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Abstract
We study stochastic differential games of jump diffusions driven by Brownian motions and
compensated Poisson random measures, where one of the players can choose the stochastic con-
trol and the other player can decide when to stop the system. We prove a verification theorem for
such games in terms of a Hamilton-Jacobi-Bellman variational inequality (HIBVI). We also prove
that the value function of the game is a viscosity solution of this associated HIBVI.
The results are applied to study some specific examples, including optimal resource extraction

in a worst case scenario, and risk minimizing optimal portfolio and stopping.

1 Introduction

Let X (t) = X(t,w) € [0, 00)x{2 be a stochastic process on a filtered probability space (2, F, (F;)i>0, P)
representing the wealth of an investment at time ¢. The owner of the investment wants to find the op-
timal time for selling the investment. If we interpret “optimal” in the sense of “risk minimal”, then
the problem is to find a stopping time 7 = 7(w) which minimizes p(X (7)), where p denotes a risk
measure. If the risk measure p is chosen to be a convex risk measure in the sense of [10] and (or) [9],

then it can be given the representation

p(X) = sup {Eq[—X] — ((Q)}, (1)
QeN

'Laboratoire LAMAYV, Universit de Valenciennes, 59313 Valenciennes, France.
Emails: fouzia.baghery @univ-valenciennes.fr

Isabelle. Turpin @univ-valenciennes.fr
2Center of Mathematics for Applications (CMA), University of Oslo, Box 1053 Blindern, N-0316 Oslo, Norway.

Email: svenhaa@math.uio.no
3Center of Mathematics for Applications (CMA), University of Oslo, Box 1053 Blindern, N-0316 Oslo, Nor-

way. The research leading to these results has received funding from the European Research Council under the Euro-
pean Community’s Seventh Framework Programme (FP7/2007-2013) / ERC grant agreement no [228087] Email: ok-

sendal @math.uio.no
4Norwegian School of Economics and Business Administration (NHH), Helleveien 30, N-5045 Bergen, Norway.



for some set A/ of probability measures Q < IP and some convex “penalty” function ¢ : N’ — R.

Using this representation the optimal stopping problem above gets the form

inf (sup {Eol-X(7)] - C(Q)}) @

T€T QeN

where 7 is a given family of admissible ;- stopping times. This may be regarded as an optimal
stopping-stochastic control differential game.

In this paper we study this problem in a jump diffusion context. In Section 2 we formulate a
general optimal stopping-stochastic control differential game problem in this context and we prove
a general verification theorem for such games in terms of variational inequality-Hamilton-Jacobi-
Bellman (VIHIB) equations. Then in Section 3 we apply the general results obtained in Section 2
to study the problem (2). By parametrizing the measures Q € N by a stochastic process (¢, z) =
(00(t),01(t, 2)) we may regard (2) as a special case of the general stochastic differential game in

Section 2. We use this to solve the problem in some special cases.

2 General formulation

In this section we put the problem in the introduction into a general framework of optimal stopping
and stochastic control differential game for jump diffusions and we prove a verification theorem for
the value function of such a game. We refer to [16] for information about optimal stopping and
stochastic control for jump diffusions. The following presentation follows [15] closely.

Suppose the state Y (¢) = Y*(t) = Y;"* at time ¢ is given as the solution of a stochastic differential

equation of the form

dY (t) = b(Y (t),up(t)) dt + o (Y (t), ue(t)) dB(t)
-+ ng Y (Y (t), ui(t, 2), z) N(dt, dz); (3)
Y(0) =y € R

Here b: R* x K — RF, 0 : R* x K — R** and ~ : R*¥ x K x R¥ — R*** are given functions,
B(t) is a k-dimensional Brownian motion and N(.,.) = <N1(., Dy o Niol )) are k independent
compensated Poisson random measures independent of B(.), while K is a given subset of R”. For
each j = 1,..., k we have N;(dt,dz) = N;(dt,dz)—v;(dz)dt, where v; is the Lévy measure (intensity
measure) of the Poisson random measure IV, (., .).

We may regard u(t, z) = (uo(t), u1(t, 2)) as our control process, assumed to be cadlag, F;-adapted
and with values in K x K fora.a. t, z, w.

Thus Y (t) = Y(¢) is a controlled jump diffusion.

Let f : R* x K — Rand g : R* — R be given functions. Let A be a given set of controls

contained in the set of u = (ug, u1) such that (3) has a unique strong solution and such that

EY [/OTS (Y (t),u(t))]dt| < oo 4)
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(where EY denotes expectation when Y (0) = y) where
7s =inf {t > 0;Y(¢t) ¢ S} (the bankruptcy time) (5)

is the first exit time of a given open solvency set SC R*. We let T denote the set of all stopping times

7 < 75. We assume that
{g=(X(7)) }TGT is uniformly integrable. (6)
Note that Y (*)(¢) is quasi-left continuous, in the sense that for each given 7 € 7 we have

lim Y®(t) = Y®(7),

t—1~

see [12], Proposition I. 2.26 and Proposition I. 3.27.
For 7 € 7 and u € A we define the performance functional J™"(y) by

Jru(y) = U FOV (), u(t)dt + g(¥ <>>] )

(we interpret g(Y (7)) as 0 if 7 = o0).

We regard 7 as the “control” of player number 1 and w as the control of player number 2, and
consider the stochastic differential game to find the value function ¢ and an optimal pair (7%, u*) €
7 x A such that

®(y) = inf (Sup JT’“(y)) =J7 (y). (8)

u€A €T
We restrict ourselves to Markov controls u = (ug,u;), i.e. we assume that ug(t) = (Y (¢)) and
u1(t) = 1y (Y (t), 2) for some functions iy : R¥ — K, @; : R¥ x R* — K. For simplicity of notation
we will in the following not distinguish between wuq and g, u; and ;.
When the control u is Markovian the corresponding process Y ()(t) becomes a Markov process,
with generator A" given by
k D
A'o(y) = ) bily, ue(y)) 5 ) )

i=1

k

82
20y woly D)5, 50 Y
7=1 12 d])

+ Z/{sﬁ y+ 79 (g, ui(y, 2), 2) — ¢(y)

—Vo(y) - Yy, u(y, 2), 2) }v;(dz) ; ¢ € C*(RF).

Here Vi = ( 8;1 y ay 2 ) is the gradient of ¢ and v\ is column number j of the k& x k matrix .

We can now formulate the main result of this section:



Theorem 2.1 (Verification theorem for stopping-control games)
Suppose there exists a function p : S — R such that
(i) p € CH(S)NC(S)
(ii)p>gonS
Define
D={yeS;ply) >gly)} (the continuation region). (10)
Suppose, with Y (t) = Y (1),
(i) BY [ [ xop (Y (t))dt] = 0 forallu € A
(iv) 0D is a Lipschitz surface
(v) ¢ € C*(S \ D), with locally bounded derivatives near 0D
(vi) there exists i € A such that

=0, forye D,

Aﬁ(ﬁ(y) +fly,a(y) = ;Ielﬁt A% () + J(y, uly))} <0, forye S\ D

i) B [|o(Y (7)) + [ |[A"o(Y ()| dt] < oo, forall T € T and all u € A.
For u € A define
=7 = inf{t > 0; Y™ (¢) ¢ D} (11)

and, in particular,
=7 —inf{t > 0;Y®(t) ¢ D}.

T=T
(viii) Suppose that the family {po(Y (7)); 7 € T, T < Tp} is uniformly integrable, for each u € A,
y € S.
Then ¢(y) = ®(y) and (7,4) € T x A is an optimal pair, in the sense that

®(y) = inf (sup JT’“(?/)) =sup J™"(y) = J""(y) = (y) = inf 7" (y) = sup (igf JT’“(?J)) :
(12)

Proof. Choose 7 € 7 and let & € A be as in (vi). By an approximation argument (see Theorem 3.1
in [16]) we may assume that ¢ € C?(S). Then by the Dynkin formula (see Theorem 1.24 in [16]) and
(vi) we have, with Y = Y (@

B o (V)] = e+ | [T a% (Y0)
o~ [ 1 (Vonaw)

IN

where 7, =7/ Am;m=1,2,....

Letting m — oo this gives, by (4), (6), (vii), (i) and the Fatou Lemma,
o) = i | [ (V0.00) a4 o7 ()
m—0o0 0

> w | [T (F0.000) de o7 (x| =570, (13)
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Since this holds for all = we have

©(y) > sup J7%(y) > inf <Sup JT’“(y)> , for all u € A.

T T

Next, for given u € A define, with Y (¢) = Y (¥ (¢),
p =1, = inf{t > 0; Y (¢t) ¢ D}.

(14)

Choose a sequence {Dm};f:l of open sets such that D,, is compact, D,, C Dpyiand D = U D,,

and define
mp(m) =m Ainf{t > 0; Y(¢t) ¢ D,,}.
By the Dynkin formula we have, by (vi), form = 1,2, ...,

Tp(m)
ply) = EY —/O A“so(Y(t))dtJrso(Y(TD(m)))]

Tp(m)
< BY /O f(Y(t>7u(t))dt+@(Y(TD(m))] -

m=1

(15)

By the quasi-left continuity of Y'(.) (see [12], Proposition I. 2. 26 and Proposition 1. 3. 27), we get

Y(rp(m)) — Y(7p) a.s. as m — oc.

Therefore, if we let m — oo in (15) we get

oly) < B [ |7 s o, e+ g<Y<TD>>] _ oy
0
Since this holds for all u € A we get

o(y) <inf JP*(y) < sup (inf JT’“(y)> )

In particular, applying this to © = @ we get equality, i.e.
ply) = T (y).
Combining (14), (16) and (17) we obtain

inf <sgp J”‘(y)) < sup T y) < ely) = J7(y) = o(y)

<infJ(y) < sup (infJ7(y)) < inf (SUP Jﬂu(y)) ’
Since we always have
sup (inf JT’”(y)> < inf (SUP JT’U(Z/))

we conclude that we have equality everywhere in (18) and the proof is complete. m

(16)

(17)

(18)

(19)

Remark 2.1 It is natural to ask if the value function in the above theorem is the unique viscosity

solution of the corresponding HJB variational inequalities. This will be proved to be the case by

some of us in a subsequent paper (work in progress).



3 Viscosity solutions

Let the state, Y(¢) = Y*(t), be given by equation (3), the performance functional by equation (7)
and the value function by equation (8). In the following we will assume that the functions b, 7,7, f, g
are continuous with respect to (y, u). Further, the following standard assumptions are adopted; there
exists C' > 0, a : R¥ — R* with [ o?(z)r(dz) < oo such that for all z,y € R*, z € RF and u € K,

AL |b(z,u) = by, u)| + oz, u) — oy, u)| + [f(z,u) = f(y, )| + |g(x) — g(y)| < Clz—yl,
A2. [b(y, uw)| + |o(y, u)| < C(1+ |y|),

A3 [f(y,u) +19(y)] < C(A+ [y)™

A4, |y(x,ur, 2) — (Y, u1, 2)| < a2)|z —yl,

AS. |y(@,u,2)] < a(z)(1 + |z|) and [y(@, u1, 2)|1jscr < Con Cy € R

Let us define a HIB variational inequality by

o { B [4%60) + 1wl ) — 2000 | . 20
and
@w=gondS. (21)

where AYp(y) is defined by equation (9).

Definition 3.1 (Viscosity solutions) A locally bounded function ¢ € USC(S) is called a viscosity
subsolution of (20)-(21) in S if (21) holds and for each ) € CZ(S) and each yy € S such that ) > ¢
on S and (yo) = ©(yo), we have

max {J?ﬁ [A%(yo) + f(yo, u(v0))], 9(10) — ¢(yo)} >0 (22)

A function p € LSC(S) is called a viscosity supersolution of the (20)-(21) in S if (21) holds and
foreach ) € CZ(S) and each yo € S such that v < p on S and ¥(yo) = ¢(yo), we have

max {;gf( [A"Y(yo) + f (Yo, u(v0))], 9(yo) — w(yo)} <0 (23)

Further, if ¢ € C([0,T] x R™) is both a viscosity subsolution and a viscosity supersolution it is

called a viscosity solution.
Proposition 3.2 (Dynamic programming principle) Let ® be as in (8). Then we have

(i) Yh > 0,y € RF

B(o) = sup nf B[ £ (5)uls))ds + 9V Lo+ 000 i)



(ii) Lete > 0,y € R¥, u € A and define the stopping time
Tyu = {0 <t <7 R(VP) < (V) + e}

Then, if 1, < forall u € A, we have that:

yu’

= inf Ey/ f(Y(s))ds+ (YY)

ueA
Remark 3.1 Prop.3.2 (i) is a consequence of Prop. 3.2 (ii) as observed in Krylov [14] p135.
Proof. The demonstration being long is postponed for more brightness in Part 5. m
Theorem 3.3 Under assumptions Al-A4, the value function ® is a viscosity solution of (20)-(21).

Proof. @ is continuous according to the estimates of the moments of the jump diffusion state
process (see Lemma 3.1 p.9 in [18]) and from Lipschitz condition A2 on f and g we get that

®(y) = g(y) on IS.
We now prove that @ is a subsolution of (20)-(21). Let ¢ € CZ(S) and y € S such that
0= (¢ —®)(yo) = myin(iﬂ — ®). (24)

Define

D ={y € S|®(y) > g(y)}
If yo ¢ D then g(yo) = P(yo) and hence (22) holds. Next suppose yo € D. Then we have by
Proposition 3.2 for 7 = 7p and ~ > 0 small enough:

B(yo :meyo/ FY¥(8), u(t))dt + DY ().

From (24) we get

ucA

0 < inf Eyo/ FOVI (), u(®))dt + (Y™ () — (o).

By Itd ’s formula we obtain that

h
0< inf L [ [+ f(Y%(t),u(t))]dt} |

Using assumptions A1-A4 with estimates on the moments of a jump diffusion and by letting h — 0%,
we have

inf [A"(yo) + f(yo, ulyo))] = 0,
and hence

e {32£[A“¢<yo> + f (o, u(o))], 9(vo) — w<yo>} > 0.

This shows that ® is a viscosity subsolution. The proof for supersolution is similar. m
The problem of showing uniqueness of viscosity solution is not addressed in this paper but will be

considered in a future article.



4 Examples

Let us look at some control problems where we include stopping times as one of the controls. We
then apply the result of the previous section to find a solution. We will look at both a jump and a
non-jump market.

Exemple 4.1 (Optimal Resource Extraction in a Worst Case Scenario) Let

dP(t) = P(t)[adt + BdB(t) + / v(2)N(dt,dz)]; P(0) = 3, > 0,

Ro

where «, 3 are constants and ~y(z) is a given function such that fRo Y2 (2)v(dz) < oo. Let Q(t) be
the amount of remaining resources at time t, and let the dynamics be described by

dQ(t) = —u(t)Q(t)dt; Q(0) = y» > 0.

where u(t) controls the consumption rate of the resource Q)(t), and m is the maximum extraction rate.
We let

dYy(t) =dt

aY (e = dYi(t) =dP(t); P(0) =y >0, 25)
dYs(t) =dQ(t); Q(0) = ya > 0,
dY3(t) = —=Ys(t) [6o(t)dB(t) + [p 01(t, 2)N(dt,dz)|;Y3(0) = y5 > 0.

Let the running cost be given by Ko+ Kyu; (Ko, K1 > 0, constants). Then we let our performance
functional be given by, with 0 = (0, 6),

JT’Uﬂ(s; Y1, Y2, y3) (26)

— l/o e u(t)(P(HQ() — K1) — Ko)Ys(t)dt + e T (MP(r)Q(r) — a)Ys(7) |,

where 0 > 0 is the discounting rate and M > 0,a > 0 are constants (a can be seen as a transaction
cost). Our problem is to find (7,14,0) in T x U x © such that

P(y) = (s, Y1, Yo, Y3) = sup [igf (supJT’“’g(y))l = J(y), 27)

Then the generator of Y is given by;

D D dp 1 Pp 1 oAt
u,0 — u,0 _ v v i ~ .22 ~.2n2
A o(y) = A" (s, Y1, Yo, y3) P +y1aay1 W + oyl 7y + 5% 052y,
0%
— 6
11Y360p 3,0
D Dy
+ o(s, 51 + 117(2), Y2, Y3 — y361(2)) — @ (5, Y1, Y2, Y3) — yﬁ(z)_&yl + y391(2)—y3 v(dz).
Ro
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We need to find a subset D of S = R’ = [0, 00)* and (s, y1, ya, y3) such that

0(s,y1,Y2,y3) = 9(, 51, Y2, y3) = € (Myrya — a)ys, ¥ (5,91, 92, y3) ¢ D,

0(s, 1,52, y3) = e (Myy2 — a)ys, V (s, 41,2, 43) € S,

Ao (s, 51,2, y3) + f (5,01, 52, s, u) := A*P0(s, 91, 42, y3) + € (w(yry: — K1) — Ko)ys
<0, Y (s,y1,Y2,y3) € S\D, Y u € [0,m],

sup i%f{A“ﬁ(p(s,yl, Yo, y3) + € (u(yrya — K1) — Ko)ya}| =0, ¥ (8,41, y2,93) € D.
Then

fy = L2 (28)
Ys @33

is a minimizer of 0y — A“’(’(p(s, Y1, Yo, Y3) where we are using the notation

0%
P ayjayi‘

Let 0,(z) be the minimizer of 01(z) — A"?o(y) and let @ be the the maximizer of u — A™Po(y) +
fly,u) ie.

w = A o(s, 1, Y2, y3) + € uys(h1y2 — K1) — uyaps — y3Ko. 29

Let us try a function on the form

o(s,y1,y2,y3) = € *F(w), where w = y1yys. (30)
Then
m, ifwF'(w)<w—1ysK
4= if ( ) Ys1iq 31)
0,  otherwise,
and
A F'(w)
0= 1 ) 32
’ ( y F”(w)w) G2

Further, the first order condition for 0,(z) is

/R [+ () P w1 +4(2)(1 ~ 1(2)) ~ F(w) b w(dz) =0 (33)



For wF'(w) < w — y3 K, we have

Aﬂ’ée_ésF(yhymZJ:&) = —be P F(w) + we” P aF" (w) — mwe " F'(w (34)

) )
Flw) ,  2F(w)
F" w)w> * F”(w)w)

1 1
+ _w2ﬁ2F1/(w)e—53 + §w2ﬁ2F//(w>e—és (1 4 (

2
(F'(w))*

(
Frw)u +wF" (w) + F’(w))

— w(Ze% (F’(w) +

~

n e&s/R {F(w(l ()1 — él(z))) — F(w) —wy(2)F'(w) + 91(z)wF'(w)} v(dz)

= —0e % F(w) + we aF' (w) — mwe ** F'(w)

e [P+ 1) (1= () = Flw) = w3(2)F(w) + (2 (w)} v(dz).

We then need that if wF"(w) < w — y3 K7, then

AMF(w) + (m(yye — K1) — Ko)ys = —0F (w) + waF'(w) — mwF (w) (35)
y ((F'(w))? /
-8 (m +wkF (w))

b [ (P 20D = 0(60) — Plw) - wr (P (@) + ) (@)} old)
+ (m(y1y2 — K1) — Ko)ys = 0.

Similarly, if wF’(w) > w — y3 K7, then & = 0 and hence we must have

A F(w) — Koys = —6F(w) + waF' (w) (36)
(F @)

= (St )

= / {Fw(t+()(1 = 8i(2))) = F(w) = wy(:)F'(w) + 61 (2)wF"(w) } v(d2)

— Koys = 0.

The continuation region D gets the form
D ={(s,y1,92,y3) : F(w) > (My1y> — a)ys}
Therefore we get the requirement
F(w) = (My1y2 — a)ys, ¥ (s,y1,y2,93) € D. (37)

In light of this requirement and in order for ¢ to be on the form (30) we see that we need K, K
and a to be zero. Hence we let Ko = K1 = a = 0 from now on. Then we need that F’ satisfies the

variational inequality

max{ A F(w) + iw, Mw — F(w)} = 0,w > 0, (38)
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where

(F'(w))?

AP (w) = —3F (w) + waF' (w) — i (w) — 3 ( 2F"(w)

o) (39)
T / {Fw(1+7(2))(1 = 0:(2))) = F(w) = wy(2)F'(w) + 61 (2)wF'(w) } v(dz),
with O
M 1= MX(—o0,1) (F' (W) (40)

The variational inequality (38) - (40) is hard to solve analytically, but it may be accessible by numer-
ical methods.

Exemple 4.2 (Worst case scenario optimal control and stopping in a Lévy -market) Ler our dy-

namics be given by

dYy(t) = dt; Y5(0) =s e R.
dYy(t) = (Yi(t)a(t) — u(t))dt + Yi(t)B)dB(1)
VL) /Rfy(s,z)N(ds,dz); ¥1(0) = 5, > 0.
dYs(t) = =Y5(t)0o(t)dB(t) — Ya(t) / 01(s, 2)N(ds, dz); Y5(0) = y2 > 0.
Solve
O(s,x) = sup [sgp (giox’leflJé),u,T(S7 x))}
where
J@,U,T(S’x) B |:/O 65(s+t)uTY'2(t)dt:|

The interpretation of this problem is the following:
Y1(T) represents the size of the population (e.g. fish) when a harvesting strategy u(¢) is applied to it.
The process Y5(t) represents the Radon-Nikodym derivative of a measure () with respect to P, i.e.

_d@QF) _ ,dQ
— 2 E[5|IFl0<t<T.

Ya(t)

This means that we can write

JO@,T(S’];) _ Em[/ 676(S+t)X[O,T}(t)
0

[e'e) A t)
_ g —5(s+t) ¥ ( dtl.
ol e ay

Hence J%Y" represents the expected utility up to the stopping time 7, measured in terms of a scenario
(probability measure () chosen by the market. Therefore our problem may be regarded as a worst case

scenario optimal harvesting/stopping problem. Alternatively, the problem may be interpreted as a risk

11



minimizing optimal stopping and control problem. To see this, we use the following representation
of a given convex risk measure p:

p(F) = sup{EQ[=F] = <(Q)}; F € L=(P),
QeP
where P is the set of all measures () above and ¢ : P — R is a given convex “penalty” function. If

¢ = 0 as above, the risk measure p is called coherent. See [1], [9] and [10] .

In this case our generator becomes

B dp 1, .0
Au,@ _ - o it =202
90(3’ y17y2) Os + (yla u) oy + 2ylﬁ 823/1
et D2
202 0
2 Yo 082 — Y1y2 an18y2
dp dp
+ @(37 y1 + 1y (s, 2)792 - y291(57 Z)) - @(37 ylva) - 917(37 Z)f)_ + y2@1(2)_ V(dz)-
R Y1 3y2
and hence
0 1 0?
AU70§0(S>y17 y2) + f(37 Y1, y2> = 8_f + (leé - u)a_:z + §yfﬁ2
) 82 2
20 0
+ y2 082 — 1y2f O@ylayQ
dp dp
+ 90(5; Y1+ yﬂ(& 2)792 — y291(57 Z)) - @(37 y17y2) - 917(37 Z)_ + y291(2)— V(dz>
R 391 ayQ
+ e"ssu—/\
\ Ya.

Imposing the first-order condition we get the following equations for the optimal control processes
ég, él and u.:
3 Y1 P12
b= 2522,
Y2 P22

/ (0a(5, 91+ 111(5, 2), 42 — ysbi(5, 2)) — o, 1, v2) J(dz) = 0,
R

and

where p; = (%@_; 1 = 1,2. This gives

0,0 - 9 s
AP s, ) 15 8) = 52 m = (2T + S oo = 50 62% 1)

2 P22

. 0 0
+/ l:gp(sayl +Z/17<3,Z>,@/2 _y291<372)) _(P(S,yl,yQ) —yl’}/(S,Z) i —|—y291(2) i V(dz>
R oy Jy2

el

+e 3

Ya.
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Let us try a value function of the form

o(s,y1,y2) = e "y} Fya), (42)

for some function I (to be determined). Then

A ABE(3y2)
Oy = f———= 43
’ 6yzF”(yz)’ @)
/{(1 + (s, 2)) F (y2 — 1201 (5, 2)) — F'(y2) }v(dz) = 0, (44)
R
and
i = (K0, (45)
Y2
With 9A1 as in (44) put
b4 - AP (), 1 Loy L FP(y)
Ay F(y2) = —0F (y2) + (o — ( " ) )AF(y2)+§ﬁ AN = 1)F(y2) 55 Fly) (46)

n %(AF;@’?))& +/R [(1 +9(2) F(y2 — y201(2))

= F(y2) = 1(2)AF (32) + 1201 () (35) | v(d2).

Thus we see that the problem reduces to the problem of solving a non-linear variational-integro
inequality as follows:

Suppose there exits a process 0, (s, 2) satisfying (44) and a C*-function F : R, — R, such that if we

put
D = {y, > 0; F(y2) > 0}

then F € C*(D) and
AV (355) = 0 for gy, € D.

Then the function  given by (42) is the value function of the problem. The optimal control process

are as in (43) - (45) and an optimal stopping time is
7" =inf{t > 0;Y5(t) ¢ D}.

Exemple 4.3 (Risk minimizing optimal portfolio and stopping)

dYy(t) = dt; Y5(0) = s € R. (47)
AYi(t) = Yi(0)[(r + (@ — r)(t))dt + Br(t)dB(1)); Vi0) =y > 0. @8)
AYs(t) = —Va(D)O(H)dB(2); Va(0) =1p >0,  (49)
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where r, o and 3 > 0 are constants. Solve

_ : 7,0,
O(s,z) = sup {sgp (1%fJ >] (50)

™

where
J0T(s,x) = B [e T AY;(1)Ya(T)] (51)
where 0 < A < 1 and (1 — \) is a percentage transaction cost. The generator is

0 0 1 0?
A977TSD(S’ y17y2) + f(sa 91792) = a_sp + yl(r + (Oé - T') )asol + y2 27T2 62;/01
PP oAt
i — 0 )
+ y2 2y Y1y280T 901005

From the first order conditions we get that

(a - 7")9019022

P ,
110%(91y — P11922)

and
6 — (a0 —71)o1p12

B ﬁyz(%’%z - ‘P11<P22)'

Let us try to put

o(s,y1,y2) = € Ay1ya. (52)
Then we get
AP o(s, 1, 2) = taya(r — 9),
A=
0= (53)
5
and
T=0 (54)
So if
r—o <0,

then Aé’ﬁgo < 0 and the best is to stop immediately and ¢ = . If
r—90>0,

then
D =1[0,T] x RF x R¥,

soT ="1T.
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Remark 4.1 Note that the optimal value given in (53) for 0 corresponds to choosing the measure ()
defined by
1Q(w) = Yo(T)dP(w)

to be an equivalent martingale measure for the underlying financial market (So(t), S1(t)) defined by

dSo(t) = rdt; Sp(0) = 0,
dS:(t) = Si(t)[adt + BdB(t)]; S1(0) > 0.

This illustrates that equivalent martingale measures often appear as solutions of stochastic differen-
tial games between the agent and the market. This was first proved in [17] and subsequent in a partial

information context in [2] and [3].

5 Proof of the Dynamical Programming Principle (Prop. 3.2)

The Proposition3.2 (ii) is proved by Krylov [14] for diffusion processes and mixed strategies whereas
Pham [18] has mentioned how to generalize it to this context of jump diffusions. Let us explain how
it may be adapted to our case of stochastic differential games with optimal stopping and stochastic
control for jump diffusions. First we need a Bellman’s Principle for stochastic differential games. We
here refer to Fleming and Sougadinis [8] Theorem 1.6 and Biswas [5] Theorem 2.2, whose proofs
rest on the continuity of the value functions and the introduction of a restrictive class of admissible
strategies. Next, to generalize the Dynamic Programming Principle to our optimal stopping and
stochastic control differential games problem, we use the technique of randomized stopping developed
by Krylov [14] p. 36. For greater generality, we establish a version of the Dynamical Programming

Principle whose Prop. 3.2. is a particular case.

5.1 A general context
5.1.1 Dynamics

For a fixed positive constant 7" and s € [0, T'), the state Y () = V;*¥" where 0 < ¢ < T — s is driven
by

AY (t) = b(s+t,Y(t),u(t))dt +o(s+t,Y(t),ut)) dB(t)
+/k’y(s+t7Y(t_),u(t),z) N(dt, dz) (55)

0
with the initial condition
Y(s)=ye€S.
b:[0,T] xREX K - RF,0:[0,T] x RF x K — R¥*and~:[0,7] x R* x K x RF — RF**
are given functions and verify the assumptions of regularity of the part 3 uniformly with respect to ¢
and are lipschitz continuous in the variable ¢ for all (y, u). B(t) and N(.,.) are defined as in part 2.
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u(t) is the control process assumed to be predictable and with values in K for a.a. ¢,w. The set of
controls is denoted by M (s).

Ts=inf{0<t<T—-sY(t) ¢S} (56)

7, 1 denotes the set of all stopping times 7 < 7s

For 7 € 7, and u € M(s) the performance functional is
JT(s,y) {/ fls+t,Y(t),u(t))e ?dt +g(r,Y(T))e *" (57)

where ;%" = [ ¢ (s + 1, YV )dr, ¢ 0 [0,T] x R* x K — R*, f: [0,7] x R* x K — R and
g:10,T] x R* — R are given functions.
The value function is defined as

O(s,y) = sup inf J7(s,y). (58)
TG’Z’S’T’UEM(S)

5.1.2 The canonical sample space

We work in a canonical Wiener-Poisson space, following [5], [11] and [6]. For a constant 7" and
0 <s<t<T,letQl, be the standard Wiener space i.e. the set of all functions from [s, ] to R*
starting from 0 and topologized by the sup-norm. We denote the corresponding Borel o-algebra by
B and let P;, be the Wiener measure on (€} ,, BY).

In addition, upon denoting Q7 , = [s, t] x (R"\0), let Q2 , be the set of all N J{oc }-valued measures
on (Q7,, B(Q%,)) where B(Q;,) is the usual Borel o-algebra of Q% ;. We denote 135 to be the smallest
o-algebra over 2, so that the mappings ¢ € QZ, — ¢(A) € N [U{oo} are measurable for all
A € B(Q;;). Let the co-ordinate random measure N,,; be defined as N,(q, A) = q(A) for all
q € Q%,, A e B(Q;,) and denote P7, to be the probability measure on (€23, B7) under which N, is

a Poisson random measure with Lévy measure v satisfying

/ min(|z|?, 1)v(dz) < oo
R\{0}

Next, for very 0 < s < t < T, we define Q,; = Q}, x Q2,, P,; = P}, Q P2, and B,; =
BY x @ BY ie. the completion of BY x @ BY with respect to the probability measure Ps;. We
will follow the convention that (), = ), and B, = F; . A generic element of €, is denoted by

w = (w1, ws), where w; € Qf ;, fori € {1,2}, and we define the coordinate functions
WhHw) = wi(s) and N*(w, A) = wy(A)

forall0 <t <s<T,weQ Ac B(Q;T). The process W' is a Brownian motion starting at ¢
and N' is a Poisson random measure on the probability space (€, F;, P,), and they are independent.
Also, for t € [0, T, the filtration 7, = (F},)scpt,1) is defined as follows:
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We make ]:1, to be right-continuous and denote it by ]-"tf. Finally, we augment .7-}* by P;-null sets
and call it 7; . As and when it necessitates, we extend the filtration F; for s < t by choosing F;
as the trivial o algebra augmented by F;-null sets. We follow the convention that F; » = F;. When
the terminal time 7’ is replaced by another time point, say 7, the filtration we have just described is
denoted by F; .

Finally, note that the space (), is defined as the product of canonical Wiener space and Poisson
space. Therefore, for any 7 € (¢,7), we can identify the probability space (€2, F; , P;) with (€2, X
Qn, FL Q Fr., Prr @ Pr) by the following bijection 7 : Q; — €. x €. . For a generic element
w = (wi,w2) € Y = Q1 x O, we define

wtﬂ- = (wly[t,ﬂawﬂ[tﬁ]) € Qt,T

W = (w1 = wi(7))|jtr)s wel i) € Qe

r(w) = (7,077

The description of the inverse map 7! is also apparent from above.

5.1.3 The general DPP

Theorem 5.1 Let s € [0, 7],y € R¥ and let T = 7 € T, 1 be defined for each u € M(s). Then

TAY
®(s,y) = sup inf EY [/ fU(s+t,Yy)e #udt
0

veTo T ueM(s)

+9(s+7,Y,)e P X0ar + B(s + 7, Y, )e ¥ xr<s] (59)
where f(s +1,Y;) = f(s+,Yi, uy)

This theorem is in fact a consequence of the more general following result. Let € > 0, we define:
78, ., =mf{t>0:P(s+t, Y "") <g(s+t,Y,"") +¢e}.

S,Y,U

Theorem 5.2 Let s € [0,T],y € R¥, u € M(s) and 7" € T, 7 . We are given a nonnegative process
ri, progressively mesurable and bounded. Then

®(s,y) = inf Ej [/ (f“t+rt<1>)(s+t,yt)6—eot—f5rpdpdt
u€eM(s) 0

FO(s 47, Y )e o T’pdp} . (60)
Ift" <, forsomee > 0andall u € M(s), we have equality in (60).

Proof. (Theorem (5.2 to Theorem 5.1)
We write the right side of (59) as Wi (s, y) then

€

TAT
Wi(s,y) > 1]I\14f )IE” {/ fs+t,Y)e ?dt+ g(s+7°, Yee)e P Xpeer
ue S Y 0

—|—<I3(S +7—>Y:1')6_SOTXT<TE:| : (61)
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and from the inequality
g(S + 7—E7 YTE) > (I)<S + 7-67 YT'S) - &

it follows that

TATE
Wi(s,y) > inf EY, [/ fU(s+t,Y)e Pdt + P(s+ 7 AT, Yopre)e $777° — 51 (62)
0

T ueM(s)

Since 7AT® < 7°, by Theorem 5.2 for ' = 0, we have that the last lowerbound is equal to ®(s, y) —e.
Now let ¢ tend to zero therefore Wi (s, y) > (s, y).
On the other hand, g(s,y) < ®(s,y) so that

TAY
Wi(s,y) < sup i]réf( )]Eé‘y U [(s+t,Y)e #dt + ¢(8+M%YW)6‘“"T“] . (63)
v uwEM(s ’ 0

Let assume in Theorem 5.2 that r}* = 0, we note that the last upper bound does not exceed (s, y).
Hence Wy (s,y) < ®(s,y). m
In order to investigate the proof of the Theorem 5.2 we introduce the case of stochastic differential

games (see [5]).

5.2 The stochastic games
5.2.1 Context

We introduce a two-player zero-sum stochastic differential game where the state is governed by con-
trolled jump-diffusions. For ¢ € [0, T — 5]

dY (t) = b(s+t,Y(8),u(t), v(t)) dt + (s +t,Y (1), u(t), v(t)) dB(t)
+/kay(3+t,Y(t),u(t),v(t),z) N(dt, dz); (64)

Y(s) = yeR"

Remark 5.3 For us and on the rest of the paper b(t,y,u,v) = b(t,y,u), o(t,y,u,v) = o(t,y,u) and
Yty w0, 2) =y(ty,u, 2) so that Y707 = Y0 =Y (1),

For convenience, we shall use the superscripts u, v and the subscripts s, y on the expectation sign to
indicate expectation of quantites which depend on s, y and strategies u, v. We introduce f (¢, y, u,v) =
fut,y) +vg(t,y); ™ (t,y) = c*(t,y) + v and V""" = fg ¢V (s +r,Y,)dr. We use the notation
¥ = (u,v) and define

T—s
JY(s,y) = Eﬁy [/ f(s+t, Y, up,v)e ?tdt + g(T — s, Yr_s)e ¥7—2| | (65)
0

for strategie v = (v;) with values in [0, n], n € N*.
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5.2.2 Admissible controls and strategies

Definition 5.4 An admissible control process u(.) (resp. v(.)) for player I (resp. player 11) on [s,T]
is a K (resp.[0,n])-valued process which is F; _-predictable. The set of all admissible controls for
player I (resp.11) is denoted by M(s) (resp. N(s)).

We say the controls u, i € M(s) are the same on [s,t] and write u =~ @ on [s,t] if P (u(r) = a(r)

forae. r € [s,t]) = 1. A similar convention is followed for members of N (s).

Definition 5.5 An admissible strategy o (resp. [3) for player I (resp. 11) is a mapping o : N(s) —
M(s) (resp. B : M(s) — N(s)) such that if v(.) =~ 0(resp.u = @)) on [s,t], then a[v] ~ «a[0] on
[s,t] for every t € [s,T] (resp.3[u] = (3]u]). The set of admissible strategies for player I (resp. I11I)
on [s,T] is denoted by I,,(s) (resp. A, (s)).

Remark 5.6 We will denote I'(s) := |JT'n(s) and A(s) := [JA,(s) .

n

We set B, = K x [0,n] and B, the set of strategies. Let R, be a set of nonnegative processes
7, which are progressively measurable with respect to (F;) and such that 7,(w) < n for all (¢,w),
B = B, and R = |JR,. Each strategy ¢/ € B, is obviously a pair of processes (u,?) with

w=(u) € M(s),5 = (B[uy) € An(s).

Definition 5.7 i) The lower value of the SDG (64- 65) with initial data (s,y) is given by

Py(s,y) == inf | sup Ju(s,y,alv]v) (66)
- o€l (s) vEN(s)
ii) The upper value of the SDG (64 - 65) is
®,(s,y) := sup ( inf  J,(s,y,u, ﬁ[u])) . (67)
BEAR(s) ueM(s)

5.2.3 DPP for stochastic games

Proposition 5.8 The upper and lower value functions are Lipschitz continuous in y , Holder contin-
uous in t and verify |®,,(s,y)| + [Pn(s,y)| < C(1 + |y))™.

Proposition 5.9 Let s € [0, 7], 7 € T, r, for every y € IRF,

Tolsy) = swp it ENL[ (7 Blulg)(s + 6 Y)e
BEAL(S) ueM(s) ’ 0

+8,(s + 7, Y:)e ] (68)

®,(s,y) = inf sup E?’”[/ (f1 +vig)(s + 1, Yo)e #dt
- a€Tn(s) veN(s) - Jo

+ @y (s + 7, Y, )e 7). (69)
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Remark 5.10 (i) Thanks to comparison theorems for Isaacs equations and the inequality HT < H~

where
H* = inf sup (A%(t,y) + f(t,y,u,v)),
ueK veE[0,n]
H™ = sup inf (A"p(t,y) + f(t,y,u,0)),
veE[0,n] ueK

we have ®,, < P,,.

(ii) Under Isaac’s condition, that is HT = H~, we have

D,(s,y) = Puls,y).

This is true for instance:
- in the deterministic case, see [7]

- if the controls appear separated in both the dynamics and the payoff, see [4].

Proposition 5.11 (i) (s, y) is Lipschitz continuous in (s, y).

(ii) @,(s,y) / ®(s,y) uniformly on each set of the form {(s,y) : s € [0,T], |y| < R}.

5.3 Proof of the Thm. 5.2
5.3.1 Intermediate results

For more lightness we give all the intermediate results whose proofs are postponed in the next sub-
section. For ¢ = (u,v) € K x [0, n], let define

t—s
Gf’tw(y) =EY, [/ fo(s 47 X )e erdr +w(X,_g)e ¥
0

and

Gy w(y) = sup G w(y).

Lemma 5.12 Let s) < 51 < ... < S, =T. Then

(I)_N<807y) > G80751 G51752"'G3n7175ng<y>'

Theorem 5.13 Let sy = s{ < 57 < ... < s, =T (i = 1,2,...), max;(sj; — sj) — 0 fori — oo.
Then

(I)"(so’y) - }LTO GsévsiGSZi’S%"' siz(i)—l’siz,(i)g(y) (70)
= swp Gy Gy Ga o 9(Y)- (71)
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Lemma 5.14 (a) Let s € [0,T],y € IR*, ¢ = (u,v) € M(s) x A,(s) with v = [[u] then the

processes

P8,y

T—s
5P = By (s 1, Y, e B, [ / (s 4 m Y)e Frdr 4 g(Yeo,)e ¥+ [y

t
szv&y = QTR(S + t7 )/;u‘:svy)e_@;b’s’y + / f"ZJT‘ (8 + r) K)e_wrdr’
0

defined fort € |0, T —s| are supermartingales with respect to { F}}, the first process being nonnegative

(a.s.).
(b) Gs,tCD_n(t,y) < QTn(s,y)fory eRFO<s<t<T.

Lemma 5.15 Let s € [0,7T),y € IR*, ¢ = (u, ) € M(s) x I',,(s) then the process

t
Bl + 61 [0k 510,85+ Yoy
0

defined for t € [0, T — s| is a continuous supermartingale.

Lemma 5.16 (a) Let s € [0,T],y € IR* and for each u € M(s) let 7% € T, p,r" € R be defined.
Then

alsry) = Il Eay [ Ll =00 s e R bt B (s Ve s }

(b) Let g, = g \ ®,,. Then

®,(s,y) = sup inf EY, {/ fU(s+t,Y)e ?dt + gn(s + T,K-)€¢T:|
e, pueM(s) Y LJo

Corollaire 5.17 Since g, < g, ¢, < P.

Corollaire 5.18 (Consequence of Prop 5.9 and Lemma 5.15) Let s € [0,T],y € IR*,¢) = (u,v) € B

then the process
- t P58,Y
Py = B(s 41, Y, )e T 4 / (£ +5,0] (s + p, Yo )e s dp
0

defined for t € [0, T — s| is a continuous supermartingale.

5.3.2 Proofs
The following result is given without demonstration, we refer to [14] Lemma 2.14 p148.

Lemma 5.19 Let s € [0,T], 0 <t <ty <T —sand ) € M(s) x I'(s) such that 1y = 1y, for
t € [t1,t2). Let the continuous function w(y) satisfying |w(y)| < N(1 + |y|)™ . Then a.s.

t2
_obs
E?’y {/ fwt(s +1 Yt)e_%dt T w(Yt2)€_% /ftl =e yG;biltl,S+t2w<Ytzlﬂtl>‘

t1
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Proof. (Lemme 5.15) By Lemma 5.14 (a),
Kf”s’y ) (s—i—tY’”sy —et” / f(s+p,Y,)e” o dp
is a supermartingale. In particular for i) = (u, 0),

t
B, (541, Y, e o 4 / fUr(s+p, Y, e o dp
0
is a supermartingale. Applying the lemma from Appendix 2 in [14] with &, = e~ Jo Blulsds hys
completing the proof. m
Proof. (Lemme 5.12)
We introduce w;(y) = G, 5,11---Gs,_1,5,9(y), ¢ =0,...,n —1and w,(y) = g(y). Lete > 0, by
the Theorem 2.2 (Chap. 3) in [14] and the assumption (A3),we deduce the continuity of w,_; and
that |w,—1(y)| < N(1+ |y|)™. Arguing in the same way, we convince ourselves that all the functions

w;(y) are continuous. Furthermore w;(y) = Gy, ., wit1(y) =sup GY, . witi(y), i =0,...,n — L.
()

By the corollary 2.8 in [14] p145, the functions GS . +1wl+1(y) are continuous with respect to ¢ and
y. Then for all y € IR* there exists a Borel function (¢ such that

wily) <GS win (y) + e, Yu € M(s). (72)
We construct a strategy ¢; = (uf,vf) by the following way: uf = u5 € K and v; = [[uf] for
t € [si, Sit1). Then )¢ is admissible and by the lemma 5.19,

EY” {

50,Y

Si+1—S0
/ fﬂ%(so_i_t’y‘t)eSDtdt_'_wiJrl(Y'SHl80)6—%05i+1so:| wa e Psi— soGdJ wi+1(}/;i780)'

50,Y 8iySi+4+1
iS50

Thus this result combining with (72) yields

Si+1—S0
]Ews {/ fwt(SO + ta YDeﬂptdt T Wil (Y’S¢+180)6_%i+180:| = Ew (ei%i_so wi(}/;i*ugO)) —&.

50,Y 50,Y
i—S0

Adding up all such inequalities and collecting like terms, we find

T-s
E:, [/ Y (s0 4+ t,Yy)e ?rdt + g(Yp_g)e 7~ ] = Joo (50,y) = woly) — ne.
0

Then

sup inf JY(s0,y) > wo(y) — ne
BeT (s )uEM(s)

and letting € tend to zero we prove

D (80,y) > wo(y) = G50751G51152"'G5n7175ng(y)'
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Proof. (Thm 5.13) By lemma 5.12 we have

¢_n(30, ) G .G .Gy i g(y).

58,88 st sk S () —175n(d)

so that it remains to prove

®,,(s0,y) < lim infGg Gy

o0 s1.8h Sn(i)—15n(i)

9(y)-

We give us step strategies (u’, v' = ([u’]) such that J]fi(so, y) — @, (s0,y) asi — oo and ul = uli
fort € [s% — s, )1 — o). Then if we introduce w;,; (y) = g(y), wi(y) = Gy iy wiy(y), (=
0,...,n(i) — 1), we get by the lemma 5.19 that

" s§+1—so v L ; 0
Esow | [ for(so+rYo)e ordr +wi (Y _g)e o+ (73)
s;.—so ]
wz _ TZ}Z —sQ - ]
= Eso Y . OG ] ;—&-1(1/;;.—80) (74)
% sti__s i 1
<EY, [ j Owj<Ys;._so>} . (75)

Adding up such inequalities with respect to j from j = 0 to j = n(i) — 1, and collecting like terms,

we obtain:
T_SO . .
EY, {/ fU(so 41, Y, e #rdr + wﬁ(i)(YS;SO)e_%“U} < wy(y),
0

that is J,,(s0, y,¢") < wi(z) and finally ®,,(s¢,y) < lim infw}(y). m
Proof. (Lemma 5.14) (a) Obviously

T—s
§OSY _ KPS — Y {Q(YT—S)G_"OTS " / For(s Yr)e‘““‘dr/ft}
0

where the right side is a martingale. Hence 6;°*Y is a supermartingale if K7"*" is a supermartin-
gale. The nonnegativity of 5¢’S’y is a consequence of the defintion of a supermartingale, 51? Y >
EY, [67—s/F:] and 69*Y = 0. Furthermore by the Prop 5.8, the function ®,(s + t,y) is continu-
ous with respect to y and verifies |®,,(s +t,4)| < N(1 + |y[)™ . Then by lemma 2.7 [14] p144,
lim K" = K%Y Vit € [0,T — s] if ™ — 1) . We can choose step strategies 9" so that we need

n—oo

prove Kf’ % is a supermartingale for step strategies only. It suffices to prove that ]EW (K, /Fr] < Ky,
(a.s.) for ty >ty if uy = uy, € K on [t1,ty) and v; = Bluy,] € [0,n] for t € [t1,t5). We then have by
the Lemma 5.19

t1
ES, K, /Fu] = /0 For(s 41, Ysw)e s dr (76)

t2 8, Y ——
—I-Eziy[/ (s +t,Y,)e #tdt + e_“"g D, (s + tg, Ys,)/Fy,] (77)

t1

t1 Ly
/ For(s+nY)e " dr (78)
0
—Wﬁ}’s’y iy B ¥,8,y
+e Th Gs+t1,s+t2 D, (s + t2, Y, ). (79)

23



So that it remains to prove the assertion (b) of the lemma.
(b) Our objective is to prove that G, (t,y) < @,,(s,y)(= supginf, Jp" =hlu] (s,y)). We construct

a sequence of subdivisions of [, 7] whose diameter tends to zero:

t=s0=s5p<..<8;<..<sp; =T, IIlJaX(S;Jrl —s;) — 0.

1——+00

By lemma 5.12, Proposition 5.8 and the assumptions (A1)-(A5), we get for g = (ug, vo) € K x[0,n]

NA+)™ 2 @ulty) > GyaGa-Ga s, 90) (30)
> GGG 9(y) (81)
0°°1 1°2 Tl(l) 1’ n(z)
Tt
= Eg’% {+ i fwo(t—i—r,Y})e“’Tdr—i—g(YT_t)e“’Ti] (82)

v

—N(+[y)™ (83)

s IVESY)
n(i)—1’"n(i)
does not exceed N (1 + |Y,“2¥])™, the latter expression having a finite mathematical expectation.
t—s - i —pi—
Then by G¥,G G -Gy o gly) =EY, [ I flr(s b, Y )ePrdr + wi (Y y)e ] :

S1:92 Sn(i)fl’sn(z)
and the application of Lebesgue’s theorem and Theorem 5.13, we deduce

where N does not depend on y. This implies that forevery u € K, G Gy 4i...G

1—00

t—s
lim G¥ui(y) = EY, { / fws+r,n>e—@rdr+wém_s>e—%s} (34)
= GUP.(ty). (85)

Finally by lemma 5.12, we have

G?,tﬁ(t y) - ZEIED Glsp,thf),siGsi,sé"‘Gs;(i%l,s;(i)g(y) S q)n(87 y)

|
Proof. (Lemma 5.16) First (b) is a consequence of (a). Indeed, by (a) with r}* = 0, we have

Bs) = inf B | [ e =B+ e Yge e 1 B+ n e | @9

If f:= f*+n(g — ®,),, since f* > f*and that ®, > g,, we have for every 7 = 7,

D, (s,y) > 1/r\14f Ey {/ fUs+t,Y)e #dt + go(s+71,Y.)e” ”T] (87)
ue
> sup inf EY [/ fUs+t,Y)e #tdt + go(s+71,Y)e ‘PT] ) (88)
TETST“EM s)

Furthermore if we define 79 = inf{t > 0, ®,(s +t,Y*) < g(s +t,Y,*)}, fort € [0, 7) we have
fis+t, V") = fu(s+t,Y"), D,(s + 1, V%) = gu(s +t,Y") and in (86) we find

D, (s,1y) = uel./r\l/lf(s EY {/ [s+t,Y)e #tdt + gn(s + 10, Y )e™ ‘PTO] i (89)
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Then combining (88) with (89), we deduce (b).
It remains to establish the assertion (a). In fact it is enough to prove it for 7% =T — s and r = 0.
Let ¢ = (u,v) € B,, we introduce

P,8,y V,8,Y

t
Ko =To(s + 60 [ s pypene o ap
0

and ¢, = elo owdp, By the Lemma 5.14 the process K is a supermartingale. Thus applying the lemma
of Appendix 2 in [14], the process p; = K;¢; — fot Kdo, is a supermartingale and

P(s,y) =Epy > Epr_s > " T IEKr_, — Bp(s, )] + Puls,y). (90)

Using Fubini’s theorem, we prove that

T—s
]EPT—S = ]EZZ/ |:g(T, YT_S)B_SOT_S + / [fut + @t(g - (}Tn)](s + 1, Y})e_%dt] .
0

Further we note the upper bound of the last expression with respect to v is

T—s
By [9@ Ve o+ / [ g = )]s + 1, Yt)e“"tdt]

Thus taking the upper bound and the lower bound with respect to respectively v and « in (90), we find

T—s
(s, z) > %f( )Efsy U [f“ +n(g — @n)+](s +t, Yy )e #tdt + g(T, YTS)MT—S]
ueM(s ’ 0

> en(T—s) sup inf (E[KT—S] — @(S, y)) + Kn(sa y)
b uEM(S)

Finally the expression of Kr_g leads to sup 1/{1/11“( )E[KT,S] — ®,(s,y) = 0 so that the expected
T ue S

equality follows. m
Proof. (Proposition 5.11) (i) follows from the Proposition 5.8.
(ii) Since B,, C B, 1, the sequence ®,(s,y) increases. Moreover by Corollary 5.17 ®,, < ® so that
we define ®(s,y) = 7}1_{1010(1)_71(8, y). By Corollary 5.17 , ®(s,y) < ®(s,y).
Recalling ®,,(s,y) < @, (s, y) (see remark 5.10 (1)), let e > 0 and o° € A,,(s) such that

T—s
Puls,y) = Puls,y) > sup EYY [ / [T+ vig))(s + , Vi)e #tdt + g(T, YTs>e“’T-s] —e
T veN(s) ’ 0
T—s
> om0 gl 6 Yoe 4 (T, Yoo | < 2 o € NG@)
0
We take for 7 € 7, r , v; = nr<;. Then, using Fubini’s theorem we get
o T-—s t
D, (s,y) > Eg‘; [/ L ) [/ F(s+p,Y,)e %rdp + g(s +t, n)e@t]dt:|
T 0

T—s
TEY {e—n@—s—ﬂ [ /O Fo (s 1, Yy)e #dt + g(T, YT_s)e‘“”“]] —e 92
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We introduce

t €.s, e af,s,1
) = [ e H s e A ST
0
() = (T —s),t>T —s. (93)

Furthermore we introduce a random variable ¢ which has an exponential distribution with a param-

eter equal to unity and which, in addition, does not depend on {17°"*¥(t)} . We obtain ®,(s,y) >
af 1

Es,yn(T + Zf) —&.

Therefore, by Lebesgue’s theorem

O(s,y) +¢ > EZn(7)
O(s,y) +e > supEln(r) > infsupE,n(r)
Letting ¢ tend to zero then ®(s,y) > ®(s, y) and we conclude that (s, y) = ®(s, ). The rest of the
proof is a consequence of Dini’s theorem and the property |g,(s,y)| < N(1 + |y|)™ with the same
constant /V for all n,s,y. m
Proof. (Theorem 5.2)

Corollary 5.18, properties of supermartingales and ®(s,y) = po imply

®(s,y) =EL,(po) > B, (pr) = E, {/ £ (s +,Y0) + 0D (s + 1, Yy)]e oy
0
+B(s 4 7, Y, )e P Jo | 94)

which proves inequality (60).
Nextlete > 075, =inf{t >0: ®(s+¢,Y,"") < g(s+¢, YY)+ c}and 7" < 75

u,S,Yy U8,y "

According to DPP (see Prop 5.8) for each n,

Buls.p) = s nt ESL[ (7 Bl + 8 Yoe s
BEA(s) ueM(s) ’ 0

+®,(s +7,Y,)e ]

sup it [ 4 Bluhg)(s + 1. Ve s

BeA(s) uEM(s) 77 g

FB(s 47, V)]

IN

Taking the limit as n — oo and using the fact that ®,, * ® we have

O(s,y) < sup inf E:yﬁ {/ (f* + Blulig)(s +t,Yy)e ?tdt + D(s + T,}/T)e_%] ) (95)
BEA(s) ueM(s) 7’ 0
Now by (94) and the inequality ® > g we get
O(s,y) > ng {/ (f* + Blulig)(s +t,Yy)e ?tdt + (s + T, YT)e_(pT} ) (96)
0
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so that combining (95) and (96) we find

®(s,y) = sup inf E:yﬂ [/ (f*“ + Blulig)(s +t,Y,)e ?dt + (s + T, YT)espfl . (97)
BeA(s) UEM(s) 7 0

Further, we take a sequence u’ € M(s) and 3° = 3[u’] € A(s) such that
O(s,y) = lim B { / T( FU+ Blug) (s + t, Yt)e‘“"?i’ﬁdt + (s + T, n)e—ﬂi—fo“[“i]pdp] . (98)
im0 0
From g(s +t,Y;"*Y) < ®(s +t,Y;""") — e for t < 72%Y, (94) and (98), we find
elim Egy [/T Blulle 9o B[ui}pdpdt] = 0. (99)
=00 0
By lemma 4.2 in [Krylov] p 153, (99) and (98) we deduce
®(s,y) = lim E;‘Zy [/T (s +t,Y,)e 9 tdt + (s + T, YT)e_‘pT} : (100)
tmee 0
On the other hand by Corollary 5.18, the process

K = als 1) | [ s e ran)
0

is a continuous supermartingale. Therefore according with lemma given in appendix 2 in [14],
K — plPlhsv s a supermartingale for each ¢ = (u, B[u]). In particular, E! K. < EY p.
which together with (100) and (94) yields

O(s,y) = lim B K, < limEYMp,

= lim B, [0+ 7, Yo or At
+ /T(f“’z; + Blu']®@) (s + t, Yt)e—@t—f(f Blu'lpdp gy |
0
Thus
®(s,y) < E, { / U+ Bl @) (s + 1, Yier e Aoy
0

+®(s + 7, Y, )e eI Alulndr
< D(s,y).

The required equality is then proved. m
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