DEPT. OF MATH./CMA  UNIVERSITY OF OSLO
PURE MATHEMATICS
ISSN 08062439 AvcusT 2011

Forward-backward SDE games and stochastic control
under model uncertainty

Bernt ksendal* Agnes Sulem!
21 July 2011

Abstract

We study optimal stochastic control problems under model uncertainty. We rewrite
such problems as (zero-sum) stochastic differential games of forward-backward stochas-
tic differential equations. We prove general stochastic maximum principles for such
games, both in the zero-sum case (finding conditions for saddle points) and for the
non-zero sum games (finding conditions for Nash equilibria). We then apply these re-
sults to study optimal portfolio and consumption problems under model uncertainty.
We combine the optimality conditions given by the stochastic maximum principles with
Malliavin calculus to obtain a set of equations which determine the optimal strategies.
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1 Introduction

One of the aftereffects of the financial crisis is the increased awareness of the need for more
advanced modeling in mathematical finance, and a focus of attention is on the problem of
model uncertainty. This paper is motivated by a topic of this type. We consider a stochastic
system described by a general Ito-Lévy process controlled by an agent. The performance
functional is expressed as the (Q-expectation of an integrated profit rate plus a terminal
payoff, where () is a probability measure absolutely continuous with respect to the original
probability measure P. We may regard () as a scenario measure controlled by the market
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or the environment. If () = P the problem becomes a classical stochastic control problem of
the type studied in [15]. If @ is uncertain, however, the agent might seek the strategy which
maximizes the performance in the worst possible choice of (). This leads to a stochastic
differential game between the agent and the market. Our approach is the following: We
write the performance functional as the value at time ¢ = 0 of the solution of an associated
backward stochastic differential equation (BSDE). Thus we arrive at a (zero sum) stochastic
differential game of a system of forward-backward SDEs (FBSDEs) that we study by the
maximum principle approach.

There are several papers of related content. Stochastic control of forward-backward SDEs
(FBSDESs) has been studied in [16] and in [2] a maximum principle for stochastic differential
g-expectation games of SDEs is developed. The papers [11], [18] and [19] also study optimal
portfolio under model uncertainty by means of BSDEs, but the approaches there are strongly
linked to the exponential utility case. A key feature of the current paper is that it applies
to general utility functions and also general dynamics for the state process.

Our paper is organised as follows: in Section 2, we state general stochastic maximum
principles for stochastic differential games, both in the zero-sum case (finding conditions for
saddle points) and for the non-zero sum games (finding conditions for Nash equilibria). The
proofs are given in Appendix A. In Section 3 we consider stochastic control problems under
uncertainty. We formulate these problems as (zero sum) stochastic differential games of
forward-backward SDEs (FBSDESs) and we study them by the maximum principle approach
of Section 2. In Section 4 we apply these techniques to study an optimal portfolio and
consumption problem under model uncertainty. Using the solution for linear Malliavin—
differential type equations given in [16] we arrive at a set of equations which determine the
optimal portfolio and consumption of the agent and the corresponding optimal portfolio
scenario measure of the market.

2 Maximum principles for stochastic differential games
of forward-backward stochastic differential equations

In this section, we formulate and prove a sufficient and a necessary maximum principle for
general stochastic differential games (not necessarily zero-sum games) of forward-backward

SDEs. Let (2, {F:}it>0, P) be a filtered probability space. Consider a controlled forward
SDE of the form

dX () = dX ™ (t) = b(t, X(¢), u(t))dt + o (t, X (), u(t))dB(t)

+ /Rfy(t,X(t),u(t),C)N(dt,dC) : X(0)=z€R. (2.1)

where B is a Brownian motion, and N (dt,d¢) = N(dt,d¢) — v(d¢)dt is an independent com-
pensated Poisson random measure where v is the Lévy measure of N such that fR Cr(d¢) <
0o. We assume that IF' = {F;,t > 0} is the natural filtration associated with B and N. Here
u = (u1,us), where u;(t) is the control of player i ; i = 1,2. We assume that we are given
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two subfiltrations '
eV CF i teloT), (2.2)

representing the information available to player i at time ¢ ; ¢ = 1,2. We let A; denote a
given set of admissible control processes for player i, contained in the set of St(l)—predictable
processes ; i = 1,2, with values in 4; € R?% d > 1. Denote U = A; x As.

We consider the associated backward SDE’s (i.e. BSDESs) in the unknowns Y;(t), Z;(t), K;(t, ()
of the form

de(t) = _gi(t7 X<t)7 Y;(t% Zi(t)v Ki(tv ')7 u(t))dt
+ 2B + [ Kt ON@d0: 0<t<T
Yi(T) = hi(X(T)) 5 i = 1,2. (2:3)

Here g;(t,y,z,k,u) : [0,T] x Rx R xR x U — R and h; : R — R are given functions
such that the BSDEs (2.3) have unique solutions.

Let fi(t,z,u) : [0,T] x R x U — R, p;(z) : R — R and ¢;(z) : R — R be given profit
rates, bequest functions and “risk evaluations” respectively, of player ¢ ; ¢ = 1,2. Define

Ji(u) = E UO filt, X (@), u(t))dt + o;(XO(T)) 4+ (Y3 (0)] 5 i=1,2, (2.4)

provided the integrals and expectations exist. We call J;(u) the performance functional of
player ¢ ; 1 =1, 2.
A Nash equilibrium for the FBSDE game (2.1)-(2.4) is a pair (u1,us) € A; X As such
that
Jl(ul, @2) S Jl(ﬂh’ag) for all Uy € Al (25)

and
JQ(’iLl, UQ) < Jg(ﬂl, Q/ZQ) for all uy € ./42. (26)

Heuristically this means that player ¢ has no incentive to deviate from the control u;, as
long as player j (j # i) does not deviate from @; ; i = 1,2. Therefore a Nash equilibrium
is in some cases a likely outcome of a game. We now present a method to find it, based on
the maximum principle for stochastic control. Our result may be regarded as an extension
of the maximum principles for FBSDEs in [16] and for (forward) SDE games in [2].

Define the Hamiltonians

Hi(t,x,y, z, k,ug,ug, A\, p,q,r) @ [0, T X RXRXRXR XA X A XxRXRXxRXxR—R
of this game by
Hi(t7x7yv 2, k>u1>u27 >\ap7Q7r) = fi(taxaulaUQ) + )\gi(taxayv Z, kaulau2) +pb(t,x,u1,u2)

+ qo(t,x,u,us) + | r(O)y(t, x,ur,ue, Qv(d() ; i = 1,2, (2.7)
R



where R is the set of functions from Ry into R such that the integral in (2.7) converges.
We assume that H; is Fréchet differentiable (C!) in the variables z,y, 2z, k,u and that
ViH;(t,() as a random measure is absolutely continuous with respect to v ; i = 1,2.
In the following, we are using the shorthand notation

OH; (t) 0H;
dy dy

and similarly for the other partial derivatives of H;.
To these Hamiltonians we associate a system of FBSDEs in the adjoint processes A;(t),

pi(t), qi(t) and r;(t, ) as follows:

(t X( ) Y( )7Zi(t)7Ki(t7'>’u1<t>’u2(t)7)‘i(t)vpi(t)v%<t)ari(t7'))

(i) Forward SDE in \;(t):

i) =T+ THOIBO + [ Vi ON @) 0< 1T

dy aj " (2.8)
MO =) (= 050
(ii) Backward SDE in p;(t), ¢;(t), r:(t, ):
() = =0+ a@dBO) + [t ON G de) s 0 <t <T o)

pi(T) = @i(X(T)) + Wi (X(T)A:(T).

See Appendix A for an explanation of the gradient operator Vi H;(t,() = Vi H;(t,C)(+).

Theorem 2.1 (Sufficient maximum principle for FBSDE games) Let (i, i) € A; X
Ay with corresponding solutions X (t),Yi(t), Zi(t), Ki(t), \i(t), pi(t), Gi(t), 7:(t, ) of equations
(2.1), (2.3), (2.8) and (2.9) for i =1,2. Suppose that the following holds:

o (Concavity) The functions v — hi(z),x — ¢;(x),x — P;(z), i=1,2
(2, y, 2.k, v1) — Hy(t,2,y, 2, k01, d0(8), A (£), pr(), 4 (), 71 (2, ), (2.10)
and
(2,2, k,v2) — Hy(t, @y, 2, k, 61 (£), v, Aa(2), P2 (), G2 (), Po(t, -)) (2.11)
are concave.
e (The conditional mazimum principle)
mazye, {EH (X (1), Vi(t), 200, Ka(t, ), v, da(t), 2 (0), 510, (), 71 (8 )) | €]

Z.(t
= B[H\(t, X (1), Yi(t), Z1(t), (¢, ), @ (t), aa(t), M (t), b (t), da (), 71 (2, ) | &)
(2.12)



and similarly

~

mamveAz{E[H2<t7X(t)a Q(t)> ZQ(t)a KQ(t7 ')7ul(t)’vv ;\2(t) ]52(75) d?(t)/ﬁ?(t) )) | gt(z)] ;

= E[Hy(t, X (), Ya(t), Za(t), Ka(t, ), @ (1), @a(t), Aa(t), a(t), Ga(t), Pa(t, ) | £2)
(2.13)

e Moreover, assume the following growth conditions hold:

gy ' {000 000+ [ 0.0~ 0wt
+X(0 = X0 20+ [ #e.0vlao)

+ (Y;(t) — Yi(t))? (aaiff> (t)+4\\vkﬁi<t,C)\\2v(dC)

+A2(t) [(Zi(t) — Z:Z-(t))Q + /R(Ki(t, ) — Ki(t, g))%(dg)} } dt} < o0 fori=1,2.
(2.14)

Then u(t) = (u1(t), uz(t)) is a Nash equilibrium for (2.1)(2.4).

Remark 2.2 Above we have used the following shorthand notation:

Ifi =1, then X(t) = X“@)(t) and Yi(t) = Yl(ul’zb)(t) are the processes corresponding
to the control u(t) = (ui(t),s(t)), while X(t) = X@(t) and Yi(t) = Yl(ﬂ)(t) are those
corresponding to the control u(t) = (uy(t),us(t)). An analogue notation is used for i = 2.

Moreover, we put

OH, OH; X

. 0, ; .
and similarly with G_(t) and Vi H;(t,(),i=1,2.
z
Proof.  See Appendix A. O

It is also of interest to prove a version of the maximum principle which does not require the
concavity conditions (2.10). One such version is the following necessary mazimum principle



(Theorem 2.3) which requires the following assumptions:

e For all ¢y € [0, 7] and all bounded, £!)-measurable random variables a;(w),

the control 5;(t) := X(t,1)(t)a;(w) belongs to A; 5 i = 1,2 (2.15)
e For all u;, 5; € A; with §; bounded there exists §; > 0 such that the control
w;(t) == wu;(t) + s6;(t) ; t € [0,T] belongs to A; for all s € (—0;,0;) ; i =1, 2. (2.16)
e The following derivative processes exist and belong to L*([0,7] x ) : (2.17)

d d
t) = _X(u1+8/31,w) ) oo : t Y(ul+sﬁ1 uz) £ [
nlt) = o O s 9t = g5 (1) omo
d Uul1T+Ssp1,u2 u1+S801,u2
alt) = 2P s k(6,0 = KT |

d
and, similarly x4 (t) = d—X(“l’“ﬁSﬁQ)(t) \Szo etc.
s

Note that since X (0) = z for all u we have 2;(0) = 0 for i = 1, 2.
In the following we write

b b
= (t) for o= (£, X(8), u(t)) etc.

By (2.1) and (2.3) we have

drq(t) = {%(t)xl(t) + %(t)ﬁl(t)} dt + {%(t)xl(t) + 3—;(15)61(15)} dB(t)

+ [ Vit bt utae) + S (05 >}
T 5()dB() + / k(8 ON (At dC) ; 0 <t < T,

yi(T) = Wy (X E2(T) )y (T), (2.19)

and similarly for dxy(t), dys(t).
We are now ready to state a necessary maximum principle, which is an extension of
Theorem 3.1 in [2] and Theorem 3.1 in [16]. In the sequel, 2% means V,H.

Theorem 2.3 (Necessary maximum principle) Suppose u € A with corresponding so-
lutions X (t),Y;(t), Z;(t), Ki(t, (), Ni(t), pi(t), qi(t), r:(t, C) of equations (2.1), (2.3), (2.8) and
(2.9). Suppose (2.15), (2.16) and (2.17) hold.



Moreover, assume that

AT{ﬁ@>kg§mm@»+§%@@@02

+A(%womw+£ﬁxmw)WMi

E

+ﬁ@@@+4ﬁ@@@®
+ﬁ@%w+4@@@wm
+y2(t) <(%)2(t) +/RHVkHi(t,C)H2u(dQ> H dt < oo fori=1,2. (2.20)

Then the following are equivalent:

(i)
L iy + 581, 02) lamo= =Sy (tur, iz + 5B2) lsmo= 0
ds 1(U1 T SP1,U2) |s=0= ds 2(U1, U2 T SP2) |s=0=
for all bounded (3, € Ay, Ps € As.
(ii)

E [%Hﬂt,){(ﬂ%(t%&@%Kl(t,.),Ul,@(t),Al(t),pl(t)ql(tm(u,)) | 5}1)]

v1=u1 (t)

- F {iﬂz(t,x(t)%(t),ZQ(t),Kz(t, Dsua(t), va, Aa(t), p2(t), qo(t), m2(t, -)) | 552)}

8,02 ’U2:u2(t)
=0.
Proof.  See Appendix A. O
The zero-sum game case. In the zero-sum case we have
Jl(ul,uQ) + JQ(Ul, ’LLQ) = 0. (221)

Then the Nash equilibrium (a4, 42) € A; x Aj satisfying (2.5)-(2.6) becomes a saddle point
for J(uy,us) := Ji(u1,us2). To see this, note that (2.5)-(2.6) imply that

Ji(ug, o) < Ji(Uy, tg) = —Jo(tr, Ue) < —Ja(TUy, us)

and hence
J(uy, o) < J(Uy, Us) < J(Uy,uy) for all uy, us.
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From this we deduce that

inf  sup J(ug,ug) < sup J(uy, ) < J(tq, Us)

u2€A2 4y e A u1 €A1
< inf J(uy,ug) < sup inf J(up,usg). (2.22)
uz €A u €A, U2€A2

Since we always have inf sup > supinf, we conclude that

inf sup J(ui,uz) = sup J(ui,ds) = J(l, o)

u2€A2 4y e Ay u1 €A1
= inf J(uy,ug) = sup inf J(uq,us). (2.23)
uz €A u €A, U2€A2

ie. (uy,u2) € Ay X Ay is a saddle point for J(uq,us).
We know state the necessary maximum principle for the zero sum game problem:

Choose g; = g, hi = h, fi = f = —fa, 01 = ¢ = —pp and ¢, = = —1)p ; i = 1,2. For
u = (ug,uz) € Ay x Ay define

J(u1, uz) U F(t, X (), u(t))dt + (X ™(T)) + (Y (0)) ] (2.24)
where X (¢),Y (t) = Yi(t), Z(t) = Z;(t) and K(t,() = K;(t,¢) are defined by (2.1) and
(2.3). Then by (2.7) the Hamiltonians are

Hl(tax7yakaaulau27)\7p7Qar) = f(t,l',U1,U2) + )\g(t7$7y7zakaul7u2) +pb(t7$au17u2)
+qa(t,x,u1,u2)+/r(()fy(t,:c,ul,ug,g)y(dg), (2.25)

R
H2(tax>ya 2, k,U1,U2,)\,p,q,r) = Hl(t,.’E,y,Z, k7ul>u2a >\7p7q77a) - 2f(t,$,u1,u2). (226)
Let A=\, pi, ¢; and r; i = 1,2 be as in (2.8)-(2.9).

Theorem 2.4 (Necessary maximum principle for zero-sum forward-backward games)
Assume the conditions of Theorem 2.3 hold. Then the following are equivalent:

(i)

%J(Ul + Sﬁl, u2) ’s:(): %J(ul, U2 + 862) ‘320: 0 (227)

for all bounded 3, € Ay, B2 € As.
(i)
E {a%m(t X(8), Y (1), Z(t), K(t,-), v1, us(£), N(E), 1 (£), qa (£), 71 (¢, ) | 55“}
vi=u1(t)
—F [a%m(t X(t),Y(t), Z(8), K (t, ), ur(t), va, A(t), pa(t), ga(t), ma(t, ) | efﬂ
va=u2(t)

=0. (2.28)



Proof. = This is a direct consequence of Theorem 2.3. U

Corollary 2.5 Let u = (uj,us) € Ay x As be a Nash equilibrium (saddle point) for the
zero-sum game in Theorem 2.4. Then (2.28) holds.

Proof.  This follows from Theorem 2.4 by noting that if u = (u1, us) is a Nash equilibrium,
then (2.27) holds by (2.23). O

3 Stochastic control under model uncertainty
Let X (t) = X2(t) be a controlled It6-Lévy process of the form
dX(t) =0b(t,X(t),v(t))dt + o(t, X (t),v(t))dB(t)
+ [ A X000.0N @0 s 0 << T
X(0)=zx¢€ R]R (3.1)
where v(-) is the control process.

We consider a model uncertainty setup, represented by a probability measure Q = Q°
which is equivalent to P, with the Radon-Nikodym derivative on F; given by

d@QF) _

where, for 0 <t < T, GY(t) is a martingale of the form

dGO(t) = GP(t7)[0o(t)dB(t) + / 01(t, Q)N (dt, dC)]
G%(0) = 1. (3.3)

Here 0 = (6p,0;) may be regarded as a scenario control. Let A; denote a given family
of admissible controls v and A, denote a given set of admissible scenario controls 6 such
that E[fOT{|(9§(t)] + [2 03(t, Q)v(d¢)}dt] < oo and 6(t,¢) > —1 + € for some € > 0. Let

Sélg)téT and 8(5?th be given subfiltrations of Fy<;<7, representing the information available
to the controllers at time t. It is required that v € A; be Stl—predictabJe, and # € A be
EZ-predictable. We consider the stochastic differential game to find (¢,60) € A; x Ay such
that

Useui eienjg Eqo[W(v,0)] = Eg[W (0, 0)) = eieni vseu£ Eqe[W (v, 0)], (3.4)
where . .
W(v,0) = Us(X*(T)) —l—/o Ui(s, X(s),v(s))ds —l—/o p(0(t))dt. (3.5)
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Here, U; : [0,T] x R xV — R and U; : R — R are given functions, concave and
increasing with a strlctly decreasing derivative, and p is a convex function. The term

A(0) = Ege fo ())dt] can be seen as a penalty term, penalizing the difference between
QY and the orlgmal probability measure P.
Put
F(t,z,u) = Ui(t,z,v) + p(0); u= (v,0) = (c,m, b, 01). (3.6)
Then .
Eqo[W(v,0)] = B[G*(T)Us(X¥(T)) —l—/ G (5)F (s, X"(s),u(s))ds]. (3.7)
0
We now define Y (t) = Y*9(t) by
y(t) = E[D gy xv (1) +/T C°G) s X0 (s),uls))ds | Bl te 0.7,  (38)
- Ge(t) 2 ] Ge(t) ) 3 tls ) . .

Then we recognize Y (t) as the solution of the linear BSDE (see Lemma B.1)

dy (t) = —[F(t,X”(t)w(t))+90(t)Z(t)+/01(t,C)K(t, Qv (dQ)]dt

/th (dt,dC):0 <t <T (3.9)
Y(T) = Us(X*(T
Note that
Y (0) = Y(0) = Ege[W (v, 0)]. (3.10)
Therefore the problem (3.4) can be written
vs;l}‘)l 01611;2 YU9(0) = Yﬁ’é(O) = Hlerffg 1}8611}‘)1 YU9(0), (3.11)

where Y?(t) is given by the forward-backward system (3.1) & (3.9). This is a zero-sum
stochastic differential game (SDG) of forward-backward SDEs of the form (2.24) with f =
¢ =0 and ¥ = Id.

Proceeding as in Section 2, define the Hamiltonian

H:0,T]xRxRXxRyXxRXxA xAyxRxRxRxR—R

H(t,z,y,z,k,v,0,\,p,q,7) = [F(t,z,u) + 0z —I—/Rel(C)k(C)u(dC)])\

+b(t,x,v)p+a(t,x,v)q+/W(t,:p,v,@r(g)u(dg). (3.12)

R

where R is the set of functions r : Ry — R such that (3.12) converge. Define a pair of
FBSDEs in the adjoint processes A(t),p(t), q(t),r(t, ) as follows:

10



Forward SDE for A(¢):

dA(t) = %Z( )dt+— /ka t,C)N(dt, dC)
= M)0o(t)dB(t) + A(t /eltg AN (dt, d¢); t € [0,T]
A(0) =1 (3.13)

Backward SDE for p(t), q(t),r(t,{):

dplt) = =G (0 + a)aB(e) + [ r(t. QN do)

=200 20+ a0+ [ 0,020 omaar

+a®dBO) + [ 10N (e te 0.7)

p(T) = NT)Us(X(T)). (3.14)
Here we have used the abbreviated notation
o0H oH

3y - ()= By = (6 X(0), Y (1), Z(1), K(1,-),0(t), (1), A1), p(t), q(t), 7 (¢, )

and similarly for the other partial derivatives. We now present a necessary maximum prin-
ciple for the forward-backward stochastic differential game (3.1), (3.9), (3.11) by adapting
Theorem 2.4 to this case.

Theorem 3.1 Suppose that the conditions of Theorem 2.8 hold. Let (0, 9) e A x A,
with corresponding solutions X (t),Y (t), Z(t), K(t,-), M), p(t), 4(t), 7(t, ) of equations (3.1),
(3.9), (3.14) and (3.13). Suppose (3.11) holds, together with (2.14). Then the following
holds:

B T (1, (1), 6(0) + (1) o 1, X (1), 5(1)
0526 X0,00) + [ HLO5 X O,00,0vlde) | €] =0
BN (o (0(0) + 2(0) | €] = 0

BN (Ve F(t, X (8), (1)) + / VKt Ov(dQ) | £ =

Note that both Vy, F and [, (-)K (t,{)r(d()) are linear functionals, the latter being defined

by the action
p — / v(dC)

for all bounded continuous functions ¢ : Ry — R.
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4 Portfolio and consumption problem under model un-
certainty

We now apply this to the following portfolio and consumption problem under model uncer-
tainty. Consider a financial market consisting of a bond with unit price Sp(t) =1; 0<t <
T, and a stock, with unit price S(t) given by

dﬂw=suwm@Mrwmmw%w+/ﬁmuonua» (4.1)

where by(t) = bo(t,w), oo(t) = oo(t,w) and (¢, () = Y0(t,(,w) are given {F;}-predictable
processes such that 79 > —1 + € for some € > 0 and

B[ (o) + o)+ [ 286 Ov(de)}at] < o

Note that this system is non-Markovian since the coefficients are random processes.
We introduce the state price density I'(¢) defined by

I(t) = exp(/o _2‘;((58))053@)_%/0 (2ol) oy, (4.2)

oo(s)
Let X (t) = X"(t) be the wealth process corresponding to a portfolio 7(¢) and a con-
sumption rate ¢(t), i.e.
dX(t) = 7(t)[bo(t)dt + oo(t)dB(t) + [y 0(t, Q)N (dt,d()] — c(t)dt, t € [0,T)
X(0) =z€eR,

(4.3)

and put v = (m,¢). We consider the stochastic differential game (3.4)-(3.5). For i = 1,2, I;
will denote the inverse of U, in the sense that

where y; = lim, o+ U/(z). We assume that p’(6) has an inverse.
We have seen in Section 3, that the problem (3.4)-(3.5) can be written as

. v,0 — ﬁ,é _ v,0
f:,zelenjzy (0) = Y“(0) elerivseuﬁY (0), (4.5)

where Y (t) = Y¥9(t) is given by equation (3.9) and (4.3).
We now apply the necessary maximum principle given by Theorem 3.1. The Hamiltonian
for the problem (4.5) is, by (3.12),
H<t7 T,Y,z, k? v, 97 )‘ap7 q, T) = [Ul<t7 C) + p(e) + 902 + / el(C)k(C)V(dC)])\
R

+W%@—wm+W%@q+¢4%@xv«wwq
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The forward SDE for A(t) = A\g(t) and the BSDE for p(t), ¢(t), r(¢, () are (see (3.13)- (3.14))

AN(t) = AB[Bo(t)dB(t) + / 0u(t, Q)N (dt, dO)); t € [0,T]
A0) = 1 (4.6)

dp(t) = q(t)dB(t) + / F(t, Q)N (dt,dz): t € [0.7]

p(T) = MT)U5(X(T)). (4.7)
Maximizing H with respect to (¢, 7) gives the following first order conditions:
), OU
EN®) | €151 (¢ e(0) = Elp(t) | &7 (48)
Elbo(t)p(t) + oo(t)q(t) + / Yolt, Or(t, Qw(dC) | £ =0 (4.9)
Minimizing H with respect to 6 = (6, 6;) gives the following first order conditions:
@(e(t)) +E[Z() | EP] =0 (4.10)
90,
Vo, p(0(1))(-) + E / (VK Qv(d) | €71 =0 (4.11)

We now restrict ourselves to the case when there are no jumps, i.e. N = v = K =
61 = 0 and Et(l) = St@) = JF;. For simplicity of notation, we write # instead of ). Then
equations (4.6)-(4.11) simplify to:

A(t) = exp( /0 "0(s)dB(s) — /0 t %e%s)ds) (4.12)
(1) = BNT)UYX (1)) | 7)) (4.13)
MO D1, 1) = plt) (4.14)
bo(E)p(t) + ou(t)a(t) = 0 (4.15)
P(0() + Z(t) = 0 (4.16)

and by the generalized Clark-Ocone formula [1],
q(t) = E[D(MT)Us(X(T))) | F4l, (4.17)

where D; denotes the Malliavin derivative at ¢ with respect to B(-). (See e.g. [7]).
The FBSDEs (4.3)-(3.9) simplify to:

dX (1) = 7(t)[bo(t)dt + oo(t)dB(t)] — c(t)dt, 0<t<T

X(O) =z>0 (4.18)
AY (1) = ~[Us(t,e(t) + p(6(1) + O Z(D)dt + Z(H)dB(t); 0< t < T

Y(T) = Us(X(T)). (4.19)

13



Put
R = p(T) = NTYU(X(T)). (4.20)

Then (4.15) can be written

Following [16] we call this a Malliavin-differential type equation in the unknown random
variable R. By Theorem A.l in [16], the general solution of this equation is R = Rg(T);
where

Rs(t) = BU(t); 0<t < T, (4.22)

for some constant 3, where I'(¢) is defined in (4.2). Note that Rg(t) is a martingale. Hence
since p(T') = Rs(T'), we get by (4.13) that

p(t) = Rs(t); 0 <t <T. (4.23)

Modulo the unknown constant § we can now find the optimal terminal wealth Xz(T) by
(4.20) as follows:

BL(T)
Xg(T) =1 4.24
(1) = (5 (4.24)
Similarly the optimal consumption rate is, by (4.14),
I'(t
c(t) = cg(t) = Li(t, AL ()); 0<t<T (4.25)
A(t)
The optimal scenario parameter is, by (4.16)
o(t) = 0°(t) = (p) " (=Zs(t)); 0<t<T (4.26)

where (Yj(t), Zs(t)) is the solution of the corresponding BSDE (4.19), i.e.

AY3(t) = —[Us(t es(0)) + p(0(1)) + 0(1) Zs(0))dt + Z5()dB(1); 0 <t <T

V) = Ualta ) (127)

Let us consider the case when
1
Uy = ¢ =0 (no consumption) and p(f) = 502. (4.28)
Substituting (4.26) into (4.27), we get

dYs(t) = %GQ(t)dt —0(t)dB(t); 0<t<T

Y5(T) = Un(L(2500)).

(4.29)
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Integrating (4.29), and using (4.12) at ¢t = T', we get

__/ 92 d5+/ 0(s)dB(s) = Y3(0) — Ua(Ia( NT) ))- (4.30)

Taking exponentials in (4.30) we obtain

= ex ' s S 1 ' 2(s)ds | = exp ¥s(0)
A= ([ =g [ o) = iy (4

Therefore A(t) is given as the solution of the BSDE (or more precisely SDE with terminal
condition)

d\(t) = At)0(t)dB(t); 0<t<T
(1) = AOA(AB(); 0<1 < .
MN(T) =1L
where L = L([3,Y3(0)) is the solution of the equation:
rr
Lesp(Ua(i( ")) = exp v (0). (433)
By the generalized Clark-Ocone formula [1] this gives
At)0(t)=FE[D:.L|F]; 0<t<T. (4.34)
By (4.6) and (4.34), we have:
d\(t) = E|D:L dB(t); 0<t<T
(1) = EIDL| FJdB(); 0<t < .
A0) =1
and E\D.L | F,
6(t) = % ;0<t<T. (4.36)

Note that E[L] = 1 by the martingale property of A(t).
It remains to determine 3 and Yj3(0). To this end, we consider the equation (4.18) for
X(t) as a BSDE as follows:

Put )
Zp(t) = m(t)oo(t)

Then Za)

t
m(t) = af@) (4.37)

and (4.18) becomes, using (4.24)

dX(t) = 20((?) Zs(t)dt + Zg(t)dB(t); (4.38)
X(T) = Ig(ﬁ IZT)) (4.39)



The solution of this linear BSDE is

x(0) = Bl el [ -3 pas - [ 28 a0 | 7
_ SI(T) I(T)
= EUQ(T)T | Fi. (4.40)
In particular, putting ¢t = 0, we get
— pln" T D)), (4.41)

Finally, by taking expectation in (4.30), we deduce that

i0) = £ |0 ") - 5 [ onas] (1.42)

which, together with (4.41) gives the value of § and the solution Y3(0) = Y*9(0) of (3.11).
We summarize what we have proved

Theorem 4.1 Consider the problem to find (#,0) such that
fél,g inf EQa [W(v,0)] = Ege[W (7 ,0)] = 91€an Us;g)l Eqo[W (7, 0)], (4.43)
with .
W(r,0) =1n X™(T) +/ 0(t)%dt (4.44)
where 0

dX (t) = m(t)[bo(t)dt + oo(£)dB(t)], 0 <t <T

X(0) =z >0. (4.45)
This problem is equivalent to
7,0 _ ﬁ',é _ v,0
7T'Sél¢£)1 91€nj2 Y™'(0) = Y™(0) = 01611{2 f;l}l)l Y*?(0), (4.46)

where Y = Y™ is given by

dY (1) = —[%0(15)2 L O Z(B)]dt + Z(#)dB(t); 0 <t < T
Y(T) = Us(X(T)). (4.47)

Then, the optimal scenario parameter 0 is given by (4.36)-(4.35). The optimal portfolio 7 is
gien by R
DX (t)

oo(t)
where X (t) is the optimal state process given by (4.40), with § and Y3(0) given by (4.41)-
(4.42) with 6 = 6, and hence L = L(3,Y3(0)) given by (4.33).

~

m =
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Proof. The argument above shows that, by the necessary maximum principle (Theo-
rem 3.1), if there is an optimal pair (7, é), then it is given as in the theorem.

Conversely, if we define (7, é) as in the theorem, we can show that (7, é) must be optimal,
as follows:

Fix an arbitrary 7 € A; in the BSDE (4.47). Then, proceeding as in [19], by the
comparison theorem for BSDEs, we obtain the minimal value Y™?(0) and its minimizer 6
simply by minimizing the driver of (4.47), i.e. by minimizing for each ¢ and w the function:

PR %92 +07(b).

This gives R
0(t) = —Z(t), (4.48)

which is identical to (4.16). Substituting this into (4.47), we have reduced the original game
problem to the following FBSDE control problem:
Find 7 € A; such that
sup Y™(0) = Y™(0), (4.49)

TEA;
where
dY™(t) = %Z(t)gdt + Z(t)dB(t); 0<t<T
Y™(T) = Ux(X™(T)) (4.50)
and X7(t) given in (4.45). This problem is of the type discussed in [16]. If we apply the

sufficient maximum principle (Theorem 2.3) of that paper, we get that the optimal 7 is given
as the maximizer 7 of the associated Hamiltonian:

1
HO(trIv y,z,m, A:pa Q) = _5)\22 + 7T(p bO(t) + qUO(t)) <451)

This gives the equation
p(t) bo(t) + q(t)oo(t) = 0, (4.52)
which is (4.15). Moreover, again by Theorem 2.3 in [16], the equation for the associated
process A(t) is
dA(t) = —Z(t)A(t)dB(t) = A(t)0(t)dB(t), (4.53)
A0) =1 (4.54)
which is (4.12). We conclude that, since the pair (#,6) of Theorem 4.1 does indeed satisfy

the sufficient conditions (4.48), (4.52), and (4.53), it also satisfies all the conditions of the
sufficient maximum principle of Theorem 2.3 in [16] and hence the pair is optimal. H
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The logarithmic utility case. In this case, substituting Us(z) = Inz and I(z) = 1 in
the general formulas above, we get:

5= i (4.55)
I(T)Y?

L= gy (4.56)

Yy(0) = Inz + E [/0 (%(Sz(é)))? —02(s))ds (4.57)

X(t) = o ZEO 2 | 7 (4.58)

EL(T)V20(t)

The case with no model uncertainty. In this case, # =0 and A = 1 and the problem
reduces to maximizing

Y(0) = E| /O UL(t, c(t))dt + Us(X(T))]

which is a classical optimal portfolio/consumption problem. Then the optimal terminal
wealth X (T") is given by :
Xp(T) = L(BT(T))

and by (4.25), and the optimal consumption rate c(t) is given by
s(t) = I(t, BT(0).

To find the unknown (3, we consider the equation (4.18) for X(¢) as a BSDE as follows: Put
Z5(t) = n(t)oo(t).

Then )
() = foﬂg; (4.59)

and (4.18) becomes, using (4.24),
dX(t) = (3‘;((?) Z(t) — Ii(t, BT(t)))dt + Zs(t)dB(t); (4.60)
X(T) = L(pT(T)) (4.61)

The solution of this linear BSDE is

X(t) = E[IQ(B.F(T))% + /t ?E‘g L(s, 3.0(s))ds | F.

Putting t = 0, we get

v = B[L(BT(T)T(T) + /0 [(s) Ly (s, AT (s))ds]

and this equation determines 3. We thus recover by a completely different method the results
obtained by the classical martingale method, (see e.g. [5], Chapter 3).
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A Proofs of the maximum principles for FBSDE games

We first recall some basic concepts and results from Banach space theory. Let V' be an open
subset of a Banach space X with norm || - || and let F': V — R.

(i) We say that F' has a directional derivative (or Gataux derivative) at x € X in the
direction y € X if

1
D,F(z) := lir% —(F(x +¢ey) — F(x))
e—0 &g
exists.

(ii) We say that F'is a Fréchet differentiable at = € V if there exists a linear map
L=X—-R
such that .
b TR
In this case we call L the gradient (or Fréchet derivative) of F' at = and we write

L=V,F.

(iii) If F is Fréchet differentiable, then F has a directional derivative in all directions y € X
and

D,F(z) = V,F(y).

Proof of Theorem 2.1 (Sufficient mazximum principle). We first prove that

Jl(ul,ﬁ2> S Jl(ﬁl,az) for all Uy € ./41.

To this end, fix u; € A; and consider

A = J1<U1,122)—J1(ﬂ1,ﬂ2) :I1+IQ+13, (Al)
where .
h:EUﬂﬁwmmwm—ﬁmemmwt (A:2)
I = Elp1(X(T)) = 1 (X(T))] (A.3)
Iy = E[gn(Y1(0)) — ¢1(Y1(0))]. (A.4)
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By (2.7) and concavity of H; we have
_E [ [ 00 = 00 = 3000 04(0) ~ 10 0(0) - (0)
~a(0(t) o)~ [ A6 -0 c>>u<d<>} dt]

<FE

[ {%@(m_;z@))ﬁa—f;(w(mw—mt» =) -

n / VL O (4 ) — Rt () + 2 0 (t) — (1)

duy
— pr(t)(b(t) = b(t)) — G (t)(o(t) — 6(t))
_Af(t,c)(v(t,C)—%(t,c)) U(dC) — algu(t) — u(t ))}dt]

where we have used the shortland notation

OH, . OH

By concavity, of o1, (2.9) and the It6 formula,

Iy < B (X (T))(X(T) - X(T)]
E[p(T)(X(T) - X(T)]
E[A(T)hy(X(D)(X(T) — X(T))]

[ " yax - axan + [ 067 - X Nan
+ [ a0 - st
+/OT/Rr1 £,C)((t,C) — At <))u(d<)dt]
B (T (R(T)(X(T) — X (7))

/OT t) — bt dt+/0T ( a&fj(t>> “
N /OT L(8)(o(t) — 6(8))dt

+ / /R (£, O (11, Q) — At ) <d<>dt]
— B[ (D) (X(D))(X(T) - X(T))]

ﬂ»—l

=F

=k

20

o (8, X (8),Y1(t), Zy(t), Ky (L, ), a(t), A (2), pr(t), 41 (8)71 (¢, -)), ete.

Z\(1))

(A.5)

(A.6)



By concavity of ¢, (2.8), and concavity of ¢; :

0)) — ¢1(Y3(0))]
1(0))(Y1(0) — ¥1(0))]
A (0)(Y1(0) = ¥1(0))]
Yi(T) = Vi(T)A(T)]

E[ (A7) = Vi N0 + [ e @i(e) - (o)

I 20) ~ Zrtayyar

o
I IA

0

—l—/o /Rvkﬁl(ta QKL (t,¢) = Kalt, O)V(dodt} }
= B[(h(X(T)) = ha (X(T))) M (T)]

(3H1 ~
—{E S Di(0) — Fi(e)a
yé M0 (g (0) + (0t
O 200 - e

0

0

+% 4wm@mmwo—&woM«wH
< E[;\l(T)h’ (X(T))(X (T) = X(T))]
B {E
«+A () (g1 () + i (8))dt

O 210 - e

e CACR O

0

0

+/0 ARy <>>”<d<>‘”] } |

Adding (A.5), (A.6) and (A.7) we get
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A=0L+1L+1I;

<o | [ My - <t>>dt]
_E [ /O B [%(t)(ul(t) — i) | 55”] dt}
<o,

by the maximum condition (2.12). Hence
J1<U1,’&2> S Jl(ﬁl,ﬁz) for all Uy € ./41.

The inequality
Jg(ftl, Ug) S Jg(ﬂl,?lg) for all U € AQ

is proved similarly. This completes the proof of Theorem 2.1. O

Proof of Theorem 2.3(Necessary maximum principle) Consider

d
D, = %Jl(’th + 501, u2) |s=o

= 5| [} {3 0m0 + GrOn® X DY) OO
(A.8)
By (2.9), (2.14) and the It6 formula,

B[y (X"2(T))ay(T)]
Elpi(T)ar(T)] = B[y (X2 (T)) Ay (T)]

“lJ
+ [ 1.0 50000+ 22008000 e}
Bl (X D))

E| o

R(
[H{mo |gr0e+ S wmo)
+ a1 (t) (—%(t)) + a1 (t) [%(t)xl(t) + g—;(t)ﬁl (t)}

+/R7‘1(t ¢) { (t, Qzi(t) + 1(75,{)51(15,()} y(dg)}dt}
— By (X = (T)\ ((T)). (A.9)

i+ i) + a0 [ 0m 0+ 20,0 a
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By (2.8), (2.14) and the It6 formula

B (031 (0)] = DN (0)1 (0]
= EM(T)y(T)] - E {/0 {M () dya(t) + 1 (87)dA ()
P [ Ve, O vl
= B (1) (X (1)
e[ [ {no|-Z0n0 - T onn - Zoao

—/ Vg1 (£, Ok (£, O (dC) — % QL ﬂ

+aa—h;(t)y1(t) + %(t)zl(t) + /R Ve Hi(t, Okt g)y(dg)} dt] , (A.10)

Adding (A.9) and (A.10) we get, by (A.8),

p=s[ {[§Q<>+p1<>§§<>+ql<t>§—;<t>

b [ 050 - T + MO 22 0] 210
+ {—aa—};(t) + Al(w%—ij(t)] (@)

T [aj: (1) +p1<t>§—£< >+q1<t>§—;<t>

+/Rr1(t a0 ( Qv (d<)+§—gi( )} 51(t)}dt]
e[ ‘Zﬂjoﬁm ]
:EUO b {aa—ﬁ@)ﬁl(t)lgf”} dt]. (A.11)

If D; = 0 for all bounded 3; € Ay, then this holds in particular for ; of the form in
(al), i.e.
Bi(t) = Xto.m)(t) 1 (W),
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where a;(w) is bounded and St(ol )-measurable. Hence

E[/ E[Zﬁl( )|5(”] aldt] 0.

Differentiating with respect to ¢, we get

OH, B
E [3U1 (o) } = 0 for a.a. to.

Since this holds for all bounded St(ol)—measurable random variables a;; we conclude that
oH
E{a Lyl ] — 0 for a.a. t € [0,7].
Uy

A similar argument gives that

B ] =0

provided that

d
Dy = EJQ(ul,ug + 5032) |s=0= 0 for all bounded 3, € A,.

This shows that (i) = (ii). The argument above can be reversed, to give that (ii) = (i). We
omit the details. 0

B Linear BSDEs with jumps

Lemma B.1 [Linear BSDEs with jumps|. Let F' be a Fr-measurable and square-integrable

random variable. Let 3 and & be bounded predictable processes and & a predictable process

such that & (t, () > Cy with C7; > —1 and |§1(t Q)| < Cs(1 AC|) for a constant Cy > 0. Let
¢ be a predictable process such that E| fo ©*(t)dt] < oo. Then the linear BSDE

AV (1) = ~[o(0) + BOY () + SO0 + [ 6t QK uldOLa

/th (dt,d¢);0<t<T
Y(T)=F (B.1)

has the unique solution
T
Y(t) = B[F T(£,T) +/ T(t,s)p(s)ds | F); 0<t<T, (B.2)
t
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where Y(t,5);0 <t < s <T;is defined by

bl = — — )

dY(t,s) =Y(t,s7)[B(s)ds + & (s /51 N(ds,dC)]; t<s<T
T(t,t)=1 (B.3)
Y(t,) = exo( | {50~ g&hdu+ [ &owdB)
/ /{ln + & (u)) — & (u) v (dC) du—l—/ /ln 14 & (w)N(du, dC)). (B.4)
Hence

Y0, 5) Y(0,7)
T =507 16D =Fo5

Proof.  For completeness we give the proof, but it is also given in [21]. Existence and
uniqueness follow by general theorems for BSDEs with Lipschitz coefficients. See e.g. [21].
Hence it only remains to prove that if we define Y'(¢) to be the solution of (B.1), then (B.2)
holds. To this end, define

T(s) =7(0,s).
Then by the It6 formula (see e.g. [15], Ch.1)
d(T@)Y () =T ()Y () + Y (¢7)dL(t) + d[TY](t

)
=T(E){plt) + OV )+ GO0 + [ 66 OK (v} de+ Z()dB()
/Ktc (dt, )] + Y (1) 0 )AL + &oft) /mc (dt, dC)}

T(0)6o(t) Z(t)dt + / T()6 (1, O K (1, Q)N (dt, dC)
= T(t)plt)dt + (Z() + &t)Y (£) Y (£)AB(H)
/ 6(L )Y )Y () + K ()N (dt, dC).

Hence, Y (t )+ fo s)ds is a martingale and therefore

T()Y(¢) +/0 T(s)p(s)ds = E[FY(T) +/0 T (s)p(s)ds | Fi

or

S
ey CUPPP

as claimed.
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