(F;) for all £ € [0,T] in a complete market.

Definition 4.1. The system (xs:)stc7, is time-consistent (or T time-
consistent ) if for all s,t,u € T: s<t<u

xs,u(X) = Ts,t ("Et,u(X))a (42)
for all X € L,,.

Time-consistency is a natural assumption for such system of operators rep-
resenting, e.g., price processes. This concept models the reasonable equiv-
alence of the price evaluation for an asset with payoff at time u, say, when
the evaluation is performed either in one step, i.e. the straight evaluation of
the asset at time s, or in two steps, i.e. first an evaluation at time ¢ : ¢t < wu
and then at s : s <t < u. This concept is also proper of a consistent risk
measurements and it is studied for dynamic risk measures (where it is called
strong time-consistency in [1]), see e.g. [11], [6].
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Remark 4.1. For any s <t < T, x4 is the restriction to L; of xsr.

Indeed let X € Ly, then z;7(X) = X, by the projection property. Thus by
time-consistency we have x4 (X) = zg(20(X)) = 25(X), for all X € Ly.

In the sequel we discuss extension of dynamic systems of operators which will
be sandwich preserving. We deal with systems of superlinear and sublinear
operators: each one representing the minorant and majorant of one of the
operators to be extended. Motivated by applications, a modification of the
concept of time-consistency is also necessary. Examples of studies of such
minorants and majorants are found in [2], [15], and [9]. It is in this last
paper that the general concept of weak time-consistency is introduced for the
first time in connection with no-good deal bounds. We are now considering
again this general definition in this context of convex operators also in view
of upcoming applications to the study of ask prices in the context of risk-
indifference pricing.

Definition 4.2. o The family (msy)s e of weak Fs-homogeneous, su-
perlinear operators msy : Ly(Fi)t — Ly(Fs)T is weak time-consistent
if, for every X € Ly(Fy)™,

My s(Mst (X)) > mes(X), Vr<s<t. (4.3)

o The family (Msy)steT of weak Fs-homogeneous, sublinear operators
Mgy 2 Lpy(F)t — Ly(Fs)T is weak time-consistent if, for every X €
LP(}—t)Jrf

M, s(Ms4(X)) < Myy(X), Vr<s<t. (4.4)

Note that the operators m,, My ; are not required to satisfy the projection
property.

Definition 4.3. We say that the family (mgy, Ms;)s1eT satisfies the mM1-
condition if they are weak time-consistent families of superlinear, respectively
sublinear, weak Fg-homogeneous operators such that ms ¢, M, L,,(.?’-})Jr —
Lp(f3)+, mo 45 non degenerate, and My is also reqular if p = oo.

Definition 4.4. We say that the system of operators (xs)s+cT Satisfies the
sandwich condition when

msi(Z) + x5 (X)) < Mg (Y) (4.5)

VXeL VY, Z€LyFR)": Z+X<Y,

for some families of operators (msy)steT and (Msy)s e with mgy, Mgy
Ly(F)t — Ly(Fs)T.
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4.1 Finite discrete time systems

First of all we consider a finite set T := {s1,...,sx : 0 =150 < ... < sk }.

For s < t, denoted ]Dst the set (3.11) corresponding to A = F,, B = F;, and

to the minorant m; and majorant M, ;. Analogously for ]D)i’f = Di . NDe,
cf. (3.13).

Proposition 4.1. Let us consider the time-consistent system (ms,t)s e On
(L¢)teT satisfying the sandwich condition (4.5) with (Mg, Msy)steT fulfill-
ing mM1. For anyt < j, consider the operators:

T, s, (X) = esssuprQi,j{E[fX\Fsi] — asi,sj(f)}, X e Lp(}"sj), (4.6)

with the penalty

I=j—1
Qs;,s; (f) = Z E[asl,s“rl (g1+1)|Fi] (4.7)
£
where
Asp,s141 (gl+1) = esssupXeleH {E[glJrlX‘fSl] — Tsy,s141 (X)}
and

Qiaj = {f € LQ(FS ) f Hl 7] gl+17 gi+1 € DSZ 5l+1}

with ¢ = p(p — 1)71. For all s <t in T, the operator Zs; extends x5y on

L,(F). This family of operators (“%Svt)steT s a time-consistent sandwich

sreT U maximal, in the sense that, if

(£57t)57t67_ s another such family we have that: for all i < j,

preserving extenston. Moreover (i‘s,t)

(X), X e Ly(F)).

Note that from Corollary 3.2, g, (9141) = Zsys101 (Elgi41 - | Fs,]), where

Ts, s, is the minimal penalty, see (3.8).

Proof. From Theorem 3.1, for every ¢ < K — 1, we consider the maximal
extension Zs; s, ., of s, s,,,. The operator mg r is non degenerate. It follows
from the weak time-consistency of (mg)s 7 that for all0 < s <t < T, the
operator my; is also non degenerate. From Corollary 3.4, Zs, admits a

representation

»Si41

Ty, 5,1 (X) = esssup g€, { [9X|Fs,] — asi’s”l(g)} (4.8)

1

g>0Pa.s.

Ds,,sHl _{g €L (‘FSi-H) : [ |~F ]
] < M, 8§,8i+1 (X)v VX € Lp(f5i+1)+}

m5i75i+1(X) < ElgX|F.
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and

As;,8i41 (g) = j3i73i+1 (E[g |‘F32])

4.9
=esssuPyer,, | {E[gy‘fsi] - xSiSiJrl(Y)}' 49

For any i < j define

Fuyy(X) = esssuppe, {BIFX|Fo) = s, ()}

with the penalty

I=j—1

asi,sj‘ (f) = Z E[asl,lerl (gl-i-l)‘fsi]’

l=t

for f = git19i42---9; and Q;; as in the statement. Note that for any
f € Q;; and any set A € Fy, we have Q(A) := E[f14] = P(A). We remark
that the penalties (o j)i<; satisfy the cocycle condition for the time instants
inT.

The operator zs, s,,, is weak Fs,-homogeneous, then as, ., is local>. Ob-
serve that, for A € F,, LAE[f1 X |Fs,] = LaE[fo X |Fs,] VX € Lp(Q, Fyyy, P)
is equal to 14f1 = 14f2. Now we consider an argument by induction and we
assume that as; s; is local. First of all recall that any element fe Qs; 5141
can be of the form fg where f € Qs 5, and g € Qs 5,,,. We consider
1afigr = 1afzg2. Then E[14f191|Fs;] = E[1afago|Fs;], which implies that
14f1 = 1afo. This in turns implies

1Aa5i75j (fl) = 1Aa5i73j (fZ) (4'10)

Notice that f; > 0 P a.s.. It follows that 1497 = 1492. Hence

1A048j75j+1(gl) = 1Aa8,j,8j+1(g2)' (4.11)

From (4.10) and (4.11) we conclude that:

1Aa8i,8j+1 (flgl) == 1Aa8i,8j+1 (f2g2)

by the definition of ay, s, (4.7). Hence as, s, , is local as well. The cocycle
condition and the local property together imply the time-consistency of the
system of operators (:f'syt)s e See [6, Theorem 4.4].

To conclude we show that the family (ics,t)s T constitute a maximal ex-
tension. Indeed we have that, for all 7, ’

‘%Smsiﬂ (X) > i5i75i+l(X)7 X € Lp(f8i+1)'

*le. for f,g € Qs and for A € F,, the assertion 1AE[fX|F,] =
1aE[gX|Fs;] VX € Lp(Q, Fs, .y, P) implies 1acs, s, ,; (f) = laas, s, (g). See [6, Defini-
tion 4.1].
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We proceed then by induction on h such that j =i+ h. Let i <l < j
Tois; (X) =gy 5 (85,5, (X)) = Ty 5, (L5, (X))
> T 6 (T, (X)) = Tg;6,(X), X € Ly(B).
By this we end the proof. O
Corollary 4.2. For each X € Ly(Fs,), there evists fx in Q;; such that
515, (X) = B[fx X|Fs,] — as,,s;(Fx0)-
Proof. For i = j — 1 apply Proposition 3.7:
Ts;_1,s;,(X) = B[ fx;X|Fs,_ ] —as;_1.6,(fx)-

From Lemma 3.3, fx; belongs to ]DSSZZ 41+ From the time-consistency of
(i”s,t)s 17 and the definition of o, s; in (4.7) we have

j—1
Ix = H X041

=t

By this we end the proof. O

4.2 Countable discrete time systems

Let us now consider a countable set 7 C [0,7], with 0,7 € T, and a
sequence of finite sets (7,)5%;: T, € Tp+1, such that T = U2, T,. Let
us consider the time-consistent system (acs,t)s’ e On (L¢)er satisfying the
sandwich condition (4.5) with (mg4, M 4)s e fulfilling mM1.

Lemma 4.3. For anyn, let (v3,)s e, be the mazimal time-consistent sand-
wich preserving extensions of (Ts4)steT, .- Now consider s,t,€ T. Letng € N

such that s,t € Tpny. Then, for any n > ng and X € Ly(F:), the sequence
(7% (X ))n>n, s non increasing P a.s. Hence it admits a limit

Zs(X) := lim 2%, (X). (4.12)

n—o00 ’

Moreover, forn > ng, let o, be the minimal penalty associated to x,. This
penalty has representation

gt (Q) = esssupyer,(7,) (EQ(X|Fs) — w5,(X)), (4.13)

- , d
for all probabilility measure Q ~ P, where ag,(Q) = of,(f) with f = d—g.
Then, for all Q ~ P, the sequence (ag;(Q))n>n, i8 non negative and non
decreasing P a.s.. Hence it admits a limit

Gs4(Q) == lim o} (Q). (4.14)

n—00 ’
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Proof. The extensions (z¢,)s 7, are maximal over all other sandwich pre-
serving extensions time-consistent on 7,. Then, for s,¢,€ T and n > ng, we
can regard the extension x?fl as another sandwich preserving extension of
Tt (:L‘?Il)&te% is time-consistent on 7. Thus 2% ,(X) > :n;”trl(X)

From Corollary 4.2, i, admits a representation with equivalent probability
measures. The result for af,(Q), @ ~ P, is then an immediate consequence
of equation (4.13). O
Theorem 4.4. Let us consider the discrete time-consistent system (xsvt)s,tET
on (Li)ieT satisfying the sandwich condition (4.5) with mM1. Then each
operator in this family admits an extension to the whole L,(F;) with values
in L,(Fs) satisfying the sandwich condition and such that the family of ex-
tensions is time-consistent. In particular, the family of operators (&s4)steT
given in Lemma 4.3 1s a time-consistent and sandwich preserving extension
of ('Ts’t)s,te'r' Moreover, for any s < t, the operators &s; (4.12) and Gy

(4.14) satisfy the relationship:

Ter(X) = esssupQNp(EQ [X|Fs] — s4(Q))
= eSSSUprDi,te (E[fX|]:S] - &s,t(f))’ X € Lp(]:t) (415)

Moreover, for all X there is fx € ]fo such that
Ts4(X) = E(fx X|Fs) — ds(fx)- (4.16)

This extension is maximal, in the sense that, for any other such extension
(:Esﬂg)s e We have that: for alls<teT,

i‘syt(X) > fs7t(X), X € Lp(]:t)

Also for all s,t € T, &y is the minimal penalty associated to T 4.

Proof. In Lemma 4.3 we have defined, for all s,t € T,

Fs(X) := lim 2% (X)), X € Ly(Fy),

k—o00

where :cif,t is the maximal extension of x5, on 7; and for f € ]D)Sste with s,t €
Tk, we have set G (f) := Gs4(Q), a’s“’t(f) = a';t(Q), where f = dQ/dP,
with

Gog(f) = lim aky(f),  feDIf

k—o00

Step 1: Proof of the representations (4.15), (4.16) and the sandwich property.
Let s,t € T. Fix X € Ly(F). For every k, from Corollary 4.2, there is

fxk € ]D)ff such that

2k (X)) = E(fx X |Fs) — of ) (Fxp)- (4.17)
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From Lemma 3.6 the set ]D)S*S: + is compact for the weak™ topology, thus there is
a subsequence of (fx )i converging to fx € Di - Without loss of generality
we can assume that the sequence (fxy)r itself has the limit fx (for the
weak™ topology). Fix n > ng. From equation (4.13), af, is lower semi
continuous for the weak™ topology thus

a?,t(fX) < lim inf a?,t(fX,k)'
k—o0

From Lemma 3.3 it follows that fx € ]D)ff. From Lemma 4.3, for given
k, the sequence (ay(fx k))n is non decreasing. Therefore for every k > n,

oy (fxp) < afy(fxp). Thus by (4.17),
olly(fx) < liminf (E(fxxX|F)) = 2k,(X)).
k—o0
Passing to the limit as k — oo, we get the inequality

ag,(fx) < E(fx X|Fs)) — &54(X).

Letting n — oo
é‘s,t(fX)SE(fXX’]:s))_xst(X) ( 18

)
On the other hand, for every @ ~ P, and Y € Ly(F), for every n, af,(Q) >
EqQ(Y|Fs)) — x5 ,(Y). Passing to the limit this gives:

654(Q) > E(Y|F)) — #s(Y). (4.19)

It follows that

Tst(X) = E(fx X|Fs)) = dsa(fx)-
Then from the above equation and (4.19) we have proved the representations
(4.15) and (4.16).
Notice that the sandwich condition follows from the sandwich condition for
rg, passing to the limit for n — oo, see (4.12).

Step 2: Time-consistency.

From (4.15), &5, is lower semi continuous. From the definition of Z,; as the
limit of Tgy it follows that Zs; extends xs; for every s,t € 7. On the other
hand for every r < s < tin 7 and every n large enough such that r,s,t be-
long to 7y, we already know that (z§,)se7 is Tn time-consistent. We recall
that the minimal penalty of a time-consistent family of operators satisfies
the local property [6, Lemma 2.3] and the cocycle condition [6, Theorem
2.5]. The family of penalties (a;)s e satisfies the cocycle condition:

a4 (Q) = a5 (Q) + Eq(ag,(Q)|Fr), @~ P.

Hence, passing to the limit for the non decreasing sequence (ay;)s 7 we
get the cocycle condition:

é‘r,t(Q) = dr,s(Q) + EQ(ds,t(Q”fr)y Q ~ P.
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The local property is obtained in the same way. And thus from [6, Theorem
4.4], (Zs¢)steT is time-consistent.

Step 3: Mazimality of T ;.

Notice that if another family Zs ; satisfies all the above properties. Necessar-
ily for all s,t € T and n large enough such that s,¢ € 7, from the maximal
property of z3; it follows that Zs;(X) < 2% ,(X). Thus passing to the limit
we get the maximality for & ;.

Step 4: Minimality of ¢y

To see that &, is the minimal penalty associated to &, we proceed as fol-
lows. From Lemma 4.3, the sequence (% (X ))n>n, is non increasing P a.s..
We already know that o, is the minimal penalty associated to (z§,(X)).Thus

agy(Q) = esssupxer,, (7 (EQ(X|Fs) — 254(X))
< esssupxep, (7,) (EQ(X|Fs) — &s4(X)).

Passing to the limit, we have

as(Q) < esssUPyer, (5 (EQ(X\}"S) — ﬁcsyt(X)).
On the other hand, for all X we have
ag(Q) > EQ(X‘]:s) - $?,t(X)~
Passing to the limit, we have
ast(Q) > EQ(X|Fs) — 254(X), VX € Lp(F).
Hence

Gst(Q) = esssupxer, (7 (EQ(X|Fs) — &s4(X)).
O

5 Sandwich extensions of continuous time systems
of operators

In this section we study sandwich preserving extensions for a system of
operators (1‘37057156[071“]. These extensions are time-consistent. We stress
that to obtain a time-consistent extension it is not enough to collect all the
extensions of single operators in one family. Time-consistency is achieved
with some careful procedure of extension involving the representation of the
operators and an appropriate passage from discrete to continuous time. For
this we first define the system of majorant and minorant operators serving
as bounds in the sandwiches.

Definition 5.1. We say that the family (ms, Mst)sejor) satisfies the
mM2-condition if
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1. mM1 is satisfied (Definition 4.3);
2. esssup,<p(Ms (X)) belongs to Ly(Fr)™ for all X € L,(Fr)*;
3. for every X € L,(F)™",

m&t(X) = limt/>t7t/¢tmst/ (X), (51)

4. for every X € L,(F)T,

M37t(X) = limt,>t7t/\]/tMSt/ (X), (52)

5. for every X € Ly(Fy)™,
ms(X) < limsup mgy(X);  Mg(X) > liminf Mg (X);  (5.3)
§'>s,s8']s s'>s,s']s
Let T be a countable dense subset of [0, 7] containing 0 and 7.

Definition 5.2. A system (xs’t)ste[o 7)
if for all t, all X € Ly, and all sequences (Sp)n, $ < $p < t, sp | s,
s t(X) = limy o0 T, t(X), where the convergence is P a.s.

on (Lt)ejor) 18 right-continuous

Lemma 5.1. Assume mM2 condition. Let ('%Svt)ste'r and (ds’t)StGT be as
in Lemma 4.3. There is a probability measure Qg equivalent to P such that

foralls,t€T,0<s<t<T, Gas:(Qo) = 0.

Proof. From Theorem 4.4, there is a probability measure )y such that 0 =

Z0,7(0) = —Go,7(Qo). From Lemma 3.3, Qo is equivalent to P. It follows
from the T-cocycle condition and the non negativity of the penalty that
Gs4(Qo) =0forall s <tinT. O

Proposition 5.2. The notations are those of Lemma 5.1.

1. For all X € Ly(Fr), (Zs7(X))

ser U a Qo-supermartingale.

2. For every sequence (sp)y in T decreasing to s € T, Eq,(Zs, (X)) has
the limit Eq,(&s71(X)), for all X € Ly(Fr).

Proof. 1. It follows easily from Lemma 5.1, the 7 time-consistency, and
the representation of Z57(X) (4.15).
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2. The proof is inspired by the one of Lemma 4 in [8]. The main differ-

ences are the facts that here & is only defined for s,¢ in 7 and that
the operator is defined on L C L,y(F;) 1 < p < oo, while in [8] the dy-
namic risk measure ps; was defined on Lo (F;) and time-consistency
was considered for all real indexes.
Let X € L,,(.FT) and s € 7. From Theorem 4.4, there is an fx € ]D)f;
such that Z57(X) = (fXX]]:S) — s 7(fx). Let Rx be the probabil-
ity measure such that RX = fx. It follows from the cocycle condition
that

Ts,0(X) = Ery (X|Fs) — G0 (Rx)
= ERy [ERX (X“an) - &5n7T<RX)]|fS) — Qs (RX)' (5‘4)

Furthermore Er, (X|F,) — &, 7(Rx) < &5, 7(X) and the penalties
are non negative. Hence, we have that

&57(X) < Ery (5,,7(X)|Fs) (5.5)
and

§78,T(X) < ERry (isn,T(X”-’TS) = E(insn,T(XN}—S)
E(E(fX“Fs7z)i.sn7T(X)"F5)'
Let g € Ly(Fs) be the Radon Nykodym derivative of the restriction

of Q¢ to Fs. Taking the (g expectation, g being Fs-measurable, we
obtain

Eqo(Lsr(X)) < ElgE(fx|Fs)Es,r(X)] (5.6)
= E(9(&s,r(X)) + El2s, r(X)(9(E(fx|Fs,) — 1)]

The density fx belongs to Di o and g belongs to }D)g,s, so gfx belongs
to Ly(Fr) and g(E(fx|Fs,) — 1) has limit 0 in Ly(Fr).

For all X, |25, 7(X)| < &5, 7(|X|) < M, 7(]X|). From property 2.
in Definition 5.1, sup,, E((|Zs, 7(X)[?) < co. It follows from Holder
inequality that €,(X) := E[Zs, 7(X)(9(E(fx|Fs,) — 1))] has limit 0.
Similarly,

on(X) = —EQ(Zs, (X)) + E(9Zs, (X))

(B0, + BERIF) ., (X))

has limit 0. Observe that, from the (Qy-supermartingale property
(point 1.), if follows that

EQy (&5, 7(X)) < Eqq(%5,7(X))-
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Then from (5.6) we obtain that
EQy(2s1(X)) = en(X) = 6n(X) < EQq (25, 17(X)) < Eqy(s,7(X))-

This proves the result.
O

Theorem 5.3. Let us consider a right-continuous time-consistent system
of operators (m57t)s,t€[0,T] of type (2.1) defined on (Lt)ejo,r) satisfying the
sandwich condition with mM2.

Then there is a right-continuous, time-consistent, sandwich preserving ex-
tension (isit)s,tE[O,T] defined on the whole (Ly(Ft))ico,r)- One such exten-
ston can be represented as

Zs1(X) = esssupper [ERr(X|Fs) — ast(R)], X € Ly(F), (5.7)

with
R:={R~P: ayr(R) < oo} (5.8)

and &o 1 is the minimal penalty associated to o1 as in Theorem 4.4. Also
for any X € L,(F;), there exists Rx € R such that

Ts4(X) = Ery (X|F5) — Gsp(Rx) Vs <.

Furthermore for allt > 0, and all X € L,(F;), Z5¢(X)o<s<t admits a cadlag
VErsion.

Proof. Step 1: Definition of the extension Zs; for indices in the whole [0,T].
Let T be a countable dense subset of [0, 7] containing 0 and 7'. Let (:%si)s T

be the time-consistent extension of (335775)57 T constructed in Section 4.2.
Let X € L,(F:). From Proposition 5.2 and from the Modification The-
orem (Chapter VI Section 1 in [13]) applied to the Qp-supermartingale
(Zs,7(X))seT, it follows that (Z57(X))ser admits a modification which can
be extended into a cadlag process (Zs7(X))sejo,r) defined for all s € [0, T7.
Notice that from Remark 4.1, z,; coincides on L; with the restriction of
zsr. For 0 < s <t < T, we define &,; to be the restriction of ;7 on
L,(F:). It follows that 25, is an extension of zs; to the whole L,(F;). If
s,t € T this extension coincides also with the construction of Z4 given in
the previous section. To see this, consider the T time-consistency of &g (of
the previous section) and its projection property.

Step 2: Extension of the penalty on a set R of probability measures and
right-continuity.
Consider the penalties (&sy)stc7 associated to (Zs4)ste7 given in Section
4.2. Define

R = {R ~ P: OAé07T(R) < OO}
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Let X in L,(Fr). From Theorem 4.4 (see (4.16)), there is a probability
measure Rx ~ P such that

For(X) = Eny (X) — dor(Rx). (5.9)

Thus R is non empty.

Let s € [0, T] and consider (s,), C T, sp 4 s. For every probability measure
R € R, the sequence Er(&s, 7(R)|Fs) is increasing. Thus it admits a limit.
From Section 4.2 we can see that, if s belongs to 7, this limit is equal
to asr(R). Indeed it is enough to exploit the representation as minimal
penalty. Then by right-continuity of the filtration and the cadlag extension
of Step 1 we have

ds7(R) = lim Egla,, r(R)|F]

ZER[GSSSupXELP(]:T) nll_{I;O(ERI:XLFSn] - CACSH,T(R)‘JTS] = @S,T(R)'

If s ¢ T we can define dyr(R) as the limit of Er(ds, 7(R)|Fs) < 00 R a.s..
Moreover, for r, s € T, due to the T time-consistency proved in Section 4.2,

G s (R) satisfies the cocycle condition on 7. Note that sups<p Er(ast(R)) =
aor(R) < 0o. Then we can define for all 0 <r < s<T

dr’s(R) = @TT(R) — ER(OAZS’T(R)‘J_"T) (5.10)

Thus &, s(R) is now defined for all indices in [0,7] and all R € R. More-
over &, s(R) satisfies the cocycle condition. It follows also from the right-
continuity of &, r(R) in s and from the cocycle condition that for all R € R,
G, s(R) is also right-continuous in s.

Step 3: Representation of &,4(X).
Let 0 <7 <t <T. Let X € L,(F;). Let Rx € R such that (5.9) is satisfied.
Now we prove that, for all r <,

#rt(X) = B (X|F) — Gry(Rx). (5.11)

In fact, making use of the cocycle condition and then of the 7 time-consistency,
we get that for all 7 € T,

2o1(X) = Ery (Ery (X|F) — Grr(Rx)) — o, (Rx)
< Ery (Zr7(X)) — G0, (Rx) < 20, (27,7(X)) = 20,7(X).

Thus every inequality in the expression above is an equality. In particular
ZZ‘T7T(X) = ERX (X‘./_"T) — éénT(Rx), Rx a.s. Vr € T, (5.12)
and

fi?O,r(j?r,T(X)) = ER(JA,’r,T(X)) — OAA()’r(RX), Rx a.s.Vr € T. (513)
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Consider a sequence (ry), C T, my | 7, with r € [0,T]. Passing to the limit
in the corresponding equation to (5.12), we can see that

ir,T(X) = ERX (X|fr) — dr,T(RX)a RX a.s. Vr € [O,T]. (5.14)

We have assumed that X € L,(F;) thus 2, 7(X) = X. It follows then from
(5.14) applied with r = ¢, that & 7(Rx) = 0.

Then, again from (5.14) and the cocycle condition for Ry € R, it follows
that, for all X € L,(F),

& (X) = & 7(X) = Ery (X|Fr) — vt (Rx) Rx a.s. Vr,t € [0,T]. (5.15)

Step 4: Another representation of &, for all 0 <r <t <T.
Let X € L,(F;). We will prove that 2, ;(X) admits the following represen-
tation:

Zr4(X) =esssupper [Er(X|Fr) — Gt (R)]

By (X|F,) — dne(Ro). (5.16)

where Rx satisfies equation (5.9). For all ¢ in T, being &;; the minimal
penalty, we have that for all R € R,

Grt(R) > Er(X|Fr) — 2r4(X), VX € Ly(Fp). (5.17)
The above equation can also be written

Grt(R) > Er(X|Fr) — 2r7(X), VX € Ly(F). (5.18)

Exploiting the right-continuity of the filtration and of &,; and Z,; as dis-
cussed in Steps 1 and 2, we can see that, passing to the limit in r and then
to the limit in ¢, equation (5.18) and thus also (5.17) are satisfied for all
r <t in [0,T]. Equation (5.16) follows then from (5.15) and (5.17).

Step 5 : Time consistency of Tsy.

Set 0 <r <s<t<T. Let X € L,(F;). Let Rx € R such that (5.9) is
satisfied. From (5.16), for all Y € L,(Fy), &,5(Y) > Ery (Y|F) — G s(Rx).
With Y = &, (X)), making use of equation (5.15) and of the cocycle condi-
tion, it follows that

Trs(Tst(X)) > Trt(X), Vr <s <t (5.19)
On the other hand, let Ry € R such that
2or(Y) = Ep, (Y) — aor(Ry) (5.20)
(cf. (5.9)). From equation (5.15), it follows that for all r,s: r <'s,

z,5(Y) = Eg, (Y|F,) — &rs(Ry) Ry a.s. (5.21)
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We already know that (Z5)s 7 satisfies 7 time consistency, and the sand-
wich condition. From the right-continuity of (Zs+(X))sep for all £ > 0 (see
Step 1) and the hypothesis mM2, item 3, it follows that esssup,;|Zs(X)|
belongs to L,(F;)*. Let s, € T such that s,, | s. From the right-continuity
and the dominated convergence theorem, it follows that Eg, (Zs:(X)|F,) =
limy, 00 ER, (25, t(X)|F). The probability measure Ry belongs to R thus
from step 2, G, s(Ry) = limy o0 G s, (Ry). From equation (5.21), we then
get that

Ty s(Ts4(X)) = 2rs(Y) = lim [ERy (Zs, «(X)|Fr) — s, (Ry)].  (5.22)

n—oo

From equation (5.16), for all n,
ERy (&5, t(X)|Fr) = a5, (Ry) < dp,s, (25, (X))-

In the case r belongs to T, applying the 7time consistency, we have that
the right-hand side of the above equation is equal to &,+(X). Thus

Ery (Zs, t(X)|Fr) — o5, (Ry) < 2y (X). (5.23)

For a general r € [0,T], the corresponding equation to (5.23) is obtained
by right-continuity. Then from these equations together with (5.22), we
deduce that 2, 4(Zs:(X)) < £,4(X). This, together with (5.19) gives the
time-consistency.

Step 6: Sandwich and projection property.

When r,t € T, it follows from Theorem 4.4 that Z,; extends x,; and satisfies
the sandwich condition. These properties extend to all » € [0,7] making
use of the right-continuity and condition mM2 in ¢, m,; and M, ;. They
extend then to every ¢ € [0, T using the right-continuity of m,; and M, in
t (see mM2), and the fact that x,; is the restriction of x, r .

For all » <t < T, the projection property for z,; follows from equation
(5.15) O

Corollary 5.4. The extension (Zst)scjo,r) 8 mazimal, in the sense that,

for any other such extension (a’c&t stefo,r] We have that: for all s < t,

-’i's,t(X) > fs7t(X), X e Lp(]:t)

Furthermore for all s,t € [0,T], and all R € R, &s:(R) is the minimal
penalty associated to Ty, i.e.

Gs4(R) = esssupXeLp(}-t)[ER(X\]:s) — ZTs4(X)]. (5.24)

Define for all R ~ P Gs¢(R) by the formula (5.24). Then (%st)scfo,1]
admits the following representation where Gsy is the minimal penalty:

Ts(X) = esssupQNP[EQ(XLFS) — Gs(Q)]- (5.25)
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Proof. The maximality of (Zst)se(o,r] among all the extensions satisfying
the required properties follows from Theorem 4.4 for s,¢t € T. For s € [0,T],
we apply right-continuity. For ¢ € [0,7] we apply the fact that Z,; =
Zsr and also T,y = Zs7. (see Remark 4.1 and step 1 in the proof of the
Theorem).

Note that Z5,(X +Y) = 2,,(X) + Y for all X € L,(F;) and Y € Ly(Fs).
This property is known as L, (F;)-translation invariance. Thus (Zs¢)sc(0,1
is up to a minus sign a time-consistent dynamic risk measure. Denote [, ;
the minimal penalty associated to & ;:

ﬁs,t(@) = €SSSUPxer,(F) [EQ (X’]:s) - is,t(X)]-

It follows from Delbaen et al [12] appendix, that the minimal penalty Bs (@)
is right-continuous both in s and ¢, for all @ ~ P. Note that for all R € R,
é,4(R) is also right continuous both in s and ¢ (Theorem 5.3). Furthermore
we know from Section 4.2 that ég4(R) is the minimal penalty for 4 for
all s,t € T. This implies that for all s,t € [0,7], and all R € R, &s;(R) =
Bst(R). O
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