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SENSITIVITY ANALYSIS IN A MARKET WITH MEMORY
D. R. BANOS, G. DI NUNNO, AND F. PROSKE

ABSTRACT. A general market model with memory is considered. The formulation is
given in terms of stochastic functional differential equations, which allow for flexibility in
the modeling of market memory and delays. We focus on the sensitivity analysis of the
dependence of option prices on the memory. This implies a generalization of the concept
of delta. Our techniques use Malliavin calculus and Fréchet derivation. When it comes
to option prices, we consider both the risk-neutral and the benchmark approaches and we
compute the delta in both cases. Some examples are provided.

1. INTRODUCTION

In this paper we are interested in the study of price sensitivities of financial claims
("greeks”) in markets with memory. The fundamental case we study is the so-called
"delta”, which is the sensitivity to the knowledge of the asset price at time ¢ = 0. The
delta typically takes the form

(1.1) Aln) = 5p(0
where
(1.2) p(n) = Egn {?Nn—f;))}

is the price of the claim (or option) ®(7Sr) with respect to the underlying asset process
1S, 0 < t < T at maturity 7. Here ® is a pay-off function, "N (¢), 0 < t < T, some
numéraire, and ()7 a certain probability measure (e.g. risk neutral measure). We assume
that 7Sy, 0 <t < T describes e.g. a commodity or stock price process on a market with
memory, that is we require that 7S;, 0 < ¢t < T depends on some memory 7 modeled
e.g. by a function. Hence, we may interpret the price sensitivity in (1.1) as a ”functional
derivative” of the price with respect to the "market history” 7.
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Prices of goods or commodities exhibit frequently behavioral aspects that may be hard
to interpret or model accurately. In the literature we find several works vindicating the
presence of memory in markets, meaning that, prices of financial instruments are affected
in some way by their values in the past. This phenomenon is discussed, for instance, in
[1] and [2], where a market model with delay is presented and a Black-Scholes formula
for the European call-option is derived. The model presented provides enough flexibility
for a better fit than the classical Black-Scholes model when assessed against real market
observations. Other authors dealing with markets with memory are for instance [4], [5],
9], [12] and [15]. In [14] the authors propose a model whose dynamics take the past of
the prices into account in order to clarify the presence of random cyclical fluctuations in
the market. We also mention the work [24], where a stochastic delay equation is used to
model stock prices ".S;, 0 <t < T. Here, the occurrence of delay in the model is explained
by the influence of insider traders on stock prices who have access to information about
certain events prior to the beginning of the trading period. The model we employ in the
present paper captures all models with memory mentioned here above.

In this paper we aim at analyzing sensitivities of prices of financial claims both in the
risk neutral valuation and the benchmark approach. The benchmark approach for pricing
contracts and financial options has been vigorously studied by e.g. [21], [19], [3], [6]. It
has the main advantage of not requiring the existence of an equivalent martingale measure
(risk neutral probability) in order to price claims, but the existence of a numéraire portfolio
(i.e. the growth optimal portfolio), that is, a portfolio process for which discounted price
processes are martingales with respect to the physical measure. Therefore, there is no
necessity to change measure.

In the next section, we introduce a general stochastic functional differential equation
(SFDE), which will then model a general asset price dynamics involving delay, and memory
in general. Moreover, we present important results on stochastic and Fréchet derivatives
that will be crucial in the computation of sensitivity parameters. Indeed we focus on the
delta as the parameter of sensitivity with respect to the initial condition. We stress that
the initial condition is the memory 7 in (1.1) that, in this framework, is a whole random
path. Hence we identify the need to extend the concept of delta. Our techniques deal with
Fréchet derivatives and Malliavin derivatives in Hilbert spaces. This paper contributes
to the analysis of prices of financial derivatives or insurance linked-derivatives when the
price of the underlying depends on its past. The computation of the delta and its very
concept for markets with memory are tackled for the first time in this paper. From the
mathematical point of view we derive, in the context of SFDE’s, an explicit formula that
connects the Fréchet derivative of the solution with respect to initial condition with its
Malliavin derivative.

It is in Section 3 where we focus on the computation of the derivative of expectations
in a general set-up. This results will then be applied in Section 4 where we study option
pricing in the risk neutral valuation and in the benchmark approach. The option prices
depend on the past of the underlying and we compute the sensitivity to this memory. We
stress that our techniques suit path dependent options. Some examples of models with
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delay or memory are presented. An appendix summarizing the used results in Malliavin
calculus is given with the aim of providing a self-contained reading.

2. STOCHASTIC FUNCTIONAL DIFFERENTIAL EQUATIONS

In this section we present the general setup for stochastic functional differential equations
(SFDE’s) that we will adopt to model delays in market dynamics. Our framework is
inspired by and generalizes [1], [2] and [14].

2.1. The model. We consider W = {W(t,w); w € Q,t € [0,T]} an m-dimensional stan-
dard Brownian motion on the complete filtered probability space (€2, F, (F;)icjo,17, P) where
the filtration is the one generated by the increments of W containing all P-null sets and
.F - -FT-

We are interested in stochastic processes z : [—r, T] x Q — R, r > 0, with finite second

order moments and a.s. continuous sample paths. So, one can look at x as a random
variable z : Q — C([—r, T],R%) in L*(Q,C([—r, T],R%)). In fact, we can look at x as

z:Q— C([-r,T),RY) — L*([~r, T],R?) = R% x L*([—r, T], R%).
So, from now on, we denote My([—r, T],R?) := R? x L*([—r, T],R?%) the so-called Delfour-
Mitter space endowed with the norm

(2.1) 10,2 = (Jo +1lel2) ", (v, ) € My([—r,T],RY),

where || - ||o stands for the L?>-norm and | - | for the Euclidean norm in R¢. For short we
denote My := My([—r, 0], R?).

The interest of using such space comes from two facts. On the one hand, the space M,
endowed with such norm has a Hilbert structure which allows for a Fourier representation of
its elements. On the other hand, as we will see later on, the point 0 plays an important role
and therefore we need to distinguish between two processes in L?([—r, 0]) that have different
images at the point 0. Finally, it is also a natural space to use since it coincides with the
space of continuous functions C([—r, 0], R?) completed with respect to the norm presented
in (2.1), by taking just the natural injection i(¢(+)) = (¢(0), ¢(+)) for a ¢ € C([~r, 0], R%)
and by closing it.

In general, given a Banach space E, we denote by L£*(2, E)) the space of all random
variables with finite second order moments taking values in E, and we endow this space

with the seminorm "
lellom = ( / ||x<w>||%P<dw>) .

So, L£2(Q, E) is a Fréchet space. It is important to differentiate between the space £2(Q, E)
and the space L*(Q, E) := £L*(Q, F')/ ~ where the equivalence class is given by

r,y€ L2LE)z ~y < |z—ylmr =0.

Moreover, we can restrict ourselves into the subspace of £L2(Q, E) of all (F})iepo,r-adapted
processes x € L*(€), E), which means that, for all ¢ € [0, T] the random variable x(-)(t) €
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L2(Q,R?) is Fj-measurable. We will denote the restriction of all (Ft)tejo,r1-adapted pro-
cesses by L2 (9, E). Respectively, L?(2, E) denotes the subspace of L?({2, E) of elements
that admit an (E)te[oﬂ—adapted modification. In our case £ = M.

To deal with memory and delay we use the concept of segment of x. So, given a process
x, some delay gap r > 0, and a specified time ¢ € [0, 7], we will consider the segment of
r in its past time interval [t — r,t]. We denote it by z;(w,-) : [-r,0] — R? defined as:
xi(w, s) = x(w,t + s) for all s € [—r,0]. So z4(w,-) is the segment of the w-trajectory of
the process x, and contains all the information from the past down to time ¢t — r. Indeed a
segment z; is a Fy-measurable random variable with values in My, i.e. x4(w,+) € M, given
w e Q.

The segment of x relative to time ¢t = 0, i.e. xg, carries information from before ¢t = 0. It
represents the initial knowledge about the process x. Let us consider a trivially measurable
variable n € L?(Q, Ms). To shorten notation we write n € M.

Consider then, the stochastic functional differential equation (SFDE),

22) da(t) = f(t,z)dt + glt, z)AW (1), t € [0,T]
) To="mE€E M,
where
f:[0,T] x My R4
(t,¢) f(t,0)
and

g:[0,T] x My — L(R™ RY)

(t, ) ————g(t, ).

Here g(t, ) is a full rank matrix. Under suitable hypotheses on the functionals f and g,
one obtains existence and uniqueness of strong solutions (in the sense of L?) of the SFDE
(2.2). The solution is a process x € L*(Q, My([—r, T],R?)) admitting an (F;)iejor-adapted
modification, that is, z € L% (2, My([—r, T], R%)).

By uniqueness in L*(Q, My([—r,T],R?)) we mean the following: given two processes
vt a? € L2(Q, My([—r, T],R?)), we say that they are L?(Q2, My([—r, T],R%))-unique, or
unique in the sense of L?(Q, My([—r, T],R?)), if

|21 — @2l L2 0o ((—r,1),Re)) = O
ie.,

( /Q (le(w)(o) — 23(w)(0)* + / ' |21 (W) (t) — :EQ(w)(t)|2dt) p(dw)) v _0

—-Tr
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In such a case, we will just say that the two processes are L?-unique or unique in the L?
sense.

The hypotheses we need to ensure existence and uniqueness of solutions of the SFDE
(2.2) are here below.

Hypotheses (H):

(i) (Local Lipschitzianity) The drift and diffusion functionals f and g are Lipschitz on
bounded sets in the second variable uniformly w.r.t. the first, i.e., for each integer
n > 0, there is a Lipschitz contant L,, independent of ¢ € [0, 7] such that,

|f(t,01) = f(t, 02)|ra + [|g(t, 01) — g(t, 02) | Lrm rey < Lnllo1 — @2l

for all ¢ € [0, T] and functions ¢y, 3 € My such that ||p1]|an < 1, ||@2]lan < 1.
(ii) (Linear growths) There exists a constant C' > 0 such that,

[f @& 9) ra + lg(t )l m ey < C (14 [[¢]]ar)
for all t € [0,T] and ¢ € Ms.

Now, we are in a position to state the theorem accurately.

Theorem 2.1 (Existence and Uniqueness). Given Hypotheses (H) on the coefficients f
and g, the SFDE (2.2) has a solution "z € L%(Q, My([—r,T],R?)) for a given initial
condition n € My and it is unique in the sense of L>.

The solution (or better its adapted representative) is a process "z : Q x [—r,T] — R?
such that

(1) "x(t) = n(t), t € [-r,0].

(2) "z(w) € My([—r,T],R?) P-a.s.

(3) For everyt € [0,T], "z(t) : Q — R? is Fi-measurable.

Proof. The proof is based on a similar approach as in the classical deterministic case by
using successive Picard approximations and can be found in [16], Theorem 2.1. U

Hence, it makes sense to write

"u(t) = n(0) + fgt f(u, "z,)du + fotg(u, T2,)dW (u), t € [0,T]
n(t), t € [—r0l.

Observe that the above integrals are well-defined. In fact, the process (w,t) — z(w) € My
is adapted since x is pathcontinuous and adapted, and the composition with the deterministic
coefficients f and ¢ is then adapted as well.
Note that "x represents the solution starting off at time 0 with initial condition n € Ms.
One could consider the same dynamics but starting off at a later time, let us say,
s € [0, T], with initial condition n € Ms. Namely, we could consider:
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(2.3) dz(t) = f(t,x)dt + g(t,z,)dW (t), te[s,T]
' o(t) =n(t—s), t€ls—rs.

Again, under (H) the SFDE (2.3) has the solution,

n(0) + [1 flu, "as)du+ [*g(u, "a5)dW (u), t € [s,T)
nt—s), t€ls—r,s]

(2.4) nps(t) = {

The right hand superindex here, "z®, denotes the starting point. We will omit the su-
perindex when starting at 0, 7z° = "z. The interest of defining the solution starting at
a later time comes from the semigroup property of the flow of the solution which we will
present in the next subsection.

2.2. Differentiability of the solution and properties. Since we aim at studying the
influence of the initial path 1 on the solution of (2.2) we need differentiability conditions
on the coefficients in order to ensure existence of an at least once differentiable stochastic
flow for (2.2).

In general, suppose we have Y and F' Banach spaces and U C E an open set. We write
L(E, F) for the space of linear bounded operators from E to F' endowed with the topology
generated by the norms on each space. Then a functional f: U — F is said to be of class
Clif Df : U — L(E, F) is continuous on bounded sets in U. The derivative D is taken in
the Fréchet sense. In the sequel, we will just focus on the Hilbert space £ = M,.

Now, following [17] we give the definition of stochastic flow.

Definition 2.2. Denote by S([0,T]) := {s,t € [0,T] : 0 < s <t < T}. Let E be a
Banach space. A stochastic C*-semiflow on E is a random field X : S([0,T]) x ExQ — E
satisfying the following properties:

(i) X is (B(S([0,T))) ® B(E) ® F,B(E))-measurable.

(ii) For each w € ), the map

X('7'7'7w):5([07T])XE E
(s, t,m) X(s,t,n,w)
18 continuous.
(ili) For fized (s,t,w) € S([0,T]) x Q the map
X(s,t,-,w): E E
77 X(S7 t7 n7w)

is CL.
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Ifo<s<u<t,weandx € E, then
X(s,t,n,w) = X(u,t, X(s,u,n,w),w).
For all (t,n,w) € [0,T] x E x , one has X(t,t,n,w) =n.

In our setup, we consider the definition given above in the space E = Ms. Let us
define X (s,t,n,w) := "xi(w) = ("2°(t)(w)," xf(w)) € My for w € Q, s < t, where "z is
the solution of the SFDE (2.3) with initial condition 7. Observe here, that we make an
abuse of notation when we write zj(w) € Ms, we already mean that z§(w) is of the form
(z°(t)(w), 75 (w)) € My where 2°(t)(w) € R and zj(w) = 1[_, o)z} (w) € L*([-r,0],R?). We
can see that X is indeed a Fréchet differentiable stochastic flow associated to (2.3) under

the following conditions:
Hypotheses (D):

(i)

The functional f : [0,7] x M, — R? is jointly continuous. For each t € [0, 7], the
map

f(t, ) . M2 Rd

@ [t )

is Lipschitz on bounded sets in M, uniformly with respect to ¢ € [0,7]. For each
t € [0,7T] the map

Rd

f(t7'> : M2

@ [t o)

is C! uniformly with respect to t € [0, T].
For each t € [0,7], the functional g(¢,-) : My — L(R™ R?) is C', with Fréchet
derivative Dyg(t,-) globally bounded. For each ¢ € My, the map

g(-,(p) : [07T] _>L(Rm7Rd)

t——————g(t, 1)

is square-integrable and locally of bounded variation. For each ¢t € [0,7] and w € {2
the functional

g(t, ) : L2([—T, T]aRd) - LQ([Ou T]? L(RmuRd))

@ 9(t, 1)
is C! and globally bounded.
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We have the following result due to [17], Theorem 3.1.

Theorem 2.3. Suppose that Hypotheses (D) are fulfilled and moreover that there exists a
constant C := C(T) > 0 and v :=~(T) € [0,1) such that

(2.5) [fto)l < C(1+lleli,)
for allt € [0,T) and ¢ € Ms. Then the following is true:
(i) For each w € Q, the map

X(yyw) : S([0,T]) x My ———= My

(S’t7 90) X(S7 t? 907('&))
is continuous and for fized (s,t,w) € S([0,T]) x Q, the map
X(S, t, ‘,CU) : M2

M

(10 X(S7 t? (p7 w)

is CL.

(ii) For each w € Q and (s,t) € S([0,T]) with t > s+ r the map X (s,t,-,w) : My — M,
carries bounded sets into relatively compact sets. In particular, each Fréchet derivative
DX (s,t,po,w) : My — My with respect to ¢ € Ms, is a compact linear map fort > s +r,
w € €.

(iii) The maps

(S>t7 gD,OU) = X(‘Sat?@paw) € M2

<S7 ta 2 w) = DX(S7 tu 2 LU) S L(M27 M2)

(57 i, w) = ||DX<87 e, w)||L(M21M2) S R*

are (B(S(T)) @ B(My) @ F,B(Ms))-measurable, (B(S(T)) @ B(Ms) @ F, Bs(L(Ma, Ms)))-
measurable, and (B(S(T')) @ B(My) @ F, B(R"))-measurable, respectively.

Remark 2.4. Note that condition (2.5) is sufficient. One may exchange it by other tech-
nical assumptions. We refer to [17] for a list of other sufficient conditions.

Henceforward, we assume that the hypotheses from Theorem 2.3 are fulfilled. In such a
case we know that the SFDE (2.2) is well-posed, it has a L?>-unique solution, and it admits
a global Fréchet differentiable stochastic flow. See [17].

We will, from now on, use the following notation X;(n,w) := X(s,t,n,w) = "zj(w). By
Theorem 2.3 and item (iv) in Definition 2.2 we have that equation (2.2) has the following
property: For each s,t € [0,7T], s < t,

XY =X} o X0
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Observe that this property defines a family of operators { X} }o<s<i<r that conforms to
a semigroup. These operators will be used extensively in the sequel.

Finally, recall that we also have Malliavin differentiability of "z(t) € L*(Q2, R?) and "z,
see [25]. The latter z : Q — My([—r, 0], R?) is a random variable taking values in a Hilbert
space. We have summarized the used elements of Malliavin calculus for Hilbert space valued
random variables in the Appendix. We will denote by D,, 0 < s < T, differentiation in
the Malliavin sense.

In relation to (2.3) we also define the following family of operators. For any u € [—r, 0],
define p, : My — R? as the evaluation at u, that is, p,((v, ) := v1oy(u) + ©(u)1j_.0)(u)
for any (v, ) € M. We observe here that the random variable 7x(¢) is an evaluation at 0
of the process X7 = "zf. Indeed, for u € [—r, 0],

puo XP(n,w) = pu("27)(w) = "xi(u)(w) = "2t + u)(w).

Next result details an important relationship between the Malliavin derivative of the
solution of (2.2) at s and the Fréchet derivative of (2.3) with respect to the initial path.
We would like to highlight here that we wish to compare two objects with different natures.

On the one hand, the Malliavin derivative D, "x; is a process which takes values in
the space L?(Q, M), i.e. it is an equivalent class. On the other side, we are considering
solutions to the SEFDE (2.3) in a pathwise sense and then computing the Fréchet derivative
DX} (n,w), which is an object in L(Ms, M) for each w € €. In order, to compare the
two we specify that we consider the representative of D,X?(n,-) that is adapted, which we
denote by (D, X?(n,))(w), w € Q* where Q*, P(Q*) = 1, is the set for which D, X}(n, ")
is adapted. Then for such representative and w € 2* we compute the Fréchet derivative
of the stochastic flow X?(n,w). Finally, we compare the two. This relation plays a crucial
role in the study of the sensitivity of (2.2) to the initial path condition.

Theorem 2.5. In the hypotheses of Theorem 2.5. For anyt € [0,T] and n € My, X?(n,")
is Malliavin differentiable and for s,t € [0,T]: s < t and w € Q, X/ (n,w) is Fréchet
differentiable with respect to n € M. Moreover, we have the following relationship between
random variables:

(2.6) DX; (X (n,w),w) = (D X7 (n,")) () 95" (s, z5(w)) po, P — a.s.

Here, fized s,t € [0,T], DXY(X%(n,w),w) stands for the Fréchet derivative of the flow
X3 (-, w) given w € Q, then evaluated at the point X2(n,w). Finally, gi' denotes the right-
inverse of the deterministic (d x m)-matriz g.

Proof. For t € [0,T] the Malliavin and Fréchet differentiability of "x(t) have already been

discussed in the previous section and can be found, respectively, in [25] and [16]. Hereafter,

for simplicity in notation we omit the dependence in w when confusion does not arise.
First of all, we make the following observation: for any u € [—r, 0]

Dpy(X}) = puo DX; for any u € [—r,0].

This implies that the segment process of the element D 7z°(t) is the same as the Fréchet
derivative of the segment process "z for a given 17 € M,. The same holds for the Malliavin
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derivative
D; pU(XtO) = Pu© Der?'

but in this case one uses the chain rule in the framework of random variables taking values
on Hilbert spaces, we refer to the appendix for further details. Such observation allows us to
prove identity (2.6) in the finite dimensional case for arbitrary evaluations p,, u € [—r,0].
In fact, it suffices to do it just at the point 0 thanks to the semigroup property of the flow
of the solution.

Then we start by computing the Malliavin derivative (D, "x(t)) (+) of the random variable
w +— "z(t)(w) at the point s € [0,t]. So,

D (1) /D w, "z)du + g(s, ") /D w, ) AW (u),

hence,

D, "a(t) = / DI (u, ")) 0 Ds(")du + (s, ")
(2.7) .
+/ Dlg(u, "z,)] o Ds("z,)dW (u).

In the previous expression we used the chain rule for the Malliavin derivative of random
variables taking values in a Banach space, see [22], Proposition 3.8. We include also an
ad-hoc version of the chain rule in the appendix.

Thanks to Theorem 2.3, we know that the solution process "x admits a stochastic dif-
ferentiable flow which we denote by X/ (n,w) = "zj(w), s < t, w € Q and its evaluation at
zero is namely po(X;(n,w)) = "2°(t,w). For any 0 < s <t < T we look at representative
of the solution in a pathwise sense, as an operator with input n € M and output "z*(¢t)(w)
in RY. Hence, from (2.4) we have

2 ( / flu,-) o X3( )du—i—/stg(u,-)oXZ(-)dW(u)

where here the dot stands for the function 7. Then, we compute the Fréchet derivative of
the above operator at a generic point € M,. To do so, we need to compute the derivative
of the stochastic integral. It is not immediate that one may do so by exchanging integral
with derivation. In order to justify that this can be done, one can refer to the work done
by E. Fournié et al. in for instance [10] or [11] where the same approach is used for the
computation of sensitivities. Thus

D "25(t) = Dpy(7j /D )o X (- du+/ Dig(u,-) o X ()](7)dW (u).

We recall that py is a linear operator and its Fréchet derivative is itself, so Dpy(7(w)) =
po € L(Ms,RY). For the other two terms we apply the chain rule. First,

D[f(u,-) o X5()](71) = D f(u, X3(7)) o DX (1),
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where D f(u, X2(77)) € L(M,,R?) and DX:(7}) € L(My, My). Finally, for g we have
Dg(u, X;(17)) o DX;(1) € L(Mz, L(R™,RY))
where Dg(u, X3(7)) € L(Msy, L(R™, R%)). Thus, in a summary

(2.8) D 1 (t) = po-) / Df(u, X3(i)) o DX3(R)du

n / Dy(u, X3(7)) o DX (i)dW (u)

where both left-hand side and right-hand side are operators in L(M,, R?).

In particular, let us consider 7 = X?(n,w) = "2%w) = "zs(w) € My for w € Q
where we recall that Q* is the full-measure set for which D,X?(n,-) is adapted. We use
the semigroup property of the flow X? o X? = X% and we obtain:

(2.9) D "25(t) = po(- / D[f ]o DX2(n)du

/D W)] o DXP(n)dW (u).

At this point, we see that there is a similarity between equation (2.9) and equation (2.7).
However, we note that equation (2.9) for w fixed represents an operator in L(M,, R?) while
in equation (2.7), after choosing the adapted representative w € Q*, P(Q*) = 1, we have
an operator in L(R™ R%). Next step is then to transport equation (2.7) to (2.9). We may
do it by means of an operator 7, € L(M;,R™) such that, w € QF,

9(s, "rs(w)) o 7() = po(-)-
We recall that g(s, "z,(w)) € L(R™,R%). So, we define:
Te » Mo R™

o ——75(p) = g5 (s, "xs(w))e(0)

where g' denotes the right-inverse of the d x m matrix g(s, "z4(w)), which is m x d-
dimensional, applied to ¢(0) € R% Observe that the operator 7, depends on the solution
Zs(w). In fact, in this case we have

e _ m ©°9(s, Tzs(w)) _
€ My ™ gi' (s, "2,(w))p(0) € R™ =2 g7t 0(0) = 0(0) € RY
Hence, g(s, "zs(w)) o 75(-) = po(-). Moreover for ¢ € My

(D, "2(t)) () o 7o / DI (1, "2u(w))] 0 (Ds("2.)) (w) 0 ma(@)du + 9(0)
n / Dlg(us, ()] 0 (Da(",)) () 0 72(i0)dW (1),
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By uniqueness of the solutions (2.3) we obtain the desired formula. Indeed, denote C := C([—r, 0], R?).
For all ¢ € M, we will show that,

(D T*(t)()), 2 (D (t) o (),

The argument relies on the fact that the sup-norm is weaker than the one in M;. Again,
for the sake of simplicity we skip the dependence on w € 2. On the one hand,

t-
(D 72 (8)(9)), () = 0(0) + / Df(u,"z,) 0 DX3(i7)(0)du

o " Dylu, "2,) 0 DX () dW (u).

On the other hand,
(D5 "2(t) 0 75()), (+) = ¢(0) + / ; Df(u, "z,)] 0 Ds("zy) o 75(¢)du

T / Dlg(u, ")) 0 D, (") o 7,()dW ().
Therefore,
I (D "2°(£)(¢)), = (Ds "a(t) o 75()); I 720)

t+t

D[f(u, "wu)] o (DX5(1)(p) = Ds("au) 0 75(0)) du

2

= sup
t'e[—r,0]
b+t s

S

t+t’ 2

+E S Dlg(u, "z,)] o (DX () () — Ds("xu) © 7s(¢)) dW (u)

S

Then, Holder’s inequality, martingale inequality, the [t0 isometry, and the continuity of
Dh and Dg together with the fact that [—r, 0] is compact yield,

(D "2*(t)(0)), = (Ds "x(t) 0 75(9)), I22(0c)

t
< 2% / IDX(7)(9) = Da(24) 0 7a() [2a(grcr

t
L aMC? / I DX3() () = Dal"2) © 7u(9) 3200

where C'y and C; stand for the constants from the boundedness of D f and Dg respectively
and M the constant coming from the martingale inequality. Gronwall’s lemma gives the
desired L?-uniqueness. O

Corollary 2.6. In particular, under the conditions of Theorem 2.5, we also have the
following relationship between the Malliavin derivative of "“)x$(w) and the Fréchet and
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with respect to n € Ms,
(2100 DXP(,w) = (DXP(0, ) (@)gi (s 2,(w))po 0 DX(n,w), P —as.

Proof. This is an immediate consequence of the semigroup property of the stochastic flow
X, that is:

Xfo XY= X).
We compute the Fréchet derivative in both sides of the equation above at the point n € Mo,
D[X; o X?|(n) = DX?(n) and use the chain rule

DX}(X](m) o DX](n) = DX} (n).
The result follows by Theorem 2.5. O

3. SENSITIVITY ANALYSIS TO THE INITIAL PATH CONDITION

Having option pricing at focus, we present the necessary mathematical tools and the-
oretical formulae to study the sensitivity of the derivative prices to the initial condition.
Specifically, we aim at giving expressions for the so-called delta. Note that we consider
underlying price dynamics with memory, hence the initial condition is actually a whole
process. Then we suggest a new definition for the parameter delta by extending classical
concepts.

Before entering the specifics of the financial pricing frameworks, we detail the mathe-
matical approach. Let us consider a function ® : My — R™ such that ®(X%(n)) € L*(Q),
a fixed positive time 7" < co, and the functional

(3.1) p(n) = E[@("x(T), "xr)], n € My

where "z is the solution of the SFDE (2.2) with n as initial condition. Recall that the
stochastic flow of the solution is denoted by X%(n,w) = ("z(T)(w), "zr(w)). Functionals
of this type appear in pricing formulae of financial derivatives

R+

O("x(T), "rr) : Q2

(X7 (n, w)).

The sensitivity of prices to the initial condition of the underlying is then to be reconducted
to the study of variations of p(n) to perturbations of 1. The Fréchet derivative of p in 7
is a linear operator Dp(n) € L(Ms,R) and it describes the fluctuations of p(n) around 7.
Hence, it is natural to define the delta as

(32) A(n) == Dp(n) : M2 — R

w

If one would like to produce an index of the robustness of prices to their initial path
condition, then one could apply several definitions of robustness. For example, by taking
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directional derivatives one would get

h) — d
(3.3) Ap e tim POEER =) d ol e
e—0 € de 0

and this represents the rate of change near 7 along the direction h € M,. Observe that the
existence of Dp(n) implies that the limit in (3.3) exists and it is finite.
Having an expression for Dp(n) one could also take evaluations at functions h € M,
such that ||h]| =1, i.e.
A(h) == Dp(n)(h) € R
and compare A(hy) ~ A(hs), hi, he € My, ||h1]| = [|he| = 1.
Also one can simply use the operator norm as sensitivity parameter A:

(3.4) A= ||IDp@)||| := sup W
wqf;%Q Mo

In this case the A in (3.4) gives a form of ”worst case scenario” of all possible perturbations
around 7).

Our aim is then to give a formula for the evaluation of Dp(n) and A. Our techniques are
inspired by the Malliavin approach to the computation of the delta in a classical Brownian
diffusion setup introduced by E. Fournié, J-M. Lasry, J. Lebuchoux, P-L Lions and N.
Touzi in [10].

Next theorem gives an expression for A(n) which is independent of the Fréchet derivative
of @ for smooth payoff functions ®. Thereafter, we will relax the smoothness assumption
on .

Theorem 3.1. Let hypotheses from Theorem 2.3 be fulfilled and denote by XP(n,w), w € Q,
t €[0,T], n € My, the flow associated to SFDE (2.2). Let ® : My — [0, 00) be a measurable
function such that ®(X%(n)) € L*(?). Consider the functional

p(n) = E[@("x(T), "z7)].
Then for any bounded measurable function a : [0,T] — R integrating to 1, we have that
(3.5) A(n) = E [2(X7(n)w® ()]
where, for each n, w™(n) is an element in L*(Q, L(Ms,R)) defined as

T
W) = [ als)gg' (57 gy © DXLV (5),
0
Moreover, we may define a delta-index as

A= sup |E[®("2(T), "wr)w(n)(¥)] |
PpeEM2
19l ay=1
Proof. Step 1: At first we consider the case ® € C}(Ms, R), i.e. Fréchet differentiable with
continuous bounded derivative.
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We will first show that the Fréchet derivative of the functional p : M; — R indeed
corresponds to the expectation of the pathwise Fréchet derivative of ®("z(T")(w), "xr(w)).
To do so, just observe the following, for n,v € M,

2

p(n+ ) — p(n) — B [D@(%(T» >}

2

= ‘E O(Ma(T), "™Yar) — &("x(T), "xp) — DO("x(T), ”:IJT)]

— DO("x(T)(w), "xr(w))| Pldw).

Now since ® € C'!' we know that for almost all w € Q we have

\cl><”+%<T><w>, () — B(a(T) (), "er(w)

2

— DO("x(T)(w), "er(w))| < Cl¢l3,

for some constant C' > 0. Then taking expectation at both sides it follows that

2

< CllYllis,

o0+ )~ o)~ E| DR((T). "01)]
and therefore
(3.6) Dp(n) = E [D®(X7(n))] -
Now we proceed to show (3.5) for the case of smooth ® € C'(M,, R). The chain rule gives
Dp(n) = E [@'("(T)," 21) o DX7(n)] .

Here @'(X2(n,w)) denotes the Fréchet derivative of ® at the point X%(n,w) which is an
element in L(M,,R) and DX%(n,w) € L(My, M;). Now, we choose a bounded scalar
function a : R — R that integrates to 1 and we use Corollary 2.6, then we obtain

DX%(n,w):/O a(s)DX3(n,w)ds

T
(3.7) :/ D, X} (n,w)g5" (s, x5(w))po © DX (n, w)ds
0
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Then plugging (3.7) inside (3.6), we have

r T

Dp(n) = E | (Xp(m) o | DXp(n)a(s)gg'(s." #:)po 0 DX} (n)ds}
L 0

— B[ [ @0 m) o DX als)gg 5 2 )m DXL

= 5| [ Db 0 (sl (s m 0 DX

Next step is to use the duality formula for the Malliavin derivative. Observe though that
now, a(s)gp'(s, "rs(w))po 0 DX°(n,w) € L(My,R™) then we write §(a(-)gp'(-,72.)po o
DX°(n) where a(s)gr'(s,xs)po o DX%(n) € L*(Q, L(My,R™)) and § is the Skorokhod
integral. Theory on Skorokhod integral of random variables taking values in a Banach
space can be found in [13]. Nevertheless, note that when we apply a function ¢ € M to
the operator a(s)gg' (s,” z5)po © DX2(n), we obtain an element in R™ for which a classical
duality formula can be used, see for instance [8], Theorem 3.14. Altogether, the Fréchet
derivative Dp(n) € L(M,,R) is given by

D) = E [@(X%m» [ asigt s DX$<n>6w<s>}

= £ 200313 (a)gg (. 2o DX )|

Observe also that the process g5'(s,7 x4)poo DX2(n) € L*(2, L(M,, R™)) is Fy-measurable
so the Skorokhod 1ntegral 1s actually an [to integral.

Define w® fo (8,7x5)po o DX2(n)dW (s), then
Dp(n) = E [®(X7(n))w™(n)]
where w?(n) is an element in L(L?(2, M), L?>(Q,R")) — L?(Q, My) = L*(Q, M,).

Take 1 € My and apply it to Dp(n):
Dp(n)(¥) = E [@(X3(n)w™(n)] () = E [@(X7(n)w™ (1) ()]
= | [ D000 - ale)gi? (57 o DX} ()05

Now, we compute the integrand operator applied to v : [—r,0] — R%,

{Ds@(X7(n) - a(s)gg' (s, w5)po © DX () } () = Ds®(Xp(n))-a(s)gr' (5, 5) po (DX (1) (¥)).

Since a(s)g; (s, "xs) - po o DXO(n)(¢)) is an Ri-valued random variable, we apply the
finite-dimensional duality formula and get

(3.5) Dp<n><w>:E{¢><X%<n>> [ atsraits m)-pooDXSm)(w)dW(s)]

and w?(n)(¥) = [ a(s)gg' (s, ") - po o DX()(4)dW (s).
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Step 2: Next, we consider that ® is bounded and continuous (in particular ®(X%(n)) € L*(Q)).

Indeed, we can approximate ® by a sequence of {®},5o C C} (My, R) such that ®,,(v)) 2= ®(z))
for ¢ € M;. Define

(3.9) An) = E[q)(X%(n))/o a(s)gg (s, 25)po © DX (n)dW (s)].

The objects p(n) and p(n), n € My are well-defined since ®(X%(n)) € L*(Q2) and using
Cauchy-Schwarz inequality and It6’s isometry property we have that

T 1/2
A@)] < E[S(Xn)A> ( / E\a<s>gRl<s,uS>poopxg@),zds) e

since a and gz are bounded and E[|py o DX%(n)[?] < oo by Hypotheses (D). Then we ap-
proximate p, (1) = E[®,(X%(n))] and by the step 1 we have that Dp,(n) = E[®,(XX(n))w?(n)]
. Then p,(n) — p(n) for all n € M, and again using Cauchy-Schwarz inequality and It6’s
isometry we have

Apa(n) = A)| < E [|9u(X(n) — ®(XU(n) 2] Ellw™ ()22,

Again E[|w?(n)]?]"/? < oo and since ®,, and ® are continuous and bounded we have

n—oo

sup |Dp,(n) — p(n)] —— 0
neJ

for all bounded closed subsets J C M. Thus, p defined is Fréchet differentiable with
derivative Ap(n) = A(n).
Step 3: Let us denote

G:={d: My — [0,00), continuous and bounded}.

It is clear that G is a multiplicative class, i.e. 11,15 € G then 19 € G.

Further, let H the class of functions ® : My — [0, 00), for which (3.5) holds. From step
2, G C H. Then, H is a monotone vector space on M, see e.g. [23, p.7] for definitions.
Indeed, from dominated convergence we have monotonicity. In fact, if {®},59 C H such
that 0 < & < &y < --- P, < --- with lim, ®,, = ® and ® is bounded then ® € H.
Furthermore, denote by o(G) := {f~'(B),B € B(R),f € G} where B(R) denotes the
Borel o-algebra in R. Then we are able to apply the monotone class theorem, see e.g.
23, Theorem 8] and conclude that #H contains all bounded and ¢(G)-measurable functions
¢ : My — [0,00). Nevertheless, o(G) coincides with the Borel o-algebra of M, since G
contains all continuous bounded functions.

Step 4: The last step is to approximate any B(Ms)-measurable function ® : My — [0, 00)
such that ®(X2(n)) € L*(Q2) by a sequence {®},~o of bounded B(M;)-measurable func-
tions. For instance,

D, (1) = ©(V)L{ap)<ny, 1 = 0.
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Then ®, € H for each n > 0. Define A(n) := E[®(X%(n))w™(n)]. Then by Cauchy-
Schwarz inequality and [t0’s isometry again we obtain that

sup | Dpa, (n) — ()| < Csup B[|@n(X7(n)) — ®(X7(n))[*]"/?
neJ neJ
for some constant C' > 0 and closed bounded subsets J C M. Finally, observe that
E[|,(X7(m) — (X2(m)[*] = 0
thus proving the result. O

We remark that the case in which ® only depends on the initial value of the process
(2.2) can be treated within the result above. In fact, we observe that for

(310)  p(n) = E[0(2(T))] = E[@(po( "2(T),"wr)] = E |(X5())]
with )
,//"——?—‘“‘\\s

My, 2RI 2R
where we recall that py is an evaluation at 0 that can also be seen as a projection onto R?
which we defined earlier as po((v, ¢)) = v for each (v, ) € M.

4. A MARKET MODEL WITH MEMORY AND THE DELTA

4.1. Market model. In the same filtered probability space (€2, F, (F)scjo,1], P) as before,
we consider a market with a price process S = {S(t,w); t € [0,T],w € Q} and a risk-less
bond B with dynamics dB(t) = B(t)x(t)dt such that B(0) = 1 with x € L*([0,T],R™T).
One could consider several risky assets as well, but for the sake of simplicity of nota-
tion we restrict ourselves to the 1-dimensional case where also the Brownian motion is
1-dimensional.

For the price process we consider the SFDE with memory:

B y(t, Sy)dt + o(t, S)AW (1), t € [0,7]
So=mn€ My, t€|[-r,0]

See (2.2) with d = 1 and m = 1. In equation (4.1) the functionals i, o : [0, 7] x My — R are
such that S(-)u(-,S.) and S(-)o(-, S.) satisfy (D). We still denote by X3 (n,w) := "8, (w)
the stochastic flow associated to equation (4.1).

Note that if = 0, no memory is included and we recover an SDE for which the Black-
Scholes model is a particular case. Moreover, (4.1) with » > 0 includes the models with
memory as presented by G. Stoica in [24], where he uses a model with delay by choosing
w1 and o functions of S(t — r). Also the cases studied in M. Arriojas, Y. Hu, S-E A.
Mohammed and G. Pap, see [1] and [2], are covered by (4.1). Note that [2] presents a
more general model than the one in [1] by taking u(t, S¢) = % f(t,St) for some functional

(4.1)

f, and ¢ an evaluation at some point in the past. And again (4.1) generalizes the model
in [5] where M-H Chang and R. K. Youree compute the price of a European option for a
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model with distributed delays, that is, taking pu(t,.S;) = fi S(t+u)dv,(u) and o(t,S;) =

fi)r S(t + u)dv,(u) for some measures v, and v,.
The model given in (4.1) under hypotheses (D) admits a unique strong solution

S(t) = "S(t) = {n<t) +fo o O}u Su) du—i—fo o (u, Sp)dW (u), t€[0,T]

Recall that for all ¢ € [0, 7] the function (¢,w) — Si(w,-), w € Q, is F;-measurable and
and o are jointly continuous deterministic functionals. Hence, the integrals are well-defined
with (F;)icp,m-adapted integrands and thus S(t) is a semimartingale.

In this context, we can not say much about the distributions of S(t) for a given ¢ € [0, 77,
but, assuming that S; is known at time ¢ € [0, T'], we know that the conditional distributions

of %b’t satisfy
t t
i?)wt ~ log N (/ p(u, Su)du,/ o (u, Su)du) :
0 0

On the other side, if we assume that the coefficients p and o are regular enough, namely
that they admit an integral-type expression, with possibly delay, like
(4.2)
/,L(t, St) = N(07 7]) + f(f :ul(uv S(U), S(U - T))du + f(f N2(u7 S('LL), S(U - T‘))dWH(U)’
o(t,S;) =c(0,n)+ fot o1(u, S(u), S(u—r))du + fg oa(u, S(u), S(u—r))dW,(u),
S(t) = n(t), te[-n0].
where the random processes W,, W, may or may not be independent of W. Exploiting
the integral representation (4.2) for the coefficients 1 and o we can solve equation (4.1) as

follows: for ¢t € [0, 7] we have that S(t —r) = n(t —r), which is known. So, the expressions
in (4.2) for u and ¢ have no longer delay, namely

u(t, Sy) = u(0,n) —i—fo pr (u, S(u),n(u —7) du—l—fo po(u, S(u), n(u —r))dW,(u), t €[0,r],
o(t,S;) = o(0,n) —i—fo o1(u, S(u),n(u —r) du—l—fo oo(u, S(u),n(u —r))dWy(u), t € [0,7],
S(t) =n(t), t € [-r0].

and therefore equation (4.1) becomes an ordinary SDE which can be solved for t € [0, r].
Denote S;(t) the solution related to the interval [0,7], then we can move to t € [r,2r]
using the same arguments, and so on. Thus the solution is the concatenation of all piece
solutions

Z Sk(t) Lik—1)rkerar) (1)

Observe that price dynamics of type (4.1) are stochastic volatility models.

Given the model (4.1) we now proceed to obtain a pricing formula for price derivatives
on the underlying price process S. First of all, we deal with the risk-neutral evaluation of
such derivatives. In a second stage we will consider the benchmark approach.
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4.2. Risk-neutral pricing and the delta. Let us consider the market model described

above. The following version of Girsanov’s theorem provides us with the existence of an

equivalent martingale measure (or risk-neutral measure) @, that is, a probability measure
S(t)

() equivalent to P under which the process B is a (Q-martingale.

Theorem 4.1 (Girsanov). Let W@ (t), t € [0, T] be an Ité process of the form
AW (t) = 04(t,"S,)dt + dW (1),

where

pu(t, 1S;) — k(1)
o(t,nSy)

(4.3) 04(t,"S;) :=
also known as the market price of risk. Put

"M(t) == exp {—/Ot 0, S, ) dW (u) — %/Ot 02(u, ”Su)du}.

Assume that "M (t), t € [0,T] is a martingale with respect to (F;)icjo,r) and P. Define the
measure

dQ" = "M(T)dP.

Then Q" is a probability measure on Fr and W' (t) is a Brownian motion with respect to
Q.

By applying Theorem 4.1 we obtain a unique risk-neutral measure ). Observe that this
market is complete. Moreover, notice that in the memory setting, the risk-neutral measure
depends on the past values of S and hence on n € M.

Let us consider now a (path dependent) option depending on Sy € L*(Q, My). The
payoff ®(Sr), is given by ® : My — R such that ®("Sr) € L*(Q2). An option like this one
depends on the last portion of the price process, that is, on the values of S(t) for every
t € [T'—r,T]. Therefore, we will refer to such an option as a European option with memory.

At time t = 0, we can define the price operator pry of such an option under the risk
neutral measure ()" as a functional of the initial process n € My. We denote by Egn the
expectation taken with respect to the measure ()7. Then

PRN : MQ — R+
(4.4) 1

n +— prn(n) = WEQ"[@(UST)T

As presented in Section 3, the delta operator is then:
A(n) == Dprn(n): M2 — R X
(4.5) ._ 1
v Doan()(®) = g (DB [#(51)]) ().

Observe that the risk-neutral measure depends on n € Ms. In other words,

(PE@[®(Sr)]) (¥) = (DEM(T)(ST)] ) (1)
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By Theorem 3.1 we can compute the derivative with respect to . In general, the product
rule for Fréchet derivatives of operators taking values on Banach spaces does not necessarily
hold but in our case it does since all operators have range in R and the usual product rule
holds.

Recall that 0,(t,"S;) = %W and that, by assumption u(t,z(w)) and o(t,z(w))
are Fréchet differentiable with respect to x(w) € Ms. Thus, w-wise, by Theorem 3.1 and
Lemma ?? we obtain

1

(4.6) Dprn(n)(¥) = ﬁﬂbn [@("Sz)w™ () ()],

where the weight W™ (n) is given by:
(4.7) @ (n)() := Dlog "M(T')(¢)) + "M (T)w(n)(¥)

- /0 0a(t, 5, DO(t, "S,) ()t — /0 0a(t, 5, DO, (t, "S,) ()dW (1)

+TM(T)w™ () (¥)
= [ BB 1,15 - 0ut, 50D, 0] 0 DX P
[ [P
+ "M (T)w (n) ()
and, as before,
(4.8) w () (1) = / a(s)((s,7,)X° (1))~ po © DX () ()dW (s).

4.3. Benchmark approach to pricing. Hereafter, we retrieve the benchmark approach
for the market model introduced before. We refer to [21], [19], [3] and [6] for an overview on
the pricing of options in this approach. Here we summarize by saying that the foundation
is in the existence of a suitable strictly positive portfolio defined through the following
property: the market price processes expressed in units of this portfolio are P-martingales.
For this reason this portfolio is generally known as P-numéraire portfolio. This property
leads to martingale-type properties for processes linked to the market so that one can
easily work under the real world measure. We provide here the so-called real world pricing
formula, i.e. an alternative pricing formula written as the expectation under P of the
option payoff expressed in units of the P-numéraire. Before proceeding we point out that
the P-numéraire portfolio can be characterized as the growth optimal portfolio, see [20] or
[21], i.e. as the solution to the optimization problem with log-utility.

Following this argument, let us consider a strategy m = {7n(t) = (mo(t), n(t))}, where
mo(t) and 7(t) denote the portions of wealth invested in the bond B and in S respectively.
Hence, m(t) + n(t) = 1, P-a.s. for all ¢ € [0,7]. Let V™ denote value process associated
to the strategy m, with a fixed initial value at time t = 0, V™(0) = x.
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We derive now the growth optimal portfolio which we denote by G(t,w),t € [0,T],w € Q,
by using the approach proposed in [21]. We wish to find a strictly positive and self-financing
portfolio 7*, such that, the value associated to this portfolio is the one satisfying

V™(T) = 5161}‘)l Ellog V™ (T)]

where A denotes the set of all strictly positive and self-financing portfolios. So, G := V™ .
The SFDE for the value process becomes,

T = () + (ult, S) = (87 (t, S)ldt + o (t, Sp)w(t, S)AW (t), t € [0,T]

(4.9) S = ult, Sp)dt + o (t, S)dW (t), t € [0,T]

V(0)=a, So=ne My te[-r0]

which can be seen as a two-dimensional SFDE for Y = (V,.S). The fraction 7 depends also
on the past of S(t). Nevertheless, we stress that the Msy-valued random variable S;(-) is
known at time t. The process V is a semimartingale, with quadratic variation

t
[V, V](t) :/ V(u)*o?(u, S,)m*(u, Sy)du.
0
Applying 1t6 formula to log V' (t) we get,
dlog V(t) = |k(t) + (u(t, Sy) — k(t)) 7 (t, S) — %a%t, S (t, Sp) | dt+o(t, Sp)m(t, Sp)dW (1).

By integrating and applying expectation, we get rid of the Brownian part. So we remain
with a Lebesgue-type integral with integrand,

1
ge(t, S0) = k(t) + (n(t, St) — w(B) 7(t, S) = S0*(t, S)T*(t, ).
For all t € [0,7] and given S;, we have that the concave random variable g, attains its

maximum at
pu(t, Se) — k(1)
0'2 (t, St) .
Recall (4.3), then the SFDE for the growth optimal portfolio is obtained as the solution
to,

W*(t, St) =

(4.10) %gf)) = pu(t, Sy)dt 4+ o(t, S;)dW (t), te[0,T]

G0)=1, So=n€ My, te[-r0].
Note that G = "G depends on 7. For completeness, hereafter, we show that the bench-

marked price (—*S; is a P-martingale. First, we derive the expression for d% using It6
formula:
1 —1 1 1
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Then, we compute ds agaln using [to formula and the expression for d

% = S(t)d% + %dsu) +d [5, é} (t) = %[a(u Se) = Oa(t, Sp)dW (2).

with initial condition % = S5(0) = n(0). We see that the benchmarked underlying security

S is driftless, one can easily check that £ lies in L?([0, 7] x Q) which implies that the process
)

%, t € [0,7T] is a P-martingale.
Consider the European option with memory ®(7Sr) € L*(Q) and the value of its hedging
portfolio V(t,w),t € [0,T],w € Q with V(T') = ®(Sr). As motivation for the concept of
fair portfolio we review the following argument which shows that the benchmarked value
process is driftless. Indeed, by the It6 formula, we have
Vit A% ov
) = (G 650 + (e, 850 35 1. 5(0)

D)
300 S0 5 1, 8(0) — KOV (1, 5(0) — St S)0ale 5) G (1, 5(0) )

2
+ (Gt 5055 (65600 - Geute.50) aw o,

Observe that, u(t,S;) — o(t, S¢)04(t, S;) = k(t), and the value of the hedging portfolio
satisfies the Black-Scholes PDE. Hence the drift vanishes and

28 = @((20—(15, St)g‘g (t,5(t)) — Zg; ed(t,st)) AW (t).

Refer to [21] for the following concept.

(4.11) d

Definition 4.2 (Fair portfolio). A portfolio value process V (t),t € [0,T], is fair if its
benchmarked value process Etg,t € [0,T], is an (F)iejo,r)-martingale under the real world
measure P.

Under our model assumptions, the volatility term belongs to L*([0,7] x ) and %
t € [0,T] is then a P-martingale. So, from now on, all hedging portfolios are assumed to
be fair.

The price pg(t), under the benchmark approach, of a FEuropean option with memory
®("Sr) at time t € [0, 7] is the value of the fair replicating portfolio

"WA(T) ®("Sr)
t):="V(t)="G(tE F "GtE Fil .
) ="V () = "GO ;51 R] ="GE | St
There are several approaches on how to compute this price. One would be to use the
Feynman-Kac formula in the delay setting studied by F. Yang and S-E. A. Mohammed in
[25] under the assumption that ® € C3(Ms;). We know, on the other hand, that the process
Si, t € [0,T] is Markovian, so we could use the following approach when the option only
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depends on its past. Define for every 0 <t < T,
U(t, T7 77) =F [H(HST, ﬁG(T))| nSt]
for a real valued and positive function such that E|H("Sr,"G(T))| < 4oo defined as

H(z,y) = 2@)  The Markovianity of 7S, allows us to write the price as,
Yy

pa(t) @(”S—tST)]
"G "G

= U(t,T, nSt) = E |:

4.4. The delta in the benchmark approach. As before, we consider a European op-
tion ®(7S7) € L*(2,R"). Note here that we need the assumption on ® being Fréchet
differentiable with bounded derivative to carry out our computations but that the final
expression in independent of & and can be relaxed as we did in Section 3. The initial time
price of this option is given by,

PB: M2 — RT

(4.12) ®("57)
— =F .
The Fréchet derivative at the point 7 is an operator,
Dpg(n) : My R*
v DE |35 @)

By virtue of Theorem 3.1 we may compute the delta by first computing the w-wise Fréchet
derivative of 2U5T) with the difference that now "G depends on 7. Thus

1G(T,w)
(4.13) ®("Sr) _ @'("Sr) o DSy "G(T) = @("S(T)) D"G(T)
' nG(T) nG(T)?

. @/(TIST) e} DnST . @("ST)Dlog nG(T)
-G "G(T)
M (1)
For a more accurate expression we proceed similarly as in (4.7) to obtain (/7) and for the
term (1) we apply Theorem 2.5 and the method used in Section 4. Finally,
(4.14) Dp(n) = E [2("St)w™(n)],

where,

N

a(-) (-, "S)X () " po o DX.O(??)) _ Dlog"G(T) 1y, m),

(4.15) w™(n) =0 ( "G(T) "G(T)

Here, the integral is a genuine Skorokhod integral. Once, again, if the option depends also
on 7St, we apply the chain rule as mentioned in Section 4.
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We use the classical Black-Scholes model (with no delay) to illustrate that this covers the
case where the market has no delay, then we also use as example both the model proposed
by U. Kiichler and E. Platen in [14] and Arriojas, Hu, Mohammed and Pap in [1].

Example 4.3 (Black-Scholes model). We choose the functionals f and g to be evaluations
at zero followed by a multiplication by p and o respectively, and B(t) = e, so that we get,

(4.16) dS(t) = uS(t)dt + o S(t)dW(t), te€[0,T]

' S(t) =n(t), tel-r0.
Observe that the initial condition is just relevant at the point t = 0. FEquation (4.16)
satisfies trivially hypotheses (D) so we have ezistence of a stochastic flow X} (n,w) =

@) Ss(w). Then, the Fréchet derivative of X0 at a point n given w € Q is an operator
defined as follows,

DXS(U) My

M

¥ DX(n)(¥) == Yo

where Yoy is the segment of a process a € L*(Q, My([—r,T],R)) solution a linear SFDE
with coefficients the Fréchet derivatives of f and g. Namely

Ya(s) = $(0) + o [ D f(u, XO(n)) (o) du + o [ Dg(u, X2(n))(a)dW (u), s € [0,T]
P(s), se€[-r0]

which in this case are evaluations at 0. So

Ya(s) = {1/1(0) + 1 [ a(w)du+ o [ a(u)dW (u),s € [0,T]

¢<S)7 S [_Ta O]
Hence,
w&(s) _ ¢(O)e(u*%02)8+ﬂw(8)_

Then, we apply formula (3.8) and choose, for simplicity, the scalar function a to be a = %
So
D)) = £ |0 157) ()]
n(0)oT

Finally, we can also consider

A = |[[Dprv()lll = sup [Dpra(n) ()] = ‘E F(”ST)
PeMo n
l4ll=1
modulus the measure under which the expectation is taken.
In reality, the price in the risk-neutral approach is computed under the risk-neutral mea-

sure and the numéraire used is the process B(t), t € [0,T]. If we wished to compute the
A magnitude under the real world measure P, we should do it using G(t), t € [0,T] as
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numéraire. Note that G depends also on the initial condition. In this easy example we

2
have, G(t) = et DWW yhere § = E=E. So,

Dps(n)()E [@("Sr)w™(n) ()],

where

) Y 1 0 w0 [T 1
v mw) =9 (Tnm)aG(T)) = om’ (Tn(0)0'> ~Foe )y P

Here we used the integration by parts formula for the Skorokhod integral, see for instance

Theorem 3.15 in [8]. Moreover, Dsﬁ = %'Ds log% = —ﬁ@ for all s € [0,T]. So,
1 4(0)
A
= — W(T)+6T).
u0)(0) = GO (W(T) +01)
Finally,

A = sup |Dpp(n)(¥)| =
PpeMo2
llvll=1

# ez o) | = e [ |

As we can see, the expression is in concordance with the one usually used under the prob-

ability dQ/dP = % = M(T).

Example 4.4 (Kiichler-Platen model). We consider the market model with delay intro-
duced by U. Kiichler and E. Platen in [14]. The authors study the random cyclical fluctua-
tions in commodity prices and propose an explanation and a model involving the presence
of time delay. The model for the price process is explicitly written as

S(t) = agexp{aY (t) + ast}, te[0,T]

where aq,as and az are parameters that can be estimated from market observations and
explain economical aspects. Then the process Y (t), t € [0,T] is governed by the following
stochastic differential delay equation

) =pY (t = r)dt 4+ odW (), t€[0,T]
(4.17) dy (t) = {U(t), )

Consequently, the price process is

(4.18)  S(t) = asexp {a2 (77(0) - u/otY(u —r)du + aW(t)) + agt} , te[0,T].

Using It6’s formula we see that S(t) satisfies

(4.19) ‘?—g — i)t + 6 ()W (8)

where

/l(t) = —01Y<t — 7”) + Cg, 5'(t) = Cg
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and

1
. . 2 2 .
Ci = ayaou, Ch:=ajas+ 50420 , C3:= ajayo.

Equation (4.19) depends on some external process Y (t) in a non-Markovian manner, so S
depends indeed on {n(t), t € [-r,0]}.

Let then ®("St) be a European option with memory. The price of such option in the
benchmark setting is given by

pe(n) = E {fggf))} :

The delta operator is

(120) Dps(n) = E[(1Sp)w(n)],
with weight

L1 [T a(9)mo DXO() DIG(T)
(4:21) =g | St O g

where X here represents the flow of S. Then the Fréchet derivative of n— po (7X?) is

Dpo (X, () = X, (n)as {po -~ u/os DY (u — T)dU1 :

For a close expression, we assume that t € [0,7], then Y (t —r) = n(t —r) and so D"Y (t —
r) = pi—r. For an arbitrary t € [0,T] one may use an iteration argument for solving Y
explicitly piecewise. Finally, an expression, under the benchmark approach, for Dpg(n) is

(4.22) Dpg(n) = E [®("Sr)w(n)]
with
a2 o= [l [ ] s - B

The derivative of 04(t," S;) is given by
1
DQd(t," St) = 5,015—7" o} DXtO(’I'])
3

So
D"G(T) 1

1G(T) — Cy

Example 4.5 (Arriojas, Hu, Mohammed and Pap model). Consider now a slightly sim-
plified version of the model proposed by authors in [1] with dynamics

{ﬂt) = u(t)S(t — r)dt + o (t)dW (), t € [0,T]

T 1 /7
/ 04(t," S))pr_r 0 DX} (n)dt + . / pi—r 0 DXP(0)dW ().
0 3Jo

50)
SO =nc O([_T7 0],R)

for befitting functions p,o : R — [0,00) such that o(t) > 0 a.e. t € [0,T] and n(0) > 0
so that the model is feasible. The above equation is explicitly solvable as explained earlier

(4.24)
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by stepwise construction. For simplicity, consider t € [0,r]. Observe that the volatility
term is free for delay, this is due to the fact that, an SFDE invoving discrete delay in the
stochastic part does not admit a stochastic flow, see [16, p.144] or [17].

Then the price process is given by

(4.25) S(t) = 1(0) exp { /0 t (u(u)n(u —r)— %a(u)2> du + /0 t a(u)dW(u)} .

As before, denoting by X2 (n,w), w € Q the flow associated to equation (4.24). We have

DX} (n) = X{(n) (Lo)po + /0 tu(U)pde) :

ult
Finally, the A-sensitivity under the risk-neutral measure is given by formula (4.6)
1
Dpry () () = WEQ" [© ("S7) @™ () ()]
(4.26) @ (n)(¥) == Dlog "M (T) (%) + "M (T)w™(n)(¥)

and here

am e = [ 8 (e [ e ) ave)

APPENDIX A. THE MALLIAVIN DERIVATIVE

In this section we give further details on the Mallivin derivative Dyx; of x; € L2(2, M>)
as it appears in Section 2. For convenience we present two approaches which lead to the
same concept. The authors in [22] develop a general Malliavin calculus for random variables
taking values in a particular type of Banach spaces that include a wide class, also Hilbert
spaces. The approach is similar to the one presented in [18]. Here, we exhibit the definition
adapted to the case of a random variable taking values in a Hilbert space, namely M. Let
(Q, F, P) be a probability space, let {W(h),h € H} be an isonormal Gaussian process
with H a Hilbert space, which in our framework will be chosen to be L*([0,7]). Then,
consider the random variables of the type

F=f(W(hy),...,W(hy)) @z, for hy,...,h, € H, x € My, f € (R").

It follows that this class of random variables is dense in L*(Q; M,). Then, we define the
Malliavin derivative DF' as the random variable DF : Q — L(H, M,) given by

Moreover, the operator D is closable from L?*(€2, M5) to L*(Q2, L(H, M5)). Tt turns out that
in fact, the image space L(H, Ms) of DF is the space of Hilbert-Schmidt operators from
H to M, commonly denoted by S?(H, M), i.e. for each w € § the operator DF(w) is of
Hilbert-Schimdt type and furthermore it is a known fact that such space is isometrically
isomorphic to H* ® My =2 H ® Ms.
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On the other hand, we may also give a more explicit representation of D,;F' when F' €
L?(2, My). For our interest, F' = z; € L*(€2, Ms) a random variable defined as x; : Q — M,
such that z;(w,u) := x(w,t + u) for all u € [—r,0]. The space M, has a Hilbert structure
given by the scalar product

<fvg> / f du f,gGMQ

So, given w € ) we can expand the element x;(w, ) by its Fourier series as follows

> ())ex()

k=0

I|§

for a given Hilbertian basis {e;}32, C Ma.
Since the above sum converges uniformly thanks to Parseval’s identity, then the Malliavin
derivative of z; at a middle point s € [0, ] is

D,y (w :ZD (xt (0)+/0 xt(w,u)ek(u)du> en(’)

T

0

Me I

'

(Dsm(w, t)er(0) + Dyx(w,t + u)ek(u)du) er(+)

k=0

WE

(Dywy(w, ), ex(-))ex(-).

b
Il
o

Hence, Dyx(w, ) = {u — Dex(w,t +u)} € L*(Q x [-r,0,RY) = L*Q, M) for ev-
ery u € [—r,0]. As a process in s € [0,7], we can see Dsxi(w,-) as an element in
L2([0,T] x Q, My) = L*(Q; H® M) with H = L?([0,T]) which is consistent with the
approach introduced before.

Next, we give the chain rule for the Malliavin derivative used in Section 2, Theorem 2.5
for the case we are concerned with. See [22], Proposition 3.8 for the general result.

Proposition A.1 (Chain rule of the Malliavin derivative). Let f : My — R? be a
Fréchet differentiable operator with continuous bounded derivative as the one in (2.2). Let
t €[0,T) be a fizred time and s € [0,t]. If x; € L*(Q, My) is Malliavin differentiable then
f(x,) € L*(Q,RY) is also Malliavin differentiable with

Dsf(xt) = Df(l't)Dsl’t.

ACKNOWLEDGEMENTS. We thank Edoardo L’ Aurora and Marina Moschetta for the inter-
esting discussions, at an early stage of this research, on the applications to the sensitivity
analysis in the benchmark approach.

We thank Peter Imkeller for his interest and valuable comments.



30 BANOS, DI NUNNO, AND PROSKE

REFERENCES

[1] M. ArrioJas, Y. Hu, S-E A. MoOHAMMED, G. PaAp, A delayed Black and Scholes formula, Journal
of Stochastic Analysis and Applications, vol. 25, no 2, (2007), 471-492.

[2] M. ArrIoJAS, Y. Hu, S-E A. MoOHAMMED, G. PaAP, A delayed Black and Scholes formula II,
arXiv:math/0604641, (2008).

[3] H. BUHLMANN, E. PLATEN, A discrete time benchmark approach for insurance and finance, Astin
Bull. 33 (2003), 2:153-172.

[4] M-H. CHANG, R. K. YOUREE, Infinite-dimensional Black-Scholes equation with hereditary structure,
Appl. Math. Optim. 56 (2007), no. 3, 395-424.

[5] M-H. CHANG, R. K. YOUREE, The European option with hereditary price structures: basic theory.
Appl. Math. Comput. 102, (1999), 279-296.

[6] M. M. CHRISTENSEN, E. PLATEN, A general benchmark model for stochastic jump sizes, Stoch. Anal.
Appl. 23 (2005), 5:1017-1044.

[7] G. DA PrATO, J. ZABCZYK, Stochastic equations in infinite dimensions, Cambridge Univ. Press
(1992).

[8] G. D1 NUNNO, B. OKSENDAL, F. PROSKE, Malliavin calculus for Lévy processes with applications to
finance, Springer, Berlin, (2009).

[9] I. ELsaNousi, B. OKSENDAL, A. SULEM, Some solvable stochastic control problems with delay,
Stochastics Stochastics Rep. 71, no. 1-2 (2000), 69-89.

[10] E. FOURNIE, J-M. LAsRy, J. LEBUuCHOUX, P-L Lions, N. Touzi, Applications of Malliavin calculus
to Monte Carlo methods in finance, Finance and Stochastics, 3, (1999), 4:391-412.

[11] E. FOUurNIE, J-M. LASRy, J. LEBUCHOUX, P-L LIONS, Applications of Malliavin calculus to Monte
Carlo methods in finance II, Finance and Stochastics, 5, (2001), 2:201-236.

[12] Y. Hu, B. @KSENDAL, Fractional white noise caculus and applications to finance, Infinite Dimensional
Analysis, Quantum Probability and Related Topics, 6 (2003), 1-32.

[13] H. H. Kvuo, On operator-valued stochastic integrals, Bulletin of the American Mathematical Society,
1973, Vol.79(1), 207-211

[14] U. KUCHLER, E. PLATEN, Time delay and noise explaining cyclical fluctuations in prices of com-
modities, Quantitative Finance Research Center, Research Paper 195, (2007).

[15] H. J. KUSHNER, On the stability of processes defined by stochastic differential-difference equations, J.
Diff. Equations, 4 (1968), 424-443.

[16] S-E A. MOHAMMED, Stochastic functional differential equations, Research Notes in Mathematics 99.
Pitman, Boston, MA, (1984).

[17] S-E A. MonAaMMED, M. K. R. SCcHEUTZOW, The stable manifold theorem for non-linear stochastic
systems with memory. I. Ezistence of the semiflow., Journal of Functional Analysis 205, (2003), 271-
305.

[18] D. NUALART, The Malliavin calculus and related topics, Springer, (2006), 2nd ed.

[19] E. PLATEN, A benchmark for risk management, Stochastic processes and applications to mathematical
finance, 305-335, World Sci. Publ., River Edge, NJ, (2004).

[20] E. PLATEN, On the role of the growth optimal portfolio in finance, Journal of Applied Probability,
(2005), 44: 365-388.

[21] E. PLATEN, D. HEATH, A benchmark approach to quantitative finance, Springer Finance, (2006).

[22] M. PRONK, M. VERAAR, Tools for Malliavin calculus in UMD Banach spaces, arXiv:1204.2946

[23] P. E. PROTTER, Stochastic integration and differential equations, volume 21 of Applications of Math-
ematics (New York), Springer-Verlag, Berlin, 2nd ed. Stochastic Modelling and Applied Probability,
(2004).

[24] G. STOICA, A stochastic financial model, Proc. Amer. Math. Soc. 133 (2005), no. 6, 1837-1841.

[25] F. YAN, S. MOHAMMED, A stochastic calculus for systems with memory, Stoch. Anal. Appl. 23 (2005),
3:613-657.



SENSITIVITY ANALYSIS IN A MARKET WITH MEMORY 31

D. R. BANOS: DEPARTMENT OF MATHEMATICS, UNIVERSITY OF OsLO, PO Box 1053 BLINDERN,
N-0316 OsLO, NORWAY.EMAIL: DAVIDRUQ@QMATH.UIO.NO

G. D1 NUNNO: CENTRE OF MATHEMATICS FOR APPLICATIONS, DEPARTMENT OF MATHEMATICS,
UNIVERSITY OF OsLo, PO Box 1053 BLINDERN, N-0316 OsLO, NORWAY, AND, NORWEGIAN SCHOOL
OF ECONOMICS AND BUSINESS ADMINISTRATION, HELLEVEIEN 30, N-5045 BERGEN, NORWAY. EMAIL:
GIULIAN@QMATH.UIO.NO

F. PROSKE: DEPARTMENT OF MATHEMATICS, UNIVERSITY OF OsLO, PO Box 1053 BLINDERN,
N-0316 OsLO, NORWAY. EMAIL: PROSKEQMATH.UIO.NO



	1. Introduction
	2. Stochastic functional differential equations
	2.1. The model
	2.2. Differentiability of the solution and properties

	3. Sensitivity analysis to the initial path condition
	4. A market model with memory and the delta
	4.1. Market model
	4.2. Risk-neutral pricing and the delta
	4.3. Benchmark approach to pricing
	4.4. The delta in the benchmark approach

	Appendix A. The Malliavin derivative
	References

