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Chapter 1

Introduction

To explain how heavy atomic nuclei have been formed from their constituents, and

to solve many other problems related to astrophysics or to the basic properties of

matter, we need a profound understanding of how a large number of protons and

neutrons interact with each other [1]. In this thesis, we study infinite nuclear matter

[2], which contains an infinite number of interacting nucleons. Infinite nuclear matter is

useful for testing of nuclear interaction models, and its equation of state and symmetry

energy provide valuable information about astrophysical systems and processes [3–6].

The nuclear matter equation of state has been studied using first-principle methods

through many decades [7, 8], but still different approaches give deviating predictions

(see Refs. [9, pp. 139–143] and [10]). Open questions are related to, among other,

the nuclear forces [11–16], many-body correlations [17–23], and relativistic effects [9].

Here we concentrate on many-body approaches and their application to infinite nuclear

matter.

It is a long-term goal in the nuclear theory community to couple descriptions with

different levels of predictability, such as lattice QCD, quantum mechanical ab initio

methods, and mean-field theory, to each other [1, 24]. Infinite nuclear matter plays an

important role when first-principles methods are connected with mean-field theory, as

the nuclear matter equation of state may be used to extract energy-density functionals

or Skyrme forces for nuclear systems [10, 25–28]. In this thesis, we apply an ab initio

many-particle method, called coupled-cluster (CC) theory [29–33], to infinite nuclear

matter. Coupled-cluster theory has proven to be a reliable and efficient tool to study

finite nuclei (see, for example, Refs. [34–42], or, for reviews, Refs. [43, 44]). Instead of

using the Bochum truncation [43], as was done in the earliest CC studies of nuclear

matter [17, 43], we formulate the CC equations similarly as has been done in recent CC

studies of nuclei [44], with truncations after n-particle-n-hole excitations [33]. Our aim

is to reintroduce CC theory to the toolbox of modern ab initio many-body methods
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that are used to study infinite nuclear matter [18–22, 45–48], and thereby provide more

insight about many-body correlations in this system.

In condensed matter physics, the electron gas [49] plays a similar role as infinite

nuclear matter in nuclear physics. Coupled-cluster theory has been applied to the three-

dimensional electron gas in several studies, both in the thermodynamic limit [50–53]

and lately using finite-cube approximations [54–58]. As an application of CC theory,

we study the two-dimensional electron gas using similar techniques as in Refs. [54–58].

In these calculations, we include CC correlations beyond the level of approximations

that Freeman used in his studies [59, 60].

Contributions

My most important contributions to this thesis are presented in Paper II. We approx-

imated the CC equations for nuclear matter by retaining only particle-particle and

hole-hole ladder diagrams in the CC doubles (CCD) [61, p. 258] amplitude equation.

Particle-particle and hole-hole ladder approximations are common in, for example, self-

consistent Green’s function theory (see Refs. [62] and [63, pp. 413–416]). I derived and

implemented the CC ladder equations in a partial-wave basis using exact Pauli exclu-

sion operators. Our formulation uses ideas first applied by Suzuki et al. [64] to the

Brueckner-Hartree-Fock (BHF) method [7, 8, 65–69].

As a first application of the CC ladder approximation, I studied pure neutron matter

using different nucleon-nucleon interaction models derived from effective field theory

(Ref. [70] and Paper I). The results, which are given in Paper I, show that the optimized

NNLOopt parametrization of Ekström performs well for neutron matter as compared to

the N3LO interaction of Entem and Machleidt [70]. To verify the CC ladder method, I

have implemented the well-studied BHF approximation using angular-averaged Pauli

operators [67] and continuous single-particle states [68, 69]. As a third application

of the CC ladder approximation, we used our results to verify another CC method

for nuclear matter, presented in Paper III. In the latter method, the CC equations

are formulated using cubic boxes containing a finite number of nucleons, similarly as

has been done in Monte Carlo methods [71] for nuclear matter and in CC studies

of the electron gas [54–58]. When using twist-averaged boundary conditions [72] to

approximate the thermodynamic limit, we obtained very similar results with the two

quite different CC ladder approximations. To compare with the accurate auxiliary-

field diffusion Monte Carlo (AFDMC) method [73], I implemented and used the simple

Minnesota potential [74]. Both the CCD approximation of Paper III and the CC ladder
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approximation of Paper II gave neutron matter equations of state in close agreement

with the AFDMC method (see Paper III).

In Chapter 5, we discuss a possible implementation of CC theory for nuclear matter

that uses a spherical Bessel basis, following ideas by Gaute Hagen, Morten Hjorth-

Jensen, and Thomas Papenbrock.

Finally, I have implemented the CCD approximation for the electron gas using

finite-size boxes, as was done in [54–58] and, for nuclear matter, in Paper III. To verify

the implementation of the CCD approximation, I wrote a general CC code in the

singles-doubles (CCSD) approximation [61, p. 258] that I applied to parabolic quantum

dots, similarly as in Ref. [75]. Following Refs. [54–58], we modeled the effective electron-

electron interaction using Ewald’s method [76–79] when studying the electron gas. In

this thesis, we apply the CCD method to the two-dimensional electron gas, and we

compare correlation energies with in-medium-SRG (IM-SRG) [80] results [81, 82] and

full configuration-interaction quantum Monte Carlo (FCIQMC) [83, 84] results [85, 86].

Our study shows that correlations beyond the CCD truncation are necessary to model

finite-size approximations of the two-dimensional electron gas with high accuracy.

Outline

In Chapter 2, we define infinite nuclear matter and the electron gas. We explain why

the nuclear matter equation of state is important in astrophysics and nuclear theory,

and we mention microscopic methods that have been used to study infinite nuclear and

neutron star matter. Furthermore, we briefly review studies of the electron gas. Chap-

ter 3 is devoted to the infinite-matter many-body problem, including the Hamiltonian

operator, single-particle bases, and many-particle wave functions. In Chapter 4, we

discuss many-body perturbation theory [61, pp. 18–53] and the BHF approximation.

We also sketch how we have implemented the BHF method and low-order approxima-

tions of many-body perturbation theory. The results of this thesis are mainly discussed

in Chapter 5. We start with a short introduction to CC theory. Thereafter, we present

Papers I–III, including the main ideas, details on implementation and verification, and

some results. We also discuss a different way to implement CC theory for nuclear

matter, in which the infinite system is approximated using a spherical box. Finally, we

show how we have formulated, implemented, and verified the CCD approximation for

the two-dimensional electron gas. We compare CCD energies for the two-dimensional

electron gas with results obtained with the SRG [81, 82] and FCIQMC [85, 86] meth-

ods, as well as with previous studies. In Chapter 6, we give a summary of the thesis,

and discuss possible ways to extend our CC studies of infinite matter.





Chapter 2

Background

The subject of this thesis is related to fields as different as nuclear astrophysics and nan-

otechnology. On a general level, we are interested in questions considering, for example,

the origin of the chemical elements, the stability of nuclear matter [1], and physical

properties of technological devices on a nanoscale [87]. To learn more about these sub-

jects, we can study complex systems such as neutron stars, supernovae, atomic nuclei,

and nanoscale transistors. The way to approach complicated systems in physics is by

using simplified models. Hopefully, the models can tell us something essential about

the behavior of real physical objects. In this thesis, we study theoretical approaches

for one such class of models: infinite matter. Papers I–III consider the nuclear inter-

action and nuclear structure theory, and the main emphasis of the thesis is, therefore,

on applications to nuclear physics. As we define it, nuclear matter is a many-fermion

system. Another well-known extended fermion system is the homogeneous electron

gas [49]. Due to the formal similarity, these two systems can often be studied using

the same theoretical methods. We therefore use the homogeneous electron gas as a

benchmark system, for comparisons with other established methods, and to illuminate

different aspects of the theoretical methods. In the following sections, we define infi-

nite nuclear matter and the homogeneous electron gas, explain why the systems are

important, and briefly review some of the related research.

2.1 Infinite nuclear matter

As far as we know, there are four different fundamental types of interactions in nature.

These are the strong, weak, electromagnetic, and gravitational interactions. At high

energies, the weak and electromagnetic interactions are shown to converge towards

the same interaction; the electroweak interaction (see Refs. [88, pp. 261–325] and [89,

pp. 177–213]). All these fundamental interactions are present in nucleonic matter,
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which we define as matter with nucleons as building blocks. As predicted initially by

Gell-Mann and Zweig and verified later experimentally (see Refs. [90] and [89, p. 4]),

nucleons have internal structure. Hadrons, including nucleons, consist of quarks and

gluons, where the latter mediate the strong interaction between the quarks. Accord-

ing to the successful standard model of elementary particles, strong interactions are

described by a theory called Quantum Chromodynamics (QCD) (see Refs. [89, pp. 149–

151] and [91]). Nucleons are important both as building blocks of atomic nuclei and as

basic consitutents in stellar matter.

Similarly as described in, for example, a review article by Day [2], we define infinite

nuclear matter as an infinitely large system of homogeneously distributed nucleons. In

particular, we study two different nuclear matter systems: symmetric nuclear matter,

which contains the same amout of protons and neutrons, and neutron matter, which

has only neutrons as building blocks. Symmetric nuclear matter is by definition a

system with zero electrical charge [2]. In finite nuclei, the gravitational force is van-

ishingly small [92, pp. 2–3] compared to the other fundamental interactions, whereas

in macroscopic nuclear objects, such as supernovae [93] and neutron stars [3, 5], the

gravitational force plays an important role. However, the gravitational interaction only

affects the density of the system. When studying infinite nuclear matter, we neglect

the weak interaction, which causes β decays [89, p. 5], and concentrate only on residual

effects of the strong interaction.

2.1.1 Connection to astrophysics

To understand more about the origin of the chemical elements, the evolution of stars,

and the inner mechanisms of the building blocks of matter, we need more knowledge

about the structure of nucleons and how they interact. In this thesis, we focus on the

nuclear matter equation of state. This equation of state describes strongly interacting

matter containing only protons and neutrons [2]. As is reviewed in, for example,

Ref. [91], strongly interacting matter is predicted to appear in many different phases

depending on the temperature and the baryochemical potential 1. For example, at

sufficiently high temperature and baryochemical potential, quarks and gluons become

much less confined and form a so-called quark-gluon plasma [91].2 In our work, we

assume that the temperature and baryochemical potential (or density) are sufficiently

low such that the quarks and gluons are confined as hadrons. According to Ref. [3],

1The baryochemical potential tells how much energy is needed to add one baryon, such as, for
example, a nucleon, to the medium [3].

2At the European Organization for Nuclear Research (CERN) [94] and at Brookhaven National
Laboratory [95], formation of quark-gluon plasma is studied using heavy-ion collisions.
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phases containing deconfined quarks occur at densities around two to three times the

saturation density of nuclear matter, which is approximately 2.8 · 1014 g cm−3. In this

thesis, we study infinite nuclear matter at densities up to at most 1015 g cm−3. One

should keep in mind that at the highest densities we study, hadrons may be mixed

with deconfined quark-gluon plasma. At densities above the saturation point, other

hadrons, such as pions, kaons, and hyperons may also coexist with nucleons [3, 4].

Presently, we do not have satisfying explanations for how all the different chemical

elements heavier than iron have been formed. One of the currently best explanations for

the formation of heavy neutron-rich elements is a mechanism called the rapid-neutron-

capture process (r-process) (see Refs. [96] and [97, p. 265]). There is no agreement of

where in the universe the necessary conditions for r-processes are fulfilled, but core-

collapse supernovae and merging neutron stars are among the suggested locations [96].

According to Arnould [96], accurate r-process simulations require very precise data for

a large number of stable and unstable nuclei. It is costly and difficult to measure all the

required nuclei experimentally; therefore, predictive theoretical methods will be nec-

essary to understanding the r-process [96]. Ideally, a predictive microscopic model for

many-nucleon systems should reproduce the experimental saturation point of nuclear

matter. In that way, nuclear matter calculations are a good test-bed for microscopic

theories. As part of a larger effort, such calculations are needed to model r-processes

accurately [96]. The nuclear matter equation of state, as well as the closely related

symmetry energy, are also important components, for example, when predicting theo-

retically how much energy is released in a supernova type II explosion [98]. Likewise,

the same equation of state is an essential input to neutron star models [3, 5]. Let us,

therefore, briefly consider the formation and composition of neutron stars.

We define a Type II supernova following Boyd [97]: Consider a heavy star with a

mass larger than ten times the solar mass. When the star has burnt up its fuel, the

core contains elements lighter than or equal to iron. When the fusion processes do not

release more energy, the core of this big star may start to collapse due to the strong

gravitational field. The stellar matter of the core gets compressed until the density

is a few times the saturation value. This results in a giant explosion where matter is

thrown out. Eventually the core is left. In the so-called Type II supernova, the dense

core may become a neutron star [97, pp. 238–239].

There are many reasons why neutron stars are scientifically interesting objects.

Firstly, neutron stars are part of several different hypotheses for where the r-process

could occur [96, 99]. Secondly, we can learn more about how strongly interacting matter

behaves at high densities by comparing different theoretical neutron star models with
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astrophysical observations [4]. According to current observational data and theory

[5], neutron stars have masses between one and three times the solar mass inside a

radius that is roughly 12 kilometers. Some recent observations indicate that neutron

stars may be even smaller, with a radius of only 9 kilometers [6]. General relativity,

causality, and rotational arguments give upper and lower limits for the mass, as well as

maximum radii corresponding to different masses [4]. Different theoretical approaches

predict different relationships between the neutron star radius and mass [3, 4, 100].

In our description of the composition of neutron stars, we follow Refs. [3, 4]. Neutron

stars contain strongly interacting matter in a number of different phases. The phases

are believed to exist in layers, forming an onion-shell-like structure. The main body of

the star contains inner and outer cores, constituting around 99 % of the total mass, as

well as inner and outer crusts. Outside the crust, there is an envelope, and finally a

gaseous phase surrounds the solid sphere. The neutron star composition is illustrated

in, for example, Figure 3 of Ref. [4]. In Table 2.1, we list the compositions and the

estimated densities of the core and crust. It is still uncertain exactly what kind of

phases exist in the inner core, but possibly there is a mix of nucleons, hyperons, Bose

condensates of kaons and pions, and maybe deconfined quark matter. The outer core

contains mostly superfluid neutrons, but also a fraction of superconducting protons.

Electrons and muons neutralize this layer. In the crust, neutron-rich and heavy nuclei

appear in lattice structures. The crust also contains electrons and superfluid neutrons

[3, 4].

Neutron star models have many different sources of uncertainties. As described in,

for example, Refs. [3, 101], the nuclear matter equation of state is a central ingredient

in neutron star models. Despite more than half a century of research, most theoretical

approaches are unable to predict the correct saturation properties of symmetric nuclear

matter [3, 20–23, 45, 101–106]. The symmetric nuclear matter equation of state is,

therefore, still poorly understood. A source of uncertainty in neutron star models is

nuclear forces including hyperons [3, 107]. In neutron stars, the neutron-proton ratios

are typically highly asymmetric, and it is, therefore, necessary to have good models for

asymmetric nuclear matter [3]. As we explain in the next paragraph, the symmetry

energy is also important in neutron star models [6]. The symmetry energy is defined as

the difference between the energy per nucleon of pure neutron matter and symmetric

nuclear matter. Because of the uncertainties related to the nuclear matter equation

of state, there are large differences in theoretical predictions of the symmetry energy

[45, 108–112].
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Layer Density (g · cm−3) Composition
Inner core ≈ 1015 Nucleons and possibly

hyperons, Bose condensate
of kaons and pions,
and deconfined quark

matter
Outer core 2 · 1014 − 1015 Superfluid neutrons,

superconducting protons,
electrons and muons

Inner crust 4 · 1011 − 2 · 1014 Neutron-rich nuclei,
superfluid neutrons,

and electrons
Outer crust 106 − 4 · 1011 Heavy nuclei and

electrons

Table 2.1: The composition of a neutron star, as described in Refs. [3, 4]. For compar-
ison, the saturation density of nuclear matter is approximately 2.8 · 1014 g cm−3.

Let us give a few examples that illustrate the importance of the symmetry energy.

First, it is well known that the composition of both neutron stars [4] and supernova

cores [113] are sensitive to the symmetry energy. The composition, in turn, may

determine what cooling mechanisms are possible for the neutron star [3]. According to

current understanding, neutron stars cool by neutrino emission, among other [4]. The

modified Urca process, which is slow, and the fast so-called direct Urca process are two

important neutrino-emission cooling mechanisms that have been suggested [114]. The

direct Urca process may occur only in neutron stars with a sufficiently high proton-

neutron ratio. As the proton-neutron ratio depends on the symmetry energy at β

equilibrium, reliable predictions of the symmetry energy are necessary to understand

how neutron stars cool [3]. The reader is referred to, for example, Refs. [3, 4] for

more details about the connection between the direct Urca process and nuclear matter

models. Also other neutron star observables, such as the radius-mass relation, are

strongly dependent on the neutron-proton ratio, and thereby the symmetry energy

[115]. Better theoretical predictions for the symmetry energy will therefore give more

reliable astrophysical models. For a recent review considering the symmetry energy,

the reader is referred to Ref. [6].

The nuclear matter equation of state and the symmetry energy have been studied

experimentally using heavy-ion collisions, giving constraints at densities above and

below the saturation point [6, 116, 117]. Experimental information about the symmetry
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energy has also been obtained by measuring the neutron skin thickness, as well as

properties related to giant monopole and dipole resonances [6].

2.1.2 The infinite nuclear matter problem

Infinite nuclear matter is, as we define it, a relativistic quantum system with an infinite

number of interacting nucleons. Given the homogeneous structure, naively one may

assume infinite nuclear matter to be a very simple system to study. In fact, many

theoretical many-body methods can be formulated easier for a homogeneous system

than for, for example, finite nuclei. In particular, the single-particle basis, which for

infinite nuclear matter is the plane-wave basis, is much simpler than for finite nuclei.

Nevertheless, infinite nuclear matter has been studied using microscopic approaches

for more than half a century [7, 8], yet still there are large deviations ([9, pp. 139–143]

and [10]) between predictions of different theoretical methods for this system.

Commonly, infinite nuclear matter is modeled using either ab initio many-body

methods [9, 118] or mean-field approaches [27, 119]. The ab initio methods use a

Hamiltonian operator containing two- and many-body interactions. Normally, the

only adjustable parameters in an ab initio calculation are in the Hamiltonian. Optimal

parameter values for the two-body interaction are obtained by fitting phase shifts to

experimental nucleon-nucleon scattering data [14]. The three-body interaction may

have additional parameters which are adjusted to, for example, observables of triton or

helium [16], or to the saturation density and/or energy of symmetric nuclear matter [21,

101, 120, 121]. In principle, ab initio methods provide a systematic way of improving

the result towards the exact solution, given a Hamiltonian operator. However, the

results are truly based on first principles only if that is also the case for the Hamiltonian

operator.

Self-consistent mean-field approaches [119], such as the Skyrme-Hartree-Fock method,

the Gogny model, and relativistic mean-field theory, are methods closely related to

density functional theory [122], which is very popular in quantum chemistry and con-

densed matter physics. However, the former methods are tailored to nuclear physics

applications. In these methods [119], an effective density-dependent interaction is used

in self-consistent calculations. The effective interaction contains several free parame-

ters, which are typically fitted to reproduce, optimally, observables of many different

nuclei, and possibly also saturation properties of symmetric nuclear matter [10]. In

self-consistent mean-field methods, the many-body problem is reduced to an effective

one-body problem, which makes these methods computationally considerably simpler
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than ab initio approaches. As a result, self-consistent mean-field approximations can

be used to study nuclei from the lightest to superheavy elements [119].

Because self-consistent mean-field methods cannot be systematically improved, for

example as a function of a convergence parameter, as is common in ab initio methods

[118], the mean-field approaches are believed to have less predictive power than ab initio

approximations. Ab initio calculations provide therefore important tests for mean-field

parametrizations. In this context, ab initio predictions for the nuclear matter equation

of state play an important role [10]. Ab initio methods, such as the nonrelativistic

BHF and the relativistic Dirac-Brueckner-Hartree-Fock (DBHF) [123–128] approach,

have been used [10, 25–27] to extract density functionals or Skyrme forces. Even if the

resulting mean-field methods have a microscopic foundation, the quality of these ap-

proximations are currently not as good as more empirical Skyrme-Hartree-Fock models

[10]. The quality of local density approximations for nuclear systems would probably

improve if we had more realistic nuclear matter equations of state [22, 28].

As pointed out by van Dalen and Müther [103], one might first assume that relativis-

tic effects are small in nucleonic systems, because the saturation energy per particle in

nuclear matter is much smaller than the nucleon mass in energy units. On the contrary,

calculations show [103] that relativistic effects give important contributions for infinite

nuclear matter, in particular as compared to nonrelativistic approaches with only a

two-body interaction. Dalen and Müther also found not negligible relativistic effects in

finite nuclei [103]. According to Ref. [103], relativistic ab initio calculations for finite

nuclei are complicated and have, therefore, not yet been done. Instead, nonrelativistic

approaches for finite nuclei have been widely used [44, 62, 129, 130], giving results in

good agreement with experiments, in particular when three-body forces are included

[41, 129–133]. Relativistic and nonrelativistic mean-field methods are used for finite

nuclei and nuclear matter side by side, and in the best calculations both approaches

give approximately the same accuracy [10]. As we see, nonrelativistic and relativistic

microscopic methods have a complementary role in describing low-energy nuclear sys-

tems. Because this thesis considers nonrelativistic ab initio methods, we concentrate

on this group of methods in the rest of the present section.

When studying infinite nuclear matter, an important test for the microscopic method

is to compare the theoretical saturation properties with experimental data. Inside a

heavy nucleus, the density is approximately constant and similar for different nuclei

[134, pp. 13–14]. The density in the center of nuclei can be obtained from electron

scattering experiments, and different estimates around 0.16–0.17 fm−3 are used in the

literature (see Refs. [135] and [136, p. 2]). This is believed to be the saturation density
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Figure 2.1: Even if different two-body interactions are optimized to reproduce the
same nucleon-nucleon phase shifts, they give very different predictions for the sat-
uration point of symmetric nuclear matter. The figure shows results [45] obtained
with the nonrelativistic Brueckner-Hartree-Fock method (BHF) and only two-body
interactions, with the Brueckner-Hartree-Fock method including three-body forces
(BHF+TBF), and relativistic results obtained with the Dirac-Brueckner-Hartree-Fock
(DBHF) method. The saturation points are given as the energy per particle B/A at
a density ρ. Different points with the same color represent calculations with different
two-body interactions. The unfilled square represents the uncertainty region of the
experimental saturation point. The figure is courtesy of Ref. [45]. Reprinted figure
with permission from Z. H. Li, U. Lombardo, H.-J. Schulze, W. Zuo, L. W. Chen, and
H. R. Ma, Phys. Rev. C 74, 047304 (2006). Copyright (2006) by the American Physical
Society. http://link.aps.org/abstract/PRC/v74/p047304
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of nuclear matter, also in the infinite-matter limit. According to the semiempirical

mass formula, the energy of a nucleus is [134, p. 17]

E = −cVA+ cSA
2/3 + cCZ

2A−1/3 + cM(A− 2Z)2A−1 + cP δA
−3/4, (2.1)

where A is the total number of nucleons, Z is the number of protons, δ is a constant

that depends on the parity of Z and A, and cV , cS, cC , cM , and cP are constants

related to the volume, surface, Coulomb, symmetry, and pairing terms, respectively.

In the special case of symmetric nuclear matter, only the volume term is nonzero. The

parameters in the semiempirical mass formula can be determined by simultaneously

optimizing with respect to many different nuclei [135]. Such an optimization gives

an estimate for the volume term, and thus also for the experimental binding energy

of symmetric nuclear matter. According to Chabanat et al. [135], the experimental

binding energy of nuclear matter is −(16± 0.2) MeV per nucleon.

Figure 2.1 shows a typical set of saturation points for symmetric nuclear matter,

as obtained with different ab initio many-body methods and different interaction mod-

els. The figure, which is from Ref. [45], presents saturation points obtained with the

nonrelativistic BHF method [7, 8, 65–69] and the DBHF method [123–128]. The lat-

ter approach is a relativistic counterpart of the BHF approximation. The uncertainty

region of the experimental saturation point is marked by a blue unfilled square. As

can be seen from the figure, saturation points obtained with the nonrelativistic BHF

method and different two-body interaction models (black circles) occur approximately

on a line that does not cross the experimental uncertainty region. The phenomenon of

saturation points obtained with the same many-body method and different interaction

models aligning so that a higher saturation density means more binding is well-known

for both nonrelativistic [137] and relativistic calculations [9, p. 141]. When includ-

ing only a two-body interaction, nonrelativistic calculations typically give a so-called

Coester band much farther from the experimental saturation region than relativistic

calculations do [9, p. 141]. Figure 2.1 also shows another commonly observed feature:

When including three-body forces in nonrelativistic calculations, the saturation point

is usually closer to the experimental value than in calculations neglecting three-body

interactions. It is a prevailing understanding (see Refs. [9, pp. 139–143] and [133]) that

either three-body interactions are needed in nonrelativistic calculations or a relativis-

tic many-body method is necessary to obtain saturation properties in agreement with

experimental data.

In many-body perturbation theory, the energy can be expressed in terms of Gold-

sone diagrams [61, Chapter 5]. The hole-line approximation [2, 66] builds on the as-

sumption that the total contribution from all Goldstone diagrams with n independent
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hole lines is larger than the contribution from all diagrams containing n+1 hole lines.

Given a truncation level n, all diagrams containing more than n hole lines are therefore

neglected from the perturbative expansion. As Day explains [2], the truncation in the

number of hole lines is justified only at sufficiently low densities. According to Song

et al. [18], the approximation breaks down above 3ρ0, where ρ0 is the experimental

saturation density of nuclear matter. The above mentioned BHF method is equivalent

to the lowest-order approximation of the hole-line expansion, including diagrams with

maximally two independent hole lines [66]. The BHF approach is one of the standard

methods for infinite nuclear matter, and has been used and developed in a large num-

ber of studies, starting in the 1950s with the publications of Brueckner and co-workers

[7, 8, 138, 139] and continuing until the present [2, 18, 45, 64–69, 109, 140–150]. Mahaux

et al. introduced continuous single-particle energies [68, 69] in the G matrix, giving a

faster convergence [18, 142] in terms of hole lines than the traditional gap choice [67].

The BHF approximation has been extended to finite temperatures [141, 147], asym-

metric nuclear matter [143, 151, 152], and hyperonic matter [145, 153], among others.

In Chapter 4, we review the theory and give details about the implementation of the

BHF method.

In addition to the many BHF calculations, there are only a few studies of nuclear

matter using higher-order hole-line approximations [18, 154, 155]. By definition, Bethe-

Brueckner-Goldstone (BBG) theory [2, 66, 156] does not determine the exact form of

the energy denominator. A necessary condition for convergence in the number of hole

lines is that the calculation does not depend on the choice of single-particle poten-

tials in the energy denominator [66]. Song et al. have compared [18] a three-hole-line

approximation using the traditional gap choice with a calculation using continuous

single-particle energies. In the study of Song et al. [18], the two approaches gave

approximately the same binding energy, differing by less than 1 MeV around the sat-

uration density. The weak dependence on the choice of single-particle potentials may

indicate that a three-hole-line approximation is sufficient to obtain converged results.

In agreement with studies using other methods, the results of Song et al. show that it is

necessary to take into account three-body forces in order to reproduce the experimental

saturation point [18].

A method that is related to the hole-line approximation is coupled-cluster theory

[29–33]. The first coupled-cluster calculations for nuclear matter were done using the

so-called Bochum truncation scheme [17, 43]. Day and Zabolitzky did calculations

[17] containing three-body equations, and also included an estimate of the four-body

amplitudes. Whereas the inclusion of three-body terms gave a significant contribution



2.1 Infinite nuclear matter 15

to the binding energy, their estimate including a subset of the four-body terms gave

results very similar to the three-body approximation. Provided that the approximation

of the four-body equations was reasonable, the results showed convergence for the

Bochum coupled-cluster method. Day and Zabolitzky also compared their coupled-

cluster calculations with the hole-line approximation. For Fermi momenta between 1.4

and 1.8 fm−1, the four-hole line approximation gave binding energies differing at most

almost 3 MeV from their most accurate coupled-cluster results [17]. In Paper II, we

explain the differences between our coupled-cluster implementation and the Bochum

scheme. In Chapter 5, we give an introduction to coupled-cluster theory.

Symmetric nuclear matter, pure neutron matter, and asymmetric neutron star mat-

ter have been studied using many other nonrelativistic ab initio methods, and we will

mention some of these only briefly. There exist a large number of different methods

derived from perturbation theory, some of which are obtained by partial summation of

certain diagrammatic classes to infinite order [157, pp. 266–289]. When using a bare

interaction, nuclear matter is commonly known to be a nonperturbative system [158].

The G matrix, which is used in BBG theory, was introduced to deal with this problem

[2]. Renormalization group (RG) theory provides an alternative, modern approach to

obtain softer interactions that give the same phase shifts as bare nuclear interaction

models [80].

Nuclear matter calculations have been done [22, 80, 158–160] using two- and three-

body interactions evolved to low momenta by using either the so-called Vlowk or the

similarity renormalization group (SRG) method. When using a low-momentum in-

teraction in symmetric nuclear matter, the third-order particle-particle and hole-hole

diagrams give only a small additional contribution compared to second-order pertur-

bation theory [22]. This perturbative behavior in calculations with low-momentum

potentials is potentially a great advantage. On the other hand, in these calculations

the RG interactions have a cutoff dependency that is not negligible and increasing for

larger densities [22].

Lately, Tews et al. [47] have done perturbation-theory calculations for neutron mat-

ter with nuclear interactions derived from chiral perturbation theory including the full

next-to-next-to-next-to-leading order (N3LO) contribution, with three- and four-body

forces. Compared to calculations with three-body interactions defined only to next-

to-next-to-leading order (NNLO), the inclusion of all N3LO diagrams was found to be

important [47].

The nonrelativistic particle-hole ring approximation has been implemented for nu-

clear matter to fourth order [161]. Other methods derived from many-body pertur-
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bation theory are, for example, the model-space BHF [162–164] and the model-space

particle-particle ring [164–167] approximations. In the particle-particle ring diagram

approximation, particle-particle and hole-hole diagrams are summed to infinite order

[165], and this method is, therefore, similar to our coupled-cluster ladder approximation

presented in Paper II.

In the self-consistent Green’s function (SCGF) method [62, 118, 168], single-particle

and two-particle propagators are used to evaluate expectation values of different op-

erators. The standard SCGF approximation for extended nuclear matter includes

particle-particle and hole-hole ladder diagrams to infinite order [169]. In contrast to,

for example, the BHF and coupled-cluster methods, in the SCGF approach the Fermi

sea is correlated, and the propagators are said to be ’dressed’ [62]. According to Dick-

hoff and Müther [168], perturbations of the Fermi surface can become significant in

systems with strong correlations. Due to the symmetry between particle and hole

states, one can show that the number of particles is a conserved quantity in SCGF

calculations. Calculations in SCGF theory also have the advantage that they can be

conveniently compared to experiments through spectral functions, which are evaluated

using propagators [168]. As reviewed by Dickhoff and Barbieri [62], there are many

approaches to deal with pairing instabilities, which occur in the SCGF method. In Pa-

per II, we explain why the pairing instability problem is not present in coupled-cluster

equations. The developments of the SCGF method for nuclear matter until 2004 are

reviewed in, for example, Ref. [62]. During the last decade, several new studies of

infinite nuclear and neutron matter have been presented [21, 23, 112, 170–180].

Beside BBG, CC, and SCGF theory, different variational and Monte Carlo methods

have been important in the study of infinite nuclear matter. Let us first consider two

variational methods: the Fermi hypernetted chain (FHNC) [181] and the variational

Monte Carlo (VMC) [71, p. 342–347] approximations. In both the VMC and FHNC

methods, the variational energy is written using a Jastrow-type wave-function ansatz.

The Jastrow-type ansatz of a nuclear system is often expanded as a sum of different

operators (see Refs. [71, p. 342] and [181, pp. 138 and 140]). In the VMC approach,

the variational energy is calculated using a Monte Carlo method [71, p. 346–347].

In contrast, the FHNC approach results in a set of integral equations [181, p. 165–

169]. The so-called variational chain summation (VCS) technique, in which the Fermi-

hypernetted-chain-single-operator (FHNC-SOC) equations are solved, has been used

in several studies of nuclear and neutron star matter [19, 101, 182–184]. The VMC

method has likewise been applied to model infinite nuclear systems [19]. Whereas

FHNC approximations can be formulated with integral equations in the thermodynamic
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limit, only finite systems can be studied using Monte Carlo methods [181, p. 121].

Infinite nuclear or neutron matter is, therefore, typically approximated by a box with

a finite number of particles [19, 20, 185]. Gandolfi et al. [185] have used twist-averaged

boundary conditions to approximate the thermodynamic limit.

The variational energy estimate of the VMC method is restricted by the chosen

Jastrow-type ansatz [186, pp. 373–380]. The Green’s function Monte Carlo (GFMC)

method [71, p. 347–355] provides a recipe to improve the VMC energy to almost the ex-

act value. In the GFMC method, the Schrödinger equation is multiplied by a trial wave

function and formulated as a diffusion equation by using an imaginary time variable.

The stationary GFMC solution is obtained in the limit of infinite imaginary time, using

random walks that are guided by approximative Green’s functions for finite time steps

[187, pp. 77–100]. Due to the fermion sign problem [13], GFMC calculations cannot

be systematically improved to the exact solution. Carlson et al. have used the GFMC

method to study pure neutron matter in both the normal [19] and superfluid phases

[188]. The GFMC method is computationally expensive and is, therefore, restricted to

small systems. As suggested by Schmidt and Fantoni [73], the computational scaling of

the GFMC approach can be significantly improved by using a Hubbard-Stratonovich

transformation, which makes it possible to sample both position and spin randomly.

This approach, which is called the auxiliary-field diffusion Monte Carlo (AFDMC)

method, has been used by Gandolfi et al. in calculations of symmetric nuclear matter

[20], neutron matter [185], and neutron star matter [121]. The AFDMC method has

also been applied with a Jastrow-BCS wave-function ansatz to model neutron matter in

the superfluid phase [189]. In Refs. [46, 190], another Monte Carlo projection method

using lattice discretization has been applied to neutron matter at low densities.

Examples of other recent developments for infinite nuclear matter are, for example,

the chiral perturbation theory approaches of Holt, Kaiser, and Weise [191], and the

study of Inoue et al. [150], in which the authors use a nuclear interaction model derived

from lattice QCD. In the latter calculations, the lattice QCD two-body force still has

unphysically large quark masses [150].

2.2 The homogeneous electron gas

The focus of this thesis is on coupled-cluster theory for nuclear matter. Another impor-

tant system with infinite extension is the electron gas [49]. The homogeneous electron

gas is defined as a system of interacting electrons with a constant, neutralizing back-

ground charge [192, p. 21]. The electron gas, in one, two or three dimensions, is
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interesting as a test-bed for electron-electron correlations. The three-dimensional elec-

tron gas is particularly important as a cornerstone of the local-density approximation

in density-functional theory [122, pp. 176–183]. In the physical world, systems simi-

lar to the three-dimensional electron gas can be found in, for example, alkali metals

and doped semiconductors. Two-dimensional electron fluids are observed on metal

and liquid-helium surfaces, as well as at metal-oxide-semiconductor interfaces. These

and other physical realizations of the electron gas are presented and discussed in the

textbook of Giuliani [49, pp. 5–12]. We use the electron gas as a benchmark system

to compare coupled-cluster theory with other many-body methods. In particular, we

concentrate on the two-dimensional electron gas, for which there are very few coupled-

cluster studies [59, 60].

As we explain in Section 3.2, the nucleon-nucleon interaction has a range of only

a few fermi, but is strongly repulsive when the nucleons are close to each other [193,

pp. 5–7]. Consequently, short-range correlations are important in nuclear matter, while

the role of longe-range correlations is more debated [169]. At low density, the electrons

become localized and form a lattice [194]. This so-called Wigner crystallization [195]

is a direct consequence of the long-range repulsive interaction. At higher densities, the

electron gas is better described as a liquid [53, 194, 196, 197]. When using, for example,

Monte Carlo methods [198], the electron gas must be approximated by a finite system.

The long-range Coulomb interaction in the electron gas causes additional finite-size

effects [77, 79, 199] that are not present in infinite nuclear matter (for the latter, see,

for example, Paper III). Because of these differences, coupled-cluster approximations

face other challenges when applied to the electron gas than when used to study infinite

nuclear matter.

The electron gas has been studied using a large number of different approaches,

and we will here only mention some of the most important works that are relevant

for this thesis. We start with the three-dimensional electron gas, which has got most

attention in the literature. It is a well-known fact that the correlation energy of the

three-dimensional electron gas diverges at second order in perturbation theory [200,

pp. 44–46]. As is shown in the textbook of Bruus and Flensberg [200, pp. 246–250],

the particle-hole ring diagrams dominate in the limit of high density. Even though all

these diagrams diverge when calculated separately, the energy converges when summing

all direct particle-hole ring diagrams to infinite order [200, p. 256]. Gell-Mann and

Brueckner obtained for this so-called random-phase approximation (RPA) the first

terms of the exact energy in the high-density limit [201].
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In systems with not very high densities, short-range correlations are not negligible

[202]. Singwi et al. [202] and Lowy and Brown [203] came up with early attempts

to combine RPA with contributions for short-range correlations. The calculations of

Singwi et al. were based on dielectric function theory [202], whereas Lowy and Brown

interpolated between short- and long-range models using a diagrammatic technique

[203].

In 1978, Ceperley used [196] the variational Monte Carlo (VMC) method [71, p. 342–

347] to study the two- and three-dimensional electron gas. The obtained VMC ground-

state energies were shown to be close to other results at that time [196]. The electron

gas has also been studied [204] using the Fermi hypernetted chain (FHNC) method

[181], which is another variational approach to the quantum many-body problem. In

the VMC method, the energy estimate is restricted by the chosen Slater-Jastrow wave-

function ansatz [71, p. 342]. As we discussed in Section 2.1.2, higher accuracy can be

obtained with the diffusion Monte Carlo (DMC) method (this method is also named

Green’s function Monte Carlo). Ceperley and Alder [194] did DMC calculations for the

three-dimensional electron gas in which the fermion sign problem [13] was handled using

a released-node approximation. Similar accuracy has been obtained in more recent

calculations using the backflow-correlation technique [205], which is used to relax the

simpler fixed-node approximation. Backflow correlations have also been used in more

recent DMC studies, such as Refs. [206–208]. Ortiz and Ballone did DMC calculations

with a normal fixed-node approximation but studied systems with different degrees of

spin polarization [209].

When modeling the electron gas using a finite box, as is commonly done in Monte

Carlo methods, the energy has an error compared to the electron gas at the thermo-

dynamic limit [79]. At the thermodynamic limit, plane-wave single-particle states fill

the Fermi sphere with a continuous spectrum. However, as is illustrated in Figure 1

of Ref. [72], when the system is approximated using a finite box, the single-particle

spectrum becomes discrete. This discretization gives an error that is common to sys-

tems with short-range and long-range interactions [72]. The perhaps most obvious way

to correct for finite-size effects related to a discrete single-particle basis is by using

an extrapolation formula. As is described in Ref. [79], results from Hartree-Fock and

density-functional theory calculations can be used to construct extrapolation methods.

Another approach that efficiently reduces the finite-size error is a technique that utilizes

so-called twisted boundary conditions [72]. In calculations with twisted boundary con-

ditions, the single-particle wave function is multiplied by a complex phase factor when

moving from one simulation cell to a neighboring cell. When averaging over results
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obtained with different twist angles, the energy estimates become much more accu-

rate than when using periodic boundary conditions [72]. In Paper III, twist-averaged

boundary conditions are used to deal with finite-size effects in nuclear matter.

Finite-size approximations of extended Coulombic systems, such as the electron

gas, have additional errors that are caused by the long-range interaction [77, 79, 199].

Interactions with electrons in neighboring cells can be summed using, for example,

Ewald’s method [76–79] (see also Section 5.3). In Ewald’s approach, each electron in the

simulation cell interacts with an infinite number of image charges located at the same

local position in all other cells [78]. As is shown in Refs. [77, 199], Ewald’s interaction

cannot describe the exchange-correlation energy correctly. Chiesa et al. used a static

structure factor and a Jastrow factor derived from RPA to estimate the correction

to Ewald’s method [199]. The correction technique of Chiesa et al. [199] is directly

applicable only to Monte Carlo methods. Fraser et al. suggested [77] two different

effective interactions that avoid screening effects caused by Ewald’s interaction. The

most successful alternative was to use a normal Coulomb interaction combined with

the minimum-image convention [77]. The reader is referred to Ref. [79] for more details

about finite-size effects and different approaches to correct for the related errors.

The full configuration-interaction quantum Monte Carlo (FCIQMC) method [83] is

a new approach to the quantum many-body problem, in which the full configuration-

interaction (FCI) equations [157, p. 180] are solved approximately using a Monte Carlo

technique. Similarly as in the DMC method, the Schrödinger equation is written as

a diffusion equation with an imaginary time variable [84]. In the FCI method, the

total wave-function ansatz is expressed as a linear combination of Slater determinants

constructed from a given single-particle basis [157, p. 178]. In FCIQMC, the coef-

ficients in the expansion of Slater determinants are obtained as the large-time limit

of a random walk [84]. As we discussed above, Monte Carlo calculations of the elec-

tron gas have an error related to the finite number of particles in the simulation cell

[72, 77, 79, 199]. Methods such as FCIQMC, CC, and partial summations derived from

many-body perturbation theory have an additional error when studying systems with

a discrete single-particle basis: The result depends on the given set of both occupied

and unoccupied single-particle states [54]. This error can be corrected for by using,

for example, the single-point extrapolation technique [54, 210] introduced by Shepherd

et al. The FCIQMC method has recently been applied to finite electron-gas systems

[54, 84, 210], giving results [84] in close agreement with DMC calculations utilizing

backflow correlations [207]. In Section 5.3, we compare our CC calculations for the

electron gas with FCIQMC results of Leikanger [85].
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Singal and Das [50] were the first to study the electron gas using a CC approach.

The approximation they used is similar to the BHF method [67], and does not properly

include particle-hole ring diagrams. Later, Freeman did CC calculations [51] in which

only ring diagrams and their exchange parts were retained in a CC doubles approxi-

mation. The results of both Singal and Das [50] and Freeman [51] compared well with

dielectric-function approaches.

Presently, the most accurate CC calculations of the three-dimensional electron gas

are those of Bishop and Lührmann [52, 53]. Bishop and Lührmann derived a CC SUB2

approximation (also called CCD) for the electron gas, extended with some ladder con-

tributions from higher-order amplitudes [53]. As the authors describe in Ref. [52], the

CCD approximation contains many more diagrammatic classes than partial-summation

techniques derived from perturbation theory. The CCD approximation takes account of

particle-particle and hole-hole ladders, particle-hole ring diagrams including exchange

terms, and many other diagrams to infinite order in perturbation theory (see Refs. [52]

and [157, pp. 346–353]). In their CC approximations [53], Bishop and Lührmann re-

placed summations over hole states by averages. In fact, the nine-dimensional CC

amplitudes were simplified to one-dimensional objects, with the absolute value of the

transfer momentum being the only variable. The authors showed that the state-average

approximation is accurate in the RPA approximation. Bishop and Lührmann neglected

some diagrammatic classes, such as the hole-hole ladders and mixed ladders, which they

assumed to be small. Despite all these approximations, the final CC correlation ener-

gies are very accurate in a typical metallic density range. Relative differences of less

than one percent compared to DMC calculations of Ceperley and Alder [211] may indi-

cate that the extended CCD approximation describes most of the relevant correlations

in the three-dimensional electron gas [53].

The CC study of Bishop and Lührmann [52, 53] was very successful, but still the

calculations are based on a large number of approximations. It would be desirable

to apply CC theory to the electron gas without the same simplifications. Recently,

Shepherd et al. [54–57] have taken up again the CC effort for the three-dimensional

electron gas. The CC calculations for the electron gas from the 1970s and 1980s

were all done at the thermodynamic limit [50–53]. Shepherd et al. approximate the

electron gas using finite cubic boxes [54–57]. When using finite-size systems, the CC

equations are simpler, and it is possible to study few-particle systems that require less

computational power. Instead, one has to deal with errors related to finite particle

numbers and single-particle bases, similarly as in the FCIQMC method [54, 84, 210].
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Let us finally turn our attention to the two-dimensional electron gas. The two-

dimensional electron gas is defined in the same way as the three-dimensional coun-

terpart, and similar approaches can therefore often be used to study both systems.

As a first example, the classical derivation of the high-density RPA approximation by

Gell-Mann and Brueckner [201] has been extended to the two-dimensional electron gas

by Rajagopal and Kimball [212].

As far as we know, the only CC calculations that have been done for the two-

dimensional electron gas are the ring [59] and particle-particle ladder [60] approxi-

mations of Freeman. Because of stronger correlations in the purely two-dimensional

system, the ring approximation was not as reliable in two dimensions as it was in the

three-dimensional case [59]. In Figure 1 of Ref. [197], the CC ring and ladder ap-

proximations are compared with the GFMC results of Tanatar and Ceperley. The CC

ladder energies are similar to those of the DMC method, whereas the CC ring results

clearly deviate at intermediate densities [197]. In Section 5.3, we present results for the

two-dimensional finite-size electron gas with all correlations of the CCD approximation

included.

As we mentioned above, Ceperley studied both two- and three-dimensional systems

in the VMC calculations of Ref. [196]. Tanatar and Ceperley did calculations for the

two-dimensional electron gas using DMC approximated by the fixed-node technique

[197]. After extrapolation to the thermodynamic limit, the DMC correlation energies

were close to, but variationally lower than, CC ladder results of Freeman [60], dielectric

calculations of Jonson [213], and FHNC energies of Sim et al. [214] for scaled average

electron-electron distances rs between one and ten. The CC ring-diagram results of

Freeman [59] were found to differ significantly from the DMC energy estimates of

Tanatar and Ceperley [197]. The work of Tanatar and Ceperley has been followed

by several improved DMC studies [215–219]. The most accurate DMC results for the

two-dimensional electron gas were obtained in calculations using backflow-correlation

techniques [215, 217–219].

In this chapter, we have defined infinite nuclear matter and the electron gas. We

have given motivations for studying these systems, and we have also reviewed some of

the research on infinite matter that is relevant for the studies presented in this thesis.

In the next chapter, we take a step backward and formulate the infinite-matter problem

using quantum many-body theory.



Chapter 3

Microscopic models of fermionic
matter

In the previous chapter, we defined both infinite nuclear matter and the electron gas as

systems in which the d-dimensional real space �d is filled by homogeneously distributed

quantum particles. For nuclear matter, we assumed that nucleons are appropriate

degrees of freedom in the density range we are going to study. As is well known,

nucleons and electrons have spin 1/2 and obey fermionic statistics. Infinite matter

is, therefore, as we define it, a system containing an infinite number of interacting

fermions. Following our arguments in Chapter 2, we choose to model infinite nuclear

matter within nonrelativistic quantum mechanics.

In the present chapter, we formulate the nonrelativistic quantum many-body prob-

lem for infinite matter. Furthermore, we define notations that are used in this thesis,

and we give a short review of the nuclear interaction.

3.1 A quantum many-particle system

We start by formulating the nonrelativistic many-body problem. Because nuclear mat-

ter is the major topic of this thesis, we mostly concentrate on that system. However,

the formulation for the electron gas is similar, and details specific to the electron gas are

given in Chapter 5. Along the way, we define our notation. For a general introduction

to nonrelativistic many-fermion theory, see, for example, Refs. [61, 63, 157, 192].

3.1.1 The Hamiltonian equation

The physics of a general, nonrelativistic, and time-independent quantum mechanical

system is described by the Hamiltonian eigenvalue equation

Ĥ|Ψ〉 = E|Ψ〉, (3.1)
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where Ĥ is the Hamiltonian operator, |Ψ〉 is the quantum state vector, and the eigen-

value E is the energy. In infinite nuclear matter, the Hamiltonian operator can be

written as [134, p. 21]

Ĥ = T̂ + V̂ , (3.2)

where T̂ is the kinetic energy operator and V̂ is the interaction operator. As we

mentioned in Chapter 2, nucleons are composed of quarks and gluons, and are not

point particles (see Refs. [89, p. 4] and [90]). Interactions between three or more

nucleons are, therefore, generally nonzero [133]. The total nuclear interaction operator

is of the form

V̂ = V̂NN + V̂NNN + V̂NNNN + . . . (3.3)

where V̂NN , V̂NNN , and V̂NNNN are the two-, three-, and four-body interaction opera-

tors, respectively. In particular for finite nuclei, it is a reasonable first approximation

to neglect three- and many-body interactions. However, as several recent studies show,

inclusion of three-nucleon forces may change the energy by around 10–20 percent, giv-

ing final results considerably closer to experimental values [41, 129, 130, 132]. When

using a soft two-body interaction for infinite nuclear matter, the contribution from the

three-body interaction may be even larger, altering the total energy by up to 50 per-

cent at the experimental saturation density [22, 23, 106]. As the good agreement with

experiments for finite nuclei including two- and three-nucleon forces indicate, four- and

many-nucleon forces are probably less important than three-body interactions [133].

In our calculations using the BHF and the partial-wave-expanded CC ladder approxi-

mation (see Paper II), we neglect three- and many-body interactions.

In coordinate space, the Hamiltonian operator for infinite nuclear matter has the

form

Ĥ =− �
2

2m

A∑
i=1

∇2
i +

A∑
i<j

v̂NN(ri, rj) +
A∑

i<j<k

v̂NNN(ri, rj, rk) + . . . , (3.4)

where A is the total number of nucleons, m is the nucleon mass, � is the reduced Planck

constant, and ri is the coordinate of nucleon i. The nuclear interaction operators

v̂NN , v̂NNN , etc., are also functions of spin and isospin, which we have neglected for

simplicity. The projection of the state vector |Ψ〉 to the position space depends on A

position vectors, that is,

〈r1 . . . rA|Ψ〉 = Ψ(r1, . . . , rA), (3.5)

where ri is particle i’s position vector. Again, we implicitly assume that the total wave

function depends on spin and isospin.
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In the many-body methods we are going to consider – the hole-line expansion

[2, 66] and the coupled-cluster method [61, pp. 251-291] – the A-particle wave function

Ψ(r1, . . . , rA) is expanded in a basis, that is,

Ψ(r1, r2, . . . , rA) =
∑
m

cmΦm(r1, r2, . . . , rA), (3.6)

where the basis functions Φm are Slater determinants

Φm(r1, r2, . . . , rA) =
1√
A!

∣∣∣∣∣∣∣∣∣∣

φ
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(3.7)

constructed from a chosen single-particle basis {φα(r)}α. Here the label α contains

spin, isospin, and possibly also other quantum numbers. The structure of the Slater

determinants ensures that the total wave function is antisymmetric, which is a require-

ment for a fermion system.

3.1.2 Second quantization

In the present subsection, we follow the textbook of Shavitt and Bartlett [61, p. 9 and

pp. 54–72] when no other references are given.

When working with many-particle quantum systems, it is convenient to utilize the

power of the second quantization formalism (see Refs. [192, pp. 3–31], [61, pp. 54–89]).

In second quantization, the quantum states belong to the Fock space [220, p. 11], which

means that they can be constructed from an arbitrary number of single-particle states.

The states are given in occupation representation, in which |n1n2 . . . 〉 is a state with

n1 particles in the single-particle state 1, n2 particles in single-particle state 2 and so

on. The single-particle states are elements of a chosen basis, and because the system

is fermionic, the occupation numbers can only take the values 0 or 1. Below, we use

the alternative notation

|α1α2 . . . 〉 ≡ | . . . nα1 . . . nα2 . . . 〉, (3.8)

in which only indices of occupied states are given explicitly.

Let us define the fermion creation and annihilation operators a†α and aα, respectively,

such that a†α creates a fermion in the state |α〉 and aα annihilates a fermion in the same

state. When operating on single-particle states, the operators have the properties

a†α|0〉 = |α〉, a†α|α〉 = 0 (3.9)
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and

aα|0〉 = 0, aα|α〉 = |0〉. (3.10)

Above, |0〉 is the physical vacuum state. The fermion creation and annihilation oper-

ators obey the anticommutator relations

{a†α, a†β} = 0, {aα, aβ} = 0,

{aα, a†β} = δα,β, (3.11)

where the curly brackets denote anticommutation operators and δα,β is the Kronecker

delta function. The anticommutator relations are necessary for getting antisymmetric

many-particle states, as required for fermion systems.

In second quantization, a vector with the single-particle states α1, α2, . . . , αA occu-

pied is written in terms of creation operators as

|α1α2 . . . αA〉 = a†α1
. . . a†αA

|0〉, (3.12)

where |0〉 is the vacuum state. Because the occupation number for fermions is always

zero or one, one can label a vector by only those single-particle states that are occupied.

A general one-body operator is written as

Û =
∑
p,q

〈p|û|q〉a†paq (3.13)

and a two-body operator as

Ŵ =
1

4

∑
p,q,r,s

〈pq|ŵ|rs〉ASa
†
pa
†
qasar, (3.14)

where the brackets are inner products and the summations are taken over all single-

particle states. In Eq. (3.14) we have used the definition

〈pq|ŵ|rs〉AS ≡ 〈pq|ŵ|rs〉 − 〈pq|ŵ|sr〉 (3.15)

to denote an antisymmetrized interaction matrix element.

Let the reference state |Φ0〉 be constructed of A single-particle states chosen from a

given basis. As is common in quantum chemistry (see Refs. [221], [222, pp. 685–697],

and [61, p. 72]), we denote states occupied in the reference state by i, j, k, . . . , states

not occupied in |Φ0〉 by a, b, c, . . . , whereas indices p, q, r, . . . are used for arbitrary

single-particle states in the given basis. Using creation operators, the reference state is

|Φ0〉 = a†i1a
†
i2
. . . a†iA |0〉, (3.16)
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where |0〉 is the physical vacuum state. Let us further define states of the form

|Φab...
ij... 〉 = a†aa

†
b . . . ajai|Φ0〉 (3.17)

as particle-hole excitations of the reference state. In a space spanned by the given

single-particle basis, the total state vector may be written as

|Ψ〉 = |Φ0〉+
∑
ia

cai |Φa
i 〉+
∑
ijab

cabij |Φab
ij 〉+ . . . , (3.18)

where we have assumed the intermediate norm 〈Ψ|Φ0〉 = 1. This expansion can be

truncated after a finite number of terms, and the coefficients are typically found using

a numerical method [61, p. 9 and pp. 54–72].

3.1.3 Momentum single-particle basis

Later, we study infinite-matter systems in two and three dimensions. Similarly as

explained by, for example, Fetter and Walecka [192, p. 21] and Giuliani and Vignale

[49, p. 13], we use d-dimensional hypercubic potential wells to model infinite-matter

systems. Figure 3.1 illustrates hypercubes in one, two, and three dimensions. Let us

define the single-particle basis following Refs. [192, p. 21] and [49, pp. 27–29]. The

external potential is assumed to be zero inside the hypercube, and infinitely large

outside the box. In coordinate representation, the Schrödinger equation of a single

nucleon inside a hypercube is

− �
2

2m
∇2φ(x) = εφ(x), (3.19)

provided that spin and isospin are neglected. Here φ(x) is the orbital part of the single-

particle wave function, ε is the single-particle energy, x is a d-dimensional position

vector x ≡ (x1, . . . , xd), m is the nucleon mass, and � is the reduced Planck constant.

The single-particle Schrödinger equation has solutions of the form

φk(x) =
1

Ld/2
eik·x, (3.20)

where |k| = √2mε/�2. Continuing the approach as outlined by Fetter and Walecka

[192, p. 21], we use periodic boundary conditions

φk(x1 + L, . . . , xd) = φk(x1, . . . , xd),

...

φk(x1, . . . , xd + L) = φk(x1, . . . , xd + L), (3.21)
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Figure 3.1: Infinite-matter systems may be modeled using hypercubes in one, two and
three dimensions [49, p. 13].
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Figure 3.2: Fourier transform in two dimensions. The finite, continuous, and rectan-
gular region in coordinate space is mapped to a set of infinitely many discrete points
in momentum space (Fourier space). The finite size of the coordinate space domain
gives a finite distance between points in momentum space [192, p. 21]. The number of
Fourier grid points inside the Fermi sea, denoted by a circle, is by definition the same
as the number of particles in the physical box.

which give the conditions

ki =
2π

L
ni, ni = 0,±1,±2, . . . (3.22)

for the component i of the wave vector k. A general single-particle state represents a

set of quantum numbers (n1, . . . , nd) (Refs. [192, p. 21] and [49, pp. 27–29]).

Single-particle states in fermionic matter have a spin projection ms, and for nuclear

matter also an isospin projection mt. In nuclear matter, we write a single-particle state

vector as

|knmsmt〉 = |n1 . . . ndmsmt〉, (3.23)

where the quantum numbers ni are as defined in Eq. (3.22). We choose to label

neutrons by mt = +1
2
and protons by mt = −1

2
. In the electron gas, there is no

isospin dependency, but otherwise the single-particle states are equal to those in nuclear

matter.



3.1 A quantum many-particle system 29

n
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Figure 3.3: The Fermi momentum for neutrons, kFn , is defined as the momentum of
the highest-lying occupied neutron state. Similarly, the Fermi momentum for protons,
kFp is defined as the momentum of the highest-lying occupied proton state. In other
words, the proton and neutron Fermi levels, kFn and kFp , determine together the ratio
of the two nucleon types in the considered system [223].

Following Fetter and Walecka [192, p. 21], we construct infinite-matter systems by

filling hypercubes with interacting nucleons, as shown for two dimensions at the left

in Figure 3.2. Infinite matter is obtained in the limit when the box length L and the

number of particles A approach infinity, whereas the particle density ρ ≡ A/L2 is kept

constant [192, p. 21]. Expressions in the momentum basis may be considered as Fourier

transforms of corresponding coordinate-space equations. Figure 3.2 shows how a finite

number of particles in the continuous coordinate space is transformed to an infinite

number of discrete points in the Fourier space. As is apparent from Eq. (3.22), the

spacing between points in Fourier space is inversely related to the hypercube side. In

Fourier space, the physical particles may be represented by all momentum points inside

the Fermi sphere.

Let us neglect spin and isospin degrees of freedom and write the reference state as

|Φ0〉 = a†k1
a†k2

. . . a†kA
|0〉, (3.24)

where each particle i ∈ {1, 2, . . . , A} has a unique momentum vector ki. Assume that

the reference state is occupied by the A single-particle states with the lowest single-

particle energies

εk =
�
2k2

2m
, (3.25)

where k ≡ |k| is the length of the momentum vector. Then the Fermi momentum kF

is defined as the momentum |k| of the highest-lying occupied state. As illustrated in

Figure 3.3, in nuclear matter the Fermi momentum is defined separately for protons

and neutrons. In a calculation, the proton-neutron ratio can be controlled by adjusting

the neutron and proton Fermi momenta kFn and kFp [223]. Symmetric nuclear matter
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is obtained by choosing the same Fermi level for both protons and neutrons, whereas

in pure neutron matter the proton Fermi momentum kFp is set to zero.

Assuming that the d-dimensional hypercube with side length L is filled by A

fermions, the particle density becomes

ρ ≡ A

Ld
=

1

Ld

∑
msmt

∑
|k|≤kF (mt)

, (3.26)

where the Fermi momentum kF may be dependent on the isospin projection. The

summation is taken over all occupied single-particle states, restricted by Eq. (3.22)

and a Fermi momentum.

3.1.4 Other single-particle bases

In the expressions for infinite matter arising in many-body perturbation theory and

coupled-cluster theory, there are summations over single-particle momenta kp (see

Chapters 4 and 5). In the limit when the box side of the hypercube L approaches

infinity, a sum over discrete Fourier states kp can be approximated by an integral

according to ∑
kp

−→
(
L

2π

)d ∫
dkp, (3.27)

where the integration is over the d-dimensional space spanned by the Fourier states.

In the energy expressions, the summations are often taken over only particle or hole

states. At the thermodynamic limit, a sum over two different hole states, i and j, is

replaced by two integrals, as in Eq. (3.27). The restriction to only occupied states is

ensured by a hole-hole Pauli exclusion operator

Qhh(|ki|, |kj|, kF ) ≡ θ(kF − |ki|)θ(kF − |kj|), (3.28)

where θ(x) is the Heaviside step function. Similarly, a sum over two particle states,

a and b, is transformed to two d-dimensional integrals with a particle-particle Pauli

exclusion operator

Qpp(|ka|, |kb|, kF ) ≡ θ(|ka| − kF )θ(|kb| − kF ), (3.29)

which ensures that the integration is taken over only unoccupied states. As before, kF

denotes the Fermi momentum.

The coordinates of two particles, xp and xq, may be expressed in terms of a relative

vector, x, and a center-of-mass (CM) vector, X, such that

x = xp − xq, X = (xp + xq)/2. (3.30)
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Assuming that the reduced Planck constant � = 1, the momentum p ≡ �k is equal to

the wave vector k. Provided that the two particles have equal mass m, the reduced

mass is mr =
1
2
m and the total mass M = 2m. Using the definitions in Eq. (3.30), the

relative and CM momentum vectors, k and K, become

k = (kp − kq)/2, K = kp + kq, (3.31)

where kp and kq are the momenta of particles p and q in laboratory coordinates.

In relative and center-of-mass (RCM) coordinates, the hole-hole Pauli exclusion

operator becomes

Qhh(k,K, kF ) = θ(kF − |k+K/2|)θ(kF − | − k+K/2|) (3.32)

and the particle-particle Pauli exclusion operator

Qpp(k,K, kF ) = θ(|k+K/2| − kF )θ(| − k+K/2| − kF ). (3.33)

Observe that in RCM coordinates, the Pauli operators are dependent on the radial

coordinates of both the relative and the CM momentum vectors, as well as on the

angle between these two vectors.

Methods derived from MBPT [64, 67, 224] and SCGF [225, pp. 70–72] approaches

are often implemented in a partial-wave basis with relative momenta. The basis com-

monly used is of the form

|kJmJ (lS)mt1mt2〉, (3.34)

where k ≡ |k| is the length of a relative momentum vector k, l is the relative orbital

angular momentum related to k, S is the total two-particle spin, J is equal to the total

relative angular momentum l+S,mJ is the z projection of J , andmt1 andmt2 label the

nucleon types of particles 1 and 2, respectively. If charge independence breaking and

charge symmetry breaking are neglected, mt1 and mt2 can be replaced by a coupled

isospin T with the projection MT . Charge symmetry and charge independence are

defined in, for example, Refs. [16] and [226, pp. 119–121].

When transforming from an RCM basis |kKms1mt1ms2mt2〉 to the basis of Eq. (3.34),
we need the completeness relations∑

lml

|lml〉〈lml| = �̂, (3.35)

∑
SMS

|SMS〉〈SMS| = �̂, (3.36)
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where ml andMS are z projections of l and S, respectively, and �̂ is the unity operator.

Furthermore, we need the equalities

〈k̂|lml〉 ≡ Ylml
(k̂), (3.37)∫

dk̂Y ∗lml
(k̂)Yl′ml′ (k̂) = δll′δmlml′ , (3.38)

Ylml
(π − θk, φk + π) = (−1)lYlml

(θk, φk), (3.39)

where k̂ = (θk, φk) is the angular vector of the relative momentum k, Ylml
(k̂) is the

spherical harmonics function, and δpq is the Kronecker delta function. The angular

momenta are coupled and decoupled according to

|JmJ lS〉 =
∑
mlMS

〈lmlSMS|JmJ lS〉|lmlSMS〉, (3.40)

|lmlSMS〉 =
∑
JmJ

〈JmJ lS|lmlSMS〉|JmJ lS〉, (3.41)

where the brackets denote Clebsch-Gordan coefficients. We also need the property

〈jpmpjqmq|JMJ〉 = (−1)jp+jq−J〈jqmqjpmp|JMJ〉 (3.42)

of Clebsch-Gordan coefficients. The relations (3.38) – (3.42) and other useful angular

momentum relations are given in, for example, the text of Varshalovich et al. [227,

pp. 131,141,236, and 245].

Sometimes we denote coupling of angular momenta using square brackets. Following

Lawson [228, p. 15], we define[
Ylpmlp

(k̂p)Ylqmlq
(k̂q)
]
λmλ

≡
∑

mlpmlq

〈lpmlplqmlq |λmλ〉Ylpmlp
(k̂p)Ylqmlq

(k̂q), (3.43)

where two spherical-harmonics functions associated with with the orbital angular mo-

menta (lpmlp) and (lqmlq) have been coupled to a state with the total orbital angular

momentum (λmλ). In an abstract vector space, Eq. (3.43) becomes

|λmλlplq〉 =
∑

mlpmlq

〈lpmlplqmlq |λmλlplq〉|lpmlplqmlq〉, (3.44)

similarly as in Eq. (3.40).

3.1.5 Interaction matrix elements

Next, we derive a transformation between relative and center-of-mass (RCM) and lab-

oratory coordinates for the two-body interaction, generalizing the approach of Fetter

and Walecka [192, p. 23] to d dimensions. Interaction matrix elements are defined as

〈pq|v̂|rs〉 =
∫
dx1

∫
dx2φ

∗
p(x1)φ

∗
q(x2)v(x1,x2)φr(x1)φs(x2), (3.45)
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where v(x1,x2) is the two-body interaction expressed in coordinate space, φm(x) is

the coordinate-space projection of the single-particle state |m〉, and a star denotes the

complex conjugate. If we take the single-particle states to be eigenfunctions of a finite

hypercube with side length L, that is, plane waves as in Eq. (3.20), the matrix elements

become

〈kpkq|v̂|krks〉 =
∫
dx1

∫
dx2φ

∗
kp
(x1)φ

∗
kq
(x2)v(x1,x2)φkr(x1)φks(x2)

=
1

L2d

∫
dx1

∫
dx2e

−ikp·x1e−ikq ·x2v(x1,x2)e
ikr·x1eiks·x2 . (3.46)

If we use the definitions (3.31), and do the change of integration variables

r = x1 − x2, R = (x1 + x2)/2, (3.47)

where r and R are relative and center-of-mass coordinates, respectively, we get the

matrix element into the form

〈kpkq|v̂|krks〉 =
[
1

Ld

∫
dre−i(k−k

′)·rv(r)
]

︸ ︷︷ ︸
≡〈k|v̂|k′〉

δK,K′ . (3.48)

Here we have assumed that the interaction is invariant under translations, which means

that the interaction depends only on the distance r = x1 − x2, and not on the specific

positions of the two particles. We have also used the definition

δK,K′ =
1

Ld

∫
Ω

dRei(K−K
′)·R (3.49)

of the d-dimensional Kronecker delta function, where the integration is over the d-

dimensional hypercube [192, p. 23].

3.2 The nuclear interaction

More than hundred years after the atomic nucleus was discovered by Rutherford [229],

an exact theoretical description of the nuclear force is still lacking. Baryons, such as

nucleons and hyperons, are composed of strongly interacting quarks and gluons, and

a model for the interaction between baryons should therefore be derived directly from

QCD. Nonperturbative QCD problems, such as systems consisting of nucleons, can be

solved using lattice QCD, and, for example, Ishii et al. have derived simple nuclear

potentials [230, 231] using such stochastic calculations. Lattice QCD calculations in-

volving baryons are computationally expensive, and due to limitations in computing
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time, the calculations are done with unphysically large quark masses [150, 230]. Since

realistic nuclear interaction models cannot be derived directly from QCD, we need

other effective approaches to obtain more accurate potentials.

Due to the internal structure of nucleons, nuclear Hamiltonians contain two-nucleon,

three-nucleon, and many-nucleon interactions (for a modern review, see, for example,

Ref. [133]). However, as we discussed in the text following Eq. (3.3), in finite nuclei

approximations neglecting three- and other many-body interactions give reasonable

first estimates of, for example, the binding energy [41, 129, 130, 132]. In infinite

nuclear matter, the three-nucleon force may have a larger impact on the total energy,

but generally the two-body part gives the largest contribution to the potential energy

[21–23, 45, 106]. Let us, therefore, start with the nucleon-nucleon force.

3.2.1 Background

Interactions between nucleons can be studied in, for example, elastic scattering ex-

periments [232]. As explained by Brown and Jackson [193, pp. 1–18], the nuclear

interaction is known to have a range of only a few fermi. In the region between 1 fm

and 2 fm it is attractive, and at distances comparable to the nucleon size, the force

becomes strongly repulsive [92, pp. 109–111] (see Figure 3.4). On a very general level,

the nucleon-nucleon interaction obeys certain symmetries, such as conservation of the

center of mass and total momentum, rotational and time-reversal symmetry, and con-

servation of parity. The nucleon-nucleon force has a rich operator structure, the most

important terms being a central, a spin-orbit, and a tensor-force part. The reader is

referred to Refs. [92, pp. 65–116] and [233, pp. 147–156] for a more thorough introduc-

tion to basic properties of the nuclear force. Let us instead turn our attention to the

development of nuclear interaction models.

Machleidt gives a historical review [234] from the first decades of nuclear interaction

models, starting with the discovery of the atomic nucleus in 1911 and continuing until

the year 1989. Here we very briefly sketch this development following Ref. [234]. At an

early stage, in 1935, Yukawa proposed [236] a theoretical model in which mesons are

mediator particles for the nuclear force. It soon became an established fact that the

long-range part of the nuclear interaction is accurately described by one-pion exchange.

As Machleidt outlines, it was much less straightforward to obtain successful models

for the intermediate- and short-range parts. Various more or less phenomenological

approaches were investigated, including approaches with two- and multi-pion exchange

as well as one-boson exchange models. In the latter models, two- and multi-pion

exchange terms are replaced by heavy single-boson mediator particles, such as the ω,
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Figure 3.4: The nucleon-nucleon interaction consists of a strongly repulsive short-range
part (r ≤ 1 fm), an attractive intermediate-range part (1 fm < r < 2 fm), and a rapidly
vanishing long-range part (r ≥ 2 fm) [92, pp. 109–111]. Theoretically, each of these
regions corresponds to different types of contributions. For example, the long-range
part is known to be dominated by one-pion exchange [234]. A similar figure is shown
in, for example, Refs. [193, p. 7], [235, p. 11], and [92, p. 111].

ρ, and σ mesons. While the ω and ρ particles were detected early, still in 2013 a

sufficiently light σ meson had not been found [237] in experiments. Besides the efforts

in quantum field theory, dispersion theory was also used to derive nuclear interactions

[234].

In the early 1990s, a group at University of Nijmegen collected a large amount

of data from nucleon-nucleon (NN) scattering experiments [232]. The Nijmegen data

basis, and in some cases also more recent data, were used to parametrize several very

accurate NN potentials. These potentials, named Nijm I, Nijm II, Reid93 [238], Ar-

gonne v18 [239], and CD-Bonn [240], are fitted to the experimental data with a χ2 per

datum close to one. Machleidt and Slaus compare [14] these interaction models with

each other. In all of these modern potentials, the long-range part is described by one-

pion exchange, whereas the intermediate- and short-range parts are treated differently.

The CD-Bonn potential has a nonlocal one-pion-exchange contribution, whereas the

other interactions use local approximations for this part [14]. In Ref. [240] it is shown

that the nonlocality gives triton and α-particle binding energies closer to experiments.

The short- and intermediate-range parts of the CD-Bonn, Nijm I, and Nijm II poten-

tials are based on the one-boson-exchange model, whereas in the Reid93 and Argonne

v18 potentials this part is treated phenomenologically. These modern NN potentials

are all charge dependent, but the approximations are different [14].

Recently, different variations of the Urbana three-nucleon force [11–13] have been

used in nuclear matter studies [21, 185]. In the Urbana three-body interaction, an

attractive two-pion exchange part is combined with a repulsive phenomenological term
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[11, 21]. According to Epelbaum et al. [15], the Urbana three-nucleon force has the

disadvantage that it is not consistent with any two-body forces. In 1989, Grangé et

al. constructed a three-body interaction [241] that was consistent with the Paris two-

body potential [242], which is constructed using dispersion theory [243]. During the

last decade, nuclear interactions derived from chiral perturbation theory [15, 16, 244]

have become increasingly popular. Chiral perturbation theory gives, in a natural way,

two- and many-nucleon forces as terms of the same perturbative expansion [16]. In

our studies, we have used nuclear interaction models derived from chiral perturbation

theory mostly, and we, therefore, devote the next subsection to chiral interactions.

3.2.2 Chiral perturbation theory

Machleidt and Entem [16] and Epelbaum [245] have written pedagogical introductions

to chiral perturbation theory for nuclear forces. In the current subsection, we follow

these texts when not referring explicitly to other works. Chiral effective field theory

has also been reviewed in, for example, Refs. [15, 244].

When dealing with energy scales typical in atomic nuclei, it is computationally

more reasonable to work with nucleons and pions than with quarks and gluons. In

chiral perturbation theory, as described in Refs. [16, 245], nucleons and pions are

considered as particles in an effective field theory. If the quark masses were zero,

right- and left-handed quark fields would be independent in QCD. In nuclear systems,

the quark masses are relatively small but nonzero. This results in coupling of right-

and left-handed fields, and consequently the chiral symmetry is broken. The broken

chiral symmetry gives pions with nonzero masses as Goldstone bosons in the effective

field theory where nucleons interact, and, therefore, the Lagrangian can be expanded

perturbatively in terms of the pion mass.

To limit the number of terms, the diagrams are ordered using a perturbative small-

ness parameter Q/Λχ, where Q is the pion mass or a comparable momentum and Λχ

is a fixed number, which is chosen to be approximately 1 GeV. Chiral perturbation

theory results in so-called contact terms for the short-range part of the interaction, as

well as one-pion, two-pion, and multi-pion exchange terms. According to Machleidt

and Entem [16], the contact terms are used for renormalization purposes as well as

to model heavy mesons, which are not included explicitly in the theory. When using

an order parameter as defined in Refs. [16, 245], the lowest-order (LO) contribution

contains contact terms and one-pion exchange, whereas two-pion exchange occurs at

next-to-lowest order (NLO). Chiral perturbation theory has the advantage that three-,

four-, and up to A-body interactions are introduced at increasingly higher orders of
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perturbation theory. Therefore, at next-to-next-to-lowest order (NNLO), for example,

only two- and three-body forces are present. If the chiral expansion converges order by

order, the total contribution from next-to-next-to-next-to-lowest order (N3LO), which

contains four-body interactions for the first time, should be smaller than that from

NNLO [16, 133].

To avoid singularities in the Lippmann-Schwinger equation, chiral interactions are

regularized. One can define the regulator in different ways. Typically, the reguator

is dependent on a cutoff parameter that has to be chosen appropriately. Ideally, the

nuclear interaction should be independent on the particular form and chosen cutoff

of the regulator. However, as we report in Paper III, for example, the results of a

many-body calculation may depend strongly on regulator properties.

In some of our nuclear matter calculations, we have used the chiral nucleon-nucleon

interaction of Entem and Machleidt [246], which contains all two-body contributions

to N3LO. Epelbaum, Glöckle, and Meißner have later developed another chiral two-

nucleon interaction [247], which, among other, uses different regularization schemes

than the interaction of Entem and Machleidt. In Paper I, we present an NNLO chiral

interaction that is parametrized with respect to phase shifts using a new, efficient

optimization tool. We have used this two-body interaction, called NNLOopt, in Papers

I–III, and we, therefore, say a few words about the optimization procedure in the next

subsection.

3.2.3 Optimized interaction model

Nuclear interactions derived from chiral perturbation theory are dependent on a num-

ber of so-called low-energy constants. These parameters can be fitted to reproduce

phase shifts that have been determined using experimental data [16]. When using

the optimization algorithm called Practical Optimization Using No Derivatives (for

Squares) (POUNDERS) [248, 249], Ekström et al. obtained better agreement with ex-

perimentally extracted phase shifts compared to previous parametrizations (see Paper

I). As is explained in Paper I, the parameters of the NNLOopt two-body interaction

were obtained by comparing phase shifts calculated with the new interaction with the

experimentally extracted phase shifts of the Nijmegen group [232]. The POUNDERS

optimization algorithm is described in Refs. [248, 249]. This algorithm is designed to

do least-squares optimizations without calculating derivatives [249]. According to Ko-

rtelainen et al. [248], the POUNDERS algorithm is a quasi-Newton method in which

the derivatives in the second-order Taylor expansion are replaced by parametrized func-

tions. The approximative second-order Taylor polynomial is parametrized so that it
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gives exact values at certain known data points [248]. The POUNDERS algorithm

is a so-called trust-region method [250]. Roughly, this means that at each step, the

optimization parameter space is restricted to trust regions defined around the previous

values of the optimization parameters [248, 249]. According to Ref. [250, pp. 173–174],

trust regions are used among other to get a faster optimization method.

3.2.4 The Minnesota potential

In Paper III, we compare different coupled-cluster approximations with the auxiliary-

field diffusion Monte Carlo method using the simple phenomenological Minnesota po-

tential [74]. This potential has the form

v(r) = (vR + (1 + P σ
12) vT/2 + (1− P σ

12) vS/2)

× (α + (2− α)P r
12) /2 + (1 +mt,1) (1 +mt,2)

e2

4r
, (3.50)

where r = |r1 − r2| is the distance between particles 1 and 2, mt,1 and mt,2 are isospin

projections (±1) of the two particles, and P σ
12 and P r

12 are exchange operators for spin

and position, respectively. In Eq. (3.50), we have used the definitions

vR = v0Re
−kRr2 , vT = −v0T e−kT r2 , vS = −v0Se−kSr2 , (3.51)

where the constants v0R, v0T , v0S, kR, kT , and kS are as given in Ref. [74]. In our

calculations, we have chosen the parameter α to be one. Then the potential for pure

neutron matter can be written as

v(r) =

{
v0Re

−kRr2 − v0Se
−kSr2 , if S = 0,

v0Re
−kRr2 − v0T e

−kT r2 , if S = 1,
(3.52)

where S is the total two-particle spin. In this special case, the Minnesota potential is

a function of only the total spin and the interparticle distance.

We have now formulated the infinite nuclear matter problem in terms of nonrel-

ativistic many-fermion quantum mechanics. Some useful definitions have been given,

and we have discussed the nuclear interactions we use in Papers I–III. The emphasis

of this thesis is on many-body methods for the infinite-matter problem. In particular,

we apply CC theory to infinite nuclear matter and the electron gas. We use the more

familiar BHF method to verify our nuclear matter calculations, and to put the theory

in perspective. There are also other similar many-body methods that could equally

well have been used for benchmarking, such as, for example, the self-consistent Green’s

function theory [62] and the model-space ring approximation [165]. In the next chapter,

we present many-body perturbation theory and the BHF approximation.



Chapter 4

The Brueckner-Hartree-Fock
approximation for nuclear matter

Being the lowest-order approximation of both Brueckner-Goldstone theory and the

hole-line approximation [2, 66], the Brueckner-Hartree-Fock (BHF) approximation [2, 7,

8, 65, 66, 138, 139] is one of the standard many-body methods for infinite nuclear matter

studies. In Paper II, we have derived a CC ladder approximation in a partial-wave

basis using exact Pauli exclusion operators. As we show in the paper, the CC ladder

approximation is closely related to the BHF method. Because of the similarity between

the two methods, we have chosen to use the BHF approximation as a benchmark. In the

work with Paper II, we have used a modification of the BHF method to verify important

parts of our CC ladder implementations. In Paper II, we have also compared CC and

BHF results.

One can derive the BHF method as a partial summation to infinite order of ladder

diagrams given by many-body perturbation theory (see Refs. [66] and [157, p. 273–

276]). When deriving the BHF approximation in this way, the starting point is

Rayleigh–Schrödinger perturbation theory (RSPT) [61, p. 18–45]. In this chapter,

we discuss the basic principles of RSPT and the BHF approximation. Furthermore, we

show how we have implemented the BHF method and the lowest orders of perturbation

theory for nuclear matter systems. Apart from minor details related to the practical

implementations, most of the material presented in this chapter is based on well-known

theory.

4.1 Many-body perturbation theory

Rayleigh–Schrödinger perturbation theory [61, p. 18–46] is one of the standard many-

body methods for nonrelativistic quantum systems. RSPT has the advantage that it is
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size-extensive [61, pp. 46–46 and 165–176], which means, using the wording of Shavitt

and Bartlett [61, p. 11], that ”the energy of a system computed with this model scales

correctly with the size of the system”. Shavitt and Bartlett [61, pp. 11–17] explain the

concept of size-extensivity, and show that RSPT is size-extensive for a special system

with equal, noninteracting atoms.

Unfortunately, the strong short-range interaction between nucleons makes nuclear

systems nonperturbative, and generally it is necessary to renormalize the interaction

before doing perturbative many-body calculations [251]. Brueckner-Goldstone theory

and the hole-line approximation [2, 66] are approaches related to RSPT in which the

interaction has been replaced by a so-called G matrix. The G matrix is obtained by

summing to infinite order in perturbation theory certain correlation contributions that

are important for short-range correlations [251]. In the following, we derive the BHF

method, which is the lowest-order approximation of the hole-line expansion [66], as a

partial summation of diagrams in perturbation theory. In particular, we start with the

RSPT formulation of many-body perturbation theory.

We follow Shavitt and Bartlett [61, pp. 18–153] when introducing many-body per-

turbation theory (MBPT). For the interested reader, the textbook of Harris, Monkhorst,

and Freeman [157] also gives a thorough introduction to MBPT. If there is no exter-

nal potential, the physics of a time-independent nuclear system is determined by a

Hamiltonian operator

Ĥ = T̂ + V̂ , (4.1)

where T̂ is the kinetic energy operator and V̂ is the interaction operator. The Hamil-

tonian operator Ĥ can be regrouped into a noninteracting part Ĥ0 and a perturbation

operator ĤI , that is,

Ĥ = Ĥ0 + ĤI , (4.2)

where

Ĥ0 = T̂ + Û , (4.3)

ĤI = V̂ − Û . (4.4)

Here Û is an arbitrary single-particle potential operator that preferably is chosen to be

such that the contribution of the perturbation ĤI is as small as possible.

Let the state |Ψ〉 be the eigenvector of the total Hamiltonian Ĥ corresponding to

the lowest eigenvalue, that is,

Ĥ|Ψ〉 = E|Ψ〉, (4.5)
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and let |Φ0〉 be the eigenvector of the noninteracting part Ĥ0 corresponding to the

lowest eigenvalue, that is,

Ĥ0|Φ0〉 = E0|Φ0〉. (4.6)

Here E and E0 are the ground state total and noninteracting energy, respectively. In

the following, we assume that the ground state is nondegenerate. We define further

the operators P̂ and Q̂ such that

P̂ |Ψ〉 = |Φ0〉 (4.7)

and P̂ + Q̂ = Î, where Î is the unity operator.

As Shavitt and Bartlett show [61, pp. 29–33], the total energy can be written as

E = E0 +ΔE, (4.8)

where the energy perturbation

ΔE =
∞∑
n=1

ΔE(n) (4.9)

is expanded in powers of the perturbation ĤI . The energy contribution to the n:th

power of ĤI is [61, p. 31 and 33]

ΔE(n) = 〈Φ0|ĤI

(
R̂
(
E − μ− ĤI

))n−1
|Φ0〉, (4.10)

where R̂ is the resolvent operator, defined as

R̂ ≡
(
Q̂
(
Ĥ0 − μ

)
Q̂
)−1

, (4.11)

and μ is an arbitrary constant. The Rayleigh-Schrödinger perturbation theory (RSPT)

is defined such that μ = E0. In this thesis, we consider only perturbative methods

derived from RSPT.

Expressed in second quantization, the single-particle operators can be written as

T̂ =
∑
p,q

〈p|t̂|q〉a†paq, (4.12)

Û =
∑
p,q

〈p|û|q〉a†paq, (4.13)

and the two-particle operator becomes

V̂ =
∑
p,q,r,s

〈pq|v|rs〉ASa
†
pa
†
qasar. (4.14)
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Let us define the Fock operator as

F̂ =
∑
p,q

〈p|f̂ |q〉a†paq, (4.15)

where

〈p|f̂ |q〉 = 〈p|t̂|q〉+ 〈p|û|q〉. (4.16)

In the laboratory coordinate momentum basis, the matrix elements of the kinetic energy

operator are diagonal.

Observe that the explicit expressions of ΔE(n) in Eq. (4.10) depend on which op-

erator Û is used. Let us first choose the single-particle potential

〈p|û|q〉 =
∑
i

〈pi|v̂|qi〉AS, (4.17)

where i denotes a state that is occupied in the Fermi vacuum. Provided the Fock

operator contains the single-particle potential (4.17), the Hartree-Fock equations are

[157, pp. 42–43]

〈p|f̂ |q〉 = εq〈p|q〉,
〈p|q〉 = δpq, (4.18)

where the single-particle states are restricted to be orthonormal. A Hartree-Fock single-

particle basis is a basis that fulfills Eq. (4.18) [157, p. 43]. If the interaction v̂ conserves

the total momentum, the Fock matrix becomes diagonal in the plane-wave basis. Con-

sequently, the Hartree-Fock equations (4.18) are fulfilled in this basis, and, as stated

in Ref. [192, p. 352], the momentum basis is a Hartree-Fock single-particle basis for

infinite nuclear matter.

From now on, we use a notation with explicit momentum states. For brevity, we

do not write out the spin and isospin degrees of freedom explicitly. The state vectors

and sums

|k〉 and
∑
k

(4.19)

should therefore be read as

|k〉|msmt〉 and
∑
msmt

∑
k

, (4.20)

where ms and mt are the z projections of the single-particle spin and isospin, respec-

tively. Let us define the reference energy as

EREF ≡ 〈Φ0|Ĥ|Φ0〉 = E0 +ΔE(1). (4.21)
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As shown by Fetter and Walecka [192, p. 354], the explicit expression for the reference

energy is

EREF =
∑
ki

〈ki|t̂|ki〉+ 1

2

∑
ki,kj

〈kikj|v̂|kikj〉AS. (4.22)

By definition, the Hartree-Fock energy is the reference energy of a system calculated

in a Hartree-Fock basis [157, p. 36, 40, and 41]. As can be seen from Eq. (4.18),

the Fock matrix defined by Eqs. (4.16) and (4.17) is diagonal in a Hartree-Fock basis.

Consequently, one-particle-one-hole diagrams vanish when using the plane-wave basis

in infinite matter. With the chosen operator Û , the second-order contribution is [61,

p. 131–132]

ΔE(2) =
1

4

∑
ki,kj

∑
ka,kb

〈kikj|v̂|kakb〉AS〈kakb|v̂|kikj〉AS

εki
+ εkj

− εka − εkb

, (4.23)

where we have used the definition

εk ≡ 〈k|f̂ |k〉. (4.24)

In the special case with the Hartree-Fock operator Û , the contribution to third order

is [61, pp. 132–133]

ΔE(3) = ΔE(3)
pp +ΔE

(3)
hh +ΔE

(3)
ph +ΔE

(3)
h +ΔE(3)

p . (4.25)

Here the third-order energy contains the so-called particle-particle term

ΔE(3)
pp =

1

8

∑
ka,kb

∑
kc,kd

∑
ki,kj

〈kikj|v̂|kakb〉AS〈kakb|v̂|kckd〉AS(
εki
− εkj

− εka − εkb

)
× 〈kckd|v̂|kikj〉AS(

εki
− εkj

+ εkc − εkd

) , (4.26)

the hole-hole term

ΔE
(3)
hh =

1

8

∑
ka,kb

∑
ki,kj

∑
kk,kl

〈kikj|v̂|kakb〉AS〈kakb|v̂|kkkl〉AS(
εki

+ εkj
− εka − εkb

)
× 〈kkkl|v̂|kikj〉AS

(εkk
+ εkl

− εka − εkb
)
, (4.27)

and the particle-hole term

ΔE
(3)
ph = −

∑
ka,kb

∑
kc,ki

∑
kj ,kk

〈kikj|v̂|kakb〉AS〈kkkb|v̂|kikc〉AS(
εki

+ εkj
− εka − εkb

)
× 〈kakc|v̂|kikj〉AS(

εkk
+ εkj

− εka − εkc

) , (4.28)
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EMBPT(2) = E0 + E(1) +ΔE(2)

E0 =

E(1) =
E(2) =

Figure 4.1: Diagrammatic representation of the energy to second order in perturba-
tion theory, as obtained when assuming a Hartree-Fock single-particle potential Û [61,
pp. 131–132].

ΔE(3) =

ΔE
(3)
pp

+

ΔE
(3)
hh

+

ΔE
(3)
ph

+

ΔE
(3)
h

+

ΔE
(3)
p

Figure 4.2: MBPT diagrams for the third-order energy correction, when the operator
Û is as in Eq. (4.17). For other choices than the Hartree-Fock operator Û , there are
additional third-order diagrams containing the Fock operator [61, p. 133].

as well as ΔE
(3)
h and ΔE

(3)
p , which we give only diagrammatically in Figure 4.2. The

reference and second-order energy terms of Eqs. (4.22) and (4.23) are given diagram-

matically in Figure 4.1. We use the diagrammatic rules defined in Ref. [61, pp. 90–131].

A vertical line with an arrow pointing up (down) represents the summation over a par-

ticle (hole) state, whereas a ring without an arrow represents a summation over a hole

state. We have denoted the kinetic energy operator by a horizontal dashed line with

a cross in one of the ends and the antisymmetrized two-body operator by a horizontal

dashed line that is connected to four vertical lines. Between every pair of interaction

lines, there is an energy denominator. For an introduction to the diagrammatic rules,

the reader is referred to Refs. [157, pp. 119–176], [61, pp. 90–131], and [221]. The

third-order diagrams for this special case are given in Figure 4.2. Shavitt and Bartlett

[61, pp. 138–152] show all MBPT diagrams up to fourth order for the general case.

As stated in the linked-diagram theorem, the RSPT energy may be constructed

”as the sum of all distinct closed connected perturbation-theory diagrams that contain

one or more fragments of H ′” [157, p. 255] (here H ′ is equal to our ĤI). A Goldstone
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diagram is defined to be closed if there are no open lines, and it is connected if all parts

of the diagram are tied by lines. As explained in Ref. [61, pp. 156–159], a method is

size-extensive when obeying the linked-diagram theorem. Size-extensivity is crucial

when studying large systems. For example, Harris et al. show [157, p. 217] that the

configuration interaction doubles approximation, which is not size-extensive, gives zero

correlation energy per particle for the electron gas.

4.2 Brueckner-Hartree-Fock approximation

As described in the textbook of Harris, Monkhorst, and Freeman [157, pp. 273–274], the

perturbation series contains diagrams similar to the particle-particle diagram ΔE
(3)
pp ,

given in Figure 4.2, with one, two, three, and up to infinitely many interaction matrix

elements. That class of terms is commonly called particle-particle ladder diagrams. In

a similar way, the RSPT contains hole-hole ladder diagrams to infinite order. The hole-

hole ladder diagrams are obtained from the particle-particle ladders by exchanging all

particle and hole lines with each other. Following Ref. [157, pp. 273–274], the complete

set of particle-particle ladder diagrams can be constructed using the so-called G matrix

[138], which is defined by the implicit equation

〈kpkq|ĝ|krks〉 = 〈kpkq|v̂|krks〉
+
∑
kckd

〈kpkq|v̂|kckd〉〈kckd|ĝ|krks〉
εkp + εkq − εkc − εkd

, (4.29)

where the single-particle energies are defined as in Eq. (4.24) and the summation is

over only particle states. Observe that the G matrix occurs on both sides of the

equation, and the single-particle energies depend on the auxiliary potential Û . In

terms of antisymmetric matrix elements, the same equation can be written as

〈kpkq|ĝ|krks〉AS = 〈kpkq|v̂|krks〉AS

+
1

2

∑
kckd

〈kpkq|v̂|kckd〉AS〈kckd|ĝ|krks〉AS

εkp + εkq − εkc − εkd

, (4.30)

where the sum is now multiplied by a factor of one half.

The strong short-range forces of the nuclear interaction induce correlations that

cannot be accounted for in a mean-field theory such as the Hartree-Fock approxima-

tion [158]. If the bare interaction is replaced by a G matrix, important parts of the

correlations are included already at the lowest order of perturbation theory [18]. The

Brueckner-Goldstone (BG) expansion [2] is obtained by replacing all interaction matrix



46 The Brueckner-Hartree-Fock approximation for nuclear matter

elements in the RSPT with G matrices. In BG theory, the diagonal matrix elements

of the auxiliary potential Û are commonly chosen to be [2]

〈kp|û|kp〉 =
∑
ki

〈kpki|ĝ|kpki〉AS (4.31)

for single-particle states that are occupied in the uncorrelated Fermi vacuum. In the

first-order approximation of Brueckner-Goldstone theory, which corresponds to the

reference energy in RSPT, the energy becomes [66]

EBHF =
∑
ki

〈ki|t̂|ki〉+ 1

2

∑
ki,kj

〈kikj|ĝ|kikj〉AS. (4.32)

This approximation is commonly called the Brueckner-Hartree-Fock (BHF) method

[251], because the interaction in the Hartree-Fock energy has been replaced by a self-

consistently solved Brueckner G matrix. Observe that the matrix elements of the aux-

iliary potential is not yet defined for single-particle states above the Fermi level. There

have been different approaches to handling the single-particle potential for particle

states, such as the conventional gap option [251], in which the single-particle potential

is set to zero above the Fermi level, and the continuous option [68, 69], in which the

potential in Eq. (4.31) is used for both particle and hole single-particle states. In our

calculations, we use the latter approach. Day has written a pedagogical introduction

[2] to Brueckner-Goldstone theory and its application to infinite nuclear matter.

According to Rajaraman and Bethe [156], the Brueckner-Goldstone expansion does

not converge when using the G matrix as a convergence parameter. Instead, they argue

that the number of independent hole lines is a more appropriate cutoff parameter in the

perturbation series [156]. The first-order energy in the Brueckner-Goldstone theory, the

BHF approximation, is equal to the Brueckner-Bethe approximation including up to

two hole lines [66]. The hole-line approximation builds on the assumption that every

nucleon has only a small number of close neighbors, and the method is, therefore,

accurate only at sufficiently low densities [2, 118].

4.3 Transformation to partial-wave expansion

The nuclear interaction is often given explicitly in the partial-wave basis

|kJmJ (lS)mt1mt2〉,

which was defined in Eq. (3.34). Next, we rewrite some of the previously defined

expressions derived from RSPT and the BHF approximation in the partial-wave basis
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(3.34). In this basis, the equations can be considerably simplified by approximating

the Pauli exclusion operators (3.32) and (3.33) by averages over the angle between the

relative and CMmomentum vectors [8]. Similar expressions as we present in the partial-

wave basis have been given many places in the literature (see Refs. [64, 67, 224, 252]

and [225, pp. 63–101 and C1–C4], but we write out the equations to get all details and

to make the text more self-contained.

4.3.1 The first orders of perturbation theory

Nuclear matter contains by definition an infinite number of particles, and one is, there-

fore, normally interested in, for example, the energy per particle instead of the total

energy.

Assuming an uncorrelated Fermi sphere, the kinetic energy per nucleon can be

calculated analytically, and is for both PNM and SNM simply [192, p. 355]

Ekin

A
=

Ω

A

1

(2π)3

∑
ms,mt

∫
|k|≤kF

dk
�
2k2

2m

=
3�2k2F
10m

, (4.33)

where Ω ≡ L3 is the volume, A is the number of nucleons, kF is the Fermi momentum,

m is the nucleon mass, and � is the reduced Planck constant. To obtain the final

expression in Eq. (4.33), the number of particles A is calculated as

A =
Ω

(2π)3

∑
ms,mt

∫
|k|≤kF

dk, (4.34)

that is, by counting all nucleons under the Fermi surface.

Nucleon masses occur in the kinetic energy, both as part of the single-particle oper-

ator in the reference energy and in the energy denominators of the MBPT, BHF, and

CC correlation-energy expressions. Using different masses for protons and neutrons,

the kinetic energy (4.33) becomes

Ekin

A
=

3�2k2F
20

(
1

mP

+
1

mN

)
, (4.35)

where mP and mN are the proton and neutron masses, respectively. Given the trans-

formation between laboratory and RCM coordinates

k = (kp − kq)/2, K = kp + kq,



48 The Brueckner-Hartree-Fock approximation for nuclear matter

the kinetic energies in the energy denominators may be written as

k2p
2mp

+
k2q
2mq

=
1

2

(
1

mp

+
1

mq

)(
k2 +

1

4
K2

)

+
1

2

(
1

mp

− 1

mq

)
k ·K, (4.36)

where mp and mq are nucleon masses that depend on the isospins of the single-particle

states p and q. As we explain in Paper II, the CC implementations simplify considerably

if we can write the energy denominators without explicit angles between the relative

and CM momentum vectors. In our PNM calculations, we use the neutron mass

mN , whereas in the SNM calculations we replace proton and neutron masses by the

average m ≡ (mN + mP )/2. Using the average mass m, the last term of Eq. (4.36),

which contains the angular coordinate, vanishes. In our studies, we use the masses

mN = 939.565379 MeV andmP = 938.272046 MeV [253]. Then the relative error of the

average nucleon-mass approximation is 0.0000474% for the kinetic-energy expression

(4.35) and 0.0688735% for the kinetic energy in the energy denominator. Whereas the

former error is very small, the latter may be not negligible. However, we hope that

the error associated with approximative masses in the energy denominators is smaller

than other uncertainties in our implementations, which we argue to be less than 3% of

the total energy (see Papers II and III and Section 5.2).

The expressions for the potential energy are obtained by first writing the equa-

tions in terms of relative momenta, and then transforming to a partial-wave basis

[64, 67]. When transforming the potential energy expressions to the desired form, we

first rewrite the sums as integrals using the transformation (3.27). Next, the equations

are written in an RCM basis, as defined in Eq. (3.31), and the identity operators (3.35)

and (3.36) are used to to introduce angular momenta. A coupled angular momentum

basis is obtained by using the relation (3.41). In this chapter, we approximate all Pauli

exclusion operators (3.32) and (3.33) by averages over the angle between the relative

and CM momentum vectors, θkK. That is, the exact Pauli operators are replaced by

the angular-averaged hole-hole operator

Qhh(k,K, kF ) =
1

2

∫ 1

−1
d cos θkK

× θ(kF − |k+K/2|)θ(kF − | − k+K/2|), (4.37)

and the angular-averaged particle-particle operator

Qpp(k
′, K, kF ) =

1

2

∫ 1

−1
d cos θk′K

× θ(|k′ +K/2| − kF )θ(| − k′ +K/2| − kF ). (4.38)
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Explicit expressions for the angular-averaged Pauli exclusion operators are given in, for

example, Ref. [252]. Finally, the dependency on the angular coordinates of the relative

momentum vectors are integrated out using Eq. (3.38).

With a transformation as described above, the first-order correction to the energy

per nucleon becomes

ΔE(1)

A
= C
∑
JSl

∑
MT

(2J + 1)

×
∫ kF

0

dkk2

(
1− 3

2

k

kF
+

1

2

(
k

kF

)3
)

× 〈kJ lSMT |v̂|kJ lSMT 〉, (4.39)

where the constant C is 1 for symmetric nuclear matter and 2 for pure neutron matter.

The summation over MT takes the values −1, 0, 1 for symmetric nuclear matter and

only 0 for pure neutron matter. Here and in the following, all interaction matrix

elements are assumed to be multiplied by the operator (A.5), which ensures proper

antisymmetry and conservation of parity. A similar expression as Eq. (4.39) is given for

symmetric nuclear matter by MacKenzie [224] using isospin symmetry. The differing

factor 4/π comes from a different definition of the Fourier-Bessel transform in the

interaction matrix elements.

Similarly, the second-order perturbation correction (4.23) can be written as

ΔE(2)

A
= C

3

16k3F

∑
JS

∑
ll′

∑
MT

(2J + 1)

∫ 2kF

0

dKK2

×
∫ √k2F−K2/4)

0

dkk2
∫ ∞
√

k2F−K2/4

dk′k′2

× |〈kJ lSMT |v̂|k′J l′SMT 〉|2

× Qhh(k,K, kF )Qpp(k
′, K, kF )

Δεave(k, k′, K,MT )
, (4.40)

where we have used angular-averaged Pauli exclusion operators and the constant C is

as defined for the Hartree-Fock term. In Eq. (4.40), the energy denominator has been

approximated by the expression

Δεave(k, k
′, K) = ε(|k+K/2|) + ε(| − k+K/2|)

− ε(|k′ +K/2|)− ε(| − k′ +K/2|), (4.41)

where angular-averaged arguments are marked with an overline. We explain below

how the arguments in the energy denominator are averaged. In Eq. (4.40), the isospin
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dependence in the energy denominator has been neglected for brevity. A similar ex-

pression as Eq. (4.40) is given in Ref. [224], in which they assume isospin symmetry.

The exact energy denominator contains the single-particle energy terms

ε(ki) + ε(kj) = ε(|k+K/2|) + ε(| − k+K/2|), (4.42)

where, on the right-hand side of the equation, the laboratory frame momenta ki and kj

have been written using RCM momenta. When approximating the arguments of the

single-particle energies, we use a technique first suggested by Brueckner and Gammel

[8] and explained further in the doctoral thesis of Ramos (see [225, pp. 66–69] and

[252]). In this method, the single-particle energy is first approximated by a polynomial

expansion. Because nuclear matter is an isotropic medium, the single-particle energy

must be a symmetric function of the laboratory-frame momentum, and, therefore, only

even powers in the polynomial have a nonzero contribution. The single-particle energy

is approximated by a polynomial

ε(k) = α + βk2 + γk4 + . . . , (4.43)

where α, β, and γ are constants, and consequently

ε(ki) + ε(kj) = 2α + β(k2i + k2j ) + γ(k4i + k4j ) + . . .

= . . .

= 2α + 2β(k2 +K2/4)

+ 2γ
(
(k2 +K2/4)2 + (k ·K)2

)
+ . . . . (4.44)

As Ramos points out, the first dependence on the angle between k and K comes at

second order [225, p. 66].

Following Ramos [225, p. 66], we are using the angular-average approximation

(k ·K)2 ≈ K2k2cos2 θkK, (4.45)

where

cos2 θkK =
1

2

∫ 1

−1
d cos θkK cos2 θkK

× θ(kF − |k+K/2|)θ(kF − | − k+K/2|) (4.46)

for hole states and

cos2 θkK =
1

2

∫ 1

−1
d cos θkK cos2 θkK

× θ(|k+K/2| − kF )θ(| − k+K/2| − kF ) (4.47)
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for particle states. The angular-averaged value can be shown to be

cos2 θkK =
1

3
Q

3
(k,K, kF ), (4.48)

where Q is replaced by the angular-averaged Pauli exclusion operator Qhh for two-hole

states, and by Qpp for two-particle states. Now we get the angular-averaged input

momenta [225, pp. 66–69]

k2i = |k+K/2|2

= k2 +K2/4 +
1√
3
kKQ

3/2

hh (k,K, kF ) (4.49)

and

k2j = | − k+K/2|2

= k2 +K2/4− 1√
3
kKQ

3/2

hh (k,K, kF ). (4.50)

Angular-averaged input momenta for particle states ka and kb are defined in a similar

way. Explicit expressions for the single-particle energies are obtained from Eqs. (4.62)

and (4.63) by replacing the G matrix with a bare interaction.

The particle-particle term in third-order perturbation theory, Eq. (4.26), can be

written as

ΔE
(3)
pp

A
= C

3

32k3F

∑
JS

∑
ll′l′′

∑
MT

(2J + 1)

∫ 2kF

0

dKK2

×
∫ √k2F−K2/4

0

dkk2
∫ ∞
√

k2F−K2/4

dpp2
∫ ∞
√

k2F−K2/4

dp′p′2

× 〈kJ (lS)MT |v̂|pJ (l′S)MT 〉〈pJ (l′S)MT |v̂|p′J (l′′S)MT 〉
Δεave(k, p,K)Δεave(k, p′, K)

× 〈p′J (l′′S)MT |v̂|kJ (lS)MT 〉
×Qhh(k,K, kF )Qpp(p,K, kF )Qpp(p

′, K, kF ), (4.51)

where C is 1 for symmetric nuclear matter and 2 for pure neutron matter. In Eq. (4.51),

the Pauli exclusion operators in the numerator have been approximated by angular-

averaged operators. A similar expression for the particle-particle term is given by

MacKenzie [224] for symmetric nuclear matter with isospin symmetry. In Ref. [224],

there is an additional factor (4/π)3 owing to a different definition of the interaction

matrix elements.
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4.3.2 The BHF approximation

The Brueckner-Hartree-Fock approximation is a standard approach for calculating the

binding energy of infinite nuclear matter [2, 66, 104, 118]. Implementations of the

G-matrix equation have therefore been discussed many places in the literature (see,

for example, Refs. [67, 68, 251], [225, pp. 63–101 and C1–C4], and [235, pp. 111–

114]). In addition to being an essential part of the Brueckner-Goldstone theory [2],

the G matrix is encountered also in, for example, ladder approximations of the self-

consistent Green’s function method [252]. We have solved the G-matrix equation using

the matrix inversion technique of Haftel and Tabakin [67], but using continuous single-

particle energy spectra [68, 69]. Using continuous single-particle spectra means that

the operator Û is chosen to be such that the definition (4.31) is used for both hole and

particle single-particle states.

Our implementation of the BHF approximation follows to a large degree Haftel and

Tabakin [67], using angular-averaged Pauli exclusion operators. As given in Ref. [67],

the G-matrix equation (4.30) can be written in a partial-wave expansion basis as

〈kJ (lS)MT |ĝ(K)|k′J (l′S)MT 〉
= 〈kJ (lS)MT |v̂|k′J (l′S)MT 〉
+

1

2

∑
l′′

∫ ∞

0

dpp2Qpp(p,K, kF )

× 〈kJ (lS)MT |v̂|pJ (l′′S)MT 〉〈pJ (l′′S)MT |ĝ(K)|k′J (l′S)MT 〉
Δεave(k′, p,K,MT )

, (4.52)

where we notice that the G matrix depends on the radial part of the CM momentum.

The energy denominator is defined as in Eq. (4.41).

Next, let us consider the energy denominator. The single-particle energy of a state

|kp,ms,mt〉 is

ε(kp,ms,mt) =
�
2k2p
2m

+
∑
ms′

∑
mt′

∫
dkjθ(kF − |kj|)

× 〈kpmsmtkjms′mt′ |ĝ|kpmsmtkjms′mt′〉AS, (4.53)

where ms and mt are the z projections of spin and isospin, respectively, and a factor

Ω/(2π)3 is included in the two-body interaction. If the integration variable is changed

to relative coordinates, that is,

k = (kp − kj)/2, K = kp + kj, (4.54)
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where k and K are relative and CM coordinates, respectively, the single-particle po-

tential becomes

U(kp,ms,mt) = 8
∑
ms′

∑
mt′

∫ (kp+kF )/2

min{0,(kp−kF )/2}
dkk2

∫ 2π

0

dφk

∫ 1

−1
d(cos θk)

× 〈kmsmtms′mt′ |ĝ(K)|kmsmtms′mt′〉AS

× θ(kF − | − 2k+ kp|). (4.55)

See also Ref. [225, pp. C1–C4] for a similar calculation. Because infinite nuclear matter

is an isotropic medium, the single-particle energy should not depend on the direction

of kp. The input momentum vector is chosen to be directed along the positive z axis.

In our calculations we have replaced the CM momentum by K2, defined as the

average of |K|2 when integrating with respect to the vector k. If kp is directed along

the z axis, the average of the squared CM momentum becomes

K2 ≡ 1

2

∫ 1

−1
d cos θk |2(kp − k)|2 θ(kF − | − 2k+ kp|). (4.56)

By evaluating this expression, we got the explicit formula

K2 =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

4(k2p + k2), if 0 ≤ 2k ≤ kF − kp
and kp ≤ kF ,

4(k2p + k2) + 1
8kkp

[−16kpk3
−4(7k2p + k2F )k

2 − 16k3pk
+ k4F + 2k2Fk

2
p − 3k4p

]
, if |kF − kp| ≤ 2k ≤ kF + kp.

(4.57)

Haftel and Tabakin [67] have given a similar averaged CM momentum that is defined

only when kp ≤ kF . Our expression differs from Haftel and Tabakin’s in the second

interval, but the limits of the intervals are the same. In Figure 4.3, our formula for K2

is compared with that of Ref. [67]. Observe that our definition of the CM momentum

vector K is different from the definition

P = (ki − kj)/2, (4.58)

used by Haftel and Tabakin. In Figure 4.3, both expressions were calculated using the

definition (4.58). In contrast to the expression given by Haftel and Tabakin [67], our

average CM momentum vanishes at k = (kp + kF )/2, as is required by the definition

(4.56). It seems therefore that the formula for K2 given in Ref. [67] is wrong.

In addition to using the averaged CM momentum (4.56), we replace the Pauli

exclusion operator in Eq. (4.55) by the angular-averaged operator

Q(k, kp, kF ) =
1

2

∫ 1

−1
d cos θkθ(kF − | − 2k+ kp|), (4.59)
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Figure 4.3: Average of the squared CM momentum, P 2 = K2/4, plotted as a function
of the relative momentum for given lab momenta kp. The Fermi momentum kF was
fixed to 1.6 fm−1. The dashed lines represent results calculated with the formula for
P 2 given in Eq. (3.19) of Ref. [67]. In contrast to the formula given in Ref. [67], our
formula for K2 gives the correct values at the end points of the relative momentum
interval.
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similarly as done in Ref. [67]. Applying angular momentum algebra, we got the ex-

pression

U(kp,mt) =16
∑
mt′

∑
J lS

(2J + 1)

[
θ(kF − |kp|)

∫ |kF−kp|/2

0

dkk2

+

∫ (kF+kp)/2

|kF−kp|/2
dkk2

(−4k2 + 4kkp − k2p + k2F
8kkp

)]

× [〈kJ (lS)mtmt′ |g(Kav)|kJ (lS)mtmt′〉
−(−1)1+S+l〈kJ (lS)mtmt′ |g(Kav)|kJ (lS)mt′mt〉

]
, (4.60)

not very different from Eq. (C.14) in Ref. [225]. Above, the single-particle potential is

given as a function of a single-particle isospin projectionmt. In the energy denominator,

the single-particle potential always occurs in pairs

W (kp,mtp , kq,mtq) ≡ U(kp,mtp) + U(kq,mtq). (4.61)

The function W is a function of the two-particle isospin projection MT = mtp +mtq ,

that is,

WMT (kp, kq) ≡ UMT ,+(kp) + UMT ,−(kq), (4.62)

where the explicit expressions of the single-particle potentials are

UMT ,±(kp) =16
∑
J lS

(2J + 1)

[
θ(kF − |kp|)

∫ |kF−kp|/2

0

dkk2

+

∫ (kF+kp)/2

|kF−kp|/2
dkk2

(−4k2 + 4kkp − k2p + k2F
8kkp

)]

× BMT ,±〈kJ (lS)|g(Kav)|kJ (lS)〉, (4.63)

and the antisymmetrization operator BMT ,± is defined in Eqs. (A.6) and (A.7).

Finally, let us write the BHF energy (4.32) in the partial-wave basis. If the angular-

average approximation (4.37) is used for the hole-hole Pauli exclusion operator, the

BHF energy per nucleon is

ΔEBHF

A
=

3π

2k3F

∑
J lS

∑
MT

(2J + 1)

∫ kF

0

dkk2

×
{∫ 2(kF−k)

0

dKK2 −
∫ 2
√

k2F−k2

2(kF−k)
dKK2k

2 − k2F +K2/4

kK

}

× 〈kJ lSMT |g(K)|kJ lSMT 〉, (4.64)
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where the G-matrix elements are assumed to be multiplied by the antisymmetrization

and parity-conservation operator AllSMT , defined in Eq. (A.5). Haftel and Tabakin

have given expressions [67] similar to Eqs. (4.52) and (4.64) for a system in which the

interaction depends only on the total two-particle isospin. Suzuki et al. have derived

the BHF equations in a partial-wave basis using exact Pauli exclusion operators [64]. In

Paper II, we derive CC ladder equations for nuclear matter using exact Pauli operators

in a similar way as Suzuki et al. [64] did for the BHF approximation.

4.4 Implementations and results

4.4.1 The first orders of perturbation theory

The energy expressions for the lowest orders of perturbation theory, given in Eqs.

(4.39), (4.40), and (4.51), were straightforwardly implemented using numerical inte-

gration with Gauss-Legendre quadrature [254, pp. 140–146]. The expressions for the

angular-averaged Pauli exclusion operators are discontinuous with respect to the first

derivative [225, p. 67]. In all our implementations, we split the integration intervals at

the discontinuity points of the Pauli operators to avoid convergency problems in the

numerical integrations.

4.4.2 The BHF approximation

We solve the G-matrix equation using a matrix inversion technique introduced by

Haftel and Tabakin [67]. As outlined in Ref. [67], the G-matrix equation (4.52) may

be written as

V = UG, (4.65)

where, for coupled channels, G is a 2(N + 1)× 2(N + 1) matrix

G =

[
Glmin,lmin

Glmin,lmax

Glmax,lmin
Glmax,lmax

]
, (4.66)

and lmin = J − 1 and lmax = J + 1. The matrices V and U are set up similarly for

coupled channels. For uncoupled channels, the matrices V, U, and G contain only one

submatrix. In Eq. (4.66), the submatrices have matrix elements

[Gl,l′ ]i,j ≡ 〈kiJ (lS)MT |ĝ(K)|kjJ (l′S)MT 〉, (4.67)
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for i, j ∈ {1, . . . , N + 1}. Similarly, the matrix V is defined by the interaction matrix

elements

[Vl,l′ ]i,j ≡ 〈kiJ (lS)MT |v̂|kjJ (l′S)MT 〉 (4.68)

and U by the elements

[Ul,l′ ]i,j ≡ δij + uj [Vl,l′ ]i,j , (4.69)

where

uj =

⎧⎨
⎩ −ωkj

k2jQpp(kj ,K,kF )

Δεav(kj ,k0,K)
, if j ≤ N,∑N

p=1

ωkpk
2
0Qpp(k0,K,kF )

Δεav(kp,k0,K)
, if j = N + 1,

(4.70)

and uj+N+1 = uj for j = 1, 2, . . . , N + 1. The coefficients ωkj are the quadrature

weights corresponding to the grid points kj, and k0 is the relative momentum point

we want to evaluate the G matrix at. Following Haftel and Tabakin [67], we calculate

only the principal value of the integral in the G-matrix equation (4.52). As shown in

Ref. [67], the singularity in the integrand is removed by adding a term that integrates

to zero. A more proper way of dealing with the singularity is to solve a complex G-

matrix equation, as is explained in, for example, the doctoral thesis of Engvik [235,

pp. 112–114]. In the submatrices (4.67), (4.68), and (4.69), the momentum mesh points

are [k1, k2, . . . , kN , k0], where the elements k1, k2, . . . , kN are integration points used to

integrate from zero to infinity and k0 is the chosen evaluation point [67].

When solving the G-matrix equation, the grid points must be set up carefully to

avoid convergency problems in the numerical integrations [235, p. 113]. The angular-

averaged Pauli exclusion operator Qpp(k,K, kF ) has a discontinuous first derivative at

certain momenta k that depend on the CM momentum K and the Fermi momentum

kF [225, p. 67]. Therefore, we split the integration interval in relative momentum

k at the discontinuity points of the Pauli operator. Even if the singularity point of

the G-matrix equation is removed by calculating only the principal value, the region

where the energy denominator is small still may cause convergence problems in the

numerical integration. According to Engvik [235, p. 113], better numerical accuracy

can be obtained by choosing integration points symmetrically around the singularity

point where the denominator vanishes. Using this technique, the setup of the inte-

gration points [k1, . . . , kN ] becomes therefore dependent on both K, which is the CM

momentum, and k0, which is the singularity point of the integrand. We set up the rel-

ative momentum grid points using the algorithm given in Figure 4.4. In her doctoral

thesis [225, pp. B1-B6], Ramos has set up the momentum grid points in a similar way.

However, we have written an algorithm to find a grid with certain conditions.
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ALGORITHM – SETUP OF MOMENTUM GRID POINTS

Assume a CM momentum K and a pole k0 are given.

1. Get the discontinuity points of the Pauli exclusion operator.
Label these points by L1(K) and L2(K).

0 kmax k

L1(K) L2(K)

2. Locate in which subinterval the given pole k0 is.

3. Determine whether k0 is closer to the lower or upper limit in
the subinterval it is in. Label the limit which is closest to k0 by
LC .

4. Get the mirror point of LC with respect to k0 and label it by
the symbol L3(k0).

0 kmax k

L1(K) LC(K)

k0

L3(k0)

5. Set up Gauss-Legendre quadratures in all the intervals ob-
tained by splitting the total interval at L1, L2, and L3.

Figure 4.4: We use this algorithm to set up the momentum grid points for the G
matrix. The principles of this setup are similar as in Refs. [225, pp. B1–B6] and [235,
p. 113], but here we automatically find a suitable grid.
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Results

In Figure 4.5, we compare equations of state for symmetric nuclear matter, calculated

with different many-body methods. All the results in this figure were obtained with

the NNLOopt nucleon-nucleon interaction of Paper I, and the total angular momentum

was truncated after J = 8 in the correlation energy and after J = 24 in the Hartree-

Fock or Born approximations. In all the methods presented in the figure, we used

angular-averaged Pauli exclusion operators. As seen from Figure 4.5, the MBPT(3)

approximation containing only particle-particle ladders gives almost the same energies

as the CC particle-particle ladder (PP-LAD) approximation of Paper II, in which ladder

diagrams are summed to infinite order. The BHF approximation gives more binding

than the other approaches, probably due to renormalized single-particle potentials.

Similarly as in all our calculations with the relatively soft chiral interactions from

Ref. [70] and Paper I, the saturation point is far from the experimental uncertainty

region, which is marked in the figure by a square.
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Figure 4.5: Equations of state for symmetric nuclear matter, as obtained with
MBPT(2), MBPT(3) containing only particle-particle ladders, the CC particle-particle
ladder approximation presented in Paper II, and with the BHF approach. All the calcu-
lations were done with angular-averaged Pauli exclusion operators using the NNLOopt

chiral nucleon-nucleon interaction from Paper I. Observe the small difference between
energies given by particle-particle ladder approximations to third (MBPT(3)) and in-
finite (PP-LAD) order. The experimental saturation point is marked by a square.

As seen from Figure 4.6, the HF and MBPT(2) approximations are clearly insuf-
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ficient to describe the correlations in symmetric nuclear matter, when using the hard

Argonne v18 (AV18) [239] nucleon-nucleon interaction. This problem is well-known,

and is discussed in, for example, Ref. [158]. When using the AV18 potential in an

MBPT(2) calculation, we obtain a more repulsive equation of state than that of Bogner

et al. [158]. However, whereas Bogner et al. approximated the single-particle energies

using effective masses [158], we include the single-particle potential explicitly, as de-

scribed in Sec. 4.3. In the effective mass approximation, the single-particle kinetic

energy plus potential are fitted to a parabolic equation

ε∗(k) =
�
2k2

2m∗m
+W,

where k is the laboratory-frame momentum, m is the nucleon mass, W is a constant

potential, and m∗ is the so-called effective mass (see Refs. [67, 158]). When doing,

for example, a least-squares fitting [255, pp. 77–84], it is necessary to use a finite

number of momentum points, with a largest data point kn of finite size. We performed

calculations in the effective-mass approximation in which the maximum momentum in

the least-squares fitting was chosen to be a value between 1 fm−1 and 30 fm−1, and

found that the obtained effective mass m∗ is strongly dependent on the interval in

which the fitting is done. Different effective masses, in turn, result in largely deviating

equations of states. Depending on the chosen interval for the least-squares fitting, it is

possible to get results similar to those of Bogner et al. [158] or similar to ours, where

our results were obtained using explicit single-particle potentials.

The results in Figure 4.6 were obtained with a cutoff in total angular momentum

J ≤ 6 when using the AV18 nucleon-nucleon interaction. In calculations with the

NNLOopt interaction, we included partial waves up to J = 24 in the Hartree-Fock

approximation and up to J = 8 in the correlation energy.

Whereas perturbative approximations fail when using the strong AV18 interaction,

we obtain a converging result with saturation when using the PPHH-LAD approxi-

mation of Paper II (see Figure 4.6). In this CC approach, particle-particle and hole-

hole ladder diagrams are summed to infinite order. For comparison, HF, MBPT(2),

and PPHH-LAD results are also shown in Figure 4.6 as obtained with the NNLOopt

interaction. The difference between MBPT(2) and the CC ladder approximation is

considerably smaller with the soft NNLOopt interaction than with the strong AV18

potential.

In this chapter, we have reviewed the basic ideas of many-body perturbation theory,

with emphasis on RSPT. Starting from RSPT, we have derived the BHF approxima-
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Figure 4.6: It is a well-known fact that symmetric nuclear matter is strongly nonper-
turbative when using the Argonne v18 (AV18) potential [239] (see Ref. [158]). When
summing ladder diagrams to infinite order, as in the CC PPHH-LAD approximation,
presented in Paper II, the saturation energy is less than 2 MeV from the experimental
uncertainty region (gray box). In contrast to the calculations with the AV18 inter-
action, MBPT(2) gives almost the same energies as the PPHH-LAD approximation
when using the NNLOopt interaction model of Paper I. The HF results obtained with
the NNLOopt nuclear force are from Paper II. All the calculations were done with
angular-averaged Pauli operators.

tion, which is commonly used in nuclear structure theory. We have given explicit

energy expressions for nuclear matter in the lowest orders of perturbation theory and

in the BHF approximation. In addition, we have given details considering our imple-

mentations of these approaches, and we have discussed some results. Next, we turn our

attention to the main topic of this thesis, which is CC applications for infinite matter.





Chapter 5

Coupled-cluster approximations for
infinite matter

As we discussed in Chapter 2, a wide range of quantum-mechanical ab initio meth-

ods have been used to study both infinite nuclear matter and the electron gas. Infi-

nite nuclear matter has been studied using variational wave-function approaches, such

as FHNC [181], VMC, GFMC [71], and AFDMC [20, 73, 185], nonvariational wave-

function methods, such as the hole-line approximation and BHF [2, 18, 66, 154, 155],

and propagator techniques, such as the SCGF method [62, 118, 168], to name a few.

In electron-gas applications, GFMC [194] and dielectric-function [202] methods have

been important, in particular for the local-density approximation of density-functional

theory [122]. In this landscape, CC theory [29–33, 61] is a nonvariational wave-function

method, which has been applied to both nuclear matter [17, 43] and the electron gas

[50–60].

With Papers II and III, as well as this thesis, we want to reintroduce coupled-cluster

theory to the study of infinite nuclear matter. The electron gas is a well-studied system,

but still, to the best of our knowledge, CC theory has not been applied to the two-

dimensional electron gas beyond the ladder [60] and ring [59] diagram approximations

of Freeman. To start filling this gap, we study finite-size systems of the two-dimensional

electron gas using a CC truncation beyond the ladder and ring approximations.

In Section 5.1, we outline the basic principles of CC theory and give explicit equa-

tions in a plane-wave basis. Section 5.2 is devoted to the nuclear matter CC studies of

this thesis. We discuss the results of Papers I–III, the implementation of the partial-

wave-expanded ladder approximation presented in Paper II, and the verification of the

code. An approach based on spherical Bessel functions is also discussed. In Section

5.3, we explain how finite electron-gas systems have been modeled using Ewald’s in-

teraction. Finally, we present new results for the two-dimensional electron gas, discuss
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implementation issues, and verify our results by comparing with other methods.

5.1 Coupled-cluster theory

Coupled-cluster theory is one of the standard tools in quantum chemistry [33, 222]. The

method has its roots in the field of nuclear physics [29, 30, 43], but was for a long time

mainly used and developed within the quantum-chemistry community [33, 256]. Since

the late 1990s, CC theory has become an increasingly popular method for nuclear

structure studies [44]. Recently, CC theory has been used to calculate the binding

energy of light and medium-mass nuclei [34, 35, 37, 39, 42, 257], it has been applied to

nuclei around the neutron drip line [41, 258], spectroscopic factors have been calculated

[259], and simple time-dependent nuclear models have been studied using CC theory

[260], among other things. The last decade’s development of CC theory for nuclear

applications has been reviewed by Hagen et al. [44].

At the core of CC theory is an exponential wave-function ansatz, which Coester

suggested [29] to obtain a theory that fulfills the linked-diagram theorem [61, p. 152–

153]. Theories that fulfill the linked-diagram theorem are size-extensive, which is a

prerequisite to model large systems [157, p. 217]. Coupled-cluster theory scales poly-

nomially with the number of occupied and unoccupied orbitals, and it is an efficient

and accurate tool for calculations with small and medium-sized molecules and nuclei

[33, 44]. Both CC theory and RSPT are size-extensive [61, p. 255] and nonvariational

([221, pp. 25–26] and [157, p. 219]) methods. In the CC singles and doubles (CCSD)

approximation, which we define below, the CC equations contain certain RSPT dia-

grams, such as particle-particle and hole-hole ladders, mixed ladders, and particle-hole

ring diagrams, summed to infinite order [52]. As shown in Refs. [157, pp. 315–317] and

[221], the exponential form also arises naturally if different terms of the wave function

ansatz contain all possible n-cluster correlations for 1 ≤ n ≤ A, where A is the total

number of particles. With this property, it is both convenient and, for many systems,

physically motivated to truncate at a given maximum cluster size, including thereby,

for example, only one- and two-particle clusters [157, pp. 313–315]. However, for suffi-

ciently strongly correlated systems, such as liquid 3He, wave functions truncated at a

small maximum cluster size fail to describe the most important physics [43].

We follow here Refs. [61, pp. 251–291], [157, pp. 313–353], and [221] when intro-

ducing the general concepts of CC theory. Coupled-cluster theory starts from the

assumption that the total wave function can be written in the exponential form

|ΨCC〉 = eT̂ |Φ0〉, (5.1)
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where |Φ0〉 is the Fermi vacuum state, the total cluster operator T̂ is defined as the

sum of cluster operators

T̂ =
A∑

m=1

T̂m, (5.2)

and a single m-particle-m-hole cluster operator is defined as

T̂m =

(
1

m!

)2 ∑
i1,...,im
a1,...,am

ta1,...,ami1,...,im
a†a1 . . . a

†
amaim . . . ai1 . (5.3)

Here the labels i1, . . . , im and a1, . . . , am denote states occupied and unoccupied in |Φ0〉,
respectively, a†p and ap are creation and annihilation operators, respectively, and the

CC amplitudes ta1,...,ami1,...,im
are unknowns that can be obtained by solving a set of nonlinear

equations.

As explained in Refs. [157, pp. 322] and [221], the CC equations are obtained by

projecting the Schrödinger equation

ĤeT̂ |Φ0〉 = EeT̂ |Φ0〉 (5.4)

onto the bra vectors

〈Φ0|e−T̂ , 〈Φa1,...,am
i1,...,im

|e−T̂ , (5.5)

where m = 1, 2, . . . , A in the latter vector. In other words, the Hamiltonian operator

Ĥ is replaced by a similarity-transformed operator H, defined as

H = e−T̂ ĤeT̂ , (5.6)

and the Hamiltonian equation of H is projected against the bra vectors 〈Φ0| and
〈Φa1,...,am

i1,...,im
|, which form a complete basis in the given space of single-particle orbitals.

The CC equations consist of the energy equation

〈Φ0|H|Φ0〉 = E (5.7)

and the amplitude equations

〈Φa1,...,am
i1,...,im

|H|Φ0〉 = 0, m = 1, 2, . . . A. (5.8)

In practical calculations, the CC amplitudes ta1,...,ami1,...,im
are first obtained by solving

Eq. (5.8). Thereafter the CC amplitudes are used to calculate the energy from Eq. (5.7).

The coupled-cluster equations is, as presented above, an exact reformulation of the

Schrödinger energy eigenvalue problem. Except for very simple model systems, few-
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or many-body problems cannot be solved exactly. In quantum chemistry, the most

common approach for approximating the coupled-cluster equations is to truncate the

cluster operator (5.2) after m = n, where n is smaller than the number of particles

[33, 221]. This truncation corresponds to including all possible combinations of clusters

with a maximal size n. Approximations including T̂1, T̂2, T̂3, etc., are in the CC

literature commonly denoted by singles (S), doubles (D), triples (T), etc., respectively

[221]. For example, the CCSD approximation includes only T̂1 and T̂2, whereas in

the CCD approximation only T̂2 is nonzero. The same approximations are sometimes

called SUBn truncations [52], where, for example, the SUB2 approximation is equal

to CCSD. An alternative family of approximations is the so-called Bochum truncation

scheme [43], which is tailored for systems with hard-core interaction models. In this

work, we consider only the SUBn truncation scheme of CC theory.

In the following, we give the explicit CC equations in the CCD approximation, as

have been derived by, for example, Crawford and Schaefer [221]. The same equations

are given in Papers II and III, but we repeat the basic expressions to make it easier

to follow the discussions. In addition, these equations are also used in our studies

of the homogeneous electron gas, which we present in Section 5.3. As is explained,

for example, in Refs. [2, 52], conservation of momentum and symmetry makes the

T̂1 amplitudes vanish for infinite homogeneous matter. For homogeneous matter, the

CCD approximation is, therefore, equal to CCSD. We give the general equations in a

momentum basis. For brevity, we neglect the spin and isospin degrees of freedom in

the equations below.

The total CCD energy is split into two terms, that is,

ECCD = EREF +ΔECCD, (5.9)

where EREF is the reference energy, defined as the Fermi vacuum expectation value

EREF = 〈Φ0|Ĥ|Φ0〉, (5.10)

and ΔECCD is the remaining correction in the given approximation. Assuming that

the Hamiltonian is of the form

Ĥ =
∑
kpkq

〈kp|h0|kq〉a†kp
akq

+
1

4

∑
kpkq

∑
krks

〈kpkq|v|krks〉ASa
†
kp
a†kq

aksakr +
1

2
Av0, (5.11)
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ECCD = + +

Figure 5.1: A diagrammatic expression for the CCD energy, as given in Figure 2 of
Paper II. Reprinted by permission from G. Baardsen, A. Ekström, G. Hagen, and
M. Hjorth-Jensen, Phys. Rev. C 88, 054312 (2013). Copyright (2013) by the American
Physical Society. http://link.aps.org/abstract/PRC/v88/p054312

where A is the number of particles and v0 is a constant that is nonzero only in the

finite-size electron gas, the reference energy is [221]

EREF =
∑
ki

〈ki|ĥ0|ki〉+ 1

2

∑
ki,kj

〈kikj|v̂|kikj〉AS +
1

2
Av0 (5.12)

and the CCD correction [221]

ΔECCD =
1

4

∑
ki,kj

∑
ka,kb

〈kikj|v̂|kakb〉AS〈kakb|t̂|kikj〉, (5.13)

where in the latter equation the CC amplitude is written using a bracket notation. In

the following, we always use the bracket notation for the CC amplitudes. Figure 5.1

shows the CCD energy diagrammatically. In a Hartree-Fock single-particle basis, as is

the plane-wave basis in infinite nuclear matter, the reference energy EREF equals the

Hartree-Fock energy and the rest is by definition the correlation energy.

Let us define the Fock operator as

F̂ =
∑
p,q

〈p|f̂ |q〉a†paq, (5.14)

where

〈p|f̂ |q〉 = 〈p|ĥ0|q〉+
∑
i

〈pi|v̂|qi〉AS. (5.15)

The explicit expression of the CC T̂2 amplitude equation is given in, for example,

Ref. [221]. Restricting ourself to the CCD approximation and writing the equations in

a momentum basis, we get the T̂2 amplitude equation (see also Paper III){
〈ki|f̂ |ki〉+ 〈kj|f̂ |kj〉 − 〈ka|f̂ |ka〉 − 〈kb|f̂ |kb〉

}
〈kakc|t̂|kikj〉

= 〈kakb|v̂|kikj〉AS

+
1

2

∑
kc,kd

〈kakb|v̂|kckd〉AS〈kckd|t̂|kikj〉
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+
1

2

∑
kk,kl

〈kakb|t̂|kkkl〉

×
{
〈kkkl|v̂|kikj〉AS +

1

2

∑
kc,kd

〈kkkl|v̂|kckd〉AS〈kckd|t̂|kikj〉
}

+ P̂ (kikj)P̂ (kakb)
∑
kk,kc

〈kakc|t̂|kikk〉

×
{
〈kkkb|v̂|kckj〉AS +

1

2

∑
kl,kd

〈kkkl|v̂|kckd〉AS〈kdkb|t̂|klkj〉
}

− 1

2
P̂ (kikj)

∑
kk

〈kakb|t̂|kikk〉
{∑

kl

∑
kc,kd

〈kkkl|v̂|kckd〉AS〈kckd|t̂|kjkl〉
}

− 1

2
P̂ (kakb)

∑
kc

〈kakc|t̂|kikj〉
{∑

kk,kl

∑
kd

〈kkkl|v̂|kckd〉AS〈kbkd|t̂|kkkl〉
}
, (5.16)

where the permutation operator P̂ is defined such that

P̂ (x, y)η(x, y) = η(x, y)− η(y, x), (5.17)

given an arbitrary function η(x, y). In Eq. (5.16) we have assumed that the Fock

operator is diagonal, as it is in homogeneous matter when the interaction conserves

total momentum. The CC amplitude equations are commonly factorized to reduce the

computational cost (see Ref. [221] and Paper III). Let us denote the expressions in

brackets on right-hand side of Eq. (5.16) by

〈kkkl|I1|kikj〉, 〈kkkb|I2|kckj〉, 〈kk|I3|kj〉, 〈kb|I4|kc〉,

so that the T̂2 amplitude equation (5.16) becomes (see Paper III){
〈ki|f̂ |ki〉+ 〈kj|f̂ |kj〉 − 〈ka|f̂ |ka〉 − 〈kb|f̂ |kb〉

}
〈kakc|t̂|kikj〉

= 〈kakb|v̂|kikj〉AS

+
1

2

∑
kc,kd

〈kakb|v̂|kckd〉AS〈kckd|t̂|kikj〉

+
1

2

∑
kk,kl

〈kakb|t̂|kkkl〉〈kkkl|I1|kikj〉

+ P̂ (kikj)P̂ (kakb)
∑
kk,kc

〈kakc|t̂|kikk〉〈kkkb|I2|kckj〉

− 1

2
P̂ (kikj)

∑
kk

〈kakb|t̂|kikk〉〈kk|I3|kj〉
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0 = + +

+ + +

+ +

+ +

Figure 5.2: The CCD T̂2 amplitude equation, as illustrated in Figure 1 of Paper II.
Reprinted by permission from G. Baardsen, A. Ekström, G. Hagen, and M. Hjorth-
Jensen, Phys. Rev. C 88, 054312 (2013). Copyright (2013) by the American Physical
Society. http://link.aps.org/abstract/PRC/v88/p054312

− 1

2
P̂ (kakb)

∑
kc

〈kakc|t̂|kikj〉〈kb|I4|kc〉. (5.18)

As was suggested first by Scuseria et al. [261], the computational cost is significantly

reduced by computing the intermediates separately before substituting them into the

amplitude equation. For example, the computational cost of evaluating the second

term of I1 may be reduced from the order ∼ n4
hn

4
p to ∼ n4

hn
2
p, where nh and np are the

number of occupied and unoccupied orbitals, respectively [221]. Typically, np is much

larger than nh, and the scaling in terms of np is, therefore, the dominant contribution

to the computational cost. The CCD T̂2 amplitude equation is given diagrammatically

in Figure 5.2.

As explained in Paper II, we solve the system of CC amplitude equations using a

fixed-point iteration scheme [221]. Let Tn be the CC T̂2 amplitude matrix, as obtained

in iteration n when solving the amplitude equations. In systems with strong corre-

lations, such as symmetric nuclear matter calculated with the AV18 potential [239]

and the two-dimensional electron gas at not very high densities, the iteration scheme

described in Paper II does not converge. When studying such systems, convergency

can in many cases be obtained by updating the T̂2 amplitude matrix as [262]

Tn ← αTn + (1− α)Tn−1, (5.19)

where α ∈ (0, 1), Tn−1 is the amplitude matrix of the previous iteration, and the arrow

denotes the assignment operator. The solution obtained using Eq. (5.19) is also a
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solution to the normal fixed-point equation

T = R(T), (5.20)

where R is the function of T on right-hand side. Let us show it briefly, following

arguments by Simen Kvaal. Assuming that the iteration has converged at step n− 1,

it holds that

Tn+1 = R(αTn + (1− α)Tn−1) (5.21)

and Tn+1 = Tn = Tn−1 to the chosen accuracy. This gives

Tn+1 = R(αTn + (1− α)Tn)

= R(Tn), (5.22)

which means that the solution obtained using Eq. (5.19) is also a solution to the normal

fixed-point equation (5.20).

Let us for a moment consider only the terms that are linear in the T̂2 amplitudes

on right-hand side of Eq. (5.16). The terms on the second, third and fifth to the sixth

row on the right-hand side have summations over two particle states, two hole states

and one hole and one particle state, respectively. The term with summation over two

particle states, that is, the term

1

2

∑
kc,kd

〈kakb|v̂|kckd〉AS〈kckd|t̂|kikj〉

is commonly called the particle-particle ladder contribution. Similarly, the linear term

with summation over two hole states, that is,

1

2

∑
kk,kl

〈kakb|t̂|kkkl〉〈kkkl|v̂|kikj〉AS

is called the hole-hole ladder contribution. The term

P̂ (kikj)P̂ (kakb)
∑
kk,kc

〈kakc|t̂|kikk〉〈kkkb|v̂|kckj〉AS,

with summation over one particle and one hole state, gives particle-hole ring contri-

butions. The linear particle-particle ladder, hole-hole ladder, and particle-hole ring

terms, respectively, are given diagrammatically on the second line of Figure 5.2. As is

described in Papers II and III, the particle-particle and hole-hole ladder approximation

(PPHH-LAD) is obtained from the CCD equations by setting the second term of I1, as

well as I2, I3, and I4, to zero. The particle-particle ladder approximation (PP-LAD)
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is otherwise like PPHH-LAD, but in PP-LAD the entire intermediate I1 is neglected.

Diagrammatically, the PPHH-LAD approximation is given by the five first diagrams,

and the PP-LAD approximation by the four first diagrams, in Figure 5.2. We have

given explicit linear CC ladder equations in Papers II and III.

As explained in Ref. [52], the PP-LAD approximation generates short-range cor-

relation contributions in a similar way as in the Brueckner G-matrix equation. In

the PPHH-LAD approximation, particle-particle and hole-hole ladder diagrams are

summed to infinite order, similarly as, for example, in the ladder approximation of

the self-consistent Green’s function (SCGF) method [62]. The CC ladder approxima-

tions differ from the BHF and SCGF methods in that the single-particle potentials are

not solved self-consistently, but instead include only the Hartree-Fock contribution.

As shown in Refs. [51, 52], the linear particle-hole term together with the interaction

term generate the direct and exchange parts of ring diagrams with forward time-order.

Bishop and Lührmann [52] explain thoroughly how the full CCD approximation con-

tains ladder diagrams, the random phase approximation (RPA), and a large number of

other diagrams to infinite order. Observe that in CC theory, the different contributions

also couple to each other, thereby generating additional diagrams [52, 53].

In the following sections, we discuss applications of the CC method for nuclear

matter and the electron gas.

5.2 Applications for nuclear matter

As we described in Chapter 2, it has been a long-standing problem in nuclear physics to

properly model the nuclear matter equation of state using realistic nuclear interaction

models (for historical reviews, see, for example, Refs. [2, 3, 9, 43, 62, 65, 66, 118, 140,

168, 182]). In this context, an important quantity is the energy per nucleon as a function

of the particle density. In our studies, we assume that the temperature is much smaller

than the Fermi temperature so that a zero-temperature approximation is appropriate.

We have also chosen to model the systems using nonrelativistic quantum mechanics.

In most many-body quantum approaches, including the CC method, the energy at zero

temperature is obtained from the basic formulation of the theory. Therefore, we get

essential input to the nuclear matter equation of state by solving the CC equations as

explained in Section 5.1.

More than thirty years ago, Day and Zabolitzky studied the nuclear matter equation

of state [17] using the Bochum truncation [43] of CC theory. Day and Zabolitzky did

calculations including reduced two- and three-particle subsystem amplitudes, as well

as an estimate of the four-particle amplitude [17]. One aim of this thesis has been to
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take up again the work on coupled-cluster theory for nuclear matter, now using the

n-particle-n-hole, or SUBn, truncation scheme explained in Section 5.1 together with

modern nuclear interaction models. The latter truncation scheme has been successfully

applied to finite nuclei [35, 37, 39, 41, 257–259, 263], and it is, therefore, of interest to

extend the method to the limit of infinitely many nucleons.

In Section 5.2.1, we give a short presentation of Paper I. Section 5.2.2 is devoted

to Paper II, where we have derived CC ladder equations in a partial-wave basis using

exact Pauli exclusion operators [64]. We discuss how we have implemented the CC

ladder equations for nuclear matter at the thermodynamic limit. Thereafter, we show

how the method and code have been verified, and we mention some of the results from

Paper II. In Paper III, infinite nuclear matter is modeled using finite-sized boxes, and

the thermodynamic limit is approximated by using twist-averaged boundary conditions

[72]. Paper III is presented in Section 5.2.3. As we explain in Section 5.2.4, it seems

difficult to extend the partial-wave-expanded CC ladder approximation of Paper II to

a complete CCD approximation. In Section 5.2.5, we discuss how the CC equations

for nuclear matter can be implemented using a spherical Bessel basis.

5.2.1 A reparametrized interaction model

Our collaborators have obtained a new parametrization of a nuclear interaction model

derived from chiral perturbation theory [15]. This optimized interaction is presented

in Paper I. The parameters of the nucleon-nucleon interaction, which is truncated

after next-to-next-to-lowest order, are optimized to reproduce experimentally extracted

phase-shifts given by the Nijmegen group [232]. The optimization is done using the

efficient POUNDERS optimization algorithm [248, 249], as described in Paper I and in

Chapter 3. To test the optimized nucleon-nucleon force, NNLOopt, we do calculations

on different physical systems, in which the three-nucleon force is known to be important.

When studying excitation energies of 10B and various Ca isotopes, as well as binding

energies of neutron-rich oxygen isotopes, our collaborators get better agreement with

experiments than when using the N3LO chiral interaction of Entem and Machleidt [70].

We also study pure neutron matter using the CC particle-particle and hole-hole ladder

approximation of Paper II. In Paper I, the calculations are wrongly said to be done

using the particle-particle ladder approximation. Similarly as in the studies of nuclei,

we get closer agreement with calculations that include a three-nucleon force when using

the NNLOopt as compared to calculations with the N3LO interaction of Ref. [70] (see

Paper I).
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5.2.2 Ladder approximation at the thermodynamic limit

As a first step towards new and improved CC calculations for nuclear matter, we have

approximated the CCD amplitude equations (5.16) by including only particle-particle

ladder diagrams, which are necessary to properly treat the short-range correlations be-

tween nucleons [7, 62], and hole-hole ladder diagrams, which constitute the symmetric

counterpart for hole states. Our work has been described in detail in Paper II, and

here we only give a brief introduction.

In Chapter 4, we explained how the BHF equations for infinite nuclear matter are

commonly simplified using an angular-average approximation of the Pauli exclusion

operators (3.32) and (3.33). The angular-average approximation, defined by Eqs. (4.37)

and (4.38), is obtained by replacing the exact Pauli operators with averages integrated

over the angle between the relative and CM momentum vectors. This approximation

makes the BHF equations considerably simpler, as the G matrix becomes diagonal in

the total angular momentum J and its projection mJ [64]. As shown in Refs. [64, 144],

the error in the BHF binding energy of symmetric nuclear matter introduced by using

angular-averaged Pauli exclusion operators is of the order 0.2–0.5 MeV.

Suzuki et al. [64] have suggested an approach to expand the exact Pauli operators

of the BHF equations in partial waves. In Paper II, we derive explicit expressions

for the CC ladder equations using this technique. When using exact Pauli operators,

the CC ladder equations become complex, and storing the amplitude matrix becomes

intractable. To make the computations manageable, we simplify the amplitude matrix

by employing an angular-average approximation [8] of the momentum arguments in

the single-particle energies, as shown in Eqs. (4.41), (4.49) and (4.50). When using

these approximated single-particle energies, the amplitude matrix gets a symmetry

that makes it possible to evaluate the matrix elements for only one direction of the CM

momentum vector, and then use a rotation matrix to obtain matrix elements for other

CM momentum directions (see Paper II and Ref. [64]). Using the rotation matrix, we

are, therefore, able to decrease the size of the amplitude matrix further. The angular-

average approximation in the single-particle energies also opens the possibility to use

simplified formulae for the exact Pauli operators, as introduced by Suzuki et al. [64].

Implementation

Next, we discuss our implementation of the partial-wave-expanded CC ladder equations

with exact Pauli operators, given as Eqs. (18) and (23) in Paper II. The ladder equations

with angular-averaged Pauli operators may be implemented in a similar way.
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As stated above, the nuclear interaction is diagonal in the total two-particle spin S,

in the isospin projection MT , and in the total relative angular momentum J . Because

of this symmetry, we store the interaction matrices in blocks of the conserved quantum

numbers, as is commonly done in quantum chemistry [221]. Utilization of block diago-

nality decreases the memory consumption significantly, and it can also greatly reduce

the number of floating-point operations. However, as shown in Paper II, the Pauli ex-

clusion operators and the T̂2 amplitude matrix are not diagonal in J and its projection

mJ . Furthermore, these matrices depend on the radial CM momentum K, and the

Pauli operators are also functions of the angle θK related to the CM momentum.

The CC energy equation (18) of Paper II may be written as

ΔECCD/A = Constant×
∑
SMT

∑
JmJ

∑
J ′′mJ ′′

∑
J ′′′mJ ′′′

∑
mJ ′

×
∑
Ki

K2
i ωKi

∑
θj

sin θjωθjd
J ′′
mJ ′′mJ ′ (θj)d

J ′′′
mJ ′′′mJ ′ (θj)

× Tr
[
VSMTJQ

SMTKiJmJJ ′′mJ ′′θj
pp TSMTKiJ ′′mJ ′J ′′′

Q
SMTKiJ ′′′mJ ′′′JmJ θj
hh

]
, (5.23)

where the two-body interaction, the Pauli operators and the T̂2 amplitudes are ex-

pressed as matrices. Here Ki and θj are radial and angular coordinates of the CM

momentum, ωKi
and ωθj are the corresponding quadrature weights, and the function

d is part of the Wigner D function, defined in Ref. [227, pp. 72–74 and 76]. Using the

relation [264, p. 19]

Tr [AB] = Tr [BA] (5.24)

for the trace of a matrix-matrix product, we can replace the trace in Eq. (5.23) by

Tr
[
MSMTKiJmJJ ′′mJ ′′J ′′′mJ ′′′θjTSMTKiJ ′′mJ ′J ′′′

]
, (5.25)

where

MSMTKiJmJJ ′′mJ ′′J ′′′mJ ′′′θj = Q
SMTKiJ ′′′mJ ′′′JmJ
hh

×VSMTJQ
SMTKiJmJJ ′′mJ ′′θj
pp . (5.26)

The matrix M does not change during the CC self-consistency loop and is, therefore,

set up only once at the beginning of the calculations. We evaluate the trace as

Tr [MT] =
∑
α

(∑
β

MαβTβα

)
, (5.27)
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and a matrix-matrix multiplication is therefore not necessary. Assuming that M has

dimension n×m and T dimension m× n, the simplification in Eq. (5.27) reduces the

order of floating-point operations from the order of m2n2 [265, p. 18] to mn.

We further simplify the CC energy equation and write it as

ΔECCD/A = Constant×
∑
Ki

∑
SMT

∑
J ′′mJ ′

∑
J ′′′

×
∑
α

(∑
β

T̃
SMTKiJ ′′mJ ′J ′′′

αβ O
SMTKiJ ′′mJ ′J ′′′

βα

)
, (5.28)

where the matrix elements T̃αβ are defined as

T̃
SMTKiJ ′′mJ ′J ′′′

αβ = T
SMTKiJ ′′mJ ′J ′′′

αβ /Δε̃(kα, kβ, Ki), (5.29)

that is, a T̂2 amplitude divided by an energy denominator. The matrix O is defined

such that

OSMTKiJ ′′mJ ′J ′′′
=
∑
JmJ

∑
mJ ′′mJ ′′′

∑
θj

N(SMTKiJ ′′mJ ′J ′′′)(JmJmJ ′′mJ ′′′θj), (5.30)

where

N(SMTKiJ ′′mJ ′J ′′′)(JmJmJ ′′mJ ′′′θj)

= K2
i ωKi

sin θjωθjd
J ′′
mJ ′′mJ ′ (θj)d

J ′′′
mJ ′′′mJ ′ (θj)

×MSMTKiJmJJ ′′mJ ′′J ′′′mJ ′′′θj . (5.31)

Similarly as for the energy equation, we write the amplitude equation as

TSMTKiJ ′mJJ = VSMTJ δJJ ′

+
1

2

∑
J ′′

T̃SMTKiJ ′mJJ ′′
WSMTKiJ ′′mJJ

+
1

2

∑
J ′′

USMTKiJ ′mJJ ′′
T̃SMTKiJ ′′mJJ , (5.32)

where we have used the definitions

WSMTKiJ ′′mJJ = Q
SMTKiJ ′′mJJmJ
hh VSMTJ (5.33)

and

USMTKiJ ′mJJ ′′
= VSMTJ ′

QSMTKiJ ′mJJ ′′mJ
pp . (5.34)
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The different matrices are stored in lists of matrices, where the list index is determined

by the superscript quantum numbers. For example, the matrices OSMTKiJ ′′mJ ′J ′′′
are

stored as elements in a list in which the quantum numbers S, MT , Ki, J ′′, mJ ′ ,

and J ′′′ determine the location. To obtain sufficient accuracy, the grid in relative

momentum must be set up such that the total interval is split at the points where the

derivatives of the Pauli operators are discontinuous. In our numerical integrations, we

use Gauss-Legendre quadrature [254, pp. 140–146].

In our calculations, we set up the matrices O, W, and U only once, and then we use

Eqs. (5.28) and (5.32) to evaluate the energy in each iteration of the CC self-consistency

loop. In large calculations, most of the computing time is used to set up the matrix

O. By setting up this matrix only once, the computing time of a typical symmetric

nuclear matter calculation, therefore, decreases by approximately a factor of ten. To

utilize the computing power of large computing clusters, we have parallelized the code

using both the Message Passing Interface (MPI) Standard [266, 267] and OpenMP

[268]. MPI is a standard for parallelization that is designed to work on computers with

distributed memory [266, pp. 1–20]. Therefore, we use MPI to share work load between

different computing nodes on a supercomputer. We split the CC ladder equations into

parts corresponding to different CM momentum values Ki and distribute these parts

to different MPI processes. As mentioned above, most of the computing time is used to

set up the matrix O. The code can therefore be further optimized by parallelizing the

setup of O on each computing node. In our program, we use OpenMP to parallelize

the setup of the matrices OSMTKiJ ′′mJ ′J ′′′
locally on the different computing nodes.

Verification and results

We have verified our Hartree-Fock code for nuclear matter by comparing with results

in Ref. [158] and with numbers provided by Scott Bogner. Our implementations of

the BHF method were tested against results in Refs. [45, 67, 104]. When comparing

different BHF energies, we found sometimes not negligible deviations, probably due

to differences in the implementations, such as angular-average approximations [67],

handling of singularities in the G matrix (see Refs. [67] and [235, pp. 112–114]), and

in some older calculations possibly too low momentum cutoffs in the single-particle

potentials [269]. As mentioned in Paper II, our BHF saturation energy for symmetric

nuclear matter, obtained with the N3LO interaction [70], differs approximately 0.5 MeV

from the energy given by Li et al. [45]. As explained in Appendix C, the BHF results

in Figs. 7 and 8 of Paper II were accidentally calculated using wrong partial waves.
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This error was done only when making the figures, and the numbers given in Paper II

are not affected.

As can be seen from the CC ladder equations, the first iteration of both the PP-

LAD and PPHH-LAD approximations give the MBPT(2) energy. Similarly, the second

iteration of the PP-LAD approximation is identical to the MBPT(2) approximation

plus the particle-particle ladder diagram (4.26) of third-order perturbation theory. The

second iteration of the hole-hole ladder (HH-LAD) approximation, which is obtained

from PPHH-LAD by removing the particle-particle ladders, gives the same result as

MBPT(2) plus the hole-hole ladder term (4.27) present in third-order perturbation

theory. As part of the verification of our CC ladder approximations, we compared

the first iterations of the CC calculations with results from many-body perturbation

theory.

If the G-matrix elements in the single-particle potential (4.31) of the BHF equa-

tions are replaced by bare interaction-matrix elements, the PP-LAD approximation is

obtained (see Paper II). We used such a modified BHF approximation to verify our

implementation of the PP-LAD approach with angular-averaged Pauli exclusion oper-

ators. When comparing the modified BHF method with the PP-LAD approximation,

we obtained the same results to an accuracy of 0.01 MeV.

We have also compared our MBPT(2) and PP-LAD implementations utilizing

angular-averaged Pauli operators with results provided by Scott Bogner. When us-

ing the N3LO chiral nucleon-nucleon interaction of Ref. [70], we got differences of

approximately 0.001–0.05 MeV for Fermi momenta between 1.2 and 1.8 fm−1. In these

calculations, Scott Bogner used the method explained in Ref. [22], modified here to

include only the Hartree-Fock single-particle potential.

Our implementations of the exact Pauli operators were tested using different for-

mulae given by Suzuki et al. [64]. The CC ladder equations with angular-averaged

Pauli operators are given in Eqs. (26) and (27) of Paper II, and the same equations for

exact Pauli operators in Eqs. (18) and (23) of the same publication. As seen from the

expressions, the equations with exact Pauli operators are much more complex than the

counterpart with angular-averaged Pauli operators. To compare our implementations

of these equations, we replaced the exact Pauli operators in Eqs. (18) and (23) of Paper

II by the operator

Q(lJmJ , l′J ′,mJ ′ ;SMTkKθKφKkF ) = AlSMTAl′SMT

×Q(k,K, kF )δll′δJJ ′δmJmJ ′ , (5.35)

given in Eq. (2.16) of Ref. [64]. Here Q(k,K, kF ) is a normal angular-averaged Pauli

operator, given by Eqs. (4.37) and (4.38), andAlSMT is the antisymmetrization operator
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defined in Eq. (A.5). With this replacement, the CC ladder equations designed for exact

and angular-averaged Pauli operators give the same result.

Our implementation of the CC ladder approximations with exact Pauli operators

was further verified in Paper III. Given that convergence is obtained in the number of

momentum grid points, the only approximations of the CC ladder equations in Paper

II are the angular-average approximation in the single-particle potential and a finite

cutoff in angular momentum. As seen from Figure 6 of Paper II, the error owing to

the cutoff in angular momentum is smaller than approximately 0.3 MeV. We have not

been able directly to quantify the error related to the angular-average approximation

in the single-particle potentials. However, in Paper III we show that a CC ladder

approximation with a finite number of particles in a box and twist-averaged boundary

conditions gives energies within 0.1–0.2 MeV from the ladder approximation described

above. The good agreement between these two quite different approaches indicates that

the error owing to the angular-averaged single-particle potentials is small. Different

CC ladder approximations are compared with the BHF method in Paper II. As we

describe in Section 5.2.3, in Paper III we also compare our CC ladder approximation

with the AFDMC approach.

In Paper II, we study CC ladder approximations with exact and angular-averaged

Pauli exclusion operators. Using exact Pauli operators, we get energies that are at

most about 0.2 MeV from the energies obtained using angular-averaged Pauli opera-

tors. Similarly as observed in the BHF method [64, 144], exact treatment of the Pauli

exclusion operators gives more binding for symmetric nuclear matter. In pure neutron

matter, we find that the angular-average approximation of Pauli operators has a much

smaller effect on the binding energy (see Paper II). In Figure 5.3, we compare equations

of state for symmetric nuclear matter, as obtained in MBPT(2) using angular-averaged

and exact Pauli operators. As a nuclear two-body interaction, we use the optimized

chiral interaction NNLOopt given in Paper I, and both calculations are done with a

cutoff in total angular momentum J ≤ 8 for the correlation energy and J ≤ 24 for the

Hartree-Fock potential. The energy denominators are approximated by an angular-

average approximation, as described in Paper II. The difference between the equations

of state obtained with exact and angular-averaged Pauli operators is of the same size as

the differences we observed for the PP-LAD and PPHH-LAD approximations in Paper

II.
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Figure 5.3: Energy per particle for symmetric nuclear matter given as a function of the
Fermi momentum kF . Similarly as in the PPHH-LAD and BHF approximations, the
energy in second-order perturbation theory (MBPT(2)) has more binding with exact
than with angular-averaged Pauli exclusion operators. The approximations with exact
and angular-averaged Pauli operators differ by 0.22–0.38 MeV. For comparison, the fig-
ure also shows energies in MBPT(2) as obtained with 132 nucleons and twist-averaged
boundary conditions (TABC) using three twist points in each Cartesian direction. The
latter results are from Paper III. The energies obtained with partial-wave expansion,
exact Pauli operators, and angular-averaged single-particle energies at the thermody-
namic limit differ from the results obtained with a finite number of particles by at most
0.26 MeV, and at the saturation density by only 0.09 MeV. All calculations were done
with the NNLOopt nucleon-nucleon interaction, which was presented in Paper I.
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5.2.3 Finite-box approximations of nuclear matter

As we discuss in Section 5.2.4, it is not easy to extend the CC ladder approximation of

Paper II to a full CCD approximation. The particle-hole diagrams, for example, become

complicated when expressed in relative coordinates using a partial-wave expansion. In

Paper III, the CC equations for infinite nuclear matter are written in laboratory-frame

coordinates, with discretization in momentum space. The CC equations are generally

defined in laboratory coordinates [221], and it is, therefore, straightforward to extend

the approach described in Paper III to different truncation levels, such as CCD, CCDT,

etc.

In Paper III, infinite nuclear matter is approximated by a finite cubic box containing

a fixed number of nucleons. The single-particle basis is as defined in Eqs. (3.20)–(3.23),

with discretization in Cartesian momentum coordinates. The total momentum is zero,

and the symmetry is correct, for certain closed-shell configurations. When using a finite

number of particles to approximate infinite nuclear matter, there will be an error related

to the discretization in momentum space [72]. To get faster convergence towards the

thermodynamic limit as the total nucleon number is increased, our collaborators take

average over different twisted boundary conditions, similarly as was done in Ref. [72]

for the electron gas (see Paper III).

The CC ladder approximation described in Paper II is formulated at the thermo-

dynamic limit. The calculations have an error related to a cutoff in total angular

momentum, which we estimate to be less than 0.3 MeV (see Figure 6 in Paper II).

In addition, the single-particle energies are calculated using an angular-average ap-

proximation, which gives an error that we did not quantify in Paper II. In Paper III,

we compare two different implementations of the CC ladder approximation for nu-

clear matter: the approach of Paper III, with twist-averaged boundary conditions, is

compared with calculations defined at the thermodynamic limit, as described in Pa-

per II. The two approaches give binding energies closer than the error associated with

the angular-momentum cutoff of the latter method (see Paper III). This agreement

between the two quite different implementations indicates that the twist-average tech-

nique is able to approximate the thermodynamic limit well. Furthermore, it seems that

the error related to the angular-averaged single-particle energies is small. The same

conclusion can be drawn from the MBPT(2) results in Figure 5.3.

To validate the CC approaches of Papers II and III, in Paper III we compare the

CC approximations with the AFDMC [73] method, which is considered to be an ac-

curate many-body approach. We do the calculations using the Minnesota potential

[74]; see Section 3.2.4. As shown in Figure 5.4, both the CCD approximation of Paper
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Figure 5.4: Neutron matter equations of state, as obtained with the AFDMC [73]
method, the CCD approximation of Paper III, and the CC particle-particle and hole-
hole ladder approximation of Paper II, using the Minnesota nucleon-nucleon interaction
[74]. The figure is from Paper III. Reprinted by permission from G. Hagen, T. Papen-
brock, A. Ekström, K. A. Wendt, G. Baardsen, S. Gandolfi, M. Hjorth-Jensen, and
C. J. Horowitz, Phys. Rev. C 89, 014319 (2014). Copyright (2014) by the American
Physical Society. http://link.aps.org/abstract/PRC/v89/p014319
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III, which uses twist-averaged boundary conditions, and the CC ladder approximation

of Paper II, which is defined in the thermodynamic limit, give results close to those

of the AFDMC method (see Paper III). These results indicate that the CC ladder

approximation describes the most important correlations in pure neutron matter, at

least in the special case when the nucleon-nucleon interaction is modeled using the

simple Minnesota potential. Calculations using more realistic chiral interactions from

Paper I also show that the CCD and CCD(T) approximations give no apparent impor-

tant contributions to the neutron matter equation of state beyond the results obtained

with CC ladder approximation (see Paper III). Based on the results of Paper III, we

may conclude that the CC ladder approximation is an accurate tool to model neutron

matter.

In contrast, the results of Paper III show that higher-order correlations are crucial in

symmetric nuclear matter. Perturbative triples amplitudes are shown to be significant.

It is necessary to include all three-body terms in the triples amplitudes, and a normal-

ordered two-body approximation can only be used in the doubles amplitude (see Paper

III). The CC ladder approximation is, therefore, not sufficient to accurately model

symmetric nuclear matter. Unfortunately, the CC results of Paper III are strongly

dependent on the chosen regulator in the chiral three-body force. As pointed out

in Paper III, it may be necessary to improve the chiral interaction models to get a

weaker regulator dependency. The interaction models we use do not account for Δ

resonances, which may be important in nuclear structure calculations [16]. Finally, our

collaborators show in Paper III that the constants cD and cE of the three-body force

cannot be chosen to give both the experimental saturation properties of nuclear matter

and the correct binding energy for triton.

5.2.4 Problems with particle-hole diagrams

In three-dimensional nuclear matter, the CC T̂2 amplitudes are functions of four three-

dimensional momentum vectors. One vector can be removed owing to momentum

conservation, but still the size of the T̂2 amplitude matrix may become very large.

The realistic two-particle nuclear interactions we use are given in a coupled angular-

momentum basis with relative momentum coordinates. We have therefore chosen to

transform the CC equations to the coupled angular-momentum and relative momentum

basis

|kJmJ (lS)mt1mt2〉,
which was defined in Chapter 3. As discussed in the previous subsection, the partial-

wave-expanded CC ladder equations may be considerably simplified using angular-
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averaged single-particle potentials. In this approximation, the size of the amplitude

matrix decreases by two dimensions. Unfortunately, as we now show, the complete

CCD equations become considerably more complicated in the partial-wave basis.

In the following, we repeat parts of the theory explained in Paper II, but we extend

the discussion to include terms that are neglected in the article. For simplicity, let

us for a moment consider only those terms in the CCD T̂2 amplitude equation (5.16)

that are linear in the CC amplitudes. Using integrals in the limit when the box size

approaches infinity, as in Eq. (3.27), the linear part of the amplitude equation becomes

0 = 〈kakb|v̂|kikj〉AS

+ (ε(ka) + ε(kb)− ε(ki)− ε(kj)) 〈kakb|t̂|kikj〉

+
1

2

(
L

2π

)6 ∫
dkk

∫
dkl〈kakb|t̂|kkkl〉〈kkkl|v̂|kikj〉AS

× θ(kF − |kk|)θ(kF − |kl|)

+
1

2

(
L

2π

)6 ∫
dkc

∫
dkd〈kakb|v̂|kckd〉AS〈kckd|t̂|kikj〉

× θ(|kc| − kF )θ(|kd| − kF )

+ P̂ (ki,kj)P̂ (ka,kb)

(
L

2π

)6 ∫
dkk

∫
dkc〈kakc|t̂|kikk〉

× 〈kkkb|v̂|kckj〉ASθ(kF − |kk|)θ(|kc| − kF ), (5.36)

where θ(x) is the Heaviside step function. In Eq. (5.36) we have used the definition

ε(k) ≡ 〈k|f |k〉. The term that we give on the third and fourth lines of Eq. (5.36) has

summations over two hole states. The corresponding diagram is the one in the middle

in the second row of Figure 5.2. This is the hole-hole ladder (HHLAD) diagram, which

generates diagrams similar to the hole-hole ladders in many-body perturbation theory

[157, pp. 346–347]. In the same way, there is a summation over two particle states

in the term on the fifth and sixth lines of Eq. (5.36). The corresponding diagram is

given in the second row at left of Figure 5.2. This term generates diagrams similar

to the particle-particle ladders encountered in many-body perturbation theory [157,

pp. 351–352], and we call the term the particle-particle ladder (PPLAD) diagram. In

the last term of Eq. (5.36), there is a summation over one hole and one particle state.

The corresponding diagram is the one at the right in the second row of Figure 5.2. We

call this the particle-hole (PH) diagram.

Similarly as in Paper II, we write the linear part of the CCD amplitude equation

in RCM coordinates, but including here also the PH term. The amplitude equation

becomes

0 = 〈k′|v̂|k〉AS + (ε(|k′ +K/2|) + ε(| − k′ +K/2|)
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−ε(|k+K/2|)− ε(| − k+K/2|)) 〈k′|t̂|k〉
+

1

2

∫
dh〈k′|t(K)|h〉〈h|v̂|k〉AS

× θ(kF − |h+K/2|)θ(kF − | − h+K/2|)
+

1

2

∫
dp〈k′|v̂|p〉AS〈p|t̂|k〉

× θ(|p+K/2| − kF )θ(| − p+K/2| − kF )

+

∫
dB〈B/4 + 3k′/4− k/4−K/4|v̂|B/4− k′/4 + 3k/4−K/4〉AS

× 〈−B/4 + 3k′/4− k/4 +K/4|t̂|B/4 + 3k/4− k′/4 +K/4〉
× θ(kF − |B/2 + (k′ − k)/2|)θ(|B/2− (k′ − k)/2| − kF ) + . . . , (5.37)

where the last term is the part of the particle-hole diagram that is not permuted. Here

we have used the definitions

h = (kk − kl)/2, p = (kc − kd)/2, (5.38)

and the relative momentum vectors k, k′ and CM momentum vector K are defined in

Eq. (3.31).

In Paper II we wrote the amplitude equation into such a form that both the inter-

action and the CC amplitude were given in a coupled angular-momentum and relative-

momentum basis

|kJmJ (lS)MT 〉, (5.39)

where k ≡ |k| is the length of a relative momentum vector k, l is the orbital angular

momentum related to k, S is the total two-particle spin, J is equal to the total angular

momentum l + S, mJ is the z projection of J , and MT is the projection of the total

two-particle isospin.

Let us now consider the simpler linear equation in which the PH diagrams are

neglected, as was done in Paper II. When using an angular-average approximation

for the inputs in the single-particle potentials ε(|p|) of the amplitude equation, all the

vectors |k〉, |k′〉, and their conjugates can simply be replaced by vectors as in Eq. (5.39).

The resulting CC amplitude equation is of the form (see Paper II)

Δε̃(k, k′, K)〈k′J ′mJ ′(l′S)MT |t̂(K)|kJmJ (lS)MT 〉
= 〈k′J ′mJ ′(l′S)MT |v̂|kJmJ (lS)MT 〉δJJ ′δmJmJ ′
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+
1

2

∑
J ′′mJ ′′

∑
l′′l′′′

∫ kF

0

h2dh

× 〈k′J ′mJ ′(l′S)MT |t̂(K)|hJ ′′mJ ′′(l′′S)MT 〉
× 〈hJmJ (l′′′S)MT |v̂|kJmJ (lS)MT 〉
×Qhh(l

′′J ′′mJ ′′ , l′′′JmJ ;SMThKθKφK)

+
1

2

∑
J ′′mJ ′′

∑
l′′l′′′

∫ ∞

0

p2dp

× 〈k′J ′mJ ′(l′S)MT |v̂|pJ ′mJ ′(l′′S)MT 〉
× 〈pJ ′′mJ ′′(l′′′S)MT |t̂(K)|kJmJ (lS)MT 〉
×Qpp(l

′′J ′mJ ′ , l′′′J ′′mJ ′′ ;SMTpKθKφK), (5.40)

where the exact Pauli operators Qhh and Qpp and the function ε̃(k, k′, K) are defined

in Paper II. Unfortunately, the PH terms in Eq. (5.37) have complicated dependencies

on the angular parts of k and k′. When including the PH term, the angular parts

of k and k′ can therefore no longer be separated out in a simple way. Consequently,

the size of the T̂2 matrix becomes intractably large in the thermodynamic limit, and

the equations become considerably more complex. Because of this problem, we have

omitted the PH diagrams from our CC amplitude equation in Paper II.

An advantage of using partial waves is that one can calculate the CC amplitude

matrix for only one direction of the CM momentum vector K, for example only vectors

K = (0, 0, K), and then one can obtain the matrix elements for other directions by

using rotation matrices. In Paper II, the CC T̂2 amplitude matrix was rotated as

〈k′J ′mJ ′(l′S)|t̂(K)|kJmJ (lS)〉
=
∑

mJ ′′′mJ ′′

DJ
′

mJ ′mJ ′′′ (φK , θK , 0)D
J∗
mJmJ ′′ (φK , θK , 0)

× 〈k′J ′mJ ′′′(l′S)|t̂(K)|kJmJ ′′(lS)〉, (5.41)

where DJmJmJ ′ (φ, θ, σ) is a rotation matrix defined by Varshalovich et al. [227, pp. 72–

74]. It is possible to solve the amplitude equation using three-dimensional momentum

vectors, but then we loose the rotational symmetry of the CC amplitude matrix. Con-

sequently, the CC amplitude matrix needs two degrees more of freedom, which increases

the demand for computer memory.

5.2.5 Spherical approximation of nuclear matter

As discussed in the previous subsection, the CCSD amplitude equations become very

complicated in the partial-wave expansion using RCM coordinates. It would therefore
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be advantageous to use an approach in which the CC equations can be written ex-

plicitly in laboratory-frame coordinates. In Paper III, a Cartesian momentum basis

defined in the laboratory frame was successfully applied to nuclear matter systems.

In the present section, we discuss another approach to implementing coupled-cluster

theory for infinite matter, following ideas by Gaute Hagen, Morten Hjorth-Jensen, and

Thomas Papenbrock (see also Ref. [270] for a discussion of the first part). In this

approach, infinite nuclear matter is modeled as a spherical system. First, the interac-

tion matrix elements are transformed from the relative partial-wave basis (3.34) to a

single-particle basis in laboratory coordinates. Once the interaction matrix elements

have been transformed to a laboratory-frame basis, it is straightforward to derive and

implement explicit coupled-cluster equations.

A seemingly appealing approach is to transform the interaction matrix to the

laboratory-frame single-particle basis

|kpjpmjplpspmtp〉, (5.42)

where kp is the laboratory momentum, lp is the orbital angular momentum, sp is

the spin, jp is the angular momentum, mjp is the z projection of jp, and mtp is the

isospin projection. Hagen et al. have shown [271] how more efficient coupled-cluster

implementations can be obtained by coupling single-particle angular momenta jp and jq

to a total angular momentum J . This kind of angular momentum coupling is possible

because the nuclear interaction is rotationally invariant [233, p. 151] and, therefore,

conserves the total angular momentum. We would therefore like to write the two-

nucleon states in the basis

|kpjplp, kqjqlq; Jmtpmtq〉, (5.43)

where the single-particle angular momenta jp and jq have been coupled to a total

angular momentum.

Let us show how the interaction matrix elements can be transformed to the basis

(5.43). Assume for a while that we have the continuous plane wave basis

ψk(x) =
1

(2π)3/2
eik·x, (5.44)

instead of the discrete box-potential plane-wave basis of Eq. (3.20). A bra vector 〈kpkq|
can be expanded as [272]

〈kpkq| = 〈kpkq|
⎛
⎝∑

lpmlp

∑
lqmlq

|lpmlplqmlq〉〈lpmlplqmlq |
⎞
⎠
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= 〈kpkq|
∑
lpmlp

∑
lqmlq

|lpmlplqmlq〉

×
(∑

λμ

〈lpmlplqmlq |λμ〉〈λμlplq|
)

=
1

kpkq

∑
lplqλμ

〈kplpkqlq, λμ|
[
Ylpmlp

(k̂p)Ylqmlq
(k̂q)
]
λmλ

, (5.45)

where the functions Ylml
(k̂) ≡ 〈k̂|lml〉 are spherical harmonics, the bracket denotes a

Clebsch-Gordan coefficient [227, pp. 235–236], lp and lq are orbital angular momenta

of the two particles, λ is the total orbital angular momentum, and mλ its projection in

the z direction. In Eq. (5.45) the square brackets represent coupling of orbital angular

momenta, as in Eq. (3.43). We define the radial states with the normalization condition

〈klml|k′l′ml′〉 = δ(k − k′)δll′δmlml′ , (5.46)

similarly as in Ref. [272]. When projecting to the real space, we get

ϕklml
(r) ≡ 〈r|klml〉 =

√
2

π
kjl(kr)Ylml

(θr, φr), (5.47)

where jl(x) is the spherical Bessel function. Equation (5.47) differs from the func-

tion given in [273, p. 417] due to different normalizations. Observe that continuous

momentum variables give a Dirac delta distribution in the normalization expression

(5.46).

Following Eq. (2.16) of Ref. [272], radial ket vectors can be transformed between

the laboratory and RCM coordinate systems using the relation

|kplpkqlq, λmλ〉 =
∫
dk

∫
dK
∑
lL

|klKL, λmλ〉〈klKL, λ|kplpkqlq, λ〉, (5.48)

where k and K are radial coordinates of relative and CM momenta, respectively, l and

L are corresponding orbital angular momenta, and the coefficient denoted by a bracket

is called a vector bracket [272, 274]. According to Eqs. (3.3), (3.4), (3.11) and (3.14)

of Ref. [272], the vector bracket can be written as

〈klKL, λ|kplpkqlq, λ〉 = (4π)2 δ(u)θ(1− v2)A(v), (5.49)

where

A(v) =
1

(2λ+ 1)

∑
mλ

[
Ylml

(k̂)× YLML
(K̂)
]∗
λmλ

×
[
Ylpmlp

(k̂p)× Ylqmlq
(k̂q)
]
λmλ

, (5.50)
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as formulated by Balian and Brezin [272, 275], and

u = k2 +
1

4
K2 − 1

2
(k2p + k2q), (5.51)

v =
1

kK

(
k2p − k2 − 1

4
K2

)
. (5.52)

The delta distribution ensures that the kinetic energy is conserved in the transformation

between coordinate systems. The variable v may also be written as

v = cos(θkK),

where θkK is the angle between the relative and CM momentum vectors k and K. The

step function θ(1− v2), therefore, gives the geometric restriction | cos(θkK)| ≤ 1 [274].

We want to write a vector |(kplpjp)(kplpjp)(JMJ)〉 as a linear combination of vectors

|klKL(J )SJMJ〉. This transformation has been given in, for example, Refs. [274, 276].

In the following, we sketch a derivation of the transformation between the two bases.

We do the derivation in several steps. First we recouple from the j− j scheme to

the L−S scheme, as in Eq. (4.13) of Ref. [228]. Further, we do the recoupling

JMJλS −→ λμSMS, and get

|(kplpjp)(kqlqjq)(JMJ)〉 =
∑
λmλ

∑
SMS

ĵpĵqλ̂Ŝ

⎧⎨
⎩

lp
1
2

jp
lq

1
2

jq
λ S J

⎫⎬
⎭

× 〈λmλSMS|JMJ〉|kplpkqlq, λmλ〉|SMS〉, (5.53)

where we have used the definition x̂ =
√
2x+ 1. If we now use the laboratory to

RCM transformation (5.48), do the recoupling λmλSMS −→ JMJλS, and use the 9j

coefficient relation (A4.27) in Ref. [228], we get

|(kplpjp)(kqlqjq)(JMJ)〉 =
∑
λS

∑
lL

∫
dk

∫
dKĵpĵqλ̂Ŝ

⎧⎨
⎩

lp lq λ
1
2

1
2

S
jp jq J

⎫⎬
⎭

× 〈klKL, λ|kplpkqlq, λ〉|klKL(λ)SJMJ〉. (5.54)

To get the desired basis on the right-hand side, we must further do the recoupling of

three angular momenta lL(λ)SJMJ −→ lL(J )SJMJ , diagrammatically sketched as

[228, p. 461]

(JMJ)

S λ

l

L =
∑
J Ĵ λ̂ W (SlJL;J λ)×

(JMJ)

J L
l

S

where W (SlJL;J λ) is a Racah coefficient (see Refs. [277] and [227, p. 291]). When
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we apply this recoupling, we get the expression

|(kplpjp)(kqlqjq)(JMJ)〉 =
∑
λS

∑
lL

∑
J

∫
dk

∫
dKĵpĵqλ̂

2ŜĴ

×
⎧⎨
⎩

lp lq λ
1
2

1
2

S
jp jq J

⎫⎬
⎭ 〈klKL, λ|kplpkqlq, λ〉

×W (LlJS;λJ )|klKL(J )SJMJ〉. (5.55)

Here we have used some symmetry relations for Racah coefficients. If we now use the

relation between Racah coefficients and 6j symbols, and include the isospin degree of

freedom, we obtain

|(kplpjp)(kqlqjq)(JMJmtpmtq)〉 =
∑
λS

∑
lL

∑
J

∫
dk

∫
dK ĵpĵqλ̂

2ŜĴ

× (−1)L+l+J+S

⎧⎨
⎩

lp lq λ
1
2

1
2

S
jp jq J

⎫⎬
⎭

× 〈klKL, λ|kplpkqlq, λ〉
{
L l λ
S J J

}
× |klKL(J )SJMJmtpmtq〉. (5.56)

The corresponding antisymmetrized vector is obtained by multiplying the right-hand

side of Eq. (5.56) by AlSMT , where MT = mtp +mtq and the antisymmetrization factor

is defined in Eq. (A.5). The transformation in Eq. (5.56) differs from the expressions

in Refs. [274, 276] by a phase factor (−1)(J−λ)−(J−l), which is one owing to triangular

relations.

Using the transformation (5.56), a two-body interaction matrix element may now

be written as

〈kplpjpkqlqjqJTMT |V |krlrjrkslsjsJTMT 〉

=
∑

lLλSJ

∫ ∞

0

dk

∫ ∞

0

dK

⎧⎨
⎩

lp lq λ
1
2

1
2

S
jp jq J

⎫⎬
⎭

× (−1)λ+J−L−SĴ λ̂2ĵpĵqŜ
{
L l λ
S J J

}

× (4π)2δ

(
k2 +

1

4
K2 − 1

2
(k2p + k2q)

)

× θ

(
1− (k2p − k2 − 1

4
K2)2

k2K2

)
A

(
k2p − k2 − 1

4
K2

kK

)
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×
∑
l′λ′

∫ ∞

0

dk′
∫ ∞

0

dK ′

⎧⎨
⎩

lr ls λ′
1
2

1
2

S
jr js J

⎫⎬
⎭

× (−1)λ′+J−L−SĴ λ̂′2ĵr ĵsŜ
{
L l′ λ′

S J J
}

× (4π)2δ

(
k′2 +

1

4
K ′2 − 1

2
(k2r + k2s)

)

× θ

(
1− (k2r − k′2 − 1

4
K ′2)2

k′2K ′2

)
A

(
k2r − k′2 − 1

4
K ′2

k′K ′

)
× 〈klKL(J )SJTMT |V |k′l′K ′L(J )SJTMT 〉, (5.57)

where the vector brackets are given explicitly using Eq. (5.49). We assume that

the antisymmetrization factors are incorporated implicitly in the relative-coordinate

two-body interaction. Here we have used normalizations as in Eq. (5.46) for relative

and laboratory-frame momentum radial coordinates. The interaction-matrix elements

should therefore be evaluated in a basis similar to Eq. (5.47).

The nuclear interaction is generally diagonal in J , S,MT , K, L, J , and T , and inde-

pendent on the latter four. Let us separate the quantum numbers that the interaction

depends on, and use the normalization

〈K|K ′〉 = δ(K −K ′),

similarly as in Eq. (5.46). After reorganizing the different terms, the transformation

becomes

〈kplpjpkqlqjqJTMT |V |krlrjrkslsjsJTMT 〉
= (4π)4

∑
lLλSJ

∑
l′λ′

(−1)λ+λ′Ĵ 2λ̂2λ̂′2Ŝ2ĵpĵq ĵr ĵs

×
{
L l λ
S J J

}{
L l′ λ′

S J J
}⎧⎨
⎩

lp lq λ
1
2

1
2

S
jp jq J

⎫⎬
⎭
⎧⎨
⎩

lr ls λ′
1
2

1
2

S
jp jq J

⎫⎬
⎭

×
∫ ∞

0

dk′
1

k̃K̃
〈k̃l(J )SMT |V |k′l′(J )SMT 〉

× θ

(
1− (k2p − k̃2 − 1

4
K̃2)2

k̃2K̃2

)
A

(
k2p − k̃2 − 1

4
K̃2

k̃K̃

)

× θ

(
1− (k2r − k′2 − 1

4
K̃2)2

k′2K̃2

)
A

(
k2r − k′2 − 1

4
K̃2

k′K̃

)
, (5.58)

where we have used the definitions

K̃ = 2

(
1

2

(
k2p + k2q

)− k′2
)1/2

,
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k̃ =

(
1

2

(
k2p + k2q − k2r − k2s

)
+ k′2

)1/2

. (5.59)

To remove the Dirac delta distributions, we have defined the new integration variables

s =
1

4
K2 + k2 − 1

2

(
k2p + k2q

)
,

t = k′2 +
1

4
K2 − 1

2

(
k2r + k2s

)
, (5.60)

and simplified the integral as explained in Appendix B.1.

The reference energy is given algebraically in Eq. (5.12). Next we want to write

the reference energy in the coupled partial-wave basis (5.43). A bra vector can be

transformed as∑
mspmsq

∑
mtpmtq

〈kpkq|〈mspmsq |〈mtpmtq |

=
1

kpkq

∑
lplq

mlp
mlq

∑
mspmsq
mtpmtq

∑
jpjq

mjpmjq

∑
JMJ

× 〈lpspmlpmsp |jpmjp〉〈lqsqmlqmsq |jqmjq〉〈jpjqmjpmjq |JMJ〉
× 〈kpjplp, kqjqlq; JMJ |〈mtpmtq |Ylpmlp

(k̂p)Ylqmlq
(k̂q), (5.61)

where we have used completeness relations similar to Eqs. (3.35) and (3.36), as well

as coupling of angular momenta as in Eq. (3.41). If we use the angular-momentum

expansion (5.61), the orthogonality of spherical harmonics, and the relation [228, p. 427]∑
mpmq

(jpjqmpmq|JMJ)(jpjqmpmq|J ′M ′
J) = δJJ ′δMJM

′
J

(5.62)

for Clebsch-Gordan coefficients, the reference energy per particle becomes

EREF

A
=

1

5π2

�
2k5F
mρ

+
1

2A

∫ kF

0

dk1

∫ kF

0

dk2

×
∑
l1l2
j1j2

∑
J

∑
mt1mt2

(2J + 1)

× 〈k1j1l1, k2j2l2; Jmt1mt2 |ṽ|k1j1l1, k2j2l2; Jmt1mt2〉, (5.63)

where A is the number of nucleons and ρ = A/Ω is the nucleon density. In Eq. (5.63),

we need an explicit expression for the number of particles, which in principle is an

infinitely large number. When evaluating Eq. (5.63), we hope that the expansion in

partial waves may be truncated after a reasonably small number of angular momenta.

On the other hand, we have assumed above that the momentum points are infinitely
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dense. The total number of particles, therefore, becomes infinitely large. Assuming that

convergence has been obtained in the partial-wave expansion, the number of nucleons

is

A =
∑
ms

∑
mt

Ω

(2π)3

∫
|k|≤kF

dk

= Ω
2k3F
3π2

(5.64)

in the special case of symmetric nuclear matter. A practical problem arises here: The

expression for the number of particles (5.64) depends on the volume Ω of the nuclear

matter system. When deriving Eqs. (5.58) and (5.63), we have assumed that the volume

is infinitely large. Unfortunately, there is no volume term in Eq. (5.58) that cancels

the volume in the expression for the number of particles. Dimensional analysis of the

given expressions also gives correct units for the energy per particle. The approach

described above can therefore not be used to calculate the binding energy of nuclear

matter.

The problem with infinite numbers can be avoided by discretizing the radial mo-

mentum explicitly [278]. This corresponds to using eigenstates of a spherical well.

Following Liboff [273, p. 422], a spherical well has the single-particle wave functions

ψnlml
(r, θr, φr) ≡ 〈r|nlml〉 = jl(knlr)Ylml

(θr, φr) (5.65)

and single-particle energies

εnl =
�
2k2nl
2m

, (5.66)

where jl(x) is the spherical Bessel function. The discrete momenta knl are obtained

from the Dirichlet boundary condition

ψnlml
(R, θr, φr) = 0, (5.67)

where R is the radius of the spherical box [273, pp. 422–423]. Including spin and

isospin, the single-particle states may be written as

ψnjmj lsmt(r, θr, φr) =
∑
mlms

〈lmlsms|jmjls〉jl(knlr)Ylml
(θr, φr)|msmt〉, (5.68)

where spin and orbital angular momentum have been coupled to a total single-particle

angular momentum.

Similarly as in a more general case, the Fermi vacuum state is constructed by

choosing the A single-particle states |njmjlmt〉 with the lowest single-particle energies.
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To be able to use single-reference coupled-cluster theory, the number of particles must

be chosen such that all energy shells below the Fermi level are fully occupied. Similarly,

one may choose the unoccupied single-particle states such that a given number of energy

shells above the Fermi level are filled.

Assume we have A nucleons inside a spherical box. For simplicity, we assume that

the particle density inside the box is constant. This assumption is valid in the limit of

an infinite box radius, but finite systems will always have surface effects. The particle

density of a sphere with radius R filled by A nucleons is then by definition

ρ =
A

Ω(R)
, (5.69)

where Ω(R) = 4πR3/3 is the spherical volume. Given a density ρ and a number of

nucleons A, the radius can now be written as

R =

(
3A

4πρ

)1/3

. (5.70)

The discrete spherical Bessel single-particle basis is useful for nuclear matter studies

if the energy per particle converges fast with the number of occupied and unoccupied

single-particle states. This requires that the surface effects are small in the spherical

systems.

Above we concluded that the continuous radial basis |kjmjlmt〉 gives problems

with infinite numbers, and we, therefore, want to replace this basis with the discrete

equivalent |njmjlmt〉, which corresponds to eigenstates of a spherical well. Our task is

now to rewrite the transformation given in Eq. (5.56) into a discrete form. The only part

that is problematic is the vector bracket, which is defined for continuous radial states.

One alternative is to derive a new discrete counterpart to the vector bracket. However,

there is another well-known transformation coefficient between discrete laboratory and

RCM states, which is the Moshinsky bracket [228, p. 205–206], defined for harmonic-

oscillator states. If we use Moshinsky coefficients to transform the interaction matrix

elements to laboratory-frame harmonic-oscillator states, matrix elements in the discrete

radial basis |njmjlmt〉 can be obtained as

〈pq|v|rs〉 =
∑
α≤β
γ≤δ

〈pq|αβ〉〈αβ|v|γδ〉〈γδ|rs〉, (5.71)

where p, q, r, s represent radial single-particle states and α, β, γ, δ harmonic-oscillator

states. Hagen et al. [279] have used a similar transformation from the harmonic oscil-

lator basis to a Gamow basis. As given in Ref. [279], the two-particle overlaps are

〈pq|αβ〉 =
{ 〈p|α〉〈q|β〉−(−1)J−jα−jβ 〈p|β〉〈q|α〉√

(1+δpq)(1+δαβ)
, if mtp = mtq ,

〈p|α〉〈q|β〉, if mtp �= mtq .
(5.72)
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When doing the transformation from the harmonic-oscillator basis to the discrete radial

single-particle basis, the single-particle overlaps are [279]

〈p|α〉 = δjpjαδlplαδmtpmtα

∫ R

0

drr2jlp(knplpr)Rnαlα(Cr), (5.73)

where

C =
√
mω/�,

the variable ω is the harmonic oscillator strength, and Rnαlα(Cr) is the radial part

of the harmonic-oscillator wave function. Numerical calculations should include suf-

ficiently many harmonic-oscillator single-particle states to get a result that is only

weakly dependent on the oscillator strength. Similarly as done in Ref. [279] with the

Gamow basis, the CM correction term can be calculated directly in the Bessel basis.

A proper numerical study of nuclear matter in a finite spherical box has still to be

done, but is beyond the scope of this thesis. Next, we discuss how CC theory can be

applied to the homogeneous electron gas.

5.3 Applications for the electron gas

Another important homogeneous system beside nuclear matter is the electron gas. In

the earliest CC studies of the electron gas [50–53, 59, 60], the system was treated at

the thermodynamic limit. In Paper III, infinite nuclear matter was approximated us-

ing finite boxes of nucleons. Some of the most accurate calculations of the electron

gas [84, 194, 207, 208, 215] have been done using finite boxes and Monte Carlo meth-

ods. Recently, CC theory has been applied in several studies [54–58] to finite-particle

approximations of the three-dimensional electron gas. Freeman has done CC studies

of the two-dimensional electron gas including only ring [59] or only particle-particle

ladder [60] diagrams from the CCD approximation, but to the best of our knowledge,

a complete CCD calculation of the two-dimensional homogeneous electron gas is not

available in the literature. As an extension of the CC calculations by Shepherd et

al. [54–57] and Roggero et al. [58], we study the two-dimensional electron gas in the

CCD approximation using a finite number of particles. We validate our methods by

comparing results for the three-dimensional electron gas with Shepherd et al. [54, 210].

The single-particle basis consists of state vectors as given in Eq. (3.23), with the mo-

mentum discretized in Cartesian coordinates. Similarly as in Refs. [54–58], we neglect

finite-size effects.
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Figure 5.5: The electron gas is approximated using a finite box, or simulation cell
(marked gray in the figure), with periodic boundary conditions. The Ewald interac-
tion is an effective Coulomb interaction, which takes into account interactions between
electrons in the simulation cell, as well as interactions between electrons in the simula-
tion cell and image charges outside the finite box [77, 78]. In the figure, the charges i
and j reside inside the simulation cell, whereas j1, . . . , j8 are the nearest image charges
of the charge j. The image charges of charge j are located at rj + R, where R is
the translational vector of the system. In two dimensions, the translational vector is
R = Lxnxux + Lynyuy, where nx and ny are integers.

5.3.1 Finite-box approximations of the electron gas

The homogeneous electron gas is defined as an infinite system consisting of electrons

distributed with a constant density through the entire real space. The system is as-

sumed to contain a constant positive background charge which cancels the negative

charges of the electrons. The Hamiltonian operator of the homogeneous electron gas

can be written as [192, p. 21]

Ĥ = Ĥkin + Ĥee + Ĥeb + Ĥbb, (5.74)

where Ĥkin is the kinetic-energy operator, Ĥee models the electron-electron interaction,

Ĥeb represents the interaction between electrons and the positive background charge,

and the operator Ĥbb gives the interaction energy of the background charge with itself.

Similarly as in Refs. [54–58], we approximate the homogeneous electron gas by a

finite hypercube filled with electrons. Using periodic boundary conditions, we should

also take into account interactions between electrons in the finite box and image charges

in other boxes in the infinite space. We illustrate the setting in Figure 5.5. The

summation over an infinite number of Coulomb-interaction terms can be efficiently

calculated using, for example, Ewald’s summation technique [76, 77]. Ewald’s approach
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is designed to give faster convergence by splitting the Coulomb interaction into a short-

range part, which is calculated in real space, and a long-range part, which is summed

in Fourier space [79]. The kinetic energy operator is

Ĥkin = − �
2

2m

N∑
i=1

∇2
i , (5.75)

where the sum is taken over all particles in the finite box. The Ewald electron-electron

interaction operator can be written as [79]

Ĥee =
N∑
i<j

vE (ri − rj) +
1

2
Ne2v0, (5.76)

where vE(r) is the effective two-body interaction and v0 is a corresponding self-interaction,

defined as v0 = limr→0 {vE(r)− 1/r}. The Ewald interaction models the Coulomb in-

teractions between all pairs of electrons inside the simulation cell, as well as all possible

interactions between an electron in the simulation cell and an image charge (see Figure

5.5 and Refs. [77, 78]).

The negative electron charges are neutralized by a positive, homogeneous back-

ground charge [77, 78]. In Appendix A of Ref. [77], Fraser et al. explain how the

electron-background and background-background terms, Ĥeb and Ĥbb, vanish when

using Ewald’s interaction for the three-dimensional electron gas. Using the same argu-

ments, these terms are also zero in the corresponding two-dimensional system.

In the three-dimensional electron gas, the Ewald interaction is [79]

vE(r) =
∑
k 
=0

4πe2

L3k2
eik·re−η

2k2/4 +
∑
R

e2

|r−R| erfc
( |r−R|

η

)
− πe2η2

L3
, (5.77)

where L is the box side length, erfc(x) is the complementary error function, and η is a

free parameter that can take any value in the interval (0,∞). The translational vector

R = L (nxux + nyuy + nzuz) , (5.78)

where ui is the unit vector for dimension i, is defined for all integers nx, ny, and nz.

These vectors are used to obtain all image cells in the entire real space. The parameter

η decides how the Coulomb interaction is divided into a short-range and long-range

part and does not alter the total function. However, the number of operations needed

to calculate the Ewald interaction with a desired accuracy depends on η, and η is,

therefore, often chosen to optimize the convergency as a function of the simulation-

cell size [79]. In our calculations, we choose η to be an infinitesimally small positive
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number, similarly as done in Refs. [54–58]. This gives an interaction that is evaluated

only in Fourier space.

When studying the two-dimensional electron gas, we use an Ewald interaction

that is quasi two-dimensional. The interaction is derived in three dimensions, with

Fourier discretization in only two dimensions [78, 280, 281]. When using the quasi

two-dimensional interaction, we restrict the particles to move in only two dimensions

and periodic boundary conditions are imposed in the plane in which the particles move.

The Ewald effective interaction has the form [78]

vE(r) =
∑
k 
=0

πe2

L2k

{
e−kz erfc

(
ηk

2
− z

η

)
+ ekz erfc

(
ηk

2
+
z

η

)}
eik·rxy

+
∑
R

e2

|r−R| erfc
( |r−R|

η

)

− 2πe2

L2

{
z erf

(
z

η

)
+

η√
π
e−z

2/η2
}
, (5.79)

where the Fourier vectors k and the position vector rxy are defined in the (x, y) plane.

When applying the interaction vE(r) to two-dimensional systems, we set the z coordi-

nate to zero. Similarly as in the three-dimensional case, and as suggested in Ref. [79]

for two dimensions, also here we choose η to approach zero from above. The resulting

Fourier-transformed interaction is

vη=0,z=0
E (r) =

∑
k 
=0

2πe2

L2k
eik·rxy . (5.80)

The self-interaction v0 gives a constant in the Hamiltonian operator, as in Eq. (5.11).

In the three-dimensional electron gas, the antisymmetrized matrix elements are

〈kpmspkqmsq |ṽ|krmsrksmss〉AS

=
4πe2

L3
δkp+kq ,kr+ks

{
δmspmsr

δmsqmss

(
1− δkpkr

) 1

|kr − kp|2

−δmspmss
δmsqmsr

(
1− δkpks

) 1

|ks − kp|2
}
, (5.81)

where the Kronecker delta functions δkpkr and δkpks ensure that the contribution

with zero momentum transfer vanishes. Similarly, the matrix elements for the two-

dimensional electron gas are

〈kpmspkqmsq |v|krmsrksmss〉AS

=
2πe2

L2
δkp+kq ,kr+ks

{
δmspmsr

δmsqmss

(
1− δkpkr

) 1

|kr − kp|
− δmspmss

δmsqmsr

(
1− δkpks

) 1

|ks − kp|
}
, (5.82)
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where the single-particle momentum vectors kp,q,r,s are now defined in two dimensions.

In our calculations, the self-interaction constant is included in the reference energy,

as in Eq. (5.12). We, therefore, get the Fock-operator matrix elements

〈kpmsp |f |kqmsq〉 =
�
2k2p
2m

δkp,kqδmspmsq

+
∑
ki

∑
msi

〈kpmspkimsi |v|kqmsqkimsi〉AS. (5.83)

In Ref. [56], the Hamiltonian operator was defined with the self-interaction constant

included as a matrix element of the two-body interaction. This gives Fock-operator

matrix elements with a gap constant. The definition used in Ref. [56] may give numer-

ically more stable calculations, as the gap constant prevents the energy denominator

from becoming too small in the vicinity of the Fermi surface. However, when using Fock

matrix elements as defined in Eq. (5.83), the energy denominator in the CC equations

never vanishes unless the numerator is zero. We discuss this point in Paper II.

When using periodic boundary conditions, the discrete-momentum single-particle

basis functions

φk(r) = eik·r/Ld/2

are associated with the single-particle energy

εnx,ny =
�
2

2m

(
2π

L

)2 (
n2
x + n2

y

)
(5.84)

for two-dimensional systems and

εnx,ny ,nz =
�
2

2m

(
2π

L

)2 (
n2
x + n2

y + n2
z

)
(5.85)

for three-dimensional systems. Similarly as in, for example, Refs. [58, 84] and Paper

III, we choose the single-particle basis such that both the occupied and unoccupied

single-particle spaces have a closed-shell structure. This means that all single-particle

states corresponding to energies below a chosen cutoff are included in the basis. We

study only the unpolarized spin phase, in which all orbitals are occupied by one spin-up

and one spin-down electron. Below, we explain how we utilize the symmetries of this

system to write the CC equations in block-diagonal form, and thereby improving the

computational scaling of the CC calculations, similarly as is usually done in studies of

chemical systems [221]. Table 5.1 shows the lowest-lying spin-orbitals and the cumula-

tive numbers of single-particle states for a two-dimensional electron box with periodic

boundary conditions. The CCD energy is obtained by solving the energy equations

(5.12) and (5.13) together with the T̂2 amplitude equation (5.16) using the discrete

momentum basis.
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n2
x + n2

y nx ny N↑↓ N↑↑
0 0 0 2 1
1 −1 0

1 0
0 −1
0 1 10 5

2 −1 −1
−1 1
1 −1
1 1 18 9

4 −2 0
2 0
0 −2
0 2 26 13

5 −2 −1
2 −1
−2 1
2 1
−1 −2
−1 2
1 −2
1 2 42 21

Table 5.1: Illustration of how single-particle energies fill energy shells in a two-
dimensional electron box. Here nx and ny are the momentum quantum numbers,
n2
x+n

2
y determines the single-particle energy level, N↑↓ represents the cumulative num-

ber of spin-orbitals in an unpolarized spin phase, and N↑↑ stands for the cumulative
number of spin-orbitals in a spin-polarized system.
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Implementation

As can be seen from Eqs. (5.81) and (5.82), the Coulomb interaction is diagonal in

the CM momentum K and total spin projection MS. Because of these symmetries,

we store the two-body interaction and T̂2 amplitude matrices in blocks of (K,MS). In

quantum chemistry, the CC equations are commonly simplified by utilizing symmetries

in a similar way [221]. From a computational point of view, the storage in blocks

saves a considerable amount of memory and processor time. In the CCD equations

(5.13) and (5.16), the terms with summation over two particle states or two hole states

can straightforwardly be written as matrix-matrix multiplications. Unfortunately, the

terms in the CCD amplitude equation with summation over one particle and one hole

state cannot be calculated directly using matrix-matrix multiplications. To circumvent

this problem, we use a similar cross-coupling technique as introduced by Kuo et al. for

coupling of angular momenta [282]. In the discretized Cartesian momentum basis, all

diagrams of the CCD equations can therefore be implemented using matrix-matrix

multiplications (see also Paper III).

Let us explain the basic principles of the cross-coupling of matrix elements in the

discrete momentum basis. Consider an antisymmetrized matrix element

〈pq|v|rs〉.

In a diagram with summation over the two ket states, for example, we set up the matrix

elements as

Vα(p,q),β(r,s) ≡ 〈pq|v|rs〉

and sum over the two-particle states labeled with β. In this case, the blocks are set up

such that the conservation requirements

kp + kq = kr + ks

and

msp +msq = msr +mss

are fulfilled. This gives blocks in total momentum K and total spin projection MS.

On the other hand, if the original summation is over the states s and q, for example,

the matrix elements can be set up as

Vγ(p,r),δ(s,q) ≡ 〈pq|v|rs〉, (5.86)
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where the summation is taken over the two-particle states δ. To ensure conservation of

total momentum and spin projection, the matrices must be stored in blocks such that

kp − kr = ks − kq

and

msp −msr = mss −msq .

The blocks are now in relative momentum k̃ and relative spin projection m̃s. We call

matrix elements set up as in Eq. (5.86) cross-coupled matrix elements.

Let us show how the particle-hole diagrams are calculated with matrix-matrix mul-

tiplications using cross-coupled matrices. Consider the particle-hole term

〈ab|Iph|ij〉 ≡
∑
kc

〈ac|t|ik〉
{
〈kb|v|cj〉+ 1

2

∑
ld

〈kl|v|cd〉〈db|t|lj〉
}
, (5.87)

which is part of the CCD amplitude equation. We cross-couple the matrix Iph using

the matrix-element transformation

〈ab|Iph|ij〉 −→ 〈bj|I∗ph|ia〉, (5.88)

where the star denotes that the matrix has been cross-coupled from a particle-particle-

hole-hole form to a particle-hole-hole-particle form. Technically, the matrix-element

transformation is a relocation of matrix elements. The cross-coupled matrix I∗ph is now

written as the matrix-matrix product

〈bj|I∗ph|ia〉 =
∑
kc

〈bj|I∗2 |ck〉〈ck|t∗|ia〉, (5.89)

where the matrix t∗ is obtained using a similar element-transformation as in Eq. (5.88)

and

〈bj|I∗2 |ck〉 = 〈bj|v#|ck〉+
1

2

∑
ld

〈bj|t∗|ld〉〈ld|v∗|ck〉. (5.90)

Again, the matrices v∗ and v# are obtained with an element-transformation of the

type shown in Eq. (5.88). The matrix v∗ has been obtained by cross-coupling a matrix

with hole-hole-particle-particle configuration, whereas the matrix v# has been obtained

by cross-coupling a hole-particle-particle-hole matrix. Equations (5.89) and (5.90) are

straightforwardly implemented as matrix-matrix multiplications. Finally, the matrix

I∗ph is transformed back to the normal coupling scheme, and blocks of Iph are added to

the CCD amplitude equation. The implementation of matrix-matrix multiplications
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Figure 5.6: The computing time scales quadratically as a function of unoccupied single-
particle orbits nunocc. The CCD calculations were done for the two-dimensional electron
gas with ten electrons at rs = 0.5, without MPI parallelization and with a fixed number
of cpus on a single computing node.

for all diagrams gives a significant speedup of the computer program. Figure 5.6 shows

that the total computing time scales quadratically with the number of unoccupied

orbitals, nunocc, when utilizing block diagonalization and matrix-matrix multiplications

as described above.

To be able to use large-scale distributed computing clusters, we have parallelized

the CC program in Cartesian momentum coordinates using the Message Passing In-

terface (MPI) Standard [266, 267]. In our implementation, both the cross-coupled and

normally coupled matrices are stored in arrays containing matrix blocks. Most of the

matrix arrays are divided into subarrays that are distributed to different MPI processes

(see Figure 5.7). A given subarray containing matrices is then stored only locally on

the computing node where the corresponding MPI process resides. In addition to paral-

lelizing the computing operations, this arrangement reduces the memory consumption

on each node. Some of the matrices, such as the cross-coupled amplitude matrix and

the normally coupled matrix of the particle-hole diagrams must be communicated to

all nodes. We, therefore, chose to store complete matrix arrays of these parts on every

node. For example, different parts of the normally coupled particle-hole diagrams, Iph,

are calculated locally on different computing nodes, and finally all parts are summed

up, and the resulting matrix array is distributed to all nodes.
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1 2 3 . . . 1 2 3 . . .

(K1,MS1) (K2,MS2) (Km,MSm) (Km+1,MSm+1)

Process 1 Process p

1 2 3 . . . 1 2 3 . . .

(k̃1, m̃s1) (k̃2, m̃s2) (k̃m, m̃sm) (k̃m+1, m̃sm+1)

Figure 5.7: The big matrices are divided into matrix blocks, each being an element
of an array. Subarrays of the different matrix lists are associated with different MPI
processes. There are different matrix lists for normally coupled and cross-coupled
matrices.
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rs nbasis ECCD EIM−SRG(2) EL
FCIQMC ES

FCIQMC

[81] [85] [210]
0.5 114 −0.073145 −0.073638 −0.073842 −0.07384

186 −0.079047 −0.079582 −0.07986 −0.07984
358 −0.081954 −0.082504 −0.08284 −0.08281

1.0 114 −0.063987 −0.065290 −0.06583 −0.06587
186 −0.069360 −0.070779 −0.07152 −0.07156
358 −0.071789 −0.073235 −0.07413 −0.07412

2.0 114 −0.051114 −0.053746 −0.05487 −0.05489

Table 5.2: Correlation energies per particle for 14 electrons in a three-dimensional cubic
box, as obtained with the CCD, IM-SRG [80], and FCIQMC [83] methods. The energies
are given in Rydbergs, and nbasis denotes the size of the single-particle basis. The IM-
SRG(2) results are by Reimann [81, 82], the energies marked by EL

FCIQMC are results of
Leikanger [85, 86], whereas the energies ES

FCIQMC are FCIQMC results from Ref. [210].
The FCIQMC calculations were done using the initiator approximation [283]. Similarly
as can be seen from Figure 5 of Ref. [54], we find that the CCD approximation lacks
important correlations. The IM-SRG(2) method gives results much closer to the almost
exact FCIQMC energy estimates. For comparison, Ceperley and Alder [53, 211] and
Bishop and Lührmann [53] obtained at rs = 1.0 as thermodynamic-limit estimates
of the correlation energy −0.121 Ry and −0.123 Ry when using the GFMC and CC
methods, respectively.

Verification and results

First, we tested our general implementation of the CCSD approximation by comparing

ground-state energies of a two-dimensional parabolic quantum dot with results of Ped-

ersen Lohne et al. [75]. Energies for two-particle quantum dots with different numbers

of excited single-particle states were found to agree with Ref. [75] to six digits. To

verify our CCD approximation for periodic systems, we compared results for the three-

dimensional electron gas with similar calculations of Shepherd et al. [54]. As far as we

understand Ref. [54], they define the Fock matrix elements with a contribution from

the self-energy v0, whereas we have defined the Fock matrices without this constant.

Despite the slightly different definition of the CC algorithm, our correlation energies

for 14 electrons in a cubic box agreed with the CCD results in Figure 5 (a) of Ref. [54]

to the accuracy that can be read from the figure by careful inspection. The difference

between our results and those of Shepherd et al. [54] was less than 0.001 Ha for selected

points.

As is common in studies of the electron gas, we use the unitless radius rs, which is
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defined by [192, p. 25]

1

(4πr31)/3
=
N

Ω
, rs ≡ r1

rB
, (5.91)

where N is the number of electrons, Ω is the volume of the considered system, rB =

�
2/(mee

2) is the Bohr radius, me is the electron mass, and e is the electron charge. On

average, every electron occupies a volume

Ω(1)(rs) =
4πr3Br

3
s

3
, (5.92)

and rs may, therefore, be considered as a dimensionless measure of the average distance

between electrons in the system.

In Table 5.2, we compare correlation energies per particle for a three-dimensional

electron-gas system consisting of 14 particles in a box, calculated at different densities.

Energies obtained using the CCD approximation are benchmarked against FCIQMC

results of Shepherd et al. [210]. In addition, we have included in-medium-SRG (IM-

SRG) [80] results of Reimann [81, 82] and FCIQMC results of Leikanger [85, 86]. All

FCIQMC results presented in this section have been calculated using the initiator

approximation (i-FCIQMC) [283], and the IM-SRG results were obtained in the IM-

SRG(2) approximation, in which the operators are truncated at the two-body level

[284]. To the best of our knowledge, the electron gas has not been studied before

using the IM-SRG approach, and the CCD and FCIQMC approximations have not

been applied to the two-dimensional electron gas. The IM-SRG(2) results for the

three-dimensional system are close to those of the virtually exact FCIQMC method,

whereas the CCD energies clearly deviate from the other results. From the results of

Table 5.2, we may conclude that the CCD approximation is insufficient to deal with

the correlations in the three-dimensional electron gas, when approximated by a 14-

electron box. It seems, therefore, necessary to include contributions from the triples

amplitudes in CC calculations of this system. As expected, the CCD approach is

best at high densities, and the error increases when going to lower densities. This

behavior is expected, as the correlations become stronger when the density decreases

[53]. A similar comparison between the CCD and FCIQMC methods for the three-

dimensional electron gas is given in Figure 5 of Ref. [54], and the latter results show

the same features as we see in Table 5.2.

Let us compare the finite-size calculations in Table 5.2 with previous studies of

the three-dimensional electron gas at the thermodynamic limit. Ceperley and Alder

[53, 211] obtained the correlation energy −0.121 Ry, when extrapolating GFMC results

at rs = 1.0 to the thermodynamic limit. Similarly, Bishop and Lührmann [53] obtained
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Figure 5.8: Correlation energy per particle as function of the number of single-particle
orbits for a ten-particle electron gas at rs = 1.0. The IM-SRG(2) correlation energies
[81, 82] are in excellent agreement with the almost exact FCIQMC results [85, 86].
Similarly as was observed with the CC particle-hole ring-diagram approximation of
Freeman [51, 59], the CCD truncation is less accurate for the two-dimensional electron
gas than for the three-dimensional counterpart. For comparison, we have marked the
correlation energy in the thermodynamic limit, as obtained by extrapolating GFMC
energies [215]. The width of the horizontal line shows the statistical error of the GFMC
calculations.

at the same density the correlation energy −0.123 Ry, when using a CC approximation

defined in the limit of infinitely many particles. The finite-size results in Table 5.2

and Ref. [54], which were obtained using finite single-particle bases, are remarkably far

from the estimates for the thermodynamic limit given in Refs. [53, 211].

Next, we consider the two-dimensional electron gas, which we have chosen to focus

on. First, we compare the CCD approximation with the IM-SRG(2) and FCIQMC

methods. Figure 5.8 shows results for a ten-electron system at rs = 1.0. As can

be seen from Figure 5.8, IM-SRG(2) gives very accurate energy estimates [81, 82], in

close agreement with FCIQMC [85, 86]. For this system, the CCD approximation

is clearly insufficient to describe the most important correlations. Freeman studied

both the two- [59] and three-dimensional [51] electron gas in the thermodynamic limit

using a particle-hole ring approximation derived from CC theory. According to these

studies, the ring approximation is fairly successful in three dimensions, but fails more

seriously to describe the two-dimensional system [51, 59]. Here we find that the CCD

approximation is less accurate for the finite-size two-dimensional electron gas than for
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Figure 5.9: Same as Figure 5.8, but for a 26-particle two-dimensional electron gas. In
contrast to the results for a ten-particle system, given in Figure 5.8, the IM-SRG(2)
results for the 26-particle system [81, 82] deviate significantly from the virtually exact
FCIQMC values [85, 86].

the three-dimensional system, but in both systems the CCD approximation gives results

that deviate several percent from the more accurate FCIQMC values. The finite-size

error can be estimated from Figure 5.8 as the difference between the FCIQMC results

and the horizontal line, which shows the correlation energy at the thermodynamic limit,

obtained by extrapolation of GFMC results [215].

In Figure 5.9 we show a similar plot as Figure 5.8, but here for a 26-particle electron-

gas system. As for the ten-particle system, the CCD energies are far from the FCIQMC

results. In addition, the IM-SRG(2) results deviate considerably more than for the ten-

particle system with respect to the FCIQMC energy estimates. This suggests that the

IM-SRG(2) method is less accurate than one could expect by only considering the

ten-particle results. Observe that the IM-SRG method is nonvariational [284], and

the approximate energies are, therefore, not upper limits of the exact value. The IM-

SRG(2) approach has recently been applied to finite nuclei [284]. When compared to

CC theory in the CCSD and Λ-CCSD(T) [285, 286] approximations, where the latter

approximation treats the triples amplitudes only noniteratively, the IM-SRG(2) results

were closer to the Λ-CCSD(T) than to the CCSD approximation [284]. Reimann et

al. [82, 287] have recently studied two-dimensional parabolic quantum dots using IM-

SRG(2), CCD, and DMC. They found better agreement between IM-SRG(2) and DMC

than between CCD and DMC in systems with not too strong correlations [82, 287].
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Figure 5.10: Correlation energy as a function of the number of single-particle basis
functions, as calculated for the two-dimensional electron gas at rs = 1.0. Finite-size
approximations with different numbers of particles seem to converge to almost the
same energy in the limit of a large single-particle basis. For comparison, we show
IM-SRG(2) results [81, 82], which are more accurate than the CCD energies, and a
GFMC estimate for the thermodynamic limit, obtained by extrapolation from finite-
size calculations [215]. The error bar of the GFMC calculations is marked by the width
of the horizontal line.
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Figure 5.11: Correlation energy as a function of the number of single-particle basis
functions, as calculated for the two-dimensional electron gas at rs = 2.0. Similarly as
at rs = 1.0, the correlation energies for systems of different sizes approach the same
value in the limit of a large single-particle basis.
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Figure 5.12: Extrapolated correlation energies for a ten-particle two-dimensional elec-
tron gas at rs = 1.0. The extrapolation converges faster when fitting the results to an
equation quadratic in n−1basis than when using an expression that is linear in the inverted
number of single-particle states, n−1basis. The parameters ci, where i ∈ {0, 1, 2} and c̃j,
where j ∈ {0, 1}, were obtained using a least-squares fitting [255, pp. 77–84].

We have approximated the two-dimensional electron gas using different numbers of

electrons. Figure 5.10 shows CCD correlation energies as function of the single-particle

basis size for systems with 74, 114, 138, and 178 particles, calculated at rs = 1.0.

The CCD results for different finite systems seem to converge to approximately the

same energy when the basis size approaches infinity. The difference between the almost

converged CCD results and the thermodynamic-limit estimate of Kwon et al. [215] must

therefore be mostly due to missing correlations in the CCD approximation. Similarly

as for the ten-particle system, IM-SRG(2) gives a lower energy estimate [81, 82] than

CCD for a 74-particle electron gas. As can be seen from Figure 5.11, the energy of

finite systems of different sizes converge to almost the same value also when rs = 2.0.

In Table 5.3 we compare different approximations of CCD, as calculated for a two-

dimensional electron-gas system with ten particles at rs = 1.0. The PPHHM-LAD-M

approximation contains particle-particle, hole-hole and mixed ladders, as well as the so-

called mosaics diagrams [56]. This approximation is obtained from the CCD equations

by setting the intermediate I2 in Eq. (5.18) to zero. The PP-LAD approximation was

defined for nuclear matter above and contains only particle-particle ladder diagrams.

The PP-LAD equations are obtained by neglecting all intermediates from the CCD ap-

proximation. The PP-LAD∗ truncation is otherwise as PP-LAD, but the single-particle
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Thermodyn. limit: ΔEcorr

GFMC [215] −0.2191± 0.0006
CC-RF [59] −0.2308

PP-LADF [60] −0.22
Ten-particle ΔEextrap

corr (= c0) c1 c2 ΔEnbasis=9946
corr

approximation:
CCD −0.1988 0.7750 7.779 −0.1987

PPHHM-LAD-M −0.2046 0.8224 71.47 −0.2045
PP-LAD∗ −0.2418 0.7660 70.57 −0.2418
PP-LAD −0.2579 0.7537 67.34 −0.2578

PPHHM-LAD −0.2586 0.7912 69.36 −0.2586
CC-R −0.3627 2.554 125.2 −0.3624

Table 5.3: Correlation energies per particle in Rydbergs, as obtained with different
approximations derived from CC theory. In the table, we compare the CCD method
with approximations of CCD in which we have included only certain diagrammatic
classes. We obtained the extrapolated correlation energy ΔEextrap

corr by fitting results
calculated with nbasis between 2010 and 9946 to the formula c2n

−2
basis+c1n

−1
basis+c0, where

ci, i ∈ {0, 1, 2}, are optimization parameters. The two-dimensional electron gas was
approximated by ten electrons in a box and was calculated at rs = 1.0. For comparison,
we have included a GFMC result of Kwon et al. [215], a CC ring approximation (CC-RF)
result of Freeman [59], and a CC particle-particle ladder approximation (PP-LADF)
result of Freeman [60], all calculated in the thermodynamic limit. As we describe in
the text, the CC-RF and PP-LADF approximations of Freeman are defined differently
than our CC-R, PP-LAD, and PP-LAD∗.
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energies are calculated using only kinetic energies. The PPHHM-LAD approximation

contains particle-particle, hole-hole, and mixed ladder diagrams, which means that the

intermediates I2, I3, and I4 are set to zero. Finally, the CC-R, or CC ring, approx-

imation is obtained by removing the particle-particle ladder diagrams, given by the

second line on the right-hand side of Eq. (5.18), as well as all intermediates. Shepherd

et al. [56] have applied similar approximations of CC theory to the three-dimensional

electron gas. The approximations PPHHM-LAD-M, PPHHM-LAD, and CC-R corre-

spond to the truncations called lmCCD, lCCD, and rCCD, respectively, in Ref. [56].

Observe that Shepherd et al. define the Fock matrices differently, with a self-energy

constant in the single-particle energies [56]. When comparing with the results for the

three-dimensional electron gas given in Ref. [56], we get similar energies for the CCD

approximation, whereas other approximations deviate more.

The correlation energies given in the second column of Table 5.3 were obtained by

extrapolating to the limit of an infinitely large single-particle basis. The extrapolation

was done using the quadratic polynomial form

p(n−1basis) = c2n
−2
basis + c1n

−1
basis + c0, (5.93)

where nbasis is the size of the single-particle basis. In the cases we consider, the extrap-

olation curve is close to linear in n−1basis, and our formula can therefore be considered

as a variation of the n−1basis extrapolation used by Shepherd et al. [54, 56, 210]. As

illustrated in Figure 5.12, we obtained slightly faster convergence in the extrapolation

when using the expression (5.93) than when assuming that the extrapolation is linear

in n−1basis. We observed the same qualitative difference between linear and quadratic

extrapolations as seen in Figure 5.12 for the PP-LAD, PP-LAD∗, PPHHM-LAD, CC-

R, and PPHHM-LAD-M approximations. Based on this empirical fact, we chose to

use the quadratic extrapolation formula. Shepherd et al. [54] have shown analytically

that the energy in MBPT(2) converges proportionally to the inverse of the number of

single-particle basis functions. An extrapolation proportional to n−1basis was also used in

the CC calculations of Ref. [56]. When calculating the values given in the the second

column of Table 5.3, we used a least-squares fitting based on results calculated for ten

different values of nbasis, between 2010 and 9946 single-particle states.

As can be seen from Table 5.3, the different partial summations of CCD give quite

different correlation energies. According to these results, the PPHHM-LAD-M ap-

proximation, which only neglects the ring diagrams given by I2, describes most of the

correlations present in CCD. The CC-R result deviates most from both the GFMC and

CCD energies. Shepherd et al. [56] studied the three-dimensional electron gas using
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an approximation they called mCCD, or CC mosaics truncation, in which the particle-

particle ladders and the intermediates I1 and I2 of the CCD equations are set to zero.

In the three-dimensional system, the mCCD approximation gave results close to the

CCD approach [56]. When applying the mCCD truncation to the two-dimensional

electron gas, we had problems with convergency as a function of nbasis, and the results

were around −0.34 Rydbergs, thus far from the CCD energy for the considered ten-

electron system at rs = 1.0. We conclude that the correlation energy is sensitive to the

chosen many-body approximation, and it may not be justifiable to leave out classes of

diagrams from the CCD approximation for the two-dimensional electron gas. Instead,

higher-order contributions are needed to describe the relevant correlations in this sys-

tem. Shepherd et al. also found large differences between different partial summations

of the CCD approximation in their studies of the three-dimensional electron gas [56].

For comparison, in Table 5.3 we have included correlation energies at the thermo-

dynamic limit, as given in Refs. [59, 60, 215]. In contrast to our CC approximations,

the CC ring (CC-RF) and CC particle-particle ladder (PP-LADF) approximations of

Freeman are defined with not antisymmetrized interaction-matrix elements in the CC

amplitude equations [59, 60]. Apart from this difference, our PP-LAD∗, which has

only kinetic energies in the energy denominator, is defined as the PP-LADF approxi-

mation. As mentioned above, Freeman got for the two-dimensional electron gas results

in closer agreement with the GFMC energies of Tanatar and Ceperley [197] when using

the particle-particle ladder approximation [60] than with the ring approximation [59].

Similarly, we find that the PP-LAD approximation performs better than CC-R for a

ten-particle system in two dimensions. However, the ladder- and ring-approximation

correlation energies deviate much more for the finite system than what was observed

at the thermodynamic limit.

In this chapter, we have discussed CC approaches for infinite-matter systems. We

have given short introductions to Papers I–III, in which CC theory is applied to sym-

metric nuclear matter and neutron matter. The implementation and verification of

our CC ladder approximation have been explained, and we have also pointed on dif-

ficulties related to an extension of the partial-wave ladder approximation to a full

CCD approximation. A spherical model for nuclear matter has been mentioned, in

which the single-particle basis consists of spherical Bessel functions. Finally, we have

presented new results for the two-dimensional electron gas, calculated in the CCSD

approximation using a finite number of electrons.
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Conclusions

The most important goal of this thesis has been to reintroduce CC theory as a tool to

study infinite nuclear matter. As a first application, we have studied symmetric nuclear

matter and neutron matter using a particle-particle and hole-hole ladder approximation

derived from CC theory. In our approach, which is described in detail in Paper II, the

CC ladder equations are written in a partial-wave basis using exact Pauli exclusion

operators, with angular-average approximations only in the single-particle energies. As

explained by, for example, Bishop and Lührmann [52], a CCD approximation contains

many important classes of diagrams beyond the particle-particle and hole-hole ladder

approximation. It is, therefore, interesting to study infinite nuclear matter in a full

CCD approximation. Our collaborators have introduced another CC approach, in

which they approximate infinite nuclear matter by a finite box containing a limited

number of particles. In Paper III, they use the latter method to study infinite nuclear

matter in the CCD and the CCD(T) approximations.

To verify and get insight in our CC ladder approximation, we have compared the

method with other many-body approaches. In Paper II, we compare the ladder ap-

proximation with the well-known BHF method [7, 8, 65–67], as defined with continuous

single-particle energies [68, 69]. The symmetric nuclear matter equations of state are

similar for both methods, giving approximately 6 % less binding with the CC ladder

method than with the BHF approach, when the CC ladder calculations are done us-

ing exact Pauli operators whereas angular-averaged Pauli operators are used in the

BHF approach. When the Pauli exclusion operators are averaged in both methods, the

differences are larger (see Paper II).

The accuracy of the CC ladder approach of Paper II is limited by a truncation

in the total angular momentum, resulting in an error of less than 0.3 MeV. Another

source of error is the angular-average approximation used in the energy denominator.

We have not been able directly to quantify the error related to the angular-average
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approximations used in the energy denominators. However, in Paper III we compare

the CC ladder approximation of Paper II with a particle-particle and hole-hole ladder

approximation of the CC approach formulated using a finite number of nucleons. In the

latter CC method, infinite nuclear matter is approximated by averaging over different

twisted boundary conditions. When comparing the two CC ladder approximations,

we find that the differences in energy are always smaller than the error related to the

cutoff in angular momentum (see Paper III). This good agreement between these quite

different approaches, calculated in the thermodynamic limit and with finite particle

numbers, respectively, indicates that the error of the angular-averaged single-particle

energies is small. Simultaneously, the agreement shows that the twist-average approx-

imation gives a good estimate of the thermodynamic limit for nuclear matter.

In Paper III, we also compare the CC ladder approach defined at the thermodynamic

limit with the AFDMC method [73]. Using the Minnesota potential [74], we calculate

the neutron matter equation of state. At densities below the saturation point of nuclear

matter, the partial-wave-expanded CC ladder approach, the CCD approximation of

Paper III, and the AFDMC method give almost the same equation of state. At least

when using the Minnesota potential, correlations beyond the ladder approximation

seem to be small in pure neutron matter. On the other hand, results in Paper III

show that, for symmetric nuclear matter, the CCD truncation contains significant

correlations compared to the CC ladder approximation. It is uncertain whether the

difference between the CCD and the CC ladder approximations is due to contributions

from particle-hole ring diagrams, or possibly other classes of diagrams. When Shepherd

et al. analyzed contributions from different subapproximations of the CCD truncation

in the electron gas, they found that so-called mosaics terms were particularly important

[56]. It would be interesting to analyze the CCD approximation for nuclear matter

further, to get a deeper understanding of where the correlation contributions come

from.

Our collaborators studied infinite nuclear matter in the CCD(T) approximation,

where the triples amplitudes are approximated by perturbative contributions. They

also included nuclear three-body forces, as obtained from chiral perturbation theory.

According to these calculations, which are presented in Paper III, the CC triples am-

plitudes give a significant contribution to the energy of symmetric nuclear matter. In

the triples amplitudes, the full three-body force, without any normal-ordered approx-

imations, is required. The CC studies of Paper III showed challenges related to the

chiral three-body interaction, such as a strong regulator dependency and failure to si-

multaneously reproduce the binding energies of both the triton and symmetric nuclear
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matter. It seems that further development of chiral interactions is necessary to sig-

nificantly improve the CC calculations for symmetric nuclear matter (see Paper III).

In conclusion, the results of Paper III illustrate how symmetric nuclear matter can be

used to test nuclear interaction models.

As part of this thesis, we have also studied the electron gas using CC methods.

In particular, we have concentrated on the two-dimensional electron gas, which has

not been studied before in the CCD approximation. In our calculations, we have

approximated the electron gas using finite boxes, as in Refs. [54–58]. First, we verified

our method by studying the three-dimensional electron gas and comparing with results

of Shepherd et al. [54, 210]. Our results for the two-dimensional electron gas were

compared with IM-SRG [80] results of Reimann [81, 82] and FCIQMC [83] correlation-

energy estimates of Leikanger [85, 86]. We found that the CCD approximation misses

important correlations in the two-dimensional electron gas, and inclusion of triples

correlations is, therefore, necessary to get accurate results. We also studied different

partial summations of the CCD approximation, such as the CC particle-particle ladder

and CC particle-hole ring approaches, in a similar way as was done in Ref. [56] for the

three-dimensional electron gas. As in Ref. [56], we observed large differences between

different approximations of CCD, which indicates that such partial summations are

not sufficient to reliably model the finite-size two-dimensional electron gas.

Further studies

The CC ladder approximations of Paper II could be extended to asymmetric nuclear

matter by modifying the Pauli exclusion operators to have different Fermi momenta

for protons and neutrons [143, 151, 152]. This would open up for many applications in

astrophysics, including the study of neutron star matter at β equilibrium [143, 151, 152].

The CC ladder calculations of Paper II could also be extended to contain three-body

forces in a normal-ordered two-body approximation, similarly as in Paper III.

As mentioned above, the results of Paper III indicate that improvements in the

chiral interaction are necessary to obtain realistic equations of state. It would be

interesting to do CC calculations for nuclear matter with chiral two- and three-body

interactions including Δ resonances. Such nuclear forces would be an extension of the

models we used, in which only pions and unexcited nucleons are taken into account

(see, for example, Ref. [16] for a discussion on this subject). With an improved and

more realistic equation of state, one could extract a density functional or Skyrme force,

as has been done using the BHF approximation [25, 26]. Coupled-cluster theory could

also be used to study momentum distributions in nuclear matter, similarly as has been
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done recently with the SCGF method [180]. In quantum chemistry, coupled-cluster

theory has been generalized to relativistic systems [288]. As far as we know, infinite

nuclear matter has not yet been studied using such approaches, and it is, therefore, of

interest to investigate possible implementations.

Shepherd et al. [55] have studied the three-dimensional electron gas using perturba-

tive triples correlations. According to their investigations, a CCD(T) approximation,

which includes only a perturbative approximation of the triples amplitudes, causes a

diverging energy in the thermodynamic limit [55]. As far as we know, a complete

CCSDT calculation has not been done even for the smallest finite-size electron-gas

systems in two and three dimensions. It would be interesting to do such an exten-

sion for very small systems. In our CC studies of the electron gas, we have neglected

finite-size effects. Finite-size effects in the electron gas have been accounted for using

different approaches [72, 77, 79, 199]. In the CC calculations, finite-size effects could be

decreased by, for example, using averaging over different twisted boundary conditions

[72], as was done for nuclear matter in Paper III. Momentum distributions [180] and

pair-correlation functions [60] of the electron gas could also be studied using different

CC approximations.
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[241] P. Grangé, A. Lejeune, M. Martzolff, and J.-F. Mathiot. Phys. Rev. C, 40:1040,

1989.

[242] M. Lacombe, B. Loiseau, J. M. Richard, R. Vinh Mau, J. Côté, P. Pirès, and
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Appendix A

Technical details

A.1 Antisymmetrization

When transforming the Brueckner-Hartree-Fock and coupled-cluster equations to a

coupled angular momentum - relative momentum basis, one needs to consider anti-

symmetrized interaction matrix elements

〈kpmspmtpkqmsqmtq |v̂|krmsrmtrksmssmts〉AS

=〈kpmspmtpkqmsqmtq |v̂|krmsrmtrksmssmts〉
−〈kpmspmtpkqmsqmtq |v̂|ksmssmtskrmsrmtr〉. (A.1)

Let us transform only the ket vector of Eq. (A.1) to the coupled angular momentum -

relative momentum basis

|kJmJ (lS)mt1mt2〉.
Using the angular-momentum-algebra relations of Eqs. (3.35) - (3.37) and (3.39) -

(3.42) and assuming that the two nucleons are both either protons or neutrons, we get[|kpmspkqmsq〉 − |kqmsqkpmsp〉
]

=
[|kKmspmsq〉 − | − kKmsqmsp〉

]
=
∑
SMS

[|kK〉 − (−1)1−S| − kK〉]
× |SMS〉〈SMS|smspsmsq〉

=
∑
SMS

∑
lml

[|kK〉 − (−1)1−S+l| − kK〉]
× 〈lml|k̂〉|SMSlml〉〈SMS|smspsmsq〉

=
∑
SMS

∑
lml

∑
JmJ

(1− (−1)1−S+l)|kKJmJ lS〉

× 〈lml|k̂〉〈SMS|smspsmsq〉〈JmJ lS|lmlSMS〉, (A.2)
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where k and K are relative and CM momenta, respectively, as defined in Eq. (3.31).

Whereas two creation operators related to one type of particle anticommute, creation

operators of different particle species commute with each other [289]. Instead of anti-

symmetric matrix elements as defined in Eq. (A.1), we get matrix elements

2〈kpmspmtpkqmsqmtq |v̂|krmsrmtrksmssmts〉 (A.3)

when the particles r and s are of different nucleon types. The ket vector then becomes

2|kpmspkqmsq〉
=2
∑
SMS

∑
lml

∑
JmJ

|kKJmJ lS〉

× 〈lml|k̂〉〈SMS|smspsmsq〉〈JmJ lS|lmlSMS〉, (A.4)

where we now have a factor 2 insted of the antisymmetrization factor (1− (−1)1−S+l).

In the proton-neutron representation, we define the antisymmetrization operator

AlSMT =

{ √
2, if MT = 0,(
1− (−1)l+S+1

)
/
√
2, if |MT | = 1.

(A.5)

When written in the basis (A.2), all interaction matrix elements are assumed to be

multiplied by a product AlSMTAl′SMT to get the correct antisymmetrization. Observe

that the antisymmetrization operator A is defined differently here than in Paper II.

The antisymmetrization operator BMT ,± is defined for symmetric nuclear matter as

BMT ,±〈kJ (lS)|Ô|kJ (lS)〉 = 〈kJ (lS)|Ô(MT ′ = 0)|kJ (lS)〉
+
(
1− (−1)1+l+S

) 〈kJ (lS)|Ô(MT ′ =MT ± δMT 0)|kJ (lS)〉 (A.6)

and for pure neutron matter as

BMT ,±〈kJ (lS)|Ô|kJ (lS)〉 = (1− (−1)1+l+S
)

× 〈kJ (lS)|Ô(MT ′ = 1)|kJ (lS)〉, (A.7)

where Ô is a general two-particle operator.



Appendix B

Mathematical tools

B.1 Coupled delta distributions

Assume that f : (x, y)→ � and g : (x, y)→ � are functions with continuous derivatives

on the domain (x, y) ∈ Ω(x, y) ⊂ �
2, and h : (x, y) → � is an arbitrary function. We

want to calculate an integral with two coupled delta distributions∫∫
Ω(x,y)

δ(f(x, y))δ(g(x, y))h(x, y)dxdy

=

∫∫
Ω(x,y)

δ(2)(f(x, y), g(x, y))h(x, y)dxdy. (B.1)

On right-hand side we have defined the two-dimensional delta distribution δ(2)(s, t).

This integral can be evaluated by changing to the variables

s = f(x, y), t = g(x, y). (B.2)

The integration measure transforms accordingly as [290, p. 339]

dxdy −→
∣∣∣∣ ∂x

∂s
∂x
∂t

∂y
∂s

∂y
∂t

∣∣∣∣ dsdt, (B.3)

where the new measure contains the absolute value of a Jacobian determinant. Let the

direction of integration of the new integration domain Ω̃(s, t) be the same as in the

old domain Ω(x, y). If the initial integration domain Ω(x, y) is chosen such that there

exist unique inverse mappings

η = x(s, t),

ξ = y(s, t), (B.4)
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we can write the integral as∫∫
Ω(x,y)

δ(f(x, y))δ(g(x, y))h(x, y)dxdy

=

∫∫
Ω̃(s,t)

δ(2)(s, t)h̃(s, t)

∣∣∣∣ ∂x
∂s

∂x
∂t

∂y
∂s

∂y
∂t

∣∣∣∣ dsdt
= h̃(s, t)

∣∣∣∣∂x∂s · ∂y∂t − ∂x

∂t
· ∂y
∂s

∣∣∣∣
∣∣∣∣∣
s=t=0

=
h̃(s, t)∣∣∣ ∂s∂x · ∂t
∂y
− ∂t

∂x
· ∂s
∂y

∣∣∣
∣∣∣∣∣
s=t=0

, (B.5)

where we have defined h̃(s, t) ≡ h(x(s, t), y(s, t)). In the last equality, we have applied

the inverse function theorem [290, p. 169].



Appendix C

Erratum to Paper II

After the publication of Paper II, we have found that the BHF results in Figures 7 and 8

have an error. These results were obtained by summing BHF correlation contributions

up to the partial wave J = 9, and treating the remaining potential energy in the Born

approximation for partial waves up to J = 24. By accident, we summed contributions

in the Born approximation in the interval 9 ≤ J ≤ 24 instead of 10 ≤ J ≤ 24, as

should have been done. The BHF results in Table II, as well as other numbers given

in Paper II, are not affected by this error. In Figure C.1, a nuclear matter equation of

state is given, as obtained with corrected BHF results.
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Figure C.1: The same BHF equation of state as given in Figures 7 and 8 of Paper II,
but here the results have been corrected to contain partial-wave contributions in the
Born approximation for 10 ≤ J ≤ 24, instead of 9 ≤ J ≤ 24, as was wrongly used in
the original paper.
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We optimize the nucleon-nucleon interaction from chiral effective field theory at next-to-next-to-

leading order (NNLO). The resulting new chiral force NNLOopt yields �
2 � 1 per degree of freedom for

laboratory energies below approximately 125 MeV. In the A ¼ 3, 4 nucleon systems, the contributions

of three-nucleon forces are smaller than for previous parametrizations of chiral interactions. We use

NNLOopt to study properties of key nuclei and neutron matter, and we demonstrate that many aspects

of nuclear structure can be understood in terms of this nucleon-nucleon interaction, without explicitly

invoking three-nucleon forces.

DOI: 10.1103/PhysRevLett.110.192502 PACS numbers: 21.30.�x, 21.10.�k, 21.45.�v, 12.39.Fe

Introduction.—Interactions from chiral effective field
theory (EFT) employ symmetries and the pattern of sponta-
neous symmetry breaking of quantum chromodynamics
[1,2]. In this approach, the exchange of pions within chiral
perturbation theory yields the long-ranged contributions
of the nuclear interaction, while short-ranged components
are included as contact terms. The interaction is parame-
trized in terms of low-energy constants (LECs) that are
determined by their fit to experimental data. The interac-
tions from chiral EFT exhibit a power counting in the ratio
Q=�, with Q being the low-momentum scale being probed
and� the cutoff, which is of the order of 1 GeV. At next-to-
next-to-leading order (NNLO), three-nucleon forces (3NFs)
enter, while four-nucleon forces (4NFs) enter at next-to-
next-to-next-to-leading order (N3LO). For laboratory ener-
gies below 125 MeV, the nucleon-nucleon (NN) force
exhibits a quality of fit with �2 � 10=datum at NNLO
[3], while a high-precision potential N3LOEM, with a
�2 � 1=datum up to 290 MeV, was obtained by Entem
and Machleidt [4].

The 3NFs at NNLO that accompany the current N3LO
NN potentials play a pivotal role in nuclear structure
calculations [5]. They determine the ground-state spin of
10B [6], correctly set the drip line in oxygen isotopes [7,8],
and make 48Ca a doubly magic nucleus [9,10]. While it
might seem surprising that smaller corrections at NNLO
are so decisive for basic nuclear structure properties, the
3NF contains spin-orbit and tensor contributions that
clearly are important for the currently employed chiral
interactions. The contributions of 3NFs at N3LO have

also been worked out [11,12], and there are on-going
efforts to compute even higher orders [13].
While the quest for higher orders is important, this

approach will result in higher accuracy only if the optimi-
zation at lower orders was carried out accurately. Thus, it is
important and timely to revisit the optimization question.
We note in particular that the fits of the currently employed
chiral interactions [3,4,14] date back about a decade and
that there has been a considerable recent progress in devel-
oping tools for the derivative-free nonlinear least-squares
optimization [15]. Furthermore, the quantification of theo-
retical uncertainties is a long-term objective of nuclear
structure theory, and this requires a covariance analysis
of the interaction parameters with respect to the experi-
mental uncertainties of the nucleon-nucleon elastic scat-
tering observables; see, for example, Refs. [15,16]. This
Letter takes the first step toward this goal. We present a
state-of-the-art optimization of the NN chiral EFT inter-
action at NNLO. This yields a much-improved �2 and a
high-precision NN potential NNLOopt. The 3NF at NNLO

is adjusted to the binding energies in A ¼ 3, 4 nuclei. We
present computations of three-nucleon and four-nucleon
bound states, and we employNNLOopt to ground states and

excited states in 10B, masses and excited states of oxygen
and calcium isotopes, and neutron matter.
Optimizing the NN interaction at NNLO.—For the opti-

mization of the chiral NN interaction we use the Practical
Optimization Using No Derivatives (for Squares) algo-
rithm, POUNDERS [15], as implemented in [17]. This
derivative-free algorithm employs a quadratic model and
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is particularly useful for computationally expensive objec-
tive functions. We optimize the three pion-nucleon (�N)
couplings (c1, c3, c4), and 11 partialwave contact parameters

C and ~C, while we keep the axial-vector coupling constant
gA, the pion-decay constant f�, and all masses fixed. In the
optimization, we minimize the objective function

fð ~xÞ ¼ XNq

q¼1

�NNLO
q ð ~xÞ � �Nijm93

q

wq

 !2

; (1)

where �NNLO are NNLO phase shifts, �Nijm93 are experi-
mental phase shifts from the Nijmegen multienergy partial-
wave analysis [18], ~x denotes the parameters of the chiral
interaction, and wq are weighting factors. Note that Eq. (1)

is not the �2 with respect to experimental data. The actual
�2 is calculated following the POUNDERS optimization. The
phase shifts �NNLO are computed from R-matrix inversion,
and in the proton-proton (pp) channels we include the
Coulomb interaction [19,20]. The contact terms are opti-
mized to reproduce the Nijmegen phase shifts for each
corresponding partial wave, while keeping the ci’s fixed.
For the contacts, the weight wq scales with the third power

of the relative momentum q, while for the ci’s, we employ
the uncertainties quoted in the Nijmegen analysis [18].
This approach can be justified by a physical argument:
for the peripheral waves the higher energies still represent
longer-range physics, and the need for a pedantic agree-
ment with lower energy phase shifts can be weakened. The
�N couplings c1, c3, and c4 were simultaneously opti-
mized to the peripheral partial waves 1D2,

3D2,
3F2, E2,

3F3,
1G4, and

3F4. Note that the NNLO contact terms do

not contribute to orbital angular momenta L � 2. We do
not include other peripheral waves from the Nijmegen
study since they carry extremely small uncertainties, which
lead to a very noisy objective function.

Table I summarizes the optimization results. Our values
should be compared with the �N couplings as determined
from �N scattering data, where c1 ¼ �0:81� 0:15, c3 ¼
�4:69� 1:34, and c4 ¼ þ3:40� 0:04 have been obtained
[22]. Thus, POUNDERS yields values for c1 and c3 that agree
well with the empirical determination from �N scattering.
The c4 value, however, deviates significantly from its
empirical value. The same trend was found in the construc-
tion of the N3LO [4] NN interaction. A detailed statistical

sensitivity analysis of the LECs with uncertainty quantifi-
cation will be presented in Ref. [23].
Table II shows the �2=datum for NNLOopt at various

laboratory energy bins. The quality of the fit is particularly
good for energies below 125 MeV. For comparison, the np
NNLO interaction of Ref. [3] yields �2=datum of 12–27
in the range� ¼ 600=700� 450=500 MeV at energies up
to 290 MeV.
Around energies of 144 MeV there exist two data sets of

pp differential cross sections with a very high precision
(0.5% error) [25] (47 data points). The total number of
pp data in the energy interval 125–183 MeV is 343. The
unusual precision of those 47 data points distorts the
�2=datum for this interval. For this reason, Table II also
shows the results without the high-precision data.
Two comments are in order. First, the �2 with respect to

scattering observables is lower when the 1P1 phase shifts

are weighted with the uncertainties from the Nijmegen
analysis. The P waves are accurately reproduced only
when going to N3LO [4]. Second, the 3S1 � 3D1 coupled

channel is optimized with the additional constraint of
reproducing the deuteron binding energy. The remaining
deuteron observables, as well as the 1S0 scattering observ-

ables, are predictions and reproduce the experimental
values well; see Table III.
Figure 1 shows some np phase shifts of NNLOopt and

compares them with phase shifts from other potentials and
partial wave analyses. Apart from the 3P waves, the phase
shifts of NNLOopt closely agree with those obtained at

N3LO. Note, however, that these deviations do not spoil
the good �2 at laboratory energies below 125 MeV.
Three-nucleon forces also appear at NNLO, and two

additional LECs (cD and cE) enter. These are determined
from calculations in the three-nucleon and four-nucleon

TABLE I. Parameters ofNNLOopt at� ¼ 500 MeV and�SFR¼700MeV [3,21]:ci (inGeV
�1),

~C (in 104 GeV�2), and C (in 104 GeV�4). The number of decimal digits in the parameters ensure
that the phase shifts, in degrees, are computed with a four decimal digit precision.

LEC Value LEC Value LEC Value

c1 �0:918 639 53 c3 �3:888 687 49 c4 4.310 327 16
~Cpp
1S

0

�0:151 366 04 ~Cnp
1S

0

�0:152 141 09 ~Cnn
1S

0
�0:151 764 75

C1S
0

2.404 021 94 C3S
1

0.928 384 66 ~C3S
1

�0:158 434 18
C1P

1
0.417 045 54 C3P

0
1.263 390 76 C3P

1
�0:782 658 50

C3S
1
�3D1

0.618 141 42 C3P
2

�0:677 808 51

TABLE II. �2=datum for NNLOopt at � ¼ 500 MeV and
�SFR ¼ 700 MeV [3,21] with respect to the np and pp 1999
databases [24]. The values without the high-precision data sets
[25] are marked by asterisks.

Tlab (MeV) 0–35 35–125 125–183 183–290 0–290

pp �2=datum 1.11 1.56

�
23:95
4:35� 29.26

�
17:10
14:03�

np �2=datum 0.85 1.17 1.87 6.09 2.95
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systems. We find that the binding energies of 3H, 3He, and
4He do not uniquely determine cD and cE, and the para-
metric dependence of both LECs is very similar to those
found in previous studies [6,32,33]. Therefore, we choose
cD ¼ �0:2 guided by the triton half life [33] and obtain
cE ¼ �0:36 from optimization to the binding energies.
The resulting point charge radii of 4He are also in good
agreement with experiment; see Table IV.

Performance of NNLOopt for light- and medium-mass

nuclei and neutron matter.—In this Letter, we apply
NNLOopt to 10B, isotopes of oxygen and calcium, and

neutron matter. The considered systems are particularly
interesting because the current NN chiral interactions at
N3LO completely fail to describe key aspects of their
structure.
To study the ground state and first excited state in 10B, we

carry out no-core shell model (configuration interaction)
calculations [34] using the bare NNLOopt in model spaces

of up toNmax ¼ 10 harmonic oscillator (HO) shells (10 @�)
above the unperturbed configuration. These model spaces
are not large enough to provide fully converged results for
the ground state and first excited state of 10B. Still, the
variational upper bounds for the energies are �54:35 MeV
for the 1þ state and �54:32 MeV for the 3þ state. The
energies are very close, in contrast toN3LOEM, which yields
a level spacing of about 1.2 MeV between the J� ¼ 1þ
ground state and the J� ¼ 3þ excited state [6].
Chiral NN interactions at N3LO fail to explain the

neutron drip-line in oxygen isotopes, and 3NFs have
been the key element for understanding the structure of
nuclei around 24O [7,8]. Figure 2 shows the experimental
ground-state energies of oxygen isotopes and compares
the results from coupled-cluster (CC) computations in the
� triples approximation [35–37]. Our CC calculations
employ a Hartree-Fock basis built from Nmax ¼ 15 HO
shells at @� ¼ 20 MeV. Because of the ‘‘softness’’ of
NNLOopt, this model space is sufficiently large to converge

the ground states and excited states of the nuclei

TABLE III. Scattering lengths a and effective ranges r (both in
fm). The superscripts N and C for the proton-proton observables
refer to nuclear forces and Coulomb-plus-nuclear forces, respec-
tively. BD, rD, QD, and PD denote the deuteron binding energy,
radius, quadrupole moment, and D-state probability, respec-
tively. QD and rD are calculated without meson-exchange cur-
rents and relativistic corrections.

N3LOEM NNLOopt Exp. Ref.

aCpp �7:8188 �7:8174 �7:8196ð26Þ [26]

�7:8149ð29Þ [27]

rCpp 2.795 2.755 2.790(14) [26]

2.769(14) [27]

aNpp �17:083 �17:825
rNpp 2.876 2.817

ann �18:900 �18:889 �18:95ð40Þ [28,29]

rnn 2.838 2.797 2.75(11) [30]

anp �23:732 �23:749 �23:740ð20Þ [24]

rnp 2.725 2.684 2.77(5) [24]

BD (MeV) 2.224 575 2.224 582 2.224 575(9) [24]

rD (fm) 1.975 1.967 1.975 35(85) [31]

QD (fm2) 0.275 0.272 0.2859(3) [24]

PD (%) 4.51 4.05
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FIG. 1 (color online). Computed np phase shifts of the opti-
mized NNLO potential of this work (solid, red line), the NNLO
potential of Ref. [3] (dashed, blue line), and the N3LO potential
[4] (green, dotted line) compared with the Nijmegen phase shift
analysis [18] (solid dots) and the VPI/GWU analysis SM99 [43]
(open circles).

TABLE IV. Ground-state energies (inMeV)andpoint proton radii
(in fm) for 3H, 3He, and 4He using the NNLOopt with and without

the NNLO 3NF interaction for cD ¼ �0:20 and cE ¼ �0:36.

Eð3HÞ Eð3HeÞ Eð4HeÞ rpð4HeÞ
NNLO �8:249 �7:501 �27:759 1.43(8)

NNLO+NNN �8:469 �7:722 �28:417 1.43(8)

Experiment �8:482 �7:717 �28:296 1.467(13)
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FIG. 2 (color online). The ground-state energies of oxygen
isotopes obtained in CC with the NNLOopt and N3LOEM inter-

actions compared with experiment. The inset shows SM results.
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considered. In addition, we performed shell-model (SM)
calculations assuming the closed 16O core with an effective
interaction derived from many-body perturbation theory to
third order in the interaction and including folded diagrams
[38]. For the SM calculations, the single-particle energies
were taken from the experimental 17O spectrum. In both
CC and SM, NNLOopt results are close to experiment. In

contrast, the N3LOEM case requires 3NFs to provide rea-
sonable description of measured values.

Now we consider the heavy isotopes of calcium. Here,
48Ca is doubly magic, 52Ca exhibits a soft subshell closure,
and 54Ca is predicted to have an even softer subshell
closure [10]. A signature of shell closure is the location
of the first 2þ state. We employed CC equation-of-motion
methods within the singles and doubles approximation
[37,39] to compute the first 2þ state in the calcium isotopes.
Figure 3 shows that N3LOEM fails to describe the location
of the first 2þ state in 40;48;50;52;54;56Ca. In contrast,NNLOopt

yields 48Ca as a doubly magic nucleus and predicts subshell
closures in 52;54Ca. The NNLOopt overbinds the calcium

isotopes by about 1 MeV per nucleon. In particular,
40;48;52Ca are overbound by 1.03, 1.06, and 1.04 MeV per
nucleon, respectively. That is, the excess energy per
nucleon is fairly constant; hence, NNLOopt reproduces

binding energy differences, such as neutron-separation
energies and low-lying excited states, rather well.

The complete description of nuclei at NNLO also
requires 3NFs. We computed the first 2þ state in 22;24O
and in 48Ca with the 3NF compatible with the NNLOopt

interaction. The matrix elements of the 3NF are expensive
computationally, and we must at present limit their calcu-
lation to three-body energies up to e3max ¼ 2na þ la þ
2nb þ lb þ 2nc þ lc ¼ 14. (Recall that we employ 15
major harmonic oscillator shells for the NN interaction.)
We also used the normal ordered two-body approximation
for the 3NF [40,41] with respect to a Hartree-Fock refer-
ence. With the restriction of e3max ¼ 14, we were not able
to obtain fully converged results for the binding energies of
oxygen and calcium isotopes. However, excitation energies
relative to the ground state converge somewhat better.

Our results for the first 2þ state in 22;24O and in 48Ca are
2.3(3), 3.5(5), and 4.8(7) MeV, respectively. We estimate
the uncertainty by varying @� in the interval 16–22 MeV.
The results obtained by using NNLOopt NN interaction

alone yields 2.5, 5.0, and 4.5 MeV in 22;24O and 48Ca,
respectively. These preliminary results suggest that the
3NFs may not dramatically change the results that were
obtained with the NNLOopt NN interaction alone.

It is instructive to compare the predictions ofNNLOopt and

N3LOEM for the neutron matter equation of state at subsatu-
ration densities with the results of ab initio calculations of
Refs. [42]. Figure 4 shows that the performance of NNLOopt

is on par with the EGM results of Ref. [42], which take into
account the effects of 3NFs and 4NFs. The predictions of
N3LOEM deviate from other results at higher densities.
Conclusions.—We constructed the new NN chiral EFT

interaction NNLOopt at next-to-next-to-leading order using

the optimization tool POUNDERS in the phase-shift analysis.
The optimization of the low-energy constants in the NN
sector at NNLO yields a �2=datum of about one for labo-
ratory scattering energies below 125 MeV. The NNLOopt

NN interaction yields very good agreement with binding
energies and radii for A ¼ 3, 4 nuclei. Key aspects of
nuclear structure, such as excitation spectra, the position
of the neutron drip line in oxygen, shell-closures in cal-
cium, and the neutron matter equation of state at subsatu-
ration densities, are reproduced by NNLOopt interaction

alone, without resorting to 3NFs. We performed the initial
calculation of the first 2þ states in 22;24O and 48Ca with
NNLOopt supplemented by a 3NF and found the effects of

3NFs to be small and in good agreement with experimental
excitation energies. The precise role of 3NFs in medium-
mass nuclei, the quantification of theoretical uncertainties,
and optimizations at higher-order chiral interactions will
be addressed in forthcoming investigations.
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FIG. 3 (color online). The first 2þ1 state in selected calcium
isotopes obtained in CC with the NNLOopt and N3LOEM inter-
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[42] I. Tews, T. Krüger, K. Hebeler, and A. Schwenk, Phys.
Rev. Lett. 110, 032504 (2013).

[43] R. A. Arndt, I. I. Strakovsky, and R. L. Workman
(1999), SAID, Scattering Analysis Interactive Dial-in
computer facility, George Washington University (for-
merly Virginia Polytechnic Institute), solution SM99
(Summer 1999); for more information see, e.g., R. A.
Arndt, I. I. Strakovsky, and R. L. Workman, Phys. Rev. C
50, 2731 (1994).

PRL 110, 192502 (2013) P HY S I CA L R EV I EW LE T T ER S
week ending
10 MAY 2013

192502-5





II





PHYSICAL REVIEW C 88, 054312 (2013)

Coupled-cluster studies of infinite nuclear matter

G. Baardsen,1 A. Ekström,1,2 G. Hagen,3,4 and M. Hjorth-Jensen1,2,5
1Department of Physics and Center of Mathematics for Applications, University of Oslo, N-0316 Oslo, Norway

2National Superconducting Cyclotron Laboratory, Michigan State University, East Lansing, Michigan 48824, USA
3Physics Division, Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831, USA

4Department of Physics and Astronomy, University of Tennessee, Knoxville, Tennessee 37996, USA
5Department of Physics and Astronomy, Michigan State University, East Lansing, Michigan 48824, USA
(Received 24 June 2013; revised manuscript received 8 October 2013; published 14 November 2013)

Background: Coupled-cluster (CC) theory is a widely used many-body method for studying strongly correlated
many-fermion systems. It allows for systematic inclusions of complicated many-body correlations beyond a
mean field. Recent applications to finite nuclei have shown that first-principles approaches like CC theory
can be extended to studies of medium-heavy nuclei, with excellent agreement with experiment. However, CC
calculations of properties of infinite nuclear matter are rather few and date back more than 30 yr.
Purpose:The aim of this work is thus to develop the relevant formalism for performing CC calculations in nuclear
matter and neutron-star matter, including thereby important correlations to infinite order in the interaction and
testing modern nuclear forces based on chiral effective field theory. Our formalism includes also the exact
treatment of the so-called Pauli operator in a partial-wave expansion of the equation of state.
Methods: Nuclear- and neutron-matter calculations are done using a coupled particle-particle and hole-hole
ladder approximation. The coupled ladder equations are derived as an approximation of CC theory, leaving out
particle-hole and nonlinear diagrams from the CC doubles amplitude equation. This study is a first step toward
CC calculations for nuclear and neutron matter.
Results: We present results for both symmetric nuclear matter and pure neutron matter employing state-of-the-
art nucleon-nucleon interactions based on chiral effective field theory. We employ also the newly optimized
chiral interaction [Ekström et al., Phys. Rev. Lett. 110, 192502 (2013)] to study infinite nuclear matter. The
ladder approximationmethod and corresponding results are comparedwith conventional Brueckner-Hartree-Fock
theory. The ladder approximation is derived and studied using both exact and angular-averaged Pauli exclusion
operators, with angular-averaged inputmomenta for the single-particle potentials in all calculations. The inclusion
of an exact treatment of the Pauli operators in a partial-wave expansion yields corrections of the order of 1.7%–2%
of the total energy in symmetric nuclear matter. Similarly, the inclusion of both hole-hole and particle-particle
ladders result in corrections of the order 0.7%–2% compared to the approximation with only particle-particle
ladders. Including these effects, we get at most almost a 6% difference between our CC calculation and the
standard Brueckner-Hartree-Fock approach.
Conclusions:We have performed CC calculations of symmetric nuclear matter and pure neutronmatter including
particle-particle and hole-hole diagrams to infinite order using an exact Pauli operator and angular-averaged
single-particle energies. The contributions from hole-hole diagrams and exact Pauli operators add important
changes to the final energies per particle.

DOI: 10.1103/PhysRevC.88.054312 PACS number(s): 21.65.Cd, 21.65.Mn, 21.30.−x, 26.60.Kp

I. INTRODUCTION

Nuclear matter is defined as an isotropic system consisting
of infinitely many nucleons which interact only by nuclear
forces. The Schrödinger equation of this system has been
solved approximately using many different ab initio many-
body methods [1–8]. As an example, diagrammatic partial
summations have been derived from many-body perturbation
theory to calculate the binding energy.One approach belonging
to this family of methods is the Brueckner-Goldstone (BG)
expansion [9], which is a Goldstone expansion where the
interaction has been replaced by a well-behaved reaction
matrix [10]. The Brueckner-Hartree-Fock (BHF) scheme
[9,11], which is one of the standard methods of nuclear-matter
theory [6,12–16], is a first-order approximation in BG theory.
Unfortunately, the BG expansion does not converge very

well when using the number of reaction matrices as the
order parameter [17]. A more appropriate way to include

higher-order correlations is the hole-line expansion [1], where
the perturbation truncation is determined by the number of in-
dependent hole lines in the theBGdiagrams. The two-hole-line
approximation is then equivalent to the BHF method. Calcula-
tions including up to three-hole-line diagrams indicate that the
hole-line expansion converges [13,18]. Despite encouraging
results for the hole-line expansion, it would still be desirable
to get a deeper understanding of the accuracy of themany-body
methods applied to nuclear matter. Better knowledge about the
convergence of the many-body methods in nuclear matter is
also necessary to validate the quality of calculations including
three- and many-body interactions [19–25].
An approach that is related to the above-mentioned pertur-

bative techniques is the coupled-cluster (CC) method [26–31].
As perturbation theory, CC theory gives a nonvariational and
size-extensivemethod.However, in contrast tomany-body per-
turbation theory, CC theory sums to infinite order, depending
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on the level of truncation, selected many-body contributions.
It is thus a nonperturbative method. The CC truncation is
physical in the sense that a so-called Tn truncation includes
all possible correlations arising from sets of n-particle-n-hole
clusters [32–34]. During the last one and a half decades, CC
theory has been successfully applied to structure calculations
of finite nuclei [35–43]. Inspired by the success of the CC
approach in finite nuclei, we hope that CC theory could also
provide accurate results for infinite nuclear matter.
Already in the early 1980s, Day and Zabolitzky performed

CC calculations for nuclear matter [2] using the Bochum
truncation [44,45]. The theory of nuclear interactions has
evolved a lot since that time (see for example Ref. [46]),
with the construction of high-precision potentials exhibiting
a χ2 per datum close to one with respect to nucleon-nucleon
scattering data [46]. Later, two- and three-body interactions
have been developed based on effective field theory (EFT),
which is derived using symmetries arising from quantum chro-
modynamics (QCD) [47]. In addition, soft low-momentum
interactions based on renormalization group theory have been
introduced [48]. It seems therefore necessary to perform new
CC calculations for nuclear matter with modern two- and
three-body interactions.
In the Bochum truncation scheme [44], the exact CC

amplitude equations are approximated by setting all so-called
reduced n-particle subsystem amplitudes χn, with n larger
than a chosen truncation level, to zero. The justification for
using this truncation is that all subsystem amplitudes χn

become small inside a radius where the interaction may be
very strong [44]. This truncation scheme therefore ensures
that the contribution from particles interacting strongly at
short distances becomes small. In their CC calculations for
nuclear matter, Day and Zabolitzky included the two- and
three-body subsystem amplitudes χ2 and χ3, and incorporated
also parts of the four-body amplitude χ4 [2,18]. Given the
computing capacity in the early 1980s, it was necessary
to do further approximations in the CC equations. As is
explained in Refs. [2,18], the authors used angular-averaged
Pauli exclusion operators, other averages over angles, and
first-order Taylor expansions to approximate the dependence
of the single-particle potential on the G matrix. In addition,
they replaced some diagrams with estimates, which were
simpler to calculate than the original diagrams [2]. Before
this study, Manzke [49] did CC calculations for nuclear matter
in the two-body subsystem approximation.
Coupled-cluster theory is widely used within the quantum

chemistry community [31]. A commonly used CC truncation
scheme in quantum chemistry is to set all cluster amplitudes
in the exponential CC wave function ansatz beyond a given
excitation level to zero (see Sec. II A and Refs. [32,33]). These
approximations are called, for example, CC doubles (CCD),
CC singles-doubles (CCSD), etc. [31], or, alternatively, SUBn

approximations [50]. This truncation scheme has been applied
in studies of finite nuclei [37,38,40–43], mainly using soft
interactions. Our aim is to apply the same CC method to
studies of the equation of state of symmetric nuclear matter
and neutron matter.
The SUBn approximation includes long-range contribu-

tions, such as the forward and other ring diagrams, already

at the CCD or SUB2 level [50,51]. In contrast, these
correlations are included in the Bochum scheme in the
subsystem amplitudes χ3 and χ4 [44]. Another difference
between the two CC truncation schemes is the treatment
of the single-particle state potentials in the energy denomi-
nator. In the Bochum CC method, the energy denominator
contains single-hole state potentials with summations of
particle-particle ladder diagrams to infinite order, whereas
the single-particle state potentials are zero in the energy
denominator. Instead, the single-particle state potential terms
are part of the χ3 and χ4 subsystem amplitudes [44]. In
contrast, in the SUBn approximation, which we employ in
this work, the energy denominator contains single-particle
potentials at the Hartree-Fock level for both particles and
holes.
Previously, Freeman [52] has studied the two-dimensional

electron gas including particle-particle ladder diagrams from
the CCD approximation. In a similar way, as a first step
toward CC calculations for nuclear matter, we here include
particle-particle and hole-hole correlations at the two-particle-
two-hole, or T2, level. In this scheme, only the linear ladder
diagrams have been included in the CC T2 amplitude equation,
whereas the linear particle-hole diagrams and all nonlinear
diagrams have been neglected. When leaving out certain
diagrams of the T2 amplitude equation, our scheme may be
considered as strictly not a CC approximation. However, the
method shows a proof of principle of an iterative CC numerical
scheme, where particle-particle and hole-hole ladder diagrams
are coupled and summed to infinite order. The coupled
ladder approximation is similar to the Bochum CC method
including only the two-body subsystem amplitude χ2, but
the single-particle potentials are different. It ought also to be
emphasized that the calculations of Day and Zabolitzky [2]
included a larger set of diagrams, and thereby correlations,
than the approximation used in this work.
According to the hole-line expansion calculations by

Song et al., the contribution of particle-particle diagrams is
considerably larger than that of particle-hole diagrams [13].
Still, the contribution of particle-hole diagrams is clearly
non-negligible in the hole-line expansion [13]. The results of
Ref. [53] show that ring (particle-hole) diagrams are significant
for the binding energy of nuclear matter. The aim is therefore
to include all T2 diagrams in a future CC calculation to get a
proper CC approximation at the T2 level.
Summation of particle-particle and hole-hole ladder di-

agrams is also a common approximation in self-consistent
Green’s function (SCGF) theory [4]. The SCGF ladder ap-
proximation has been extensively applied to studies of nuclear
and neutron matter [54–58], lately including either three-
body interactions or density-dependent two-body operators
arising from three-body interactions [8,19]. In the SCGF
ladder approximation, the energy denominator contains self-
consistently solved complete off-shell self-energies including
both particle-particle and hole-hole ladder diagrams. As the
SCGF method, the CC ladder approximation also treats
particle and hole interactions symmetrically, but from the
definition of the CC equations it follows that the single-particle
potentials occur in the energy denominator only up to the
Hartree-Fock level.
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Another similar method is the particle-particle and hole-
hole ring diagram approximation [59–62], where the particle-
particle and hole-hole diagrams are derived from Green’s
function theory, and a momentum model space is used to
avoid poles in the energy denominator. The binding energy
obtained in this approximation depends, however, on the
model space momentum cutoff [61]. In the particle-particle
and hole-hole ring diagram method the authors employed
the standard angular-average approximations to decrease the
computational complexity of the calculations [59].
In the present work, we analyze the partial-wave expansion

of the equation of state using an exact treatment of the inter-
mediate states, avoiding thereby the standard angle-average
approximation of Pauli exclusion operators [12]. Finally, we
perform calculations of the above systems using modern
nucleon-nucleon interactions based on chiral perturbation
theory to next-to-next-to-leading order (NNLO) [63] and
next-to-next-to-next-to-leading order (N3LO) [64].
After these introductory remarks, we present our formalism

in the next three sections, followed subsequently by our results
and discussion thereof in Sec. IV. Concluding remarks and
perspectives are presented in Sec. V.

II. FORMALISM: MANY-BODY METHODS

The general form of the Hamiltonian operator of infinite
nuclear matter is

Ĥ = K̂ + V̂NN + V̂NNN + · · ·

= − h̄2

2M

A∑
i=1

∇2
i +

A∑
i<j

v̂NN (ri , rj )

+
A∑

i<j<k

v̂NNN (ri , rj , rk)+ · · · , (1)

where A is the number of nucleons, K̂ is the kinetic energy
operator, V̂NN is a two-particle interaction operator, V̂NNN is
a three-particle interaction operator, M is the nucleon mass,
and rl is the position vector of particle l. In this paper, we
neglect n-body interactions for n larger than two and define
the Hamiltonian operator as

Ĥ = K̂ + V̂ = − h̄2

2M

A∑
i=1

∇2
i +

A∑
i<j

v̂(rij ),

where v̂ is a two-body interaction and rij = |ri − rj |.
In our calculations, we use the nucleon-nucleon interac-

tion of Ref. [64]. This interaction model is given by an
N3LO approximation of chiral perturbation theory. Nuclear
interactions based on EFT have the advantage that two-
and many-body interactions can be derived in a mutually
consistent way [47]. Furthermore, we present also results
obtained with a recent nucleon-nucleon interaction at order
NNLO in chiral perturbation theory. This interaction results
from an optimization-based reparametrization to the available
body of experimental data using the model-based, derivative-
free optimization algorithm POUNDERS developed at Argonne
National Laboratory [65]. The resulting new chiral interaction,

labeled NNLOopt hereafter, exhibits a χ2 per datum close to
one for laboratory scattering energies below approximately
125 MeV in the two-body proton-proton and neutron-proton
channels; see Ref. [63] for further details. In the A = 3 and
A = 4 nucleon systems, this interaction gives binding energies
that differ by 20 and 45 keV from the experimental values,
respectively. Thus, the contributions of three-nucleon forces
appear smaller than for previous parametrizations of chiral
interactions.
We model infinite nuclear matter as a system of A

interacting nucleons confined by a cubic box potential. The
cubic box boundary condition together with the free nucleon
Hamiltonian equation

− h̄2

2M
∇2ϕ(r) = εϕ(r),

gives the plane-wave eigenfunctions ϕk(r) = eik·r/
√

� and
eigenenergies εk = h̄2k2/(2M). Here h̄k is the momentum, r
is the position coordinate, and � is the volume of the box. We
therefore use plane waves as our single-particle basis, from
which the Slater determinants are constructed.

A. Coupled ladder approximation

In this section, the coupled ladder equations are derived as
an approximation of the CC method. The CC formalism is
presented in a momentum basis. In the general expressions,
we omit spin and isospin degrees of freedom.
In CC theory, theA-fermion state vector is expressed using

the exponential ansatz

|�〉 ≡ eT̂ |�0〉 ,

where |�0〉 is the uncorrelated free Fermi vacuum, and the
cluster operator T̂ is defined as the sum

T̂ =
A∑

m=1
T̂m,

of m-particle m-hole excitation operators

T̂m =
(
1

m!

)2 ∑
ki1

,...,kim
ka1 ,...,kam

t
ka1 ,...,kam

ki1 ,...,kim
c
†
ka1

· · · c†kam
ckim

· · · cki1
. (2)

We label single-particle states occupied in the Fermi vacuum
determinant �0 (holes) by i, j, k, . . . and excited states of the
same single-particle basis (particles) by a, b, c, and so on.
Indices p, q, r, . . . are used to label single-particle states that
may be either holes or particles. The operators c† and c are
fermion creation and annihilation operators, respectively.
Given that the single-particle basis is complete, the A-

particle Schrödinger equation can be written equivalently as
the CC energy equation

〈�0|e−T̂ Ĥ eT̂ |�0〉 = E, (3)

where the cluster operator T̂ is obtained from the correspond-
ing set of CC amplitude equations〈

�
ka1ka2 ...kak

kii
ki2 ...kik

∣∣e−T̂ Ĥ eT̂ |�0〉 = 0 (4)
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for k = 1, 2, 3, . . . , A. Here we have used the notation∣∣�ka1ka2 ...kak

ki1ki2 ...kik

〉 ≡ c
†
ka1

c
†
ka2

· · · c†kak
ckik

· · · cki2
cki1

|�0〉, (5)

which means that the bra vector in Eq. (4) is a k-particle k-hole
excitation of the Fermi vacuum state.
In almost all practical calculations, except for some very

simple model systems, it is necessary to do a truncation both in
the cluster operator T̂ and in the single-particle basis. To derive
the ladder expansion, we need only the approximation T̂ ≈ T̂2,
which is commonly called the CCD approximation. In fact, the
T̂1 operator is found to vanish for infinite nuclear and neutron
matter [44]. By symmetry considerations, the total momentum
of the system of nucleons is zero. Both the kinetic energy
operator K̂ and the total Hamiltonian Ĥ are assumed to be
diagonal in total momentumK. Hence, both the reference state
�0 and the correlated ground state� must be eigenfunctions of
the operator K̂ with the corresponding eigenvalueK = 0 [10].
Using abstract vectors and a momentum single-particle

basis, the CC ansatz can be written as

|�CC〉 = |�0〉 +
∑
kika

t
ka

ki

∣∣�ka

ki

〉 + 1

4

∑
kikj kakb

t
kakb

kikj

∣∣�kakb

kikj

〉

+ 1

2

∑
kika

∑
kj kb

t
ka
ki

t
kb

kj

∣∣�kakb

kikj

〉 + · · · , (6)

where km is themomentum of the single-particle statem. From
Eq. (6) and the conditions

K̂|�0〉 = 0|�0〉,
and

K̂|�CC〉 = 0|�CC〉,
it follows that

K̂t
ka

ki

∣∣�ka

ki

〉 = (ka − ki)t
ka

ki

∣∣�ka

ki

〉
,

and

K̂t
kakb

kikj

∣∣�kakb

kikj

〉 = (ka + kb − ki − kj )t
kakb

kikj

∣∣�kakb

kikj

〉
.

Because by definition |ka| > |ki |, the CC exponential ansatz
becomes an eigenfunction of the operator K̂ with the eigen-
value 0 only if all coefficients t

ka

ki
are zero and the restriction

ka + kb = ki + kj ,

is fulfilled. This implies that the operator T̂1 is zero. In the
same way, the contribution of T̂1 vanishes in CC calculations
for the three-dimensional electron gas [50].
TheCCD T̂2 amplitude equation can bewritten in laboratory

momentum coordinates as (see, for example, Ref. [33])

0 = 〈kakb|v|kikj 〉 + P (kakb)
∑

kc

〈kb|f |kc〉〈kakc|t |kikj 〉

−P (kikj )
∑

kk

〈kakb|t |kikk〉〈kk|f |kj 〉

+ 1

2

∑
kckd

〈kakb|v|kckd〉〈kckd |t |kikj 〉

+ 1

2

∑
kkkl

〈kakb|t |kkkl〉〈kkkl|v|kikj 〉

+P (kikj )P (kakb)
∑
kkkc

〈kakc|t |kikk〉〈kkkb|v|kckj 〉

+ 1

2
P (kikj )P (kakb)

∑
kkklkckd

〈kkkl|v|kckd〉

× 〈kakc|t |kikk〉〈kdkb|t |klkj 〉
−P (kikj )

1

2

∑
kkklkckd

〈kkkl|v|kckd〉

× 〈kakb|t |kikk〉〈kckd |t |kj kl〉
−P (kakb)

1

2

∑
kkklkckd

〈kkkl|v|kckd〉

× 〈kakc|t |kikj 〉〈kbd|t |kkkl〉
+ 1

4

∑
kkklkckd

〈kkkl|v|kckd〉

× 〈kckd |t |kikj 〉〈kakb|t |kkkl〉, (7)

where all two-body matrix elements are antisymmetrized and
P (pq) is a permutation operator that operates on a general
function y(p, q) according to

P (pq)y(p, q) = y(p, q)− y(q, p).

The Fock operator is defined by

〈kp|f |kq〉 = 〈kp|h0|kq〉 +
∑

i

〈kpki |v|kqki〉,

where the single-particle kinetic energy operatorh0 is k2/(2M)
in momentum space. From the fact that the two-particle
interaction conserves the total momentum, it follows that the
Fock operator is diagonal in momentum basis. This also means
that the plane-wave basis is a Hartree-Fock basis for infinite
nuclear matter and, as is well known, the Hartree-Fock energy
for nuclearmatter is simply the same as the ground-state energy
in first-order many-body perturbation theory [MBPT(1)] [66].
The CC T̂2 amplitude equation from Eq. (7) is given in
diagrammatic representation in Fig. 1. We use diagrammatic
rules as defined in Ref. [33].
The particle-particle and hole-hole ladder (PPHH-LAD)

approximation is obtained by leaving out from the CCD
amplitude equation all nonlinear terms, as well as the linear
term with summation over one particle and one hole index.
The coupled ladder equations are

0 = 〈kakb|v|kikj 〉 + P (kakb)
∑

kc

〈kb|f |kc〉〈kakc|t |kikj 〉

−P (kikj )
∑

kk

〈kakb|t |kikk〉〈kk|f |kj 〉

+ 1

2

∑
kckd

〈kakb|v|kckd〉〈kckd |t |kikj 〉

+ 1

2

∑
kkkl

〈kakb|t |kkkl〉〈kkkl|v|kikj 〉. (8)
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0 = + +

+ + +

+ +

+ +

FIG. 1. Diagrammatic representation of the T̂2 amplitude equa-
tion in the CCD approximation. The coupled particle-particle and
hole-hole ladder (PPHH-LAD) equations are obtained by leaving
out the sixth diagram, which has summation over one particle and
one hole state, and all the nonlinear diagrams, that is, the four
last diagrams. The particle-particle ladder (PP-LAD) equations are
otherwise equal to the PPHH-LAD equations; apart from that in the
former case also the fifth diagram is neglected. The two-particle
interaction is illustrated by a dashed line and the t amplitude
by a solid line. The dashed line with a cross at one vertex
represents the Fock operator. Lines with arrows pointing upwards
represent particles, whereas lines with arrows pointing downwards
represent holes. The interaction and t amplitude are assumed to be
antisymmetric.

We define the particle-particle ladder (PP-LAD) equations as
Eq. (8), where the last line, the hole-hole ladder diagram,
is removed. In the PPHH-LAD approximation, the five first
diagrams of Fig. 1 are retained. The PP-LAD approximation
uses only the four first diagrams in the same figure.
The CC energy equation (3) becomes in the CCD approxi-

mation

ECCD = EREF + �ECCD,

where the reference energy is written as

EREF =
∑

ki

〈ki |h0|ki〉 + 1

2

∑
kikj

〈kikj |v|kikj 〉, (9)

and the correlation correction term is simply

�ECCD = 1

4

∑
kakbkikj

〈kikj |v|kakb〉〈kakb|t |kikj 〉. (10)

The general expressions for the CC energy are derived in,
for example, Ref. [33]. A diagrammatic representation of the
energy equation is given in Fig. 2. The correlation energy has
more terms in a general case when the T̂1 amplitude does not
vanish.
Let us define T as the amplitude matrix, with the matrix

elements

[T ]α,β = 〈kp(α)kq(α)|t |kr(β)ks(β)〉,
where p, q, r , and s are functions of the two-body configura-
tions α and β. As explained in Ref. [33], the ladder equations

ECCD = + +

FIG. 2. The CCD energy equation, given in terms of diagrams.
The two-particle interaction is given by a dashed line and the t

amplitude by a solid line. The dashed line with a cross at one vertex
represents the kinetic energy operator. Lines with arrows pointing
upwards represent particles, lines with arrows pointing downwards
represent holes, and circles are always hole lines.

can be written as the more convenient matrix equation

T = z(T ), (11)

where the left-hand side consists of only an amplitude matrix
and the rest of the ladder equation, here written as the function
z of the amplitude matrix T , is on the right-hand side. Utilizing
the representation of Eq. (11), the amplitude equation can be
solved by a fixed-point iteration scheme. Algorithm I (see
Table I) is commonly used in CC calculations [33], and this is
the procedure we have employed.

B. Brueckner-Hartree-Fock approximation

In BHF theory [12,67], the total energy is approximated by

EBHF =
∑

ki

〈ki |h0|ki〉 + 1

2

∑
kikj

〈kikj |g|kikj 〉,

where the G matrix is defined as

〈kpkq |g|krks〉 = 〈kpkq |v|krks〉
+ 1

2

∑
kckd

〈kpkq |v|kckd〉〈kckd |g|krks〉
εkp

+ εkq
− εkc

− εkd

(12)

and the single-particle energy is

εkp
= 〈kp|h0|kp〉 +

∑
ki

〈kpki |g|kpki〉. (13)

In the so-called continuous option [68,69], which we use, the
single-particle energy has the form given in Eq. (13) for both
particle and hole states.
Diagrams of the BHF equations are given in Figs. 3 and 4.

From the diagrammatic expressions one can see that the

TABLE I. Algorithm I: Fixed-point iteration scheme for solving
the ladder equations, as explained in Ref. [33]. The amplitude matrix
T and the function z are defined in the text.

1. Initialize Eold to a large number.
2. Initialize the amplitude matrix Told to zero.
3. Loop until convergence.
(a) Calculate Tnew = z(Told).
(b) Calculate a new binding energy

Enew = �ECCD (Tnew).
If |Enew − Eold| is smaller than a given tolerance, stop.
Else, set Eold = Enew and Told = Tnew
and return to 3(a).
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EBHF = +

FIG. 3. The BHF energy equation in terms of diagrams. The
waved line represents the G matrix, and a circle means summation
over hole states.

PP-LAD and BHF equations are similar. In fact, one can
show that the BHF equations become equal to the PP-LAD
equations, provided that the G matrix in the single-particle
energy expression (13) is replaced by the interaction matrix.
We used this similarity to verify our implementation of the
PP-LAD equations as well. In the PPHH-LAD approximation
we have, in addition to particle-particle ladders, hole-hole
ladder contributions, and the two types of ladder diagrams
couple to each other.

III. FURTHER APPROXIMATIONS

Explicit expressions of the nuclear interaction are com-
monly given in relative momentum coordinates, whereas
the CC equations are defined in laboratory coordinates.
Either the interaction may be transformed to laboratory
coordinates, or the many-body equations must be rewritten
to relative coordinates. We chose to transform the ladder
equations from laboratory to relative and center-of-mass
(RCM) coordinates. Details of the transformation are shown in
Appendix A 1.
In addition to transforming the equations from laboratory to

RCM coordinates, we write the equations in a basis of coupled
angular momenta. The basis we use is |k(lS)JmJ MT 〉, where
k is the radial component of the relative momentum, l is the
relative orbital angular momentum, S is the total two-particle
spin, J is the angular momentum sum l + S, mJ is the z

projection of J , and MT is the projection of the two-particle
isospin. The same representation is commonly used in nuclear
structure calculations, such as the BHFmethod [12], but owing
to angular-average approximations the matrix elements are
normally diagonal in J and mJ .
As can be seen from Eq. (A4), the ladder equations in RCM

coordinates depend on the particle-particle Pauli exclusion
operator

Q(e)
pp(k, K, kF ) = θ (|k + K/2| − kF )θ (|−k + K/2| − kF )

= +

FIG. 4. Definition of the G matrix, expressed using diagrams.
The wavy line represents theG-matrix interaction. All other parts are
defined as in Fig. 1.

and the hole-hole Pauli exclusion operator

Q
(e)
hh(k, K, kF ) = θ (kF − |k + K/2|)θ (kF −| − k + K/2|),

where kF is the Fermimomentum, k andK are relative andCM
momenta, respectively, defined in Eq. (A3), and the superscript
(e) emphasizes that these are the exact Pauli operators. A
common approximation for nuclear-matter calculations is to
replace the exact Pauli operators with an operator averaged
over the angle between the relative andCMmomentum vectors
[12,54,67].
In this paper, we use a technique introduced by Suzuki et al.

[15] to expand the exact Pauli operator in partial waves. Using
the exact Pauli operator in a partial-wave expansion, we derive
the CC ladder equations. We also derive the ladder equations
using angular-average approximations of the Pauli operator.
In both cases we use an angular-average approximation of the
single-particle energies.

A. Exact Pauli operator

Expressed in the coupled partial-wave basis, the reference
energy per particle is

EREF/A = 3h̄2k2F
10m

+ 3C

4k3F

∑
J Sl

∑
MT

(2J + 1)

×
∫ 2kF

0
dKK2

∫ √
k2F −K2/4

0
dkk2

×〈k(lS)JMT |v|k(lS)JMT 〉xhh(k,K, kF ), (14)

whereA is the number of particles, kF is the Fermimomentum,
k and K are the radial coordinates of the relative and CM
momentum, respectively, and C is 1 for symmetric nuclear
matter and 2 for pure neutron matter. The function xhh is
defined as

xhh =

⎧⎪⎪⎨
⎪⎪⎩
0, if k >

√
k2F − K2/4,

− k2−k2F +K2/4
kK

, if kF − K/2 < k <

√
k2F − K2/4,

1, otherwise,

(15)

and similarly we define a function

xpp =

⎧⎪⎪⎨
⎪⎪⎩
0, if k <

√
k2F − K2/4,

k2−k2F +K2/4
kK

, if
√

k2F − K2/4 < k < kF + K/2,

1, otherwise.

(16)
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FIG. 5. (Color online) Total energy per nucleon of symmetric
nuclear matter in the Hartree-Fock approximation, given as a function
of Fermi momentum kF . The calculation was done with a bare N3LO
two-body interaction, and the total angular momentum truncationwas
set to J � 24.

In Sec. III, all interaction and t-amplitude matrix elements
are assumed to be multiplied by the antisymmetrization factor
Al′lSMT given in Eq. (A9). Because the Pauli exclusion operator
is the only factor in the potential energy part of the reference
energy that depends on the angle between k and K, the
expression for the reference energy is the same when using
exact and angular-averaged Pauli operators. As mentioned
above, the reference energy is also the Hartree-Fock energy
when using the plane-wave basis for this particular system.
In the limit of an untruncated basis, the reference energy
expressed in a partial-wave basis, given in Eq. (14), equals
the Hartree-Fock energy. Because we calculate the reference
energy with a high cutoff in angular momentum, we refer
to the reference energy (14) as the Hartree-Fock energy.
However, one should notice that the partial-wave basis is not
a Hartree-Fock basis for infinite nuclear matter. The reference
energy is plotted in Fig. 5.

In the algorithm used to solve the PP-LAD and PPHH-
LAD equations, it is necessary to store all t-amplitude
matrix elements to be able to calculate the binding energy
at each iteration step. When using a sufficient number of
integration grid points and angular momentum partial waves
to reach necessary accuracy, the size of the CC amplitude
matrix would typically exceed standard memory capacities
at most high-performance computing facilities. When the
ladder equations are written in the coupled partial-wave basis
we used, it is possible to calculate the t-amplitude matrix
for only one angular direction of the CM momentum K
and then obtain the other matrix elements by performing
a rotation [15]. This is a major advantage, because the
memory requirements for storing the t amplitude decreases
significantly.
The size of the t-amplitude matrix can be further decreased

by removing the dependency on the angular parts of the relative
momenta, that is, k̂ and k̂′. As can be seen from Eq. (A4), the
only dependency on these vectors in the ladder amplitude equa-
tions that cannot be separated out occurs in the single-particle
energies. In RCM coordinates, the single-particle energies
are functions of |±k + K/2| or |±k′ + K/2|, as shown in
Eq. (A11). To remove the dependency of the t-amplitude
matrix on k̂ and k̂′, we use an angular-average approximation
of the arguments |±k + K/2| in the single-particle energy
[54,67,70]. Because nuclear matter is an isotropic medium,
the single-particle energy must be a symmetric function, and
the single-particle energy can be approximated as a finite
polynomial with only even powers. Following Ramos [54,70],
we replace the input momentum

kp = |±k + K/2|,
with the angular-average approximation

kp =
√

k2 + K2/4± kK
√

〈cos2 θkK〉, (17)

where

〈cos2 θkK〉 =
{

x3hh(k,K)/3, if kp � kF ,

x3pp(k,K)/3, if kp > kF ,

and θkK is the angle between the relative and CM momentum vectors.
If we use the above-mentioned rotation of the t-amplitude matrix, given explicitly in Eq. (A18), and apply the angular-average

approximation in Eq. (17), we can write the correlation energy per particle as

�ECCD/A = 3C

32k3F

∑
JmJ

∑
J ′′mJ ′′

∑
J ′′′mJ ′′′

∑
mJ ′

∑
SMT

∑
ll′l′′l′′′

∫ 2kF

0
K2dK

∫ 1

−1
d cos θK

∫ √
k2F −K2/4

0
k2dk

∫ ∞
√

k2F −K2/4
k′2dk′

× dJ ′′
mJ ′′ mJ ′ (θK )d

J ′′′
mJ ′′′ mJ ′ (θK )〈k(lS)JMT |v|k′(l′S)JMT 〉〈k′(l′′S)J ′′mJ ′MT |t(K)|k(l′′′S)J ′′′mJ ′MT 〉

×Qhh(l
′′′J ′′′mJ ′′′ , lJmJ ; SMT kKθK )Qpp(l

′JmJ , l′′J ′′mJ ′′ ; SMT k′KθK ), (18)

where the Wigner D function has been defined through

DJ
MM ′ (α, β, γ ) = e−iMαdJ

MM ′ (β)e−iM ′γ , (19)
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and the function dJ
MM ′ (β) is given in Ref. [71]. In Eq. (18), the t-amplitude is independent on the angles k̂ and k̂′, and we have

used the definitions

Qhh(l
′′J ′′mJ ′′ , l′′′JmJ ; SMT kKθKφK ) = Al′′l′′′SMT

1

2

∑
ml′′′ ml′′

∑
MS

∫
dk̂Y ∗

l′′ml′′ (k̂)Yl′′′ml′′′ (k̂)〈l′′′ml′′′SMS |JmJ 〉〈l′′ml′′SMS |J ′′mJ ′′ 〉

× θ (kF −|k + K/2|)θ (kF −| − k + K/2|) (20)

and

Qpp(l
′′J ′mJ ′ , l′′′J ′′mJ ′′ ; SMT k′KθKφK )

= Al′′l′′′SMT
1

2

∑
ml′′ ml′′′

∑
M ′

S

∫
dk̂′Y ∗

l′′ml′′ (k̂
′)Yl′′′ml′′′ (k̂

′)

×〈l′′ml′′SM ′
S |J ′mJ ′ 〉〈l′′′ml′′′SM ′

S |J ′′mJ ′′ 〉θ (|k′ + K/2| − kF )θ (|−k′ + K/2| − kF ) (21)

in a similar way as Suzuki et al. did in their BHF study [15]. In Eqs. (20) and (21), the brackets denote Clebsch-Gordan coefficients
and the functions Ylml

(k̂) are spherical harmonics [71].
In Ref. [15], the authors have derived an expression for Qpp which avoids the complicated integration limits over the space

angle of k [15], namely,

Qpp(l,J ,mJ , l′J ′mJ ′ ; SMT kKθKφK )

= All′SMT
1

2

{
xppδll′δJJ ′δmJ mJ ′ +

∑
L>0;L=even

(−1)S+mJ (4π )
1/2 l̂ l̂′Ĵ Ĵ ′

L̂
〈l0l′0|L0〉〈J − mJ J ′mJ ′ |LML〉

×YLML
(θK, φK )W (lJ l′J ′; SL)[PL+1(xpp)− PL−1(xpp)]

⎫⎬
⎭ , (22)

where x̂ ≡ √
2x + 1, PL(x) is the Legendre polynomial,W (lJ l′J ′; SL) denotes the Racah coefficient [71], and xpp is as defined

in Eq. (16). We have used Eq. (22) to evaluate Qpp and a similar expression for evaluating Qhh. The expression for Qhh was
obtained by replacing xpp with the equivalent for hole-hole states, i.e., xhh given in Eq. (15). Observe that the simplified but
exact Pauli operator expression (22) and the corresponding expression for the hole-hole Pauli operator could not have been used
if the t amplitude was not independent on the angular vectors k̂ and k̂′. The reason for this restriction is that the Pauli operator
expressions, when expanded in partial waves, as defined in Eqs. (20) and (21), are integral operators and not just real functions.
The effect of the integral operators Qhh and Qpp can be seen clearly from the correlation energy expression in Eq. (A17). The
angular-average approximation of the single-particle energies therefore simplifies the correlation energy expression significantly.
Because the exact Pauli operator is not diagonal in J and mJ , both the G matrix [15] and the t-amplitude matrix are not

diagonal in the total angular momentumJ and its projectionmJ . The fact that the amplitudematrix is not diagonal in total angular
momentum makes the ladder equations more complicated. Writing the PPHH-LAD equations in the basis |k(lS)JmJ MT 〉, we
get

�ε̃(k, k′,K)〈k′(l′S)J ′mJ ′MT |t(K)|k(lS)JmJ MT 〉

= 〈k′(l′S)J ′mJ ′MT |v|k(lS)JmJ MT 〉δJJ ′δmJ mJ ′ + 1

2

∑
J ′′mJ ′′

∑
l′′l′′′

∫ kF

0
h2dh〈k′(l′S)J ′mJ ′MT |t(K)|h(l′′S)J ′′mJ ′′MT 〉

× 〈h(l′′′S)JmJ MT |v|k(lS)JmJ MT 〉Qhh(l
′′J ′′mJ ′′ , l′′′JmJ ; SMT hKθKφK )

+ 1

2

∑
J ′′mJ ′′

∑
l′′l′′′

∫ ∞

0
p2dp〈k′(l′S)J ′mJ ′MT |v|p(l′′S)J ′mJ ′MT 〉〈p(l′′′S)J ′′mJ ′′MT |t(K)|k(lS)JmJ MT 〉

×Qpp(l
′′J ′mJ ′ , l′′′J ′′mJ ′′ ; SMT pKθKφK ), (23)

where |(lS)JmJ 〉 denotes a vector where l and S are coupled
to J . In Eq. (23) we have used the angular-averaged energy
denominator �ε̃(k, k′,K), which is defined in Eq. (A16).
When using the rotation of the ladder amplitude matrix, given
in Eq. (A18), the amplitude matrix needs to be evaluated only
at a single angular coordinate of the CM momentum. The

amplitude equation (23) is therefore given as a function of
only the radial part of the CM momentum.
In Eq. (22), the restriction that L must be even ensures that

parity is conserved [15]. This follows from the properties of the
first Clebsch-Gordan coefficient in Eq. (22), which vanishes
when (−1)l �= (−1)l′ , provided that L is even. Because the
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operators Qhh and Qpp conserve parity, one can see from
Eq. (23) that the t-amplitude of the ladder equation also
conserves parity. On the contrary, the exact Pauli operators
(both particle-particle and hole-hole ones) do not conserve
the total angular momentum J . Consequently, the t amplitude
also becomes nondiagonal in the total angular momentum. The
exact Pauli operators become diagonal in the projectionmJ in
the special case when the angular part of the CM momentum
is zero. The t-amplitude matrix elements are therefore also
diagonal in mJ when K is parallel with the z axis.
We later refer to the approximation with exact Pauli

operators (both particle-particle and hole-hole ones) and
angular-averaged single-particle energies as “exact.” The
angular-average approximation of the single-particle energies,
given in Eq. (17), is used in all calculations presented in this
work, including both the coupled ladder approximations and
the BHF method.

B. Angular-averaged Pauli operators

The ladder equations can be simplified substantially by
doing an angular-average approximation of the Pauli exclu-
sion operators. The hole-hole and particle-particle exclusion
operators become [15], respectively,

Qhh(lJmJ , l′J ′mJ ′ ; SMT hKθKφK )

→ Qhh

≡ 1

4π

∫
dK̂Qhh(lJmJ , l′J ′mJ ′ ; SMT hKθKφK )

= AllSMT
1

2
xhhδll′δJJ ′δmJ mJ ′ , (24)

and

Qpp(lJmJ , l′J ′mJ ′ ; SMT pKθKφK )

→ Qpp

≡ 1

4π

∫
dK̂Qpp(lJmJ , l′J ′mJ ′ ; SMT pKθKφK )

= AllSMT
1

2
xppδll′δJJ ′δmJ mJ ′ , (25)

where xhh and xpp are as defined in Eqs. (15) and (16). We
note that the angular-averaged Pauli exclusion operators are
diagonal in the total angular momentum J , in contrast to the
exact operators.
When using the angular-average approximation, the PPHH-

LAD equations simplify to

�ε̃(k, k′,K)〈k′(l′S)JMT |t(K)|k(lS)JMT 〉
= 〈k′(l′S)JMT |v|k(lS)JMT 〉

+ 1

2

∑
l′′

∫ kF

0
h2dh〈k′(l′S)JMT |t(K)|h(l′′S)JMT 〉

× 〈h(l′′S)JMT |v|k(lS)JMT 〉Qhh(h,K)

+ 1

2

∑
l′′

∫ ∞

0
p2dp〈k′(l′S)JMT |v|p(l′′S)JMT 〉

× 〈p(l′′S)JMT |t(K)|k(lS)JMT 〉Qpp(p,K), (26)

where �ε̃(k, k′,K) is the energy denominator with angular-
averaged arguments. From the properties of the angular-
averaged Pauli operators, it follows that the t amplitude
is diagonal in J , and independent on mJ and the CM
momentum angles θK and φK . Because of these symmetries,
the CC amplitude matrix is orders of magnitude smaller in the
angular-averaged approximation than when using exact Pauli
exclusion operators.
The CCD correlation energy per particle becomes in the

angular-averaged approximation

�Eave
CCD/A = 3C

16k3F

∑
J

∑
SMT

∑
ll′
(2J + 1)

×
∫ √

k2F −K2/4

0
k2dk

∫ ∞
√

k2F −K2/4
k′2dk′

×
∫ 2kF

0
K2dK〈k(lS)JMT |v|k′(l′S)JMT 〉

× 〈k′(l′S)JMT |t(K)|k(lS)JMT 〉
×Qhh(k,K)Qpp(k

′,K). (27)

The approximation using both angular-averaged Pauli oper-
ators and angular-averaged arguments in the single-particle
energies are in the following referred to as “average.”

IV. RESULTS AND DISCUSSION

In the following we present results of numerical calcu-
lations using the above-mentioned ladder approximations.
These approximations are compared with conventional BHF
theory. We investigate also the role of angular-averaged Pauli
exclusion operators and compare this with the exact treatment
discussed above. In addition, we compare results obtained
using the optimized NNLOopt two-body interaction [63] with
calculations donewith theN3LO interaction [64]. The different
interactionmodels andmany-bodymethods are applied to both
symmetric nuclear-matter and neutron-matter systems.
In all our calculations, we have taken into account charge

symmetry breaking and charge independence breaking of the
chiral interactions. The BHF calculations were done using
continuous single-particle energies [72], which here means
that single-particle energies for both particles and holes were
calculated using Eq. (13). The singularities in the G-matrix
equation owing to the continuous single-particle energies were
avoided by calculating the principal value of the integral in the
G-matrix equation. TheG-matrix equation (12) was solved in
a coupled angular momentum basis |k(lS)JmJ MT 〉 using the
matrix inversion method of Haftel and Tabakin [12]. Unless
stated explicitly otherwise, the BHF calculations have been
calculated with a truncation of the total angular momentum
at J � 24 in the Born approximation and J � 9 for the
full G matrix. The BHF calculations were done with angular-
averaged Pauli operators, as described in Ref. [12].
The coupled ladder equations were solved with both exact

and angular-averaged Pauli exclusion operators. We refer to
these two approximations as “exact” and “average,” respec-
tively. All calculations were done with an angular-average
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FIG. 6. (Color online) Convergence of the correlation energy of
symmetric nuclear matter, given as a function of maximum total
angular momentum Jmax. The correlation energy was calculated
for the Fermi momentum kF = 1.8 fm−1, using the PPHH-LAD
approximation and exact Pauli exclusion operators.

approximation of the single-particle energies, as was explained
in Sec. III A. The Hartree-Fock energy was calculated with a
cutoff in total angular momentum at J � 24. The correlation
energy was calculated with a truncation at J � 16 in the
average approximation and J � 8 in the exact approximation.
Figure 6 shows the convergence of the correlation energy
as a function of the total angular momentum cutoff Jmax.
Because of the high density, the angular momentum barrier
cannot keep particles far apart from each other, and therefore
the convergence as a function of total angular momentum is
slow in infinite nuclear matter. At high angular momenta, the
interaction is dominated by the one-pion exchange part, and the
convergence behavior as a function of total angular momentum
is therefore similar for different interaction models. Owing to
restrictions in computer memory, we were not able to calculate
with Jmax higher than 8 in the exact approximation.
Let us first consider symmetric nuclear matter using the

N3LO interaction. In Fig. 7, we compare the energy per
nucleon as a function of the Fermi momentum for different
approximations. The Fermi momentum at saturation is equal
for all the three methods, whereas there are differences in the
binding energies. The general form of the equation of state
is very similar for the coupled ladder and BHF methods. As
can be seen from the figure, the PPHH-LAD approximation
gives less binding than the BHF approximation when the
PPHH-LAD calculation is done with both angular-averaged
and exact Pauli operators. The binding energy at saturation
obtained with the BHF method is approximately 0.5 MeV
lower than the corresponding result of Li et al. [6]. There are
several factors that may have contributed to the difference
between our BHF results and those of Li et al. [6]. For
example, in Ref. [6] they used a complex G matrix, whereas
we have used a real G matrix and treated the singularities
by using a principal value integral [12]. It is also possible
that we have used different angular-average approximations in
the single-particle energies. As seen from Fig. 7, an exact
treatment of the Pauli operators gives more binding than
when using an angular-average approximation. This is in
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FIG. 7. (Color online) Total energy per particle as a function of
the Fermi momentum, calculated for symmetric nuclear matter. The
two approximations of the PPHH-LAD equations, average and exact,
are compared with a BHF calculation with angular-averaged Pauli
exclusion operator. These calculations were done with the N3LO [64]
two-body interaction. The box denotes the uncertainty region for
the experimental saturation point of symmetric nuclear matter, as
obtained by extrapolating from observables of finite nuclei.

agreement with the results of Suzuki et al. [15] and Schiller
et al. [14], where an exact treatment of the Pauli operator gave
approximately 0.2–0.5 MeV more binding energy in the BHF
approximation.
Carbone et al. [8] have compared correlation energies

obtained with the the SCGF method at finite temperature with
BHF calculations, using the same N3LO two-body interaction
as we have used. Similarly as in Fig. 7, they got slightly
higher energies with the SCGF method, which contains both
particle-particle and hole-hole ladders, compared to the BHF
results. In previous studies where the SCGF method has been
compared with the BHF approximation [16,55,56] using other
two-body interactions, the saturation energies obtained using
the SCGFmethod have been located several MeVs higher than
the corresponding BHF result, and the saturation densities
have been shifted towards lower values. As will be shown
systematically in a future publication [73], we find a similar
difference between the PPHH-LAD and BHF methods when
using the hard-core Argonne v18 interaction [74]. In fact,
when using the Argonne v18 potential, the saturation energy
of the PPHH-LAD approximation is found to be only about
1 MeV below the SCGF saturation energy shown in Fig. 3 of
Ref. [16], and the saturation density is almost the same for
both ladder approximations. It is interesting to note that we
observed a larger difference between our CC and BHF results
in systems with a hard interaction compared to systems with
a soft interaction. If we relate these findings with a hard-core
interaction to those obtained with, for example, the Bochum
CC truncation scheme [44] mentioned in the Introduction, it
may be possible that the Bochum scheme will give a faster
convergence than the SUBn truncation scheme when using
hard-core interaction models.
Finally, we ought to mention that the way the CC equations

are solved here, and in most other CC applications as well,
no self-consistent solution of the pairing gap equations is
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TABLE II. Total energy per nucleon at selected Fermi momenta
kF , as obtained with different approximations. For easier comparison,
all these energies were calculated with the same cutoff in total angular
momentum, i.e.,Jmax = 24 for the Hartree-Fock/Born approximation
and Jmax = 8 for the correlation contribution. All results were
obtained with the N3LO interaction [64]. Energies in units of MeV.

kF (fm−1) 1.2 1.4 1.6 1.8 2.0

PPHH exact −16.08 −20.14 −23.26 −24.50 −22.97
PPHH average −15.74 −19.74 −22.84 −24.09 −22.56
PP exact −15.76 −19.83 −22.98 −24.27 −22.82
PP average −15.45 −19.45 −22.57 −23.86 −22.40
PT2 average −15.11 −19.81 −23.35 −24.80 −23.25
BHF average −16.18 −20.25 −23.74 −25.47 −24.42

performed. In practical terms this means that we never face
instabilities in the denominators of the CC expansions owing
to poles arising in the two-hole sector. In CC theory, in contrast
to various SCGF approaches, there is never an explicit energy
dependence in the denominators of the different amplitudes.
The energy differences in the two-particle-two-hole energies
that enter the computation of various denominators are never
zero, by construction. There are no terms in our present
formalism which thus could account for pairing instabilities in
the denominators, as discussed in, for example, Refs. [75,76].
The effects of pairing instabilities and the self-consistent
solution of the gap equation together with the full CCD
equations (including the particle-hole terms as well), await
therefore further investigations.
In Table II, we list the total energies for symmetric nuclear

matter calculated with the N3LO two-body interaction. For
easier comparison, all results are computed with the same
cutoffs in total angular momentum. We find that the difference
between the PPHH-LAD energies with angular-averaged
and exact Pauli operators is approximately 0.4 MeV at the
saturation Fermi momentum. This makes a difference of
roughly 1.7%. At the same Fermi momentum, the PPHH-LAD
method with exact Pauli operators gives approximately 1MeV
more binding than the BHF method with angular-averaged
Pauli operators. The 1-MeV difference corresponds to 3.8%
of the total energy.
In Fig. 8 we compare the coupled PPHH-LAD with the

particle-particle ladder approximation, PP-LAD. From Fig. 8
one can see that the inclusion of hole-hole ladders gives slightly
more binding compared to the pure particle-particle ladder
approximation. From Table II we find that the difference is
approximately 0.2 MeV at saturation Fermi momentum or
about 1% of the binding energy. At the saturation density, the
contribution coming from including the hole-hole ladders is
smaller than the error of an angular-average approximation of
the Pauli exclusion operators.
As mentioned earlier, the only difference between the BHF

and the PP-LAD approximations is the single-particle energy,
which in the BHF method is calculated with a G matrix and
in the ladder approximation with a bare interaction. Single-
particle potentials with aG matrix and with a bare interaction
are plotted in Fig. 9, as obtained using the N3LO interaction.
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FIG. 8. (Color online) The exact PPHH-LAD and PP-LAD
calculations of energy per nucleon as a function of Fermi momentum.
The equation of state of a BHF calculation is also given. The box
denotes the uncertainty region for the experimental saturation point
of symmetric nuclear matter. All results were obtained with the N3LO
interaction [64].

Next we compare the two different chiral interactionsN3LO
and NNLOopt when applied to infinite-matter systems. In
Fig. 10 we have plotted the equations of state for symmetric
nuclear matter and in Fig. 11 for pure neutron matter, respec-
tively, as obtained with the two different nuclear interaction
models. When using the NNLOopt interaction for symmetric
nuclear matter, we find that the HF energy is much closer to
the PPHH-LAD approximation than is the case with the N3LO
interaction. Thus, the optimized next-to-next-to-lowest-order
interaction provides a better starting point for the perturbation
series than the N3LO interaction. As can be seen from
Fig. 10, in the PPHH-LAD approximation the two different
interactions give almost the same equation of state for Fermi
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FIG. 9. (Color online) Single-particle potential as a function
of laboratory frame momentum, calculated at Fermi momentum
1.8 fm−1 with a G matrix and with a bare interaction. In both
cases, we used the N3LO two-body interaction and the total angular
momentum cutoff Jmax = 9. The only difference between the BHF
and PP-LAD equations is the single-particle energy: In BHF theory
the single-particle potential is calculated using a self-consistent G

matrix, whereas in the PP-LAD approximation the single-particle
energy is obtained by replacing the G matrix with a bare interaction.
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FIG. 10. (Color online) Energy per particle for symmetric nuclear
matter, as calculated in the HF and PPHH-LAD approximations using
the N3LO and NNLOopt two-body interactions. In the PPHH-LAD
approximation, the angular momentum cutoff was set to J � 8 and
the calculations were done with exact Pauli exclusion operators.

momenta less than 1.6 fm−1. At higher Fermi momenta, the
NNLOopt interaction gives less binding. Both the N3LO and
the NNLOopt interactions overbind considerably and saturate
at too high density in symmetric nuclear matter. The similarity
between the binding energies obtained with the two different
two-body interactions is in contrast to the results in finite
nuclei [63], where the NNLOopt interaction gave significantly
better agreement with experiments than the N3LO interaction.
However, even if thismay indicate that three-body forces could
play a smaller role with the optimized interaction, there is
no clear indication that such correlations are negligible. The
N3LO and NNLOopt interactions have also been compared
in nuclear-matter calculations using the SCGF method at
finite temperature [8]. The SCGF method was found to give
slightly more binding when using the NNLOopt interaction
compared to calculations with the N3LO two-body interaction.
The results obtained by Carbone et al. [8], using the SCGF
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FIG. 11. (Color online) Energy per particle for pure neutron
matter given as a function of Fermi momentum kF . The figure
shows results of calculations in Hartree-Fock (HF) and coupled
PPHH-LAD, using the N3LO and NNLOopt two-body interactions.
The neutron-matter results obtained with exact Pauli operators have
been published in Ref. [63].
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FIG. 12. (Color online) Potential energy per particle for the
1S0 partial wave as function of the Fermi momentum kF for pure
neutron matter. We plot the Hartree-Fock potential energy and the
total potential energy obtained by adding the correlation energies
obtained from PPHH-LAD approximation with angular-averaged
Pauli exclusion operators. Both potentialmodels have been employed.

method, are rather close to those obtained with our present
CCD calculations.
Equations of state for neutron matter are given in Fig. 11.

As can be seen from the figure, the differences between the
calculations with exact and angular-averaged Pauli operators
are much smaller for neutron matter than for symmetric
nuclear matter. According to these results, the angular-average
approximation of the Pauli operators is a fairly good approxi-
mation in neutron-matter systems. In Ref. [63] we found that
the equation of state for neutron matter with the optimized
NNLO interaction was within the error estimates obtained
with anN3LO interactionwith three-body forces [24], whereas
a calculation with a two-body N3LO interaction gave an
equation of state that was more attractive around the empirical
saturation density. Below we show that the stronger repulsion
seen when using the optimized NNLOopt interaction stems
from a poorer reproduction of the 3P0 and 3P1 partial-wave
phase shifts of the Nijmegen analysis.
The results for symmetric nuclear matter with the two

potential models result in energies that are very similar. This
effect is largely attributable to the excellent reproduction
of various partial waves for the proton-neutron channel, in
particular the 3S1 partial wave [77]. However, for pure neutron
matter we see a clear deviation starting at Fermi momenta
kF = 1.4 fm−1. To better understand this behavior, we have
singled out two partial waves, namely the 1S0 and the 3P0 partial
waves. The results for the potential energies per particle are
shown in Figs. 12 and 13 for the 1S0 and the 3P0 partial waves,
respectively. We show both the Hartree-Fock potential energy
and the total potential energy by adding the results from the
PPHH-LAD correlations. At the NNLO level of optimization,
the P waves show larger deviations from the phase shifts
deduced from the experimental cross sections [77], yielding
a poorer agreement compared with the N3LO interaction at
laboratory energies beyond 100 MeV in energy. This applies,
in particular, to the 3P0 and the 3P1 partial waves, resulting in
a 3P0 wave which is less attractive for the NNLO optimized
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FIG. 13. (Color online) Potential energy per particle for the
3P0 partial wave as function of the Fermi momentum kF for pure
neutron matter. We plot the Hartree-Fock potential energy and the
total potential energy obtained by adding the correlation energies
obtained from PPHH-LAD approximation with angular-averaged
Pauli exclusion operators. Both potentialmodels have been employed.

interaction model. The contributions from the 3P1 partial wave
to the equation of state plays a smaller role compared with
the 3P0 partial wave. The differences for the 3P0 partial wave
is seen rather clearly in Fig. 13. The N3LO interaction results
in more binding than the NNLOopt interaction model for this
particular partial wave. This applies both to the Hartree-Fock
potential energy and to the final potential energy that includes
correlations. The discrepancy that arises from this partial wave
is the main reason behind the more repulsive equation of
state obtained with the NNLOopt interaction. It will thus be
interesting to see whether an optimization with respect to the
experimental cross section at both the NNLO and the N3LO
levels will bring the results for pure neutron matter closer to
the results obtained with the N3LO interaction of Ref. [64].
These results will be presented in Ref. [77]. It is interesting
to note also that the Hartree-Fock potential energies for the
1S0 channel are rather similar to the fully correlated potential
energy with the NNLOopt interaction. This is also in line with
our analysis from nuclear structure of Ref. [63], indicating
that this interaction is rather soft at the two-body level. Both
interaction models yield negligible differences for the full
potential energy for the 1S0 partial wave. In summary, the
poorer reproduction of the phase shifts for two selected P

waves leads to a more repulsive equation of state for pure
neutron matter with the newly optimized NNLOopt interaction.
Whether three-body forces or more complicated correlations
beyond the CCD approximation employed here will improve
the situation remains, however, to be explored.
Finally, we present our results for the symmetry energy in

Fig. 14. The symmetry energy S is defined as the difference
between the binding energies of pure neutron matter and
symmetric nuclear matter, that is

S = (Epnm − Esnm)/A, (28)

where Epnm/A and Esnm/A are the binding energies per
particle for pure neutron matter and symmetric nuclear matter,
respectively. The behavior of the symmetry energy at high
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FIG. 14. (Color online) Symmetry energy as function of density,
calculated in the PPHH-LAD approximation with exact Pauli exclu-
sion operators. The empirical saturation density of symmetric nuclear
matter is approximately 0.17 fm−3 [78].

densities is important for the understanding of several physical
properties and processes of neutron stars (see Refs. [79–81]
and references therein). In Fig. 14, the symmetry energy is
plotted as a function of nucleon density, as obtained from a
PPHH-LAD calculation with exact Pauli exclusion operators.
The symmetry energies are calculated with both the N3LO
and theNNLOopt two-body interactions. The symmetry energy
obtained with the N3LO interaction is slightly larger than what
was reported inRefs. [82,83],where the calculationswere done
with BHF theory using the CD-Bonn interaction. At densities
lower than 0.1 fm−1, the two interactionmodels give almost the
same symmetry energy. However, above the saturation density,
the difference between the two models increases as a function
of density. As seen from Fig. 14, the NNLOopt interaction
gives significantly larger symmetry energies than the N3LO
interaction at high densities. Such a large deviation between
the two different two-body interactions is possible because the
nuclear interactions are fitted to phase shifts for laboratory
energies only up to 290 MeV [63,64].

V. CONCLUSIONS

We have studied infinite nuclear and neutron matter
using a CC ladder approximation, where the equations were
derived from the CCD approximation. In the coupled ladder
approximation, particle-hole and nonlinear diagrams were
neglected from the CCD amplitude equations. Our approach
can be seen as a first step in implementing CC theory for
infinite nuclear matter. The coupled ladder equations consist
of particle-particle and hole-hole ladder diagrams which are
coupled together. As we have shown, this method is closely
related to the commonly used BHF approximation.
We have derived coupled ladder equations both with exact

and angular-averaged Pauli exclusion operators, following
the approach introduced by Suzuki et al. for the BHF
approximation [15]. In all calculations we have used angular-
averaged input momenta for the single-particle energies.
Our method was applied numerically to both symmetric
nuclear-matter and pure neutron-matter systems. The ladder
approximations for symmetric nuclear matter were found to
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BAARDSEN, EKSTRÖM, HAGEN, AND HJORTH-JENSEN PHYSICAL REVIEW C 88, 054312 (2013)

give less binding than the BHF approximation. In symmetric
nuclear matter, the contribution from the hole-hole ladder
diagrams was found to be smaller than the error owing
to angular-average approximations for the Pauli exclusion
operators. Generally, symmetric nuclear-matter calculations
with exact Pauli exclusion operators gave more binding
than calculations with angular-averaged Pauli operators. This
behavior is in agreement with observations made with the
BHF method [14,15]. The binding energy per particle of pure
neutron matter was found to be less sensitive to the Pauli
exclusion operator approximation than what was the case for
symmetric nuclear matter.
The ladder approximations were applied to infinite neutron

and nuclear matter using two different chiral two-body inter-
actions. An optimized NNLO interaction [63] was compared
with the N3LO interaction of Entem and Machleidt [64]. In
symmetric nuclear matter, we found that the two interac-
tion models gave similar binding energies. As was shown
in Ref. [63], the optimized NNLO interaction gives more
repulsion in neutron matter compared to the N3LO two-body
interaction. In the present work, we showed that the increased
repulsion obtainedwith the NNLO interaction is attributable to
differences in the 3P0 and 3P1 partial waves. We also calculated
symmetry energies with the N3LO and optimized NNLO
two-body interactions.
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APPENDIX: TECHNICAL DETAILS

1. Relative momentum basis

Infinite nuclear matter is defined in the thermodynamic
limit, that is, the limit where the volume � and the number
of particles A approach infinity, while the density of particles
ρ ≡ A/� is kept constant. At the limit when � approaches
infinity, the sums over momenta can be replaced by integrals:

∑
k

→ �

(2π )3

∫
dk. (A1)

In the following we replace all sums over momenta with
integrals according to Eq. (A1).
Taking the limit � → ∞, the ladder amplitude equations

(8) may be written in laboratory momentum coordinates as

0 = 〈kakb|v|kikj 〉 + (ε(ka)+ ε(kb)

− ε(ki)− ε(kj ))〈kakb|t |kikj 〉

+ 1

2

(
�

(2π )3

)2 ∫
dkk

∫
dkl 〈kakb|t |kkkl〉 〈kkkl|v|kikj 〉

× θ (kF − |kk|)θ (kF − |kl|)

+ 1

2

(
�

(2π )3

)2 ∫
dkc

∫
kd 〈kakb|v|kckd〉 〈kckd |t |kikj 〉

× θ (|kc|−kF )θ (|kd |−kF ), (A2)

where θ (x) is the Heaviside step function and we have used
the definition ε(k) ≡ 〈k|f |k〉. Later we refer to ε(k) as the
single-particle energy.
We define the RCM momentum coordinates as

k = (ki − kj )/2, K = ki + kj ,

k′ = (ka − kb)/2, K′ = ka + kb,
(A3)

h = (kk − kl)/2, H = kk + kl ,

p = (kc − kd )/2, P = kc + kd ,

where i, j, k, l denote single-particle states occupied and
a, b, c, d states unoccupied in the uncorrelated Fermi vacuum
state. Transforming to RCM coordinates, the PPHH-LAD
equations become

0 = 〈k′|v|k〉 + (ε(|k′ + K/2|)+ ε(|−k′ + K/2|)
− ε(|k − K/2|)− ε(|−k + K/2|))〈k′|t |k〉
+ 1

2

∫
dh〈k′|t(K)|h〉〈h|v|k〉

× θ (kF −|h + K/2|)θ (kF −|−h + K/2|)
+ 1

2

∫
dp〈k′|v|p〉〈p|t(K)|k〉

× θ (|p + K/2|−kF )θ (|−p + K/2|−kF ), (A4)

where the relation

〈kpkq |v|krks〉 = (2π )3

�
〈k|v|k′〉δKK′ (A5)

has been used. The expressions (9) and (10) for the reference
and correlation energies, respectively, can be transformed to
RCM coordinates in a similar way as is shown here for the
ladder amplitude equations.
Owing to the isotropy of nuclear matter, we assume that the

single-particle energy ε(kp) depends only on the absolute value
of the argument kp [54,70]. In laboratory frame momentum
coordinates, the single-particle energy is then

ε(|kp|) = h̄2k2p

2m
+ U (|kp|), (A6)

where

U (|kp|) = �

(2π )3
∑
msmt

∫
dkq〈kpkq |v|kpkq〉θ (kF − |kq |).

(A7)

Because of the isotropy, we choose the direction such that
kp = (0, 0, kp). The single-particle potential energy can also
be written as

U (|kp|) =
∑
msmt

∫
dkq [〈p|v|p〉 − 〈p|v|−p〉]

× θ (kF −|−p + P/2|), (A8)
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where p and P are RCM momentum coordinates defined by
kp and kq , as in Eq. (A3).

2. Momentum and angular momentum basis

In this work, we assume that every interaction matrix
element,

〈k′(l′S)JmJ MT |v|k(lS)JmJ MT 〉,

and every t-amplitude matrix element is multiplied by a factor

Al′lSMT =

⎧⎪⎨
⎪⎩
1+ (−1)l+l′ , if MT = 0,
1
2 [1− (−1)l+S+1],
×[1− (−1)l′+S+1], if |MT | = 1,

(A9)

which ensures antisymmetry and conservation of parity.
Using exact Pauli exclusion operators, the ladder t-

amplitude equations (A4) can be rewritten in the coupled
angular momentum basis as

�ε(k, k′, K)〈k′(l′S)J ′mJ ′MT |t(K, k̂, k̂′)|k(lS)JmJ MT 〉
= 〈k′(l′S)J ′mJ ′MT |v|k(lS)JmJ MT 〉δJJ ′δmJ mJ ′

+ 1

2

∑
J ′′mJ ′′

∑
l′′l′′′

∫ kF

0
h2dh〈k′(l′S)J ′mJ ′MT |t(K, k̂, k̂′)|h(l′′S)J ′′mJ ′′MT 〉〈h(l′′′S)JmJ MT |v|k(lS)JmJ MT 〉

×Qhh(l
′′J ′′mJ ′′ , l′′′JmJ ; SMT hKθKφK )

+ 1

2

∑
J ′′mJ ′′

∑
l′′l′′′

∫ ∞

0
p2dp〈k′(l′S)J ′mJ ′MT |v|p(l′′S)J ′mJ ′MT 〉〈p(l′′′S)J ′′mJ ′′MT |t(K, k̂, k̂′)|k(lS)JmJ MT 〉

×Qpp(l
′′J ′mJ ′ , l′′′J ′′mJ ′′ ; SMT pKθKφK ), (A10)

where |(lS)JmJ 〉 denotes a vector where l and S are coupled to J . In Eq. (A10) we have introduced the shorthand notation
�ε(k, k′, K) ≡ ε(|k + K/2|)+ ε(|−k + K/2|)− ε(|k′ + K/2|)− ε(|−k′ + K/2|) (A11)

for the energy denominator.
The sum of the single-particle energies corresponding to two-hole states can be expressed in terms of RCM coordinates as

ε(|ki |)+ ε(|kj |) = ε(|k + K/2|)+ ε(|−k + K/2|) = h̄2k2

m
+ h̄2K2

4m
+UMT ,+(|k + K/2|)+ UMT ,−(|−k + K/2|), (A12)

where

UMT ,±(|kp|) = 1

4

∑
J Sl

(2J + 1)
∫ kF

0
dkqk

2
q

∫ 1

−1
d cos θkq

BMT ,± 〈pJ lS|v|pJ lS〉 , (A13)

and the variable p = |kp − kq |/2. The antisymmetrization operator BMT ,± is defined through the relation

BMT ,±〈pJ lS|v|pJ l′S〉 = 〈pJ lS|v(M ′
T = 0)|pJ l′S〉 + [1− (−1)l′+S ′+1]〈pJ lS|v(M ′

T = MT ± δMT ,0)|pJ l′S〉 (A14)

for symmetric nuclear matter and the relation

BMT ,±〈pJ lS|v|pJ l′S〉 = [1− (−1)l′+S ′+1]〈pJ lS|v(M ′
T = 1)|pJ l′S〉 (A15)

for pure neutron matter. The expressions of k and K are given in Eq. (A3). The sum of single-particle energies corresponding to
two-particle states, ε(ka)+ ε(kb), is calculated in the same way. We define the angular-averaged energy denominator as

�ε̃(k, k′,K) ≡ ε(ki)+ ε(kj )− ε(ka)− ε(kb), (A16)

where kp for p = i, j, a, b are angular-averaged input momenta defined in Eq. (17). Observe that the energy denominator is
assumed to be a function of the two-particle isospin projectionMT .
The correlation energy can be written in the partial-wave expansion as

�ECCD/A = 3C

64πk3F

∑
JmJ

∑
J ′′mJ ′′

∑
J ′′′mJ ′′′

∑
SMT

∑
ll′l′′l′′′

∫ √
k2F −K2/4

0
k2dk

∫ ∞
√

k2F −K2/4
k′2dk′

∫ 2kF

0
K2dK

×
∫ 1

−1
d cos θK

∫ 2π

0
dφK〈k(lS)JMT |v|k′(l′S)JMT 〉Q̂hh(l

′′′J ′′′mJ ′′′ , lJmJ ; SMT kKθKφK )

× Q̂pp(l
′JmJ , l′′J ′′mJ ′′ ; SMT k′KθKφK )〈k′(l′′S)J ′′mJ ′′MT |t(K, k̂, k̂′)|k(l′′′S)J ′′′mJ ′′′MT 〉, (A17)
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where the Pauli operators Q̂hh and Q̂pp are defined in Eqs. (20) and (21). Here we use the notations Q̂hh and Q̂pp instead of
Qhh and Qpp to emphasize that these are integral operators that operate on the t-amplitude matrix. The t amplitude depends on
k̂ ≡ (θk, φk) and k̂′ ≡ (θk′, φk′ ) through the energy denominator�ε(k, k′, K), and the closed-form expression (22) can therefore
generally not be used in the energy equation (A17).
When the ladder equations are written in the coupled partial-wave basis, it is possible to calculate the t-amplitude matrix for

only one angular direction of the CM momentum K, and then obtain the other matrix elements by performing a rotation [15].
Using the same technique as Suzuki et al., an amplitude matrix with a general CM momentum vector can be written

〈k′(l′′S)J ′′mJ ′′ |t(K)|k(l′′′S)J ′′′mJ ′′′ 〉 =
∑

mJ mJ ′

DJ ′′
mJ ′′ mJ (φK, θK, 0)DJ ′′′∗

mJ ′′′ mJ ′ (φK, θK, 0)〈k′(l′′S)J ′′mJ |t(K)|k(l′′′S)J ′′′mJ ′ 〉,

(A18)

where DJ
mJ mJ ′ (α, β, γ ) is the Wigner D function and α, β, and γ are Euler angles, defined in, for example, Ref. [71].

Equation (A18) can be used to obtain the correlation energy expression (18) from Eq. (A17).
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Background: The equation of state (EoS) of nucleonic matter is central for the understanding of bulk nuclear
properties, the physics of neutron star crusts, and the energy release in supernova explosions. Because nuclear
matter exhibits a finely tuned saturation point, its EoS also constrains nuclear interactions.
Purpose: This work presents coupled-cluster calculations of infinite nucleonic matter using modern interactions
from chiral effective field theory (EFT). It assesses the role of correlations beyond particle-particle and hole-hole
ladders, and the role of three-nucleon forces (3NFs) in nuclear matter calculations with chiral interactions.
Methods: This work employs the optimized nucleon-nucleon (NN ) potential NNLOopt at next-to-next-to leading
order, and presents coupled-cluster computations of the EoS for symmetric nuclear matter and neutron matter.
The coupled-cluster method employs up to selected triples clusters and the single-particle space consists of a
momentum-space lattice. We compare our results with benchmark calculations and control finite-size effects and
shell oscillations via twist-averaged boundary conditions.
Results: We provide several benchmarks to validate the formalism and show that our results exhibit a good
convergence toward the thermodynamic limit. Our calculations agree well with recent coupled-cluster results
based on a partial wave expansion and particle-particle and hole-hole ladders. For neutron matter at low densities,
and for simple potential models, our calculations agree with results from quantum Monte Carlo computations.
While neutron matter with interactions from chiral EFT is perturbative, symmetric nuclear matter requires
nonperturbative approaches. Correlations beyond the standard particle-particle ladder approximation yield non-
negligible contributions. The saturation point of symmetric nuclear matter is sensitive to the employed 3NFs and
the employed regularization scheme. 3NFs with nonlocal cutoffs exhibit a considerably improved convergence
than their local cousins. We are unable to find values for the parameters of the short-range part of the local 3NF
that simultaneously yield acceptable values for the saturation point in symmetric nuclear matter and the binding
energies of light nuclei.
Conclusions: Coupled-cluster calculations with nuclear interactions from chiral EFT yield nonperturbative
results for the EoS of nucleonic matter. Finite-size effects and effects of truncations can be controlled. For the
optimization of chiral forces, it might be useful to include the saturation point of symmetric nuclear matter.

DOI: 10.1103/PhysRevC.89.014319 PACS number(s): 21.65.Mn, 21.30.−x, 21.60.De

I. INTRODUCTION

Bulk nucleonic matter is interesting for several reasons.
The equation of state (EoS) of neutron matter, for instance,
determines properties of supernova explosions [1], and of
neutron stars [2–7], and it links the latter to neutron radii in
atomic nuclei [8–10] and symmetry energy [11,12]. Likewise,
the compressibility of nuclear matter is probed in giant dipole
excitations [13], and the symmetry energy of nuclear matter is
related to the difference between proton and neutron radii in
atomic nuclei [14–16]. The saturation point of nuclear matter
determines bulk properties of atomic nuclei, and is therefore
an important constraint for nuclear energy-density functionals
and mass models (see, e.g., Refs. [17,18]).
The determination and our understanding of the EoS for

nuclear matter is intimately linked with our capability to solve
the nuclear many-body problem. Here, correlations beyond

the mean field play an important role. Theoretical studies of
nuclear matter and the pertinent EoS span back to the very
early days of nuclear many-body physics. Early computations
are nicely described in the 1967 review by Day [19].
These early calculations were performed using Brueckner-
Bethe-Goldstone theory [20,21]; see Refs. [3,22,23] for
recent reviews and developments. In these calculations,
mainly particle-particle correlations were summed to
infinite order. Other correlations were often included in a
perturbative way. Coupled-cluster calculations of nuclear
matter were performed already during the late 1970s and early
1980s [24,25]. In recent years, there has been a considerable
algorithmic development of first-principle methods for
solving the nuclear many-body problem. A systematic
inclusion of other correlations in a nonperturbative way are
nowadays accounted for in Monte Carlo methods [26–30],
self-consistent Green’s function approaches [23,31–34],
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nuclear density functional theory [16,18], and coupled-cluster
theory [35,36].
Similar progress has been made in the derivation of nuclear

forces based on chiral effective field theory (EFT) [37,38].
Nuclear Hamiltonians from chiral EFT are now used routinely
in nucleonic matter calculations, with the three-nucleon
forces (3NFs) [39,40] being front and center of many
studies [34,41–48]. We note finally that there are also
approaches to nucleonic matter based on lattice quantum
chromodynamics [49].
In this work we study the EoS of nucleonic matter, using

modern NN interactions and 3NFs from chiral EFT, and an
implementation of the coupled-cluster method [50,51] that
has become a standard in quantum chemistry [52,53]. We
employ a Cartesian momentum space basis with periodic
boundary conditions, similar to the recent coupled-cluster
based calculations of the electron gas [54,55]. Our calcu-
lations are based on coupled cluster with doubles (CCD)
approximation [56–58]. This is the lowest-order truncation for
closed-shell systems in a momentum-space basis, and we will
also explore the role of selected triples clusters. We employ a
recent parametrization [36] of the NN force from chiral EFT
at next-to-next-to-leading order, with inclusion of the 3NF that
enters at the same chiral order.
The recent work by Baardsen et al. [35] used coupled-

cluster theory in the thermodynamic limit, formulated in the
relative center-of-mass frame using a partial-wave expansion,
to compute the EoS of nuclear matter using modernNN chiral
interactions. Baardsen et al. [35] summed particle-particle and
hole-hole ladders to infinite order (CCDladd), while neglecting
particle-hole and other nonlinear terms that enter in the CCD
approximation. In this work we include all terms that enter at
the CCD cluster truncation level, and we can therefore assess
the role of these correlations by comparing to the method
developed in [35]. Further, the current implementation of CCD
in the laboratory frame using PBC facilitates the inclusion of
3NFs considerably, andwe also study effects of selected triples
excitations to the EoS.
This paper is organized as follows. In the next section

we present the coupled-cluster formalism for infinite matter
that includes 3NFs and perturbative triples corrections. The
calculations are performed in Cartesian coordinates with
a discrete momentum basis and twisted periodic boundary
conditions [59–61]. This avoids the tedious partial-wave
expansion of the nuclear forces, and it eases considerably the
numerical evaluation of 3NFs. Averaging over twisted periodic
boundary conditionsminimizes finite-size effects and provides
us with a good convergence towards the thermodynamic
limit. Section II also presents computational results for finite-
size effects and a few benchmark calculations. Our results
for symmetric nuclear matter and pure neutron matter are
presented in Sec. III. Concluding remarks are given in Sec. IV.

II. METHOD

In this section we present the coupled-cluster formalism
for infinite matter. We discuss the inclusion and treatment
of NN forces and 3NFs from chiral effective field theory
(EFT), correlations up to three-particle–three-hole excitations

and finite-size effects. Several benchmark calculations give us
confidence in the validity of our approach.

A. Interaction and model space

Our Hamiltonian is

H = Tkin + VNN + V3NF.

Here, Tkin denotes the kinetic energy, andVNN andV3NF denote
the translationally invariant NN interaction and 3NF. The
NN interaction and 3NF are from chiral effective field the-
ory [37,38] at next-to-next-to-leading order (NNLO). We em-
ploy the parametrizationNNLOopt for theNN interaction [36],
and the local 3NF [62]. This 3NF has a local regulator, i.e.,
the cutoff is in the momentum transfer, and thereby differs
from implementations of the 3NF [40] that employ the cutoff
in the relative Jacobi momenta. We note that the numerical
implementation of the 3NF in the discrete momentum basis is
much simpler than in the harmonic oscillator basis commonly
used for finite nuclei, because essentially no transformation of
matrix elements is necessary. Nevertheless, the sheer number
of matrix elements (and associated function calls) of the 3NF
is huge, and this is computationally still a limiting factor.
For themodel space,we choose a cubic lattice inmomentum

space with (2nmax + 1)3 momentum points. The spin (spin-
isospin) degeneracy of each momentum point is gs = 2 (gs =
4) for pure neutron matter (nuclear matter). Thus, filling of
the lattice yields shell closures for “Fermi spheres” with gsn

fermions, and n = 1,7,19,27,33,57, . . .. We note that one
could also use noncubic lattices. Any periodic lattice permits
one to implement momentum conservation exactly. For fixed
particle number A = gsn and density ρ = gsk

3
F /(6π2) (or

Fermi momentum kF ), one computes the volume of the cubic
box V = L3 = A/ρ, and the box length L that determines the
lattice spacing�k = 2π/L. We note that the computed results
exhibit a dependence on the shell closure n. However, Sec. II D
shows that shell effects and finite-size effects can be mitigated
and controlled, and that the dependence on the parameter n

becomes very small.
The second parameter of our lattice is nmax. We note that

nmax�k is the momentum cutoff of our single-particle basis.
One has to increase nmax until the computed results (e.g.,
the energy per nucleon) is practically independent of this
parameter. For the results reported belowwe find that nmax = 4
is sufficient.

B. Coupled-cluster theory for infinite systems

In this section we present the coupled-cluster equations
for nucleonic matter. Our calculations of nucleonic matter
are based on the recently optimized chiral nucleon-nucleon
interaction at NNLOopt [36] with the 3NF at the same chiral
order. The low-energy constants (LECs) of the 3NF were
determined by fitting the constants cE and cD to reproduce
the experimental half-life and binding energy of the triton.
The optimized 3NF LECs are cE = −0.389 and cD = −0.39.
With these values the 4He binding energy is−28.47MeV [63].
We employ single-particle states

| p,sz,tz〉 ≡ |k〉,
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with momentum p, spin projection sz and isospin projection
tz. Discrete values of the momentum variable p = �k result
from periodic boundary conditions in a cubic box with length
L, that is

kni
= 2πni

L
, ni = 0,±1, . . . ± nmax, i = x,y,z.

In this basis, the nuclear Hamiltonian with nucleon-nucleon
and three-nucleon interactions is

H =
∑
pq

〈kp|Tkin|kq〉a†
paq

+ 1

4

∑
pqrs

〈kpkq |VNN|krks〉a†
pa†

qasar

+ 1

36

∑
pqrstu

〈kpkqkr |V3NF|ksktku〉a†
pa†

qa
†
r auatas . (1)

The kinetic energy is diagonal in the discrete momentum basis
〈kp|Tkin|kq〉 = �

2

2m
k2pδpq . The operators a

†
p and ap create and

annihilate a nucleon in state |kp〉, respectively.
The discrete momentum basis allows us to respect trans-

lational invariance of the NN potential and the 3NFs.
Momentum is conserved,meaning that the two- and three-body
matrix elements of the Hamiltonian (1) vanish unless

kp + kq = kr + ks,

and
kp + kq + kr = ks + kt + ku.

Note also that the chiral nucleon-nucleon and three-nucleon
interactions conserve the total isospin projection, but not the
total spin projection.
In single-reference coupled-cluster theory the correlated

wave-function is written in the form

|�〉 = eT |�0〉.
Here |�0〉 = ∏A

i=1 a
†
i |0〉 is a product state and serves as the

reference. The cluster operator T is a linear combination
of n-particle–n-hole (np-nh) excitation operators, i.e., T =
T1 + T2 + · · · + Tn. In the discretized momentum basis the
reference state is the closed shell Fermi vacuum, and is
obtained by filling the A states with the lowest kinetic energy.
We limit ourselves to spin saturated reference state, meaning
that each momentum orbital of the reference state is doubly
occupied. In this case the nuclear interaction does not induce
1p-1h excitations of the reference state, and we have T1 = 0.
Thus, the cluster operator becomes

T = 1

4

∑
ijab

〈kakb|t |kikj 〉a†
aa

†
bajai + · · · .

Here and in what follows, indices i,j,k,l (a,b,c,d) label
occupied (unoccupied) states. Truncating T at the 2p-2h exci-
tation level (T ≈ T2) gives the coupled-cluster doubles (CCD)
approximation. The CCD energy and amplitude equations can
be written in compact form

ECCD = E0 + 〈�0|HN |�0〉, (2)

0 = 〈
�ab

ij

∣∣HN |�0〉. (3)

Here

E0 = 〈�0|H |�0〉
=

∑
i

〈ki |f |ki〉 + 1

2

∑
i,j

〈kikj |v|kikj 〉

+1
6

∑
ijk

〈kikj kk|w|kikj kk〉 (4)

is the vacuum expectation value (which in the case of no 1p-1h
corresponds to the Hartree-Fock energy), |�ab

ij 〉 is a 2p-2h
excitation of the reference state, and HN ≡ e−T HNeT is the
similarity transformation of the normal-ordered Hamiltonian:

HN =
∑
pq

〈kp|f |kq〉 : a†
paq :

+ 1

4

∑
pqrs

〈kpkq |v|krks〉 : a†
pa†

qasar :

+ 1

36

∑
pqrstu

〈kpkqkr |w|ksktku〉 : a†
pa†

qa
†
r auatas :. (5)

Here : a†
p · · · ap′ · · · : is the normal ordered string of operators

with respect to the reference state. The normal-ordered one-
body operator is given in terms of the Fock matrix elements

〈kp|f |kq〉 = 〈kp|t |kq〉 +
∑

i

〈kpki |VNN |kqki〉

+1
2

∑
ij

〈kpkikj |V3NF|kqkikj 〉. (6)

The normal-ordered two-body operator hasmatrix elements

〈kpkq |v|krks〉 = 〈kpkq |VNN |krks〉
+

∑
i

〈kpkqki |V3NF|kikrks〉. (7)

Finally, the normal-ordered three-body operator w has
matrix elements

〈kpkqkr |w|ksktku〉 = 〈kpkqkr |V3NF|ksktku〉. (8)

In most of this work, we will neglect all elements of w

when solving the CCD equations. In this normal-ordered two-
body approximation, the 3NF enters in the vacuum expectation
value (4), the Fock matrix (6), and the normal-ordered two-
body operator (7), but the three-body operator w that changes
the orbitals of all three nucleons is neglected.
We note that coupled-cluster theory with full inclusion of

3NFswasworked out in the singles and doubles approximation
(CCSD) [64], and very recently with triples corrections
included [65].
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For an efficient numerical implementation one writes the CCD equations (3) in a factorized (quasilinear) form,

0 = 〈kakb|v|kikj 〉+ P (ab)
∑

c

〈kb|χ |kc〉〈kakc|t |kikj 〉− P (ij )
∑

k

〈kk|χ |kj 〉〈kakb|t |kikk〉+ 1

2

∑
cd

〈kakb|χ |kckd〉〈kckd |t |kikj 〉

+ 1

2

∑
kl

〈kakb|t |kkkl〉〈kkkl|χ |kikj 〉 + P (ij )P (ab)
∑
kc

〈kakc|t |kikk〉〈kkkb|χ |kckj 〉

+ 1

2
P (ij )

∑
cdk

〈kakkkb|w|kikckd〉〈kckd |t |kkkj 〉 − 1

2
P (ab)

∑
ckl

〈kakkkl|w|kikckj 〉〈kckb|t |kkkl〉. (9)

Here, P (pq) ≡ 1− Ppq is an antisymmetrization operator, and we employed the intermediates

〈kb|χ |kc〉 = 〈kb|f |kc〉 − 1

2

∑
kld

〈kbkd |t |kkkl〉〈kkkl|v|kckd〉 + 1

4

∑
edkl

〈kkklkb|w|kekdkc〉〈kekd |t |kkkl〉, (10)

〈kk|χ |kj 〉 = 〈kk|f |kj 〉 + 1

2

∑
kcd

〈kkkl|v|kckd〉〈kckd |t |kj kl〉 + 1

4

∑
cdln

〈klknkk|w|kckdkj 〉〈kckd |t |klkn〉, (11)

〈kkkl|χ |kikj 〉 = 〈kkkl|v|kikj 〉 + 1

2

∑
cd

〈kkkl|v|kckd〉〈kckd |t |kikj 〉 + 1

2
P (ij )

∑
cdn

〈knkkkl|w|kckdkj 〉〈kckd |t |knki〉, (12)

〈kkkb|χ |kckj 〉 = 〈kkkb|v|kckj 〉 +
∑
ld

〈kkkl|v|kckd〉〈kckd |t |klkj 〉 − 1

2

∑
dln

〈klkkkn|w|kdkj kc〉〈kdkb|t |klkn〉

+ 1

2

∑
del

〈klkkkb|w|kdkekc〉〈kdke|t |klkj 〉, (13)

〈kakb|χ |kckd〉 = 〈kakb|v|kckd〉 − 1

2
P (ab)

∑
ekl

〈kkklkb|w|kekckd〉〈keka|t |kkkl〉. (14)

In Eqs. (9)–(14) the numerically expensive sums that
involve products of two-body operators can all be implemented
efficiently as matrix-matrix multiplications. The momentum
conservation reduces the computational cost of the CCD
equations to non

3
u, where no (nu) is the number of occu-

pied (unoccupied) momentum states. This is a considerable
reduction in computational cycles as compared to the normal
cost of the CCD equations which is n2on

4
u [52], and similar to

the reduction of computational cost achieved in the angular
momentum coupled scheme [66,67].
The coupled-cluster equations (9) are solved numerically

by iteration and yield the matrix elements of T2. The CCD
energy (2) is given in algebraic form by

ECCD = E0 + 1

4

∑
ijab

〈kikj |v|kakb〉〈kakb|t |kikj 〉.

Below, we will also employ an approximation (denoted
as CCDladd) that only uses the particle-particle and hole-hole
ladders in the CCD equations, i.e.,

0 = 〈kakb|v|kikj 〉
+P (ab)

∑
c

〈kb|f |kc〉〈kakc|t |kikj 〉

−P (ij )
∑

k

〈kk|f |kj 〉〈kakb|t |kikk〉

+1
2

∑
cd

〈kakb|v|kckd〉〈kckd |t |kikj 〉

+1
2

∑
kl

〈kakb|t |kkkl〉〈kkkl|v|kikj 〉 . (15)

The CCDladd approximation was used in Ref. [35] within
coupled-cluster theory, and a similar approximation was also
employed in other computations of nucleonic matter, see, e.g.,
Refs. [42,43].
Let us also discuss the inclusion of three-body clusters.

When going beyond the CCD approximation and considering
triples excitations, one might question whether the residual
three-body part w can safely be neglected. After all, three-
body forces directly induce excitations of three-body clusters.
Below we will include the residual part w when considering
contributions from triples excitations to the correlation energy,
and study the accuracy of the normal-ordered two-body
approximation in the presence of triples excitations in neutron
and symmetric nuclear matter. Very recently, Binder et al.
employed chiral interactions softened via the similarity renor-
malization group transformation [68,69], studied the effect of
triples corrections in the presence of 3NFs in nuclei such as
16O and 40Ca, and found it to be small [65].
The full inclusion of triples in the presence of three-

body forces is demanding and computationally expensive.
Some effects of triples can be included in the CCD(T)
approximation [70] that we extend to 3NFs. In CCD(T) the
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triples excitation amplitude is approximated as

tabc
ijk ≡ 〈kakbkc|t |kikj kk〉

≈ 〈
�abb

ijk

∣∣(v + w)(1+ T̂2)|�0〉/εijk

abc. (16)

Here

ε
ijk

abc ≡ f i
i + f

j

j + f k
k − f a

a − f b
b − f c

c . (17)

The CCD(T) correction to the energy is

�ECCD(T) = 1

36

∑
ijkabc

∣∣tabc
ijk

∣∣2/ε
ijk

abc. (18)

Employing the triples amplitude (16) with the inclusion of
w yields the energy correction�ECCD(T). We also consider the
following approximations. Neglecting the residual three-body
part w yields the normal-ordered two-body approximation
to the CCD(T) energy correction, denoted as �ECCD(T:w=0).
Omitting the term wT2 in Eq. (16) gives the energy correction
�ECCD(T:wT2=0). Note that the numerically expensive termwT2
in Eq. (16) consist of three distinct diagrams inwhich one sums
over pp, hh, and ph intermediate states, respectively. Belowwe
will investigate the contributions of these three diagrams to the
CCD(T) energy correction in neutron and symmetric nuclear
matter.

C. Ladder approximation in a partial-wave basis

In Ref. [35], the ladder approximation of the coupled-
cluster equations for nuclear matter is presented in an al-
ternative formulation. Historically, the equations for nuclear
matter, for example in the hole-line approximation [71], have
often been expressed explicitly in a partial-wave basis [72–74].
Similarly, in the method presented in Ref. [35], the ladder
approximation is formulated in a partial-wave basis, assuming
that the thermodynamic limit is reached and therefore using
integrals over relative and center-of-mass momenta. In the
partial-wave expanded equations, the Pauli exclusion operators
are treated exactly, using a technique introduced for the
Brueckner-Hartree-Fock approximation by Suzuki et al. [74].
Apart from the truncation in partial waves, the only approxi-
mation in this method is in the single-particle potentials, where
an angular-average approximation was used for the laboratory
momentum argument [35,75].

D. Finite-size effects

We would like to quantify the error due to finite-size
effects and the accuracy of our coupled-cluster calculations
of neutron and nuclear matter. Using periodic boundary
conditions (PBC) one could increase the number of particles
in the box until convergence to the thermodynamic limit is
reached. However, due to variations of the shell effects at
different closed shell configurations, there is no guarantee that
increasing the number of particles will lead to a systematic and
smooth convergence to the thermodynamic limit. Furthermore,
the computational cost of many-body methods such as the
AFDMC and coupled-cluster methods increases rapidly with
increasing particle number, and one would therefore like to
employ a method that controls finite-size effects already for

modest particle numbers. This can be achieved with averaging
over phases of Bloch waves that correspond to different
boundary conditions [59–61].
Consider a free particle in a box of size L subject to twisted

boundary condition, that is, the wave function withmomentum
k fulfills the condition for so-called Bloch waves, namely,
ψk(x + L) = eiθψk(x). By averaging over the twist angle θ ,
shell effects can be eliminated for free Fermi systems [59],
and they are much suppressed for interacting systems [60,61].
In this way, one obtains a much more systematic and smooth
convergence towards the thermodynamic limit. The twisted
boundary conditions are defined by

kni
= (2πni + θi)

L
, ni = 0,±1, . . . ± nmax, i = x,y,z,

with the twist angle θ ∈ [0,π ] for systems with time-reversal
invariance [61]. This amounts to letting the particles pick up
a complex phase when they wrap around the boundary of the
cubic box. By integrating or averaging over a finite number
of twists in each x,y,z direction we obtain the twist-averaged
boundary conditions (TABC). In our implementation of TABC
we integrate over the twist angles θ using a finite number of
Gauss-Legendre quadrature points in [0,π ]. Note that θ = 0
(θ = π ) corresponds to (anti)periodic boundary conditions.
In order to quantify the finite-size effects using PBC

and TABC we compute the kinetic and potential energy
contribution to the Hartree-Fock energy for several closed
shell configurations ranging from tens to several hundreds
of nucleons, and compare with the thermodynamic limit for
these quantities. In Fig. 1 we show the relative error of the
kinetic energy in pure neutron matter for the Fermi momentum
kF = 1.6795 fm−1 computed using standard PBC and TABC.
We used 10 Gauss-Legendre points for the twist angle θi of the
i = x,y,z direction in the integration interval [0,π ]. Clearly,
we obtain a much faster and smoother convergence to the
thermodynamic limit using TABC. Generally we get about an
order of magnitude reduction in the relative error when using
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f
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FIG. 1. (Color online) Relative finite-size corrections for the
kinetic energy in pure neutron matter at the Fermi momentum kF =
1.6795 fm−1 vs the neutron number A. TABC10 are twist-averaged
boundary conditions with 10 Gauss-Legendre points in each spatial
direction.
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FIG. 2. (Color online) Relative finite-size corrections for the
Hartree-Fock energy of the NNLOopt (full line) and Minnesota
(dashed line) potentials in pure neutron matter at the Fermi mo-
mentum kF = 1.6795 fm−1 vs the neutron number A. TABC10 are
twist-averaged boundary conditions with 10 Gauss-Legendre points
in each spatial direction. The dashed-dotter line shows a power law
fit to the NNLOopt results.

TABC as compared to PBC. Finite size effects are particularly
small for PBC and N = 66 neutrons. This was also seen in
AFDMC calculations [27].
Figure 2 shows the relative error of the potential energy

to the Hartree-Fock energy in pure neutron matter for the
Fermi momentum kF = 1.6795 fm−1 computed with TABC.
We compute the potential energy from NNLOopt and from the
Minnesota potential. We see that the finite-size effects in the
potential energy are comparable to the finite-size effects in the
kinetic energy shown in Fig. 1. We note that finite-size effects
vanish as the power law A−1.56 in the neutron number A.
Finally, we would also like to assess the finite-size effects

in symmetric nuclear matter. In Fig. 3 we show the relative
error of the potential energy to the Hartree-Fock energy in
symmetric nuclear matter for the Fermi momentum kF =
1.6 fm−1 computed using PBC and TABC. We consider the
Hartree-Fock potential energy contribution from the nucleon-
nucleon interaction NNLOopt and the 3NF at order NNLO
separately. In particular it is seen that the relative error in the
potential energy contribution from the 3NF is about an order
of magnitude smaller than the relative error coming from the
nucleon-nucleon interaction alone using both PBC and TABC.
In the case of symmetric nuclear matter there is no systematic
convergence trend using PBC, and for 132 nucleons the relative
error for PBC is around ∼4%, while using TABC the error is
reduced to∼1%. It is interesting to note that finite size effects
for NNLOopt with TABC decrease as A−1.59 with increasing
nucleon number A. This exponent is similar to the exponent
found in neutron matter (see Fig. 2).
Coupled-cluster calculations of nucleonic matter using

TABC are very expensive. Using 10 twist angles in each
direction requires 103 coupled-cluster calculations, although
symmetry considerations can reduce this number considerably.
In Ref. [61] it was shown that one can find a specific choice of
twist angles (known as special points), in which the Hartree-
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FIG. 3. (Color online) Relative finite-size corrections for the
Hartree-Fock energy of the NN potential NNLOopt and the 3NF
potential in symmetric nuclear matter at the Fermi momentum
kF = 1.6 fm−1 vs the nucleon number A. PBC: periodic boundary
conditions. TABC10 and TABC3 are twist-averaged boundary condi-
tions with 10 and 3 Gauss-Legendre points in each spatial direction,
respectively.

Fock energy exactly corresponds to the Hartree-Fock energy
in the thermodynamic limit. In the followingwe compute these
special points for neutron and nuclear matter using both NN

interactions and 3NFs, and compare with calculations using
PBC and TABC.

E. Benchmarks

It is interesting to compare the results for various bound-
ary conditions with the infinite matter results by Baardsen
et al. [35]. Figure 4 shows the CCDladd results for neutron
matter computedwith the nucleon-nucleon potential NNLOopt.
In a finite system, the neutron number N = 66 is very close to
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FIG. 4. (Color online) Energy per particle of neutron matter for
NNLOopt computed in the CCDlad approximation with periodic
boundary conditions (circles), twist-averaged boundary conditions
(squares), and for infinite matter (diamonds). The latter results are
from Ref. [36]. The calculations usedA = 66 neutrons and nmax = 4.
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FIG. 5. (Color online) Energy per particle of symmetric nuclear
matter for NNLOopt computed in the CCD approximation with
periodic boundary conditions (diamonds), twist-averaged boundary
conditions (squares), and with a special point and twisted boundary
conditions (circles). The calculations used A = 132 nucleons and
nmax = 4.

the infinite matter results for both periodic and twist-averaged
boundary conditions.
For symmetric nuclear matter, the CCD results are more

sensitive to the choice of the boundary conditions, with results
shown in Fig. 5. At higher Fermi momenta (kF > 1.6 fm−1),
the energy per nucleon for periodic boundary conditions differs
by ∼0.5 MeV from the result obtained with twist-averaged
boundary conditions. A calculation with a special point in the
twist is very close to the twist-averaged results. However, for
Fermi momenta kF < 1.6 fm−1, the difference between the
PBC and TABC is less than 200 keV per nucleon.
Figure 6 compares nuclear matter results calculated in

the ladder approximation with the CCladd of Ref. [35]. The
latter were obtained by taking the thermodynamic limit in the
relative and center-of mass frame and by summing over partial
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FIG. 6. (Color online) Energy per particle of symmetric nuclear
matter for NNLOopt computed in the CCDladd approximation in the
thermodynamic limit using partial-wave expansion (triangles) (partly
adapted from Ref. [35]), with twist averaged boundary conditions
(squares), and with a special point and twisted boundary conditions
(circles). The calculations used A = 132 nucleons and nmax = 4.
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FIG. 7. (Color online) Energy per particle of neutron matter,
computed with theMinnesota potential. Diamonds: AFDMC, circles:
CCD, squares: CCD limited to pp and hh ladders.

waves. The summation over intermediate particle-particle and
hole-hole configurations is performed with an exact Pauli
operator, while the single-particle energies are computed using
an angle-averaging procedure, see Ref. [35] for further details.
For these results, the angle-average approximation, together
with a truncation in the number of partial waves included,
represent the sources of possible errors in the thermodynamic
limit. It is therefore very satisfactory that the results from
different methods are close to each other.
Let us also consider a simple potential model and bench-

mark the results of our coupled-cluster calculations against
virtually exact results from the auxiliary field diffusion Monte
Carlo (AFDMC) method [76]. The Minnesota potential [77] is
a semirealistic nucleon-nucleon interaction that can be solved
accurately with AFDMC. It depends only on the relative
momenta and spin, but lacks spin-orbit or tensor contributions.
The matrix elements of this potential are real numbers. For the
benchmark we employ periodic boundary conditions, A = 66
neutrons, and nmax = 6.
Figure 7 compares the energy per neutron of our lattice

CCD results (circles), and our CCDladd in the thermodynamic
limit, see Ref. [35], to the AFDMC benchmark. Overall, the
agreement is good between all methods. As expected, the CCD
results are more accurate than the CCDladd approximation.
Finally, we turn to 3NFs. The inclusion of 3NFs—even

in the normal-ordered approximation—is still numerically
expensive due to the large number of requiredmatrix elements.
We also study different approximations for 3NFs, and compare
the results for symmetric nuclear matter when 3NFs only
enter in the normal-ordered approximation as zero-body,
one-body, or up to two-body forces. Figure 8 clearly shows
that normal-ordered two-body forces are relevant.

III. RESULTS FOR CHIRAL INTERACTIONS

In this section, we present our results for coupled-cluster
computations of neutron matter and symmetric nuclear matter.
As shown in the previous section, the finite size effects
(and the differences between PBC and TABC) are small for
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FIG. 8. (Color online) Energy per particle of symmetric nuclear
matter computed in the CCD approximation with NNLOopt + 3NF
(cE = −0.389, cD = −0.39). The 3NF is included in the zero-body
(black dashed-dotted line), one-body (red dashed line), and in the
two-body (blue solid line) normal-ordered approximations. The
calculations used A = 132 nucleons and nmax = 4.

A = 66 neutrons and A = 132 nucleons when calculating
neutron matter and symmetric nuclear matter, respectively.
For this reason, many of the expensive calculations involving
3NFs are only performed with PBC at these specific particle
numbers.

A. Neutron matter

Figure 9 shows the energy per neutron as a function of
density based onNN interactions alone and compares various
many-body methods. The employedNN interaction NNLOopt
is perturbative in neutron matter, with second-order many-
body perturbation theory (MBPT2), CCD and CCDladd giving

FIG. 9. (Color online) Energy per particle in neutron matter with
NNLOopt (NN only). The black dashed line is Hartree-Fock (HF),
the green dashed-dotted line is second-order many-body perturbation
theory (MBPT2), the blue dashed line is coupled-cluster doubles
ladder approximation (CCDladd), and the red solid line is coupled-
cluster doubles (CCD). The calculations used A = 66 neutrons,
nmax = 4, and TABC3.
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FIG. 10. (Color online) Energy per particle in neutron matter
with NNLOopt (NN only) and with inclusion of 3NF computed in
the CCD and CCD(T) approximations. The 3NF LECs are given
by cE = −0.389 and cD = −0.39. The calculations used A = 66
neutrons, nmax = 4, and PBC and TABC. The QMC results are from
Refs. [28,30].

similar results that differ by less than 1 MeV per neutron at
nuclear saturation density.
Figure 10 shows the effect of 3NFs in CCD calculations of

the EoS for neutron matter. We consider several approxima-
tions involving 3NFs, and it is seen that they yield very similar
results. We note that three-nucleon forces act repulsively. The
results for neutron matter reported here are consistent with the
recent calculations of Krueger et al. [46], and our results for
the EoS fall within their NNLO uncertainty band. The CCD
calculation that includes the normal-ordered 3NFs is shown as
diamonds. Triples corrections that are limited to the inclusion
of up to two-body terms from the normal-ordered 3NF are
shown as circles, while triples corrections that include also the
residual 3NF are shown as squares. For neutron matter, the
effects of triples are small and account for about 0.3 MeV per
neutron at high densities, and the residual 3NFs contribute
little to the triples corrections. At very low densities, the
coupled-cluster results are in agreement with results from
quantum Monte Carlo (QMC) calculations [27,28,30,78]. In
this low-density regime the physics is dominated by the large
scattering length, and the EoS becomes independent of the
short-ranged parts of the nuclear interaction.

B. Nuclear matter

In this subsection we perform coupled-cluster calculations
of symmetric nuclear matter using chiral NN and 3NF
interactions at NNLO. Figure 11 shows the energy per
nucleon in symmetric nuclear matter for a wide range of
densities computed in MBPT2, the CCDladd, and in the CCD
approximation with the NN potential NNLOopt. In these
calculations we used A = 132 nucleons, nmax = 4, and TABC
based on 33 angles. We observe that the saturation point is
at a too-large density, and we get a considerable overbinding.
These results for NNLOopt are in good agreement with the
recent self-consistent Green’s function (SCGF) calculations
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FIG. 11. (Color online) Energy per particle in symmetric nuclear
matter with NNLOopt (NN only) computed in the MBPT2 (triangles
with green dashed-dotted line), CCDladd (circles with blue dashed
line), and CCD (squares with solid red line) approximations. The
calculations used 132 nucleons, nmax = 4, and TABC3. Diamonds
are results from self-consistent Green’s function (SCGF) at the finite
temperature T = 5 MeV, taken from Ref. [34].

of nuclear matter [34], and the CCDladd calculations of
Ref. [35]. The difference between MBPT2 and CCD is about
2 MeV below saturation energy and about three times as large
as for neutron matter. The difference between the CCDladd
approximation and the full CCD calculations is around 1 MeV
per nucleon around saturation density. We can conclude
that—in contrast to neutron matter—for nuclear matter and
the NNLOopt interaction (which is rather soft), nonlinear terms
in the T2 amplitude and particle-hole excitations yield non-
negligible contributions. These results indicate that nuclear
matter for the NNLOopt chiral interaction is not perturbative.
We note also that the coupled-cluster calculations are difficult
to converge for Fermi momenta smaller than about 0.8 fm−1.
This is presumably due to the clustering of nuclear matter at
low densities [79]. We also note that the results shown Fig. 11
at high densities are beyond the presumed valididy of the
underlying EFT.
Let us turn to 3NFs. Figure 12 shows the energy per nucleon

in symmetric nuclear matter for a wide range of densities
computed with MBPT2, CCD, and the CCD(T) approxima-
tion. The CCD calculations included the 3NF in the normal-
ordered two-body approximation. The CCD(T) calculations
were performed with 3NFs in the normal-ordered two-body
approximation [CCD(T+3NFNO2b)], and going beyond the
normal-ordered two-body approximation by including the
leading-order residual 3NF contribution to the perturbative
estimate for the T3 amplitude [CCD(T+3NFNO3b)]. In these
calculations we usedA = 132 nucleons with PBC and nmax =
4. For the densities we consider here, the difference between
PBC and TABC is small.
In contrast to calculations of neutron matter, the

contribution from the perturbative triples corrections is sizable
in nuclear matter, and about 1 MeV per nucleon in the range of
densities shownwhen including the 3NF in the normal-ordered
two-body approximation. Furthermore, we find that the contri-
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FIG. 12. (Color online) Energy per particle in symmetric nuclear
matter with NNLOopt and 3NF computed in theMBPT2 (squares with
green dashed-dotted line), CCD (circles with blue dashed line), and
CCD(T) with 3NF in the normal-ordered two-body approximation
(diamonds with solid red line), and including the residual 3NF in
leading order (triangles with dotted black line). The 3NF LECs are
given by cE = −0.389 and cD = −0.39. The calculations used 132
nucleons, nmax = 4, and PBC.

bution of the residual 3NF to the CCD(T) energy is significant
around saturation density, indicating that the normal-ordered
two-body approximation for the 3NFmight not be sufficient in
symmetric nuclear matter. We checked that the contribution of
the residual 3NF to the CCD amplitude equations is negligible,
and therefore it might be sufficient to include the full 3NF
in the perturbative triples amplitude. In order to check the
accuracy of the perturbative triples approximation [CCD(T)]
in nuclear matter we also performed non-perturbative,
iterative CCDT-1 (see Refs. [80,81]) calculations for A = 28
and nmax = 3 at two different densities kF = 1.3 fm−1

and kF = 1.6 fm−1. We found that the difference between
CCD(T) and CCDT-1 in this range of densities is at most 0.1
MeV per nucleon. Therefore, we conclude that the CCD(T)
approximation is accurate for the NN potential NNLOopt and
chiral 3NFs in symmetric nuclear matter.

C. Scheme dependence of three-nucleon forces

In this subsection, we try to further illuminate the role of
3NFs in nucleonic matter. We study different regularization
schemes, and compute the energy per particle in pure neutron
matter and symmetric nuclear matter. The 3NF employed in
the previous subsections exhibits a cutoff of � = 500 MeV.
This cutoff is in the momentum transfer, and therefore local
in position space [62]. This choice of regulator for the 3NF
is different from the regularization scheme that is used in the
nucleon-nucleon sector, and from other regularizations of the
3NF that exhibit cutoffs on Jacobi momenta [40]. We note that
regulators that cut off initial and final Jacobi momenta lead to
nonlocal interactions. Here, the cutoff function is

fR( p,q) = exp

[
−

(
4p2 + 3q2
4�2

)n]
,
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G. HAGEN et al. PHYSICAL REVIEW C 89, 014319 (2014)

0 0.05 0.1 0.15
ρ [fm

-3
]

0

5

10

15

20

E
/A

 [
M

eV
]

CCD(T+3NF)          Λ=500MeV (local)
CCD(T+3NFNO2b)   Λ=500MeV (local)

CCD(T+3NFNO2b)   Λ=400MeV (local)

CCD(T+3NF)          Λ=400MeV (local)
CCD(T+3NFNO2b)   Λ=500MeV (non-local)

CCD(T+3NF)          Λ=500MeV (non-local)

FIG. 13. (Color online) Energy per particle in pure neutron mat-
ter with NNLOopt and 3NF computed in the CCD(T) approximation
including 3NFs in the normal ordered two-body approximation and
including the residual 3NF in the CCD(T: wT2 = 0) approximation.
For the 3NF we used a local regulator with cutoffs � = 400 and
� = 500 MeV. The 3NF LECs are given by cE = −0.389 and
cD = −0.39 for the � = 500 MeV local regulator, while for the
� = 400 MeV local regulator we used cE = −0.27 and cD = −0.39
with cE adjusted to the 4He binding energy. For the nonlocal regulator
with � = 500 MeV cutoff we used cE = −0.791 and cD = −2
adjusted to the triton and 3He binding energies. The calculations
used 66 neutrons, nmax = 4, and PBC.

with p = (k1 − k2)/2 and q = [k3 − (k1 − k2)/2](2/3). This
regulator reduces to the regulator used in the NN sector for
q = 0. In the NN potential NNLOopt we use n = 3, while for
the local regulator of the 3NF defined in Ref. [62] we use n = 2
in the exponential. In what follows, we compare the NNLOopt
interaction with a 3NF that also uses a local regulator but a
lower cutoff of � = 400 MeV, and with a 3NF that employs
a nonlocal regulator and a cutoff � = 500 MeV in relative
Jacobi momenta.
Figure 13 shows the energy per particle in pure neutron

matter computed in the CCD(T) approximation. Here we
included 3NFs in the normal ordered two-body approximation,
and in the CCD(T: wT2 = 0) approximation. For the latter,
we went beyond the normal ordered two-body approximation
and included the residual three-body term w that enters at
first order in the triples equation for T3. In neutron matter the
contribution from the residual 3NFw to the energy per particle
is small. This indicates that the normal-ordered two-body
approximationworks verywell. In the EoS calculationwith the
local regulator and the lower cutoff� = 400MeVwe adjusted
the LECs of the three-body contact term to cE = −0.27 and
kept cD unchanged. Then, the binding energies of the triton
and the nuclei 3,4He are close to the experimental values. For
the nonlocal regulator with cutoff � = 500 and power n = 2
in the exponential, the LECs cE = −0.791 and cD = −2
reproduce the triton and 3He binding energies. In pure neutron
matter the contributions from the 3NF contact terms with the
LECs cE and cD vanish for a nonlocal regulator, and the
contribution to the EoS depends only on the pion-nucleon
couplings c1 and c3 of the long-range two-pion exchange term
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FIG. 14. (Color online) Same caption as in Fig. 13, except that
the energy per particle is for symmetric nuclear matter. The calcula-
tions used 132 nucleons, nmax = 4, and PBC.

of the 3NF [42]. However, for a local regulator the 3NF contact
terms do not vanish in neutron matter [29]. The results for the
EoS for pure neutron matter show a regulator dependence at
densities beyond ρ = 0.08 fm−3. The band obtained from the
different 3NF regulators are within the corresponding band for
neutron matter obtained in Ref. [46].
Figure 14 shows the corresponding plot for the energy

per particle in symmetric nuclear matter. Here the results
for the local regulator with a cutoff � = 500 MeV exhibit
a considerable enhancement of the contribution from the
residual 3NF w to the energy per particle at densities above
the saturation densities. The sizeable triples contribution of
the residual 3NF w questions the usually observed hierarchy
of the coupled-cluster approximation. The results from the
lower cutoff � = 400 MeV are much more satisfactory in
the sense that the contribution from the residual three-body
part w to the binding energy per particle is considerably
smaller, and at the order of 0.5 MeV or less for the densities
considered. Likewise, the results obtained with the non-local
regulator at the cutoff 500 MeV are also satisfactory in the
sense that the contribution from the residual 3NF w is at
most 1 MeV to the energy per particle at densities beyond the
saturation point. Onemight speculate whether this problematic
feature of the local regulator with a cutoff 500 MeV is related
to the large cutoff dependence found in finite nuclei using
this regulator [69]. Naively one would expect that regulator
dependencies are higher-order corrections in an EFT. The
large scheme dependencies observed in Fig. 14might therefore
suggest that the cutoff � = 500 MeV is too close to the EFT
breakdown scale.
For local and nonlocal regulators we considerably un-

derbind nuclear matter. The saturation density for the local
regulators is too high, while for the nonlocal regulator the
saturation density is closer to the empirical value. We tried
to adjust the LECs cE and cD such that an acceptable result
could be obtained simultaneously for the saturation point in
symmetric nuclearmatter and the triton binding energy. For the
nonlocal regulator the result is shown in Fig. 15. The blue band
shows the region where the triton binding energy is reproduced
within 5%. The red band shows the region where the saturation
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FIG. 15. (Color online) The blue band shows the region where
the triton binding energy is reproduced within 5% of the experimental
value. The red band shows the region where the saturation fermi
momentum in symmetric nuclear matter is reproduced within 5% of
its empirical value, and the green band shows the region where the
energy per nucleon is within 5% of the empirical value.

Fermi momentum is within 5% of its empirical value, and the
green band shows the region where the energy per nucleon
is within 5% of the empirical value. The nuclear matter
calculations were obtained fromMBPT2 calculations using 28
nucleons, and we accounted for about 1 MeV per nucleon in
missing correlations energy, and about 0.5 MeV per nucleon
due to finite size effects. It thus seems that a simultaneous
reproduction of saturation in light nuclei and infinite matter is
not possible without adjusting other LECs. As an example we
considered the point cE = 0.3 and cD = −2.0. This yields the
saturation point kF ≈ 1.4 fm−1 and E/A ≈ 15.5 MeV, while
the triton binding energy is −13.53 MeV.
We would like to understand better the role that different

regulators and cutoffs play for the chiral 3NF. Unfortunately, it
is difficult to visualize 3NFs in momentum space [82,83]. We
therefore compute the MBPT2 contribution of the residual
3NF w and cut off the involved momentum integrations
at a single-particle momentum kcut. Figure 16 shows the
fractional contribution of the MBPT2 energy correction of
the residual 3NF as a function of kcut at the Fermi momentum
kF = 1.3 fm−1. The chiral cutoff of � = 500 MeV is also
shown as a dashed line for comparison.We see that for the local
cutoff � = 500 MeV most contributions to the MBPT2 result
are from high single-particle momenta that are well above the
nominal chiral cutoff. The situation is improved for the local
regulator with lower cutoff � = 400 MeV and even more so
for the nonlocal regulator with cutoff � = 500 MeV. For a
discussion of different cutoff schemes and convergence issues
in calculations of the homogeneous electron gas see Ref. [54].
Let us finally note that issues with 3NFs also arose in other

calculations. Lovato et al. [29] pointed out that the equivalence
of different chiral 3NF contact terms [40] is spoiled by local
regulators. Roth et al. [84] used SRG evolution to soften the
chiral NN interaction of Ref. [85] combined with the local
3NF of Ref. [62], and found that the results in medium-mass
nuclei depend considerably on the SRG evolution scale. This
dependence is reduced for a cutoff � = 400 MeV in the local
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FIG. 16. (Color online) Cutoff dependent fraction of the residual
3NF contribution to the MBPT2 energy per particle in symmetric
nuclear matter for different regulators. Results are shown for the
local regulator with � = 500 MeV (diamonds), the local regulator
with � = 400 MeV (squares), and for the non-local regulator with
� = 500 MeV (circles). Calculations used 132 nucleons, nmax = 4,
and PBC.

3NF [69]. Clearly, more studies of chiral 3NFs are necessary
to fully understand regularization scheme dependences.

IV. SUMMARY

We have performed coupled-cluster calculations of nu-
cleonic matter with interactions from chiral EFT at NNLO.
The single-particle states consist of a discrete lattice in
momentum space, and the implementation of twist-averaged
boundary conditions mitigates shell oscillations and finite-size
effects. Our benchmark calculations agree well with other well
established methods. We find that neutron matter is pertur-
bative, while symmetric nuclear matter is not perturbative,
with significant contributions beyond perturbation theory and
particle ladders.
For the employed NN potential NNLOopt and 3NFs,

the neutron matter results fall within the error estimates of
previous calculations for chiral interactions, with 3NFs acting
repulsively. For nuclear matter, the empirical saturation could
not be reproduced, and the results are very sensitive to the
employed regulator (local vs nonlocal) and cutoff. At larger
chiral cutoffs, the nonlocal regulator is preferred over the local
one because it corresponds closer to the cutoff generated by
the finite single-particle basis. It seems that the variation of
the 3NF contact terms alone is insufficient to achieve both an
acceptable saturation point of nuclear matter and an acceptable
binding of light nuclei.
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N. Schunck, M. V. Stoitsov, and S. Wild, Phys. Rev. C 82,
024313 (2010).

[18] D. Lunney, J. M. Pearson, and C. Thibault, Rev. Mod. Phys. 75,
1021 (2003).

[19] B. D. Day, Rev. Mod. Phys. 39, 719 (1967).
[20] K. A. Brueckner, C. A. Levinson, and H. M. Mahmoud, Phys.

Rev. 95, 217 (1954).
[21] K. A. Brueckner, Phys. Rev. 100, 36 (1955).
[22] M. Baldo and G. F. Burgio, Rep. Prog. Phys. 75, 026301 (2012).
[23] M. Baldo, A. Polls, A. Rios, H.-J. Schulze, and I. Vidaña, Phys.

Rev. C 86, 064001 (2012).
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