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Introduction

The main aim of this thesis is to investigate isomorphisms between certain
Heisenberg-invariant varities or when two Heisenberg-invariant varieties are iso-
morphic.

Our aproach is as follows. First we will decompose the ring of homoge-
nous polynomials of degree k into irreducible Heisenberg-representations, and
isomorphisms-classes of Heisenberg-representations are obtained from these.These
isomorphism-classes are sets { Vi, a,...ak|V(a1, g, ..., ak) € CF}, where Vi, ay.. ak
is an irreducible Heisenberg-representation.As Vi, a,,....ak is the set of all linear-
combinations of certain polynomials,it has zero set X, a,.... ok-And it is Heisenberg-
invariant since Vi, a,.....ak is an Heisenberg-representation.

Now we will show that a certain subgroup of the normalizer of the Heisenberg-
group(or rather its reprentation in GL(C®) in GL(C®) induces isomorphisms
between certain Heisenberg-invariant varieties.This subgroup defines an group-
action on CF.We will see that Xai,as,....ak and Xg, g, g are isomorphic if
(a1, e, ...,ak) and B1, Ba, ..., B, belongs to the same orbit of this group-action.

Last I will thank my supervisor,Kristian Ranestad,who has been very helpful
all along.



1 The Heisenberg-group

The Heisenberg-group is the abstract-group generated by the three elements of
order six,o,y and €, which satisfy the following three relations yo = eoy,ec = ge
and ey = ye. Thus the Heisenberg-group conists of the elements €"o*y* under
group-multiplication

Definition H6={e"0°v'|e® = 0 =75 = 1,e0 = geoy = eyo} where € act as a
primitive sixth-root of unity.

And from this definition we get the following multiplication rule.
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Definition Let ug be the group of 6th roots of unity under multiplication ;
ue = {e"lr=1,2,3,4,5,6}

From the additivity in the multiplication rule in proposition 1.1 we see that
d(e"o~t) = (s,t) is a group-homomorphism,and it gives rise to the following
isomorphism of the quotient H6/ (1)

Proposition 1.2 H6/(ug) = Zg X Zg Since |mug| = 6, and Zg X Zg obviously
has 36 elements, we get that H6 indeed has 216 elements.

Proof Let ¢ : H6 — Zg x Zg be given by ¢(c"o%4') = (s,t). And ¢ is a
homomorphism,;

’ ’ ’

QS(CTO'S’YtET/O'S/’Yt/) _ ¢(6T+T,7t5/05+8/7t+t/) _ (S—FS/, t—|—t/) _ ¢(€r057t)¢(ﬁr o° ,Yt )
kerg = {€"o%vt|p(e"o54t) = (0,0)}, so if € * 0° x4 € kerg, it follows that
s=t=0
= ker¢ = ug

2 An irreducible representation of H6

A representation of H6 on C8, p : H6 — GL(C®), where p is a group-
homomorphism will be defined by
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0000T10]"
000001
100000
0 0 0 0 0
0 & 0 0 0 0
1o 0 & 0 0 0
P=10 0 0 & 0 o0
0 0 0 0 e4 0
0 0 0 0 0 ¢
ple) =ex1I



So any element in the Heisenberg-group of type 5 is of the form €¢”"o*~! and can
be represented as one of the following matrices

0 et 0 0 0 0
0 0 et 0 0 0
0 O 0 ertat 0 0
0 O 0 0 ertat 0
0 O 0 0 0 ertot
e 0 0 0 0 0
0 O 0 er it 0 0
0 O 0 0 ertat 0
0 O 0 0 0 ertot
e 0 0 0 0 0
0 et 0 0 0 0
0 0 et 0 0 0
0 O 0 0 ertiat 0
0 O 0 0 0 ertot
e 0 0 0 0 0
0 ¢t 0 0 0 0
0 0 et 0 0 0
0 O 0 ertat 0 0
0 O 0 0 0 ertot
0 O 0 0 ertat 0
0 O 0 ertat 0 0
0 0 et 0 0 0
0 et 0 0 0 0
e 0 0 0 0 0
e 0 0 0 0 0
0 €t 0 0 0 0
0 0 0 et 0 0
0 0 O 0 ertat 0
0 0 O 0 0 ertot

3 The decomposition of the Homogeneous poly-
nomials of degree 1,2,3,4 and 5 into irreducible
Heisenberg-representations

The ring of homogenous polynomials of degree k will be denoted Sy for k =
0,1,2,3,4,5.S0
Sk = {xéox?z?xé?’xi“x?ﬁo + il + ig + ig + i4 + i5 = k}
We will decompose S1, 52, 53,54 and S5 into irreducible representations in-
duced by the representation span{x0, 21,22, 23, 24,25} defined by

o(x;) =x41  fori=0,1,2,3,4,5

y(z;) = ez



So the following representations below of Si,S2,55,54 and S5 below are
induced by this by this action of o and v on span{xg,z1, z2, x3, 24,25} in the
following sense

O'(Spa’ﬂ{fo(l'o,ml,$2,I3,I4, 1'5)3 fl(xo,ﬂfl,l’z, I3,$4,SC5), ) fk(I07I1; 1'2,(E3,LE4,I5)}

span{ f1(o(zo),0(x1),0(x2),0(x3),0(x4),0(x5)), ..., fk(o(20), 0(21),0(22),0(x3),0(x4),0(x5)}
and

v(span{ fO(xo, x1, T2, T3, T4, T5), f1(z0, 21, T2, X3, T4, T5), ..., fE(To, T1, T2, T3, T4, T5)}

span{fl(’y(xo), 0'(1‘1), 7(552)7 7(553)? 7(554)7 7(%5)), X fk(7($0)7’7($1),’7($2),’7($3), 7(m4)7 ’7(1'5)}

Thus they are clearly Heisenberg-invariant. This induces a group action on
Clxo, x1, 2, 3, T4, 5], and thus a representation of H6 on Clxg, x1, 2, T3, T4, T5)
Below is listed the general forms(isomorphism-classes) that these representations
have,and which is denoted to the right of each one of them.We do not need to
show that the below forms are Heisenberg-representations,but rather that if
two of the irreducible components of S1,52,53,54 or S5 have the same form they
are indeed isomorphic as Heisenberg-representations.So each form below is an
isomorphism-class of the irreducible components of S1,52,53,54 and S5.
subsectionOne-dimensional irreducible Heisenberg-representations

3.0.1 Isomorphism-class A4;
Let V = span{v;} and

0'(’[)1) =1,
y(v1) = € x vy fori=0,1,2,3,4,5

For each ¢ = 0,1,2,3,4,5 we get an irreducible Heisenberg-representations;
so there are six-irreducible one-dimensional representations.

3.1 Two-dimensional irreducible Heisenberg-representations
3.1.1 Isomorphism-class B,
Proposition 3.1 Let V = span{vi,vs} and
o(vi) = V(i+1) (mod 2)
y(v1) = ¥ %0y

Y(vg) = € * vy
Let V = span{vi,v2} and

U(Ui) = V(i+1) (mod 2)
y(v1) = €' x vy

Y(va) = €t x vy



3.1.2 Isomorphism-class B3
Let V = span{vi,v2} and
o (Vi) = V(i41) (mod 2)

y(v1) = €% x vy

Y(va) = € % vy

3.2 Three-dimensional irreducible Heisenberg-representations
3.2.1 Isomorphism-class C
Let V = span{vi, ve,vs} and
o(vi) = vip (mod 3)

y(v1) = € x vy

Y(vg) = €% % vy

y(v3) = €t * g
3.2.2 Isomorphism-class C5
Let V = span{vy,v2,v3} and

o(vi) = Vit1 (mod 3)

y(v1) = €' x vy

Y(va) = € % vy

Y(v3) = € * vy

3.2.3 Isomorphism-class C3

Let V = span{vi, ve,v3} and

U(Ui) = Ui—1 (mod 3)

3.2.4 Isomorphism-class C,

Let V = span{vy,ve,v3} and



3.2.5 Isomorphism-class Cj5
Let V = span{vy,v2,v3} and
o(vi) = vigo (mod 3)
y(v1) = @ vy

v(vg) = €2 % vy

Y(v3) = €* * vy

3.2.6 Isomorphism-class Cg
Let V = span{v1,ve,v3} and
o(vi) = Vg (mod 3)
y(vy) = € x vy

Y(vg) = € * vy

3.2.7 Isomorphism-class C;
Let V = span{vy,ve,v3} and
o(Vi) = Vi—2  (mod 3)
y(vy) = € x vy
Y(vg) = €% % vy
y(v3) = €t * vy
3.2.8 Isomorphism-class Cy
Let V = span{vy,v2,v3} and
o(Vi) = Vi—2  (mod 3)
y(v1) = €' x vy
Y(va) = € % vy

~v(v3) = € % v3

3.3 Six-dimensional irreducible Heisenberg-representations
3.3.1 Isomorphism-class D,

Let V = span{vy, v, vs, v4, v5,v6} and

y(v1) = € * vy
Y(vg) = €t * vy
v(v3) = € * 3
Y(vg) = €% % vy
v(vs) = €' x v
v(vg) = €® * g



3.3.2 Isomorphism-class D,

Let V' = span{vi,vs, v3,v4,v5,v6} and Now we will se that the direct sum

of irreducible components belonging to the same isomorphism-class splits as
irreducible-representations of the normalizer of the Heisenberg-group in GL(C®),N[H6].
For S2 we will see that

span{xd 4+ x5, 27 + x5, 25 + 23} © span{x) — 23,27 — x5, 25 — 221D

span{zoxy + 321, X125 + T4, Lo + T5x3} B Span{To * Ty — T3 * X1, T * T5 — T4Ta, Loy — TT3}
splits in two irreducible representations of N[H6],namely

2 2.2, ,2 .2, 2
span{zg + x5, 7 + T3, T5 + TZ, L1 * T + Ty * Ta, To * T + Ts * T3, Lo * Ty + Tg * T1}
and

spcm{x% — xgﬂwf — x?px% — m%,xl k Iy — T4k To, Lo * To — T * Ty, T * Ty + T3 * T }.

o(vi) =v;_1 (mod 6)

Y(v1) =€ vy
Y(vg) = €% % vy
Y(v3) = € xvg Y(vg) = €* x vy
v(vs) = € * s
V(ve) = € * vg

3.3.3 Isomorphism-class Dj
Let V = span{vy, ve, v3, v4, 5, v6} and

U(Ui) = Vi+2 (mod 6)'7('01) =€ x U1W’(U2) =€ x 1127(03) =€ x U:W(Uzi) =e'x U4’7(U5) =€ x UsW(UG) = €%« Vg

3.3.4 Isomorphism-class Dy

o(vi) = v;_o (mod 6)

y(v) = €' * 0y
Y(vg) = €% % vy
v(vg) = € % v3
Y(vg) = € x vy
~v(vs) = € * vg

Now to prove that if two of these irreducible components belong to the same
Class above (A1, A, .., B, By, ..C4,.D3, D4), they are isomorphic as Heisenberg-
representations.This is easy;a group action on a finitie-dimensional vector-space
is uniquely up to ismomorphism defined by the action of the generators of G on
the basis of V and thus the corresponding representation of G is also uniquely
defined up to isomorphism.

We do not need to show that the below forms are Heisenberg-representations,but
rather that if two of the irreducible components of S1,52,53,54 or S5 have the
same form they are indeed isomorphic as Heisenberg-representations



3.4 S1
S1 =

spcm{xo, $1,$2,$3,$4,$5}

3.5 S2

S2 has 21 elements and has a decomposition into the following irreducible
Heisenberg-representations,that are grouped into isomorphism-classes.

S2 =

@® span{zg + 23,27 + 23,23 + 22} (C1)

& span{zf — 23,27 — 23,25 — 22} (C1)

© span{To * T4 + Tz * T1,T1 * Ts + Ty * To, T2 * To + T5 * 23} (C1)
@ span{wo * T4 — T3 % X1, X1 % T — Ty * T, Ty * Lo — 5 * 131} (C1)
© span{wo * T1 + T3 * Ty, Ty * T + Tg * T5, T2 * T3 + 25 * 10} (C2)
@ span{xg * x3,T1 * T4, T2 * x5} (Co)

@ span{zo * T1 — T3 * T4, 1 x Ty — Ty * T5, Ty ¥ T3 — T * T} (C)

10



3.6 S3

C D DS DD DD DD DD D DS DD D DD DD DD S D DD DD

span{zy + a3 + i, 2} + x5 + 23} (B1)

span{xd x x5 + x5 * 5 + 12 % 11,07 % T4 + T2 * 20 + 22 %22}, (By)

span{xg * T1 * To + To * Ty * T4 + Tg % Ts * To, T1 * To * Ty + Tz * Ty * T + T *x o * 21} (B1)
span{xg * To * xq, 21 * x3 * x5} (B1)

span{zd + et xad + @ xad ¥+t xad + Exady (B)

span{zd x x5 + €' x 25 x x5 + @ * 2] * w1, 25 * 14+ xh x 0 + € * 2 x 20} (By)

span{xo*xl *x2+e4*m2*xg*x4+62*x4*x5*m0,x1 *xg*x3+e4*x3*x4*x5+e2*x5*m0*x1}
span{xo * Tg * T4, 21 x x3 x x5} (B1)

span{xy + @ x w3 + et xad 2t + € xad 4t x2d} (By)

span{xd x w3+ x a5 x x5+ et xaix w2t xxy + v xwg + et xa xan) (By)

spcm{xo*xl *x2—|—62*x2*x3*x4+64*$4*x5*x0,x1 *J;Q*x3+62*xg*x4*x5+e4*x5*x0*x1}
span{xg * Ta * x4, 21 x x3 * x5} (B1) (By)

span{x? x x1 + 3 * T3 + T3 * 15,3 * To + 25 * T4 + 22 x 20} (Ba)

span{xd * x4 + 3 * o + T3 * T2, T3 * T5 + 23 * 11 + T2 *x 23} (Ba)

span{xg * T1 * T3 + To * Ty * Ty + Ty * Ts * T1, L1 * To * Ty + T3 * Ty *x T + Ts * To * T2} (Ba)

span{zd xxy + e v xd x w3+ @ vl v ws, a? xxo + et xavay + € x a2 v a0} (Bo)

span{zd x x4 + €' x 25 x 1o + €@ ¥ 2] % w0, ¥ ¥ x5 + et x2h x vy + & *22 %23} (Bo)

span{xo*xl *x3+e4*x2*x3*x5+62*x4*x5*x1,x1 *xQ*x4+e4*m3*x4*xo+62*x5*x0*x2}

span{xd * r1 + € x x3

w3+ et xalwas, 2t xwo + @ xairay + et xaxag) (Bo)

span{xd x vy + e x x5 x xo + et xxt x wo, 2F v w5+ 2 xxdxwy + et xad x a3} (B)
span{xo*xl*x3—|—62*x2*:z:3*x5—|—e4*a:4*1:5*x1,x1*:52*a:4+e2*wg*x4*xo+e4*z5*x0*x2}
span{xo * T1 % Ty + T * T3 * To + Ty * Ts * Ta, T1 * To * Ty + T3 * Ty * T1 + T * o * T3} (Bs)

span{xd x xo + 3 % x4 + 13 * T, T3 * T3 + 25 * x5 + 12 x 21} (B3)

span{x? * xo + 3 * To + TF * 14,5 * 11 + T3 * 23 + T2 x5} (B3)
Sp(ln{.’l,'()*l‘l*.’L'4+64*£L'2*{E3*.’L'()+62*1’4*$5*1’27$1*$2*1’5+64*$3*$4*$1+62*$5*£L’0*$3}
span{zd x xo + e x 23 x g+ xxi v wo, x? v w3+ et xawas + € x a2 xay} (B)

span{x? x 2o + €* % 23 ¥ o + @ ¥ 2 * vy, ¥5 ¥ 1y + et w2t x w3+ & x ] x5} (Bs)
span{xo*xl*x4+62*xg*x3*x0+e4*x4*x5*x2,x1*xQ*x5+e2*m3*x4*x1+e4*x5*x0*x3}
span{zg * xo + & x xix xq + et x 2t xxo, 2? v a3+ Exxixws et v a2 x a1} (Bs)

span{x? xxo + 2 x x5 x xo + et xxtx vy, w3 v xy + @ xad w3+t kv a5} (B)

11



5S4 =

4, 4 A, 4 4, 4
span{wy + x3, ] + Ty, , T3 + T5},

S

© S DS DD D DD DD DD DB DD DD DD

S D D DD D DD D DD DD DD DD

span{Tox12223 + T3T4T5X0, T1T2X3T4 + T4T5TOT1, T2Z3Xex5 + TsTox1x2} (C1)
span{zox1 2225 + T3T4T5L2, T1T2X3T0 + T4T5TL3, T2T3Te21 + TsTox124} (C1)
span{xirory + rirs571, 3305 + TIT0T, TIT4T0 + 22123} (CF)

span{xirirs + T320420, TiT22y4 + TAT5T1, 3T3T5 4+ xiwTa} (CF)

span{xies + xix? 2323 + oixd 232 + 222%} (C))

span{xixt + wix], 2325 + xiwd, x52s + wixd} (C1)

span{xixre + rirs, v3xs + xiwe, 2324 + 2321} (C1)

span{xdry + xiry, 23xs + 2ixg, 2dxg + 2323} (C1)

span{xirsrs + r3200T2, TIT4T0 + T1T1T3, T3T5T1 + vEx0x4} (Ch)

span{x%xlxg, + x%uxg, x%xgxo + mixg)xg, (E%ZL’giEl + x%xom} (Ch)

span{xixs, x%mi, r3x2} (C4)

span{zy + x5, a1 + Ex}, , x5 + Exd} (C1)

span{xor1 2203 + T3T4T5T0, T1T2T3T4 + T4T5T0T1, T2X3T4T5 + T52or122} (C1)
span{xor1Tors + € T304T5T0, T1T2T3T0 + € T4T5TOT, TaT3T4T1 + ET5T0T124} (C1)
span{m%xgu + Exzrsa1, $?$3x5 + Exyz0x0, x%mxo + 63{E5£E1.’E3} (C1)

2 2 2
span{zgxrixs + Ex32420, TToTy + 147521, Tox3T5 + E 52072} (C)

3,2 2 3,2 2 3
span{xiad + Sxie? 2?22 + Stk via? 4+ SaZat) (Ch)
3.2 2 3.2 2

span{ziz? + Saia? aiad + Salad, x32? + Salal}
span{xire + Exirs, vivs + Sty viry + Sadey}
span{ziry + € m3x1, x5 + St xhrg + Sadns}
span{xoxgxg, +é3 xgaroxg, 224w + 22w 123, TIT5T] + € a:?:czm} (C1)

2 3.2 2 3.2 2 2
span{zgri1xs + € X50400, T{T2X + € X3T5T3, 52321 + wExexs} (C1)

Span{ToT1T2T4 + T3T4T5T1, T1T2T3T5 + TaT5ToT2, TaT3TaTo + 5207173} (C2)
span{xir Ty + T22425, T2T0x3 + TAL5T0, aT4To + xax123} (Co)

span{xir, + xdry, 23xy + x5, 235 + 2320} (Co)

span{xirs + riro, 3y + rhwy, 235 + 2320} (Cy)

span{xirs + x3wg, 23z + xixs, 23w + 2324} (Co)
span{x%xgm + x%xol‘h $§$4$5 + xixwfz, 33%955930 + $§$2$3} (C2)
(C2)
(C2)
(C2)

2 2 2 2 2 2
span{rir1xy + T3T4T1, TIToTs + T1T5T2, X320 + Trxoxz ) (Co

2 2 2 2 2 2
span{zgraxs + T5T1Te, TIT5To + T3ToT3, T3X0T1 + TET3T4}

2 2 2 2 2 2
span{rgrexs + T3T5T, TT3T4 + T3T0T1, T3X4T5 + T5T1T2}

span{zorixowy + 63x3x4x5x1}
span{zirimy + € 151475, T1T2T3 + € 25520, T3T4To + ET5T 123} (C2)
span{zir, + iy, vy + Satus, adrs + Sadng} (Co)
span{xizrs + Exirg, vivy + Exir,, vivs + Saxdrs} (Co)
span{xizs + Eriry, 30 + Sadrs, wivy + Sadxy) (Co)
span{x%:cgu + e3x§x0x1, 2lryxs 4+ 220 30, 25T + e3x§x2x3}

2 3,2 2 3,2 2 3,.2

span{rgraxs + € x50100, TIT5T0 + € X3 T2T3, X301 + € xzx3x4} (C2)
2 3,2 2 3.2 2 3,2

span{xixrexs + € T50520, T1T3T4 + € TGToT1, X5X4T5 + € TEx122} (Ca)

2 2 2 2 2 2
span{zgrixs + 633333:4331, 22x0ms + €22 T570, TET3T0 + 633353303:3}



3.7 S5
S5 =

span{xg,x?,xg,xg,xi,xg} (D)

S2)

C D D DS DD D DD DD DD D DD DD DD DD DD DD DD DD DD DS DD DD D

Span{Tor1TaX3Ty, T1T2X3L4Ts, T2L3T4THL0, TIL4T5LL, L4T5T0T1 L2, T5ToX1T223 ) (D1)
Span{Tor1Tax3Ts, T1X2T3L4T0, T2LIL4THL], LIL4T5LL2, T4T5TOL1 L3, T5ToX1 T2} (D1)
span{z%xlxg:rg, x%xgxgu, x%x3x4x5, x§x4x5xo, xix5xox1, x%xoxle} (D)
span{x0x1x2m4,x1x2x3x5,x2m3x4x0,x3x4x5x1,x4x5m0x2,x5xox1x3} D1
span{x0m1x2x5,x%mgxgxo,x§x3m4x1,x§x4x5x2,mixg)xomg,x5x0x1x4} D1

2
span{m0x2m3x4, .7311‘3334335, Lol gT5T0, 3333351‘0331, $4£130$1$2, 1‘5331332333} D1

(D1)
(D1)
(D1)
SPan{xiroT s, TIT3T5T0, TIT4TOT1, TIT5T1 Lo, TIX0T2 T3, Tox123L4} (D7)
span{zoxlxgzm, 2 roxyxs, TE3T5T, x%:mxoxl, 252120, x5x0z29:3} (D)
span{xir 1 T3rs, ¥ ToT 4T, TITZT5T1, TIT4TOT2, T3T5T1 T3, Taxor224} (D7)
span{x0x3x4m5, r2x4x520, T2T5TOL L, ichol’lxg, iz 2013, x5m2x3x4} (D)
span{a:oxlmg,a:‘rfa:gxg,argxgm,x§x4x5,xix5xo,xgxox1} (D)

span{xirirs, r3rony, TT3Ts, 3T 4T0, TIT5T L, TET020} (D1
Dy
D,y

3
span{xyriTy, 30075, TT3T0, V3TAT1, TIT5T2, ToTOT3}

3 3 3 3
span{xiriTs, T3 rox0, To 3T, TaT T, XIT5T3, TEx0T4}

!

3 3 3 3
span{:noxgxg, TIT3T4, ToXaTs, TaX5L0, TyToL1, x5xlx2} 1

™)

3 3 3 3
span{xirory, 3325, T 4T0, TaT5T1, TIT0T2, ToT 123} (D1

!

3 3 3 3
span{xdrors, i3m0, 30471, X3T5 20, 3O, TET 124} (D1

™)

3 3 3 3
span{moxgm, TIT4T5, ToX5T0, T3LL1, TyT1L2, x51:2x3} 1

)
)
)
)
)
)
)
1)
)
)
)
)
)
)
)

T S

2.2 22 22 2.2
span{ziaiey, 2 rirs, xixin,, vaxies, vty vivde,} (Dy

)

span{xixics, virax,, TArTs, ¥3T AT, TIxET ), TExATe} (D1

2.2 2.2 2.2 2.2
spanf{ziricy, 2xirs, vaxing, vax50), vt w0, virdes}

!

1
Dy
D,

2 22 22 22 22
spanf{zieiey, 2xdes, v3xdng, vaxia,, v3aire, vivirs} (Dy

(
(
(
(
(
(
(
span{xirsrs, r3rsx0, ToT5T1, TaToTe, 3T T3, TITo24 )} (
(
(
(
span{xsrics, vixsx, TITIT, T3TAT, T3TET3, TETeTL} (
span{xiarics, vixixy, viries, viricg, viaxde,, r2xia,} (
(

(

span{xiaics, virixg, variTy, variny, vivirs, virie,} (Dy
span{zizicy, 2xies, vixies}
span{xirirs, vixixg, varin,, variTy, ¥ w3, A5,y (D))
span{xguxg),x:{’xg,xo,x%moxl,xgxlxg,ximgxg,xgxgm} (Dy)
spanf{xpry, rirs, T3xy, TaTS, TiT0, A2} (D))

D,

4 4 4 4 4 4
span{zyry, T1Ts, ToTo, T3T1, T4T2, T5T3} (D

4 4 4 4 4 4
Span{xox& T1X4, Tol5,T3T0, LyT1, 56'5,’1}2}

4 4 4 4 4 4
span{xyxs, T1T0, TaT1, T3Xa, T4x3, TsLe} (D1

(
(
(
span{wiey, aid, 250y, wjal, v1x5, v3ag} (
(
(
(

!

1
D,
D,
Dy
span{xixs, vixd x3x3 vied xixd, aiad} (Dy

2.2 22 2,2 2.2 2,2
spanf{zizics, v2xixg, vaxdey, 3T, 30503, virir,} (Dy)

2 2.3 .23 3,23
Span{mox2,x1x3,x2x4,x3m5,x4x0,m5x1}

3 3
span{xoxg, 3319547 9529557 5533307 5545517 5{5}732}

3 .23 .23 2.3 23
Sp(m{%%vxlxsvI2$07x3m1ax4$2a15$3}

)
)
)
)
)
)
)
)



.The irreducible representations above of S1,52,53,54 and S5 are clearly
Heisenberg-invariant and eqivalence-classes of the group acion H6xCl[zg, 21, 2, T3, X4, T5] —
Clxo, x1, 2, 3, T4, x5], since they are irreducible.That they are Heisenberg-
representations because all the actions H6 x V' — V (where V is one of the irre-
ducible components) are inherited from the group-action H6xClxg, 21, 2, T3, x4, x5],and
thus they are group-actions.

Now we will se that the direct sum of irreducible components belonging to the
same isomorphism-class splits as irreducible-representations of the normalizer of
the Heisenberg-group in GL(C®),N[H6]. For S2 we will see that

2, .2 2, .2 .2, 2 2 2 2 2
span{zy + 3,27 + 23,23 + 22} @ span{af — 23,27 — 23,23 — 22}

span{xory + T3x1, T125 + T4To, TaZg + T5x3} D span{xo * Ty — T3 * T1,X1 * T5 — T4Ta, ToLo — T5T3}
splits in two irreducible representations of N[H 6],namely

span{x? + 22 22 + a2 22 + ak x) % w5 + x4 % To, To % To + X5 * T3, T0 * Ty + T3 * 21}

and

span{zs — x2 12 — 22 2% — 22 @1 % x5 — T4 * Ty, Ty * To — Ty * T3, T * Ty + T3 * 1}
Thus we first have to introduce the normalizer of H6 in GL(C®).We will

first find its abstract group-structure,and then calculate it directly(in GL(V))-

which is necessary in order to find the action of the normalizator on spaces

such as span{xd + 23, 23 + 23, (23 + 22, 21 * T5 + T4 * T2, Ty * To + T5 * T3, (X0 *

x4 + z3 * 1} Now the Normalizer is the set {n|nH6n"! = H6} under matrix

multiplication.p(H6) is generated by p(c) and p(7),s0 if n is an element of

the normalizer then np(o)n~! and np(y)n~! will also generate p(H6).So the

normalizer conists of all matrices n in GL(C®) that satisfy the equations (*)

and (**) (Here p is the Heisenberg-representation p : H6 — GL(C®) defined

above.)

np(o)n™" = (ex1)"p(0)*p(7)" (+)
‘p(o) p(1)"

I)
np(y)n~" = (exI)" p(o ()
(ex I)") det(p(0)®) * det(p(7)") =
") de
+¢

1(—1)°(~1)t = (~1)**
1(-1)¥ (=)' = (=1)*"**

*

™

= —1 =det(p(0)) =
< "Ydet(p(0)*) det(p(+)")

)
= —1 =det(p(7))
=1 (mod 2)

)
det
det
= s+t=1 (mod?2)o

t(
t(
0g s

But for n to be in the normalizer we must be sure that np(c)n~! and

np(y)n~1 actually genetate p(H6); so there will be conditions on (s,t,s’,t')

(e I)" p(0)* p(7)! (% I)"p(o)* p(7)"
=(ex I)(e+I)"p(0) p(7) (e + )" p(e)™ p()"

that by proposition 1.1 translates into

’ ’ ’ ’
€r+r t so_s—i-s ’YH_t

/7 ’ ’ ’
€r+r ts +1O_s+s ,yt+t

=ts’ —t's =1 mod 6
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so s+t =1mod2s +t =1mod2 and ts’ —t's = 1 mod 6. Now the set
of such quadruples (s,t,s’,t") or the set {(; f,) [s+t=1mod2,s 4+t =

1 mod 2,ts’ —t's = 1 mod 6} under matrix-multiplication will form a group due
to the following multiplication law. If

Ao« A7 = €M % o x4t

Asxyx A7 =€ kot *’ysll
Bxox Bl =€7?x0%2 54"
Bx~yx B! = €' % %2 *’ytlz’

and

(AB)x o % (AB) ™' =" % 0° 4!
(AB) %y (AB) ' = ¢ % 0* x4

S1 tl S9 t2 o S t
s) st ) \sy sh) \s t')°

Thus we have an homomorphism from the group N[H6] to the group { (5, t)

’

then

t/
|s+t =1 mod 2, s+t =1 mod 2,ts'—t's = 1 mod 6} under matrix-multiplication

defined by ¢(A) = {(;, f,) }, with kernel precicely H6. Thus we have the fol-
lowing proposition

Proposition 3.2 N[H6|/H6 = {<;, f,) |s 4+t =1mod2,s +¢ = 1mod

2,ts’ —t's =1mod 6}

From this we get the following corollary.

Corollary 3.3 N[H6]/H6 = <(§ (1)) ’ G (5))>
1 2

2
(5 0) and 1

This can just be done by computing all possible products of these matrices.

Proof One only need to check that g) generates N[H6|/H6.
Next we will calculate the normalizer directly. We saw that N[H6]/H6 =

<<§ (1)) , (? ?)) ), so we will find the matrices in N[H6]/H6 corresonding to

2 1 2 1
G o) (o)
Proposition 3.4

Ml*U*Ml_lzer*UQ*le
Ml*fy*lel:erl*JS*fyO

M2*U*M2_1=er*02*'y5
MQ*'V*MQ_l:eT/*Jl*'yO

15



then

1 1 & 1 1 &
1 et 1 8 & &8
1 e & 1 € &
M1 = 1 3 ¢ 3 1 €
1 e 1 1 € 1
1 & & S 2 &
and
1 1 & 1 1 €
1 & 1 & & €
1 et et 1 & &
M2 = 1 8 2 8 1 €
1 € 1 1 € 1
1 e et & € €

Now we will decompose Ss into irreducible representations of N[H6].As men-
tioned earlier these are direct sums of irreducible Heisenberg-representations
that are isomorphic as Heisenberg-representations(form the same isomorphism-
class) First we will now see that the direct sum

2 2 2 2 2 2
span{xg + x5, ] + x4, v5 + x5}
2 2 2 2 2 2
© span{rg — 3,77 — 3,75 — T35}
@ span{zg * T4 + T3 * T1,T1 * T + T4 * To, To * To + Ts * T3+

@ span{wo * g — T3 * T1,T1 * T — Ty * To, To * To — Ts * T3}
splits in two irreducible representations of N[H 6] namely
2 2 2 2 (.2 2
span{xg + x5, 27 + a1, (x5 + x5, 2125 + X422, Taxo + T523, (o2 + X371}
and

2 2.2 22 2
span{zg — x5, x] —x3, (T3 —T5, T1 % L5 — Ty * Lo, To*x Lo — Ty * T3, (To*Ta+T3*T1 )

The action of N[H6]/H6 on
2 2 2 2 2 2
span{xg + x5, x7 + 1, T5 + TZ, T1T5 + T4Ta, ToXo + T5T3, ToLa + T3T1 }

is defined by the following lemmas.
Below we let the matrices M1,M2,M1M2,M2M1 act on the variables xg, x1, T2, T3, T4, Ts5;
let v be the vector (xg, z1, 2, T3, T4, 31‘5)T, then this map sends xg — yo, 1 —>
Y1, T2 — Y2, L3 —> Y3, T4 — Y4 and x5 —> y5. Then let the map induced by
M1 f.ex be f(xg,x1,x2, T3, T4, 25) = f(Yo, Y1, Y2, Y3, Y4, Y5)-

16



Lemma 3.5 M1 sends

¥ (22 423) ook (21425 Fask (23 +22) Fau* (T 25T ax2e ) Fas* (To*mo+rs*T3) FagH (ToxTsHT3%T 1)

to
+(2%a1 +2%ag +2%xa3 + 2k g + 2% a5+ 2 ag) * (x5 + 23)
+(2*a1+2>k62*a2+2*e4*a3+2*a4+2*62*a5
+2x et ¥ ag) * (22 + 22)
+(2% ko +2xan +2x et xaz+ 252 xay
+2 % a5 + 2% € x ag) * (23 + )
+@xetxar+axetxay+dxet vaz+(=2) ket xay
+(=2) x et ka5 + (=2) % €' x ag) * (z1 * T5 + T4 * T2)
+@Axetxar+dxan+4xexaz+ (—2) %€ xay + (—2) x a5
+(—2) % €% % ag) * (T2 * 20 + T5 * 3)
+(dxog +4xetxag+dx®xaz+ (—2)xay+ (=2)x €' xas
+(=2) x €% ag) * ((zo * T4 + T3 * 1))

and

Lemma 3.6 M2 sends oy * (22 + 23) + ag * (22 + 23) + az * (23 + 23)

+oayx (T %5+ Ty xX2) + % (T2 % To + X5 * T3) + g * (To * Tg + 3 % 1) tO
(2%a; +2%ag+2%az+2%ay +2%as +2*ag) * (x2 +3)

+(2%ap +2x et v+ 2% xaz +2%xay +2x €t xas + 2% €2 xag) * (22 + 27)

+2*etxar+2xan +2x @ xaz+2x €t xag +2x a5+ 2% € ag) * (23 + x2)

(

(
+@AxExa+4xxar+dxedraz+(=2)x @ xag+ (=2) x @ x a5+ (=2) % €2 x ag) * (11 * T5 + T4 * To)
(
(

+dxxar+dxag+dxetxaz+ (—2) * @ xay + (—2) * as + (—2) * ! x ag) * (w2 * 20 + o5 * 73)

+(Axa; Fa4xExag+dxetxaz+ (=2 xag+ (—2)x @ x a5+ (—2) ket xag) * (o * 24 + T3 % 21))

Now the representation span{xoxl — X3T4,T1T2 — T4T5,T2T3 — xsxo} of
N[HG6]/H6 is defined by the next two lemmas

Lemma 3.7 M1 sends oy * (To * T1 — T3 * T4) + o * (T1 * To — Tg * T5) + a3 *
(xg % x3 — x5 % x0) tO
(2(6 —+ 1)a1 + 2 * (62 —+ 61)012 —+ 2(62 + 63)063)(1’0.%1 — .’£3£L’4)

+2(1 +€)ag +2(2 + )ag + 2(1 + €)az) (w129 — T475)

+(2(1 + 61)041 + 2(1 + 65)a2 + 2(64 + 65)a3)($2£r3 — £E5.’E())
and
Lemma 3.8 M2 sends ay x (xg * x1 — T3 % Tg) + o * (1 * T — T4 * T5) + Qg *
(xg % x5 — x5 % x0) tO

2*(E+D) xar+2% (' + ) xag+ 2% (e +€3) xaz) * (zo 1 — T3 % 14)

+2x(1+e)xar +2x (P + ) kag + 2% (14+€') xaz) * (z1 x 2o — T4 % T5)
+(2x(1+ ) xar +2x (1+€e')xay+ 2% (2 4+ €) xaz) * (zg * 23 — =5 * T0)

17



2 2 .2 2
And Span{xo (E3,.’E1 Ty, Ty — T5,LoLg — (Egl’l),l’lxg, + x4, 2270 — T5T3,

LT3, L1X4,T2T5, 0L + I3T4,X1T2 + Tpals, 23 + LL‘5ZC0)} becomes a represen-
tation of N[H6]/H6 by

Lemma 3.9 M1 sends a;(zf — 23) + as (2} — 23) + as(zd — 22)

+ as((zors — 2321)) + 5((T175 + 2472)) + @6((T270 — T573))

+ arzor3 + agT1T4 + Q9TaT5 + 10(ToT1 + T3T4)

+ ar1(z122 + T425) + @12(x2x3 + THT0) toO
(4*a1—|—4*e*a2—|—4*e2*a3—2*62*a4—2*e3*a5
—2x et x o) * (o * T + T3 * T4)
+(4*e4*a1+4*e*a2+4*64*a3—2*64*a4—2*61*a5
—2x et x o) * (T * Ty + x4 % T5)
+A*xetxog +4xE vt 4 xaz — 2% €2 xay
—2x e xay — 2% ag) * (29 * T3 + 5 * 20)
+(dxor+4xExagFAdxag+Axag+4xe xas+4%ag)* o * T3
+(4*a1+4*e5*a2+4*e4*a3+4*e4*a4+4*63*a5
+4*e4*a6)*x1*m4
+d*xa; +a4xExag+dretxaz+4xetxay
+4*e5*a5+4*a6)*x2*x5
+(ar +ag+ag+2%ajp+2xa1; +2%ags) * (x5 — 23)
+(e3 *a7+e *ag+e *a9—|—2*e * Q10
+
+(€

2) x g 4+ 2% € x o) * (27 — x3)

2*0474—1*0484—6 *a9+2*e * (10

2) ka1 + 2% o) * (z g*xg)

++

)*a11+( 2)*64*OZ12) * ((wo * w4 — 3 % 11))

+

2x el xar +2x e xag+2xe xag+ (=2)x e xagp

+

2) % €' x g + (—2) % €' x o) * (T1 x5 — T4 % To)

+

+(2x et xar +2xag+2x €2 xag+ (—2) x €2 *x ay

(
(—
(
(—
(2%ar+2x*xag +2x 2 xag+ (—2) k2 xayg
(—
(
(—
(
+(=

2) x €t x aqp + (=2) * aga) * (T2 * 2o — o5 * 3))
and
Lemma 3.10 M2 sends
ay x (x5 — 23) + ag * (af — 23) + ag * (25 — x3)
+oyx ((xo*xxg — 3% 21)) + a5 % (X1 * 5 — T4 % T2))
+ag * (T2 xxg — x5 % X3)) + Q7 * T * T3 + Qg * Ty * Ty
+ag * Tg * Ty + 1o * (T * T + T3 * T4)

+aqy * (11 x Xo + x4 % x5) + @i * (T *x T3 + X5 * )

18



to
(Asar+4xxag+4xe*xaz3—2xetxay
—2*53*a5—2*62*a6)*(x0*x1+x3*x4)
+dxxa;+4%xE xan+4*el xas
—2*52*044—2*65*&5—2*62*a6)*(x1*$2+x4*x5)
+(4*62*ozl+4*e3*a2+4*e4*a3—2*e4*a4
—2% €0 x5 — 2% ag) * (T * T3 + X5 * 20)
+(4*a1—1—4*53*ag+4*a3+4*a4+4*63*a5+4*a6)*xo*xg
+(4*a1+4*61*a2—|—4*62*a3+4*62*a4+4*63*a5
+4*52*a6)*x1*x4
+(4*a1+4*63*a2+4*62*a3+4*62*a4
+4x el a5+ 4% ag) * T2 x5
+(a7+a8+a9+2*0¢10+2*a11+2*a12)*(x3fmg)
+(e3 *a7—|—e *a8+e *ag—l—Z*e * Q10
+
+(€

)*a11—|—2*e * Qrpp) * (w%—xi)

4*a7+1*a8—|—e >koz9+2*e * (10

+

2) * ayq + 2% aga) * (25 — 23)

+(2%ar +2x @ xag+2x et xag + (—2) x €' x ao+

+

2xxar+2%x€ xag+2x€ xag+ (—2) xe® xajg

+

2) % €® x aqy + (—2) * € x aqa) * (@ * T5 — T4 * T2)

+

+(2%xxar+2%ag+2x€ *ag + (— 2)*64*a10

(
(—
(
(-
(
(— )*a11+( 2) % €2 % a2) * (To * 24 — T3 % 21)
(
(—
(
+(=

2) x € any + (—2) % arg) * (T2 * T — o5 * 13))

We will not prove all of the lemmas as they involve rather long and te-
dious calculations,but merely that the action of M2 is analogous to that of M1;
everywhere we can just replace €® with e~ .

Lemma 3.11 If M1 sends aq(zor1 —324) +aa(r102 —2425) + as(x2w3 — T520)
to

(2(e! 4+ 1)y 4 2(2 + ') + 2(¢? + €3) ) (zox1 — 2324)
+2(1 4+ )ay +2(2 + )ag + 2(1 + ®)az) (z172 — 2425)
+(2(1eYay +2(1 4 ) ag + 2(e* + ) as) (w2x3 — 2520).
then M2 sends aq x (xo * 1 — x3T4) + qo(x122 — T4ws) + az(xox3 — T5x0) to
(e + Dag +2(e 2 + e Hag + 22 + € *)az)(vor1 — T374)
+2(1 + € oy +2(e 2 + e 3)ag + 2(1 4+ ¢ ®)ag)(z122 — T45)
+(2(1e Vg +2(1 + € P)ag + 2(e7* + € %) as) (zaz3 — T570).
And similar for the actions on

2 2 2 2 2 2
span{xg + x5, x) + x5, T5 + 5, T1X5 + T4Zo, ToXo + T5T3, ToTa + T3x1}
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and

2 2.2 2 2 2
span{zg — x5, 7 — T3, Ty — Tz, T1T5 — T4To, To * To — TpT3, LoTs + T3T1 ).

Proof Look at

Ml(l’ol‘l —+ .’B3I4) (Mlll.TO —+ Mllgl‘l —+ Mllgl’g —+ M114£173 + M115IZZ4 —+ M116$5)

(M191z0 + M1aoz1 + M1ogxe + Mlggxs + M1losza + Mloszs)
+(M1yxo + Mlyozy + M1ygxe + M1ygxs + Mlyszg + M1sezs)
( )

M1s129 + M1s221 + M1szxe + M1sa23 + M1sszs + M1sgxs

The coefficient of iy will be MlliM].Qj+M11jM12i+M141'M15j+M14jM15i
(*)
And the coeffecient of z;x; in the expression

M2(I‘0£C1 + .T3£E4) = M211$0 + M212$1 + M?lgl’g + M214£173 + M215£Z?4 + M216$5

( )
(M22120 + M29221 + M29329 + M294x3 + M29524 + M29625)
+(M24120 + M24021 + M2y320 + M24425 + M24524 + M24625)
(M251.’E0 —+ M252£E1 =+ M253l’2 + M254£C3 + M255(E4 —+ M256.’E5)

will be M21iM22j + M21jM22i + M24iM25j + M24JM252(**>the two irre-
ducible Heisenberg-representations span{xoxi + x3x4, T122 + T4x5, TaTs + T5To }
and span{xsxg, x4x1, T2xs5}.

S0 Xa,,a, is a Heisenberg-invariant variety. We say that X, o, and Xyeta, 8,
are isomorphic as Heisenberg-invariant varieties if V., o, and Vg, g, are isomor-
phic as Heisenberg-representations.An interestning question is when X,, o, and
Xbeta,,3, are isomorphic as Heisenberg-invariant varieties; the next four lemmas
gives an exact relation between (a1, as) and (betay, 52).

The entries of

1 1 & 1 1 &
1 e 1 8 & &8
1 2 & 1 ¢ &
M1 = 1 8 ¢ 3 1 €
1 e 1 1 €& 1
1 & & & & &

is of the form M1;; = €““ where wij is 0,1,2,3,4 or 5 and then the entries of

1 1 € 1 1 €
1 & 1 8 ¢ &
1 ¢ et 1 &
M2 = 1 8 2 & 1 €
1 € 1 1 € 1
1 el et 8 et €

is of the form M1;; = €“% where uij is 0,1,2,3,4 or 5

Thus the expression in (*) will be sums of the form > €7 €7 Now M2;j1 =
M1;; = e " and thus the expression in (**) will be of the form 3 e 7e~7>.Now
the result follows.
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Var,an = span{ai(zoz1+3z4)+ao(2xs), 0 (z122+Taxs)+ao(xszo)ar (Texs+rs520) oo (zaz1)}

is an irreducible Heisenberg-representation obtained from the two irreducible
Heisenberg-representations span{zoxi + T3z, T122 + T425, 223 + 520} and
span{zsxo, Taz1, T2xs5}. Let Xo, q, be the variety

{(x0, 21, T2, 3, 4, x5)|f (0, 1, T2, 3, 24,25) =0V

c1(aq(zox1 + x324) + 2(x0w5)) + co(a1 (122 + Taws) + aa(T320))

+ez(on (wax3 + x520) + a2(r471)),

c1,c,c3 € C},

And let Xo; 00,05 =

= {(zo, z1, T2, 23, T4, x5)| f (X0, T1, T2, T3, T4, 25) = 0 V

f=ai(xdz; + 2323 + 23w5) + Qo (w1292 + T3T470 + T5TOT2)
tas(2ies + 22x) + x2x3)}

So X4, a, is a Heisenberg-invariant variety.We say that X,, o, and Xg, g, are
isomorphic as Heisenberg-invariant varieties if V,, o, and Vs, g, are isomor-
phic as Heisenberg-representations.An interestning question is when X, o, and
Xbeta,,3, are isomorphic as Heisenberg-invariant varieties; the next four lemmas
gives an exact relation between (aq, as) and (81, fB2).

But first some preliminary results about the matrices M1M2 and M2M1.

Remember that

1 1 ¢ 1 1 €
1 & 1 & & &8
1 e & 1 € &
M1 = 1 3 ¢t 3 1 €
1 ¢4 1 1 ¢ 1
1 & & S 2@ &
and
1 1 € 1 1 €
1 & 1 & & &
1 ¢ et 1 &
M2 = 1 8 2 & 1 6
1 € 1 1 € 1
1 e e & ¢ €
Thus
2(2 + €*) 0 2(1 + 2€2) 0 2(1 + 2€%) 0
0 2(2 + €*) 0 (2+¢€) 0 2¢2(2¢2 + 1)
| 201 +2€%) 0 2(1 + 2€2) 0 2(2+€%) 0
MIM2 = 0 2(1 + 2€2) 0 2(2 + €?) 0 2% (14 2€%)
2% (2 +€t) 0 2¢2(2x €2 +1) 0 2(2 + €*) 0
0 2% (2 4+ €?) 0 2(1 + 2¢€%) 0 2% (14 2¢62)
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and

2(2 + €%) 0 2(1 + 2¢%) 0 2(1 + 2¢*) 0
0 2(2 4 €2) 0 (24 €2) 0 2et(e* +1)
201+ 2¢€%) 0 2(1 + 2¢%) 0 2(2 + €2) 0
M2M1 = 0 2(1 + 2¢%) 0 2(2 + €2) 0 2(1 + 2¢%)
2(2 + €?) 0 2et % (2¢* +1) 0 2(2 + €?) 0
0 2% (2+ €2) 0 2(1 + 2¢%) 0 2% (1 + 2¢%)
If
MlxoxM1I7 ' =¢" x0% 57!
M1syx M1 =€ %07 x40
and,
M?*U*M271 :er*o'z*fy‘r)
M2 s ys M271 =€ x ot %0
MIM2 %o (MIM2)™! = ¢" %0 x+*
MIM2 % v * (M1M2)71 = %o *,yt’
then

2 1) (2 5) _ s t\ (5 4 @
5 0 10/ s ) \4 1
So MIM2x o % (M1M2)™" = € % 0% sq* MIM2x~y % (M1M2)~! = € xotx~1.

This follows from the multiplication law on page 15.
So it follows from the proposition that

(M1M?2, M2M1) = <(; f)(i i‘>>

So we have the following result.

Proposition 3.12

(M1M2,M2M1) = ((g ?) , <Z %)) is isomorphic to the quaternion group
x[1]1i ] [k
1111 |j |k
Proof i |i |[-1|k |-]
17k [1]3
kK| k| |4 -1

“Gh6) 6y

And these matrices satisfy the multiplication table above.
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Lemma 3.13 M1M2 sends the element
e * (aq(zoxy + 2324) + a2(2225)) + ca(ar (X122 + T45) + aa(z320))
+ez ok (ap (o + 2520) + o(x427))
to
c1 % (Br(woxy + x324) + P2(w225)) + c2(B1 (w122 + 425) + B2(T370))
+e3 x (B1(xox3 + 2570) + P2 (T471))

where B1 = ane + 2a1 0og Ba = g + 2€% * .
Lemma 3.14
M2M1 sends the element

c1(aq(zox1 + x324) + o(x0ws5)) + co(ar (122 + Taws) + @a(T320))
+es(on (roxs + w520) + a2(2421))
to

c1(Br(zor1 + x324) + Pa(w225)) + c2(Br(z122 + 2475) + P2(2320))
+c3 % (B1(z223 + 2520) + B2(421))C

where B1 = ap *x €2 +2%aq 09 B = s + 2% e xay.

Lemma 3.15
M1M?2 sends

a1 (zixy + xixs3 + 2525) + an (212024 + T3T4T0 + T5TOT2)
taz(zies + viry + xivs)

to

B * (x%xl + x%xS + xixg,) + Bo(x12224 + T3T4To + T5ToT2)
+B3(xFws + w321 + 2i3)

where B1 = (=3)(1 + 26%)ay + (=3)(e? + 2eY)ag, B2 = (=3)(2+ M)y
+ (=3)(1 + 26" ) g and Bz = —24(2 + €*(2 + €*).

Lemma 3.16
M2M1 sends
Coy (2271 + 2523 + 1325) + o (212024 + T32420 + T5T020)
taz(zics + viry + xivs)
to
Bi(xiwy + 2325 + 22x5) + Bo(x12274 + 23240 + T52TOT2)
+B3(x3zs + w371 + 2i3)

where B1 = (=3) * (1 4+ 2% e?) x ag + (=3) * (e* + 2 % €2) * ag,
B = (—3) % (2+€2)) vy +(=3) % (1+2x€?) xanandfz = —24% (2+€2) % (2+€).

So the map M1M2 and M2M1 above induces the following group-actions
on C? and C3. The group-action on C2 is defined by M1M?2 that induces the
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following map from C? to C? given by (a1, as) — (age* + 21, as + 2€2ay) and
M2M1 which induce the map (o, az) — (aze? +2aq, ag + 2€*ay) , The group-
action on C? is defined by M1M?2 that induces the map from C? to C? given
by

(al, O[Q.Olg) —

(=3)(1 + 2% a1 + (=3)(2 + 2¢h) o,

(=3)(2+ eMag + (=3)(1 + 2% €M )ag, —24(2 + €*) x 2 + )

and M2M1 induces the map

(alv g, Ol3) -

((=3) % (1 +2¢) % g + (=3)(e* + 26H)ay,

(=3) % (24 €) kg + (=3) * (1 +2%€%) x g, —24 % (2 + €2) % (2 + €2).

This defines a group action of (M 1M2, M2M1) or of the quaternion group on
C? and C? ; and this group-action partions C? into equivalence classes(orbits).
Soif (a1, a2) and (B4, B2) are of the same equivalence class(or orbit),then X, o,
and Xpg, g, are ismorphic as varieties(*). (M1M2, M2M1) also defines a group-
action on C3, and here X,, q,.q, and Xpg, g, g, are also isomorphic as varieties
if (a1, a9, a3) (B1, P2, B3) belong to the same orbit of this action(**).
The isomorphisms between the varities above follws from the fact that (M1M2, M2M1)
is a subgroup of N[H6],the normalizer of H6. So in a sense the quaternion-group
is the key to the solution of the question when two X, «, and Xg, g, are iso-
morphic as Heisenberg-invariant varieties.

Conjecture The statements (*) and (**) above holds for irreducible Heisenberg-
varities that are obtained in an analogous manner as X, o, and X, a,.04

Lastly we will prove that the maps induced by M2M1 can be obtained from
the map induced by M1M2 by replacing every ¢* with e *.So it is given by

(a1,a0) —
(o™ + 20, ap + 26 2ay)
and
(a1, a0.a3) —
((=3)(1 + 262y + (—3)(€% + 26 ),
(=3)(2+ e Ny + (=3)(1 + 2 Hag, 242 + e (2 +e7?)

. Then we will prove tha we can replace €“ with e “.

Proof Look at

M1M2(xoxq + x314) =

(M1M2y120 + M1M21521 + M1M21329 + M1M21423 + M1M215204 + M1M21625
(M1M29120 + M1M295x1 + M1M29329 + M1M2o425 + M1M29524 + M1M 29615
(M1M2420 + M1M24001 + M1M24325 + M1M24425 + M1M 24524 + M1M 24615
(M1IM25120 + M1M25001 + M1M253x0 + M1M25425 + M1M 25524 + M1M 25625

)
)+
)
)
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The coefficient of x;x; will be
MIM2,;M1M29;+M1M24; MIM2;4+MI1M24; M1M25;+M1M24; M1M25; ()
And the coeffecient of x;x; in the expression

M2M1(xoz1 + x324) =

(M2M11,20 + M2M1iozy + M2M1y525 + M2M1y425 + M2M1i524 + M2M1,625
(M2M 19120 + M2M199w1 + M2M 19320 + M2M1o4xs + M2M o524 + M2M 15625
(M2M 14120 + M2M140x1 + M2M 14320 + M2M14qxs + M2M 14524 + M2M 14625
(M2M 15120 + M2M 15021 + M2M 15320 + M2M 15405 + M2M 15524 + M2M 15625

)
)+
)

)
The coefficient of x;x; will be
M2M1y; M2M 1+ M2M1y; M2M Ly;+M2M14; M2M 15+ M2M 14, M2M15; (%)

Since
MI1M2;; = €** « €O ¥ 4 b2 4 @B b3S 4 ity (baj g (Bis g bsi 4 o oy

, where a;1,a2...0i6, b1j. . .... bg; are elemenents of the set {0,1,2,3,4,5}, the
expression in (*) will be of the form ) e e’ eYwer=. But since

M2M1;; = e e 01 e %202 4 ¢T3 e Tb8) 4 e Bid g Tb T W5 455 | e di0 e Tb0s
the expression in (**) is of the form ) e 7we e Ywe™ Y=, And similar for

M1M2(xoxs), MIM2(xyzo+x425, ) MIM2(2320), MIM2(29234+2520) and M1M2(x421).
So lemma 4.12 follows from 4.10 by replacing € with e~ in the expressions for

£1 and B2. Same argument will also prove lemma 4.13
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