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PREFACE

| was introduced to quantitative macroeconomics during my year as an exchange student
at Humboldt University in Berlin 2002003. | had the pleasure to visit the classes
Quanitative Macroeconomics and Numerical Methodand Il with Professor Harald

Uhlig. The recent years | have become more and more aware of the importance of basing
macroeconomic analysis on microeconomic foundations whenever possible. However,
this implies @veloping highly nodinear dynamic, stochastic models that are hard to

analyze and to solve.

Uhlig (1997) has developed methods to solve and analyze such models quantitatively in a
manageable fashion based on linear approximation. | have been vergseth the

way Uhlig manages to develop an approach accessible for most econioamdtthe way

he has provided MatLab computer programs to deal with the tedious, but rather straight
forward components of the methods. In this way the analysis can kapéatl of time
consumption acceptable for most researchieend innumerable experiments can be

carried out with the models.

Many economists still stick to old Keynesihased models, due to their simplicity and

since many of their implications stillr&a appealing. These models can however be

replaced by neviKkeynesian models, based on sticky prices, that share many of the same
features, but that are of the type mentioned aliownd that are better equipped to

analyze shocks to the economy, since tmeyude an explicit utility function and allow

an intertemporal approach through the intertemporal budget constraint. | therefore wanted

to analyze such a model and to fit it into |

makes it possible to compates model with real data.

The challenges have however been many in converting this idea into a master thesis. |

wanted the paperto be compléte n t he way Uhl i gbs met hods ar e
so that the reader can verify everything that is doaed in the way the uncertainty

regarding the methods is dealt with. Together with the wish to provide a thorough



STICKY PRICES AND THE MACROECONOMY A QUANTITATIVE LINEAR APPROXIMATION ANALYSIS

analysis of the model, showing the powerful possibilities of the methods, this has made

the paper grow somewhat beyond the scope that \easgyd for the project.

| would like to thank my supervisor, Associate Prof. Harald Goldstein, for useful
comments and guidance along the way and my study colleague from Berlin, Joachim
Houeland, who kindly offered to read the final draft for the papercamtributed with
helpful suggestions.
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1. INTRODUCTION

Modern open economy macroeconomics is to a large extent characterized by dynamic
models with explicit micrdoundations. The models are often highly #ioear, and hard
or even impossible to solvex@icitly. Rather than explicit solutions, analyses are often

limited to determine signs of derivatives.

In order to find out whether a model corresponds to data, or in order to estimate the
quantitative effect of a shock or of different kinds of fiscatl anonetary policy, one

needs a much wider analysis. It is not satisfactory only to be able to state the direction in
which the variables of the model move, and not even know whether changes are

significant or not.

This paper has two main objectives:

1. First it attempts to discuss methods to estimate how much macroeconomic variables
such as production, consumption or the real interest rate change in theastdte
long run as a result of an exogenous shock. The methods presented here are based on
method in Uhlig (1997).

2. Secondly, an example of its application is shown, to discuss the effect of sticky prices
and monopolistic competition in an opeoonomy framework. This is done by
extending a model in Obstfeld and Rogoff (1995a and 1996) and fitingit o Uh | i g0 s
framework. It is shown what powerful results that can be found in the field of
dynamic shock analysis. The main focus is on monetary shocks, and it is shown how
shocks in the nominal money stock can lead to permanent real effects. Solving and

simulating the model is done using Mat[¥tsource code.

In addition this paper provides lomgn simulations and compares the results with
historical data. Finally, the paper takes up important issues such as the quality of the

linear approximations, @nthe sensitivity of the final model for mistakes in the
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calibration. Also, attempts are made to provide implications for fiscal and monetary
policy of the impulse responses that are drawn.

The author has already, together with Houeland in Houeland amd(2893), shown

how the baseline model in Obstfeld and Rogoff (1995a) can be analysed quantitatively
using the framework in Uhlig (1997)and thereby contributed somewhat to the second
objective mentioned above. This paper builds to some extent on thedrinvreaching

the second objective, but corrects some mistakes in addition to extending and
generalizing the model.

Chapter 2 presents the general method of linearizing a dynamic stochastic model, to write
it as a system of difference equation and hovsolve this system. The chapter is not
complete, as potential problems and more details follow in the subsequent chapters as an
example of application is shown. Chapters 3 and 4 present an extended version of the
openeconomy model with sticky prices @bstfeld and Rogoff (1995a) and show how to
apply in practice the methods from chapter 2. Chapter 5 continues this by calibrating the
model, and chapter 6 analyses impulse responses of shocks. Chapter 7 simulated first
secondorder moments of the moldeariables and compares with real data. Chapter 8
discusses possible weaknesses of the calibration, of the model setup and of the linear

approximation methods. Chapter 9 concludes.

2. A GENERAL PROCEDURE FOR ANALYZING NON -LINEAR
DYNAMIC STOCHASTIC MODELS

Uhlig (1997) explains a stepwise method of analyzing-lim@ar dynamic stochastic
models that can be used for analyzing most models of this kind. The methods are based
on using a linear approximation of the model and thereafter setting it up in alparticu

canonical form before solving it as a system of difference equations.

Before presenting the steps, we will start from the behind with the particular canonical
form Uhlig uses. The purpose of all earlier steps is mainly to set up the model in the
matrix form of (2.1}(2.3):
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0=Ax +Bx_,+Cy, + Dz (2.1
0=E{Fx_, +Gx +Hx_, + Y., +Ky, + Lz, + Mz} (2.2)
Zt+1 = NZ[ + e[+1; et+1 - N(O’ Se) (23)

X IS a vector of endogenous state variables of lengthis a vector of other endogenous
variables of lengtm andz is a firstorder exogenous stochastic process of dimerision
The distinction betweethe two types of endogenous variables will be explained later.

Capital letters denote coefficient matrices.

(2.1) representd equations in matrix form, i.eA, B, Cand D all havel rows.
Furthermore it is assumed thHat @ndnhatC has rankn. Obviously, since (2.1) and
(2.2) containsn + nendogenous variables, the matriee<s, H, J, K, LandM must all

havem + ni | rows to fully determine the system.

The stochastic processes described in (2.3) are assumedwealily stationary The

matrix N has to be of siz& x k It must be assumed that the stochastic processes are
stable, i.e. that the variables after a shock return to their steady state in a finite time
horizon absent new shocksConsequently it is rejied that N has only stable
eigenvalues (absolute value less thah The vector of error terms is of lendttand it is
assumed to be drawn from a normal distribution with mean zero and vacavegance

matrix S,. Typically (but rot necessarily)S, is assumed to be a diagonal matrix which

means that each elementzois i.i.d. (independently and identically distributed).

'Guj arati (1995) , pg. 713: iBroadly speaking a stoch:
variance are constant over time and the value of covariance between two time periods depends only on the
distance or lag between the twime periods and not on the actual time at which the covariance is
computed. 0

2 Strictly speaking we also open for permanent shocks. What is meant by stability here is a weak stability
where the exogenous stochastic variables do not follow exponential pattthey either eventually return

to steady state or follow random walks (if shocks are permanent).

% If allowing for unit root eigenvalues, the stochastic variables would move farther and farther away from
steady state as time goes to infinity. Theute of simulations would therefore depend strongly on the
simulation length. Still, the case of permanent shocks, wNeieea diagonal matrix with 1s along the
diagonal will be treated as a reference case for interpreting impulse responses in chapter 7.
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Later in this chapter possible Atriakso will
apparently do not fit into this framework. Cf. in particular section 2.4 where it will be

shown that most of the assumptions made above do not lead to any loss of generality.

After finding the equations (2.42.3), the goal is to solve the model, whitleans to

f i nd t hrecusiede bfhatio(.4)(2.5):

% =Px,+Q3z (2.4)
Yi =RX,+57 (2.5)

whereP is of sizem x m Q of sizem x k R of sizen x mandSof sizen x k

This implies to solve for the (unique) matrid®sQ, R andSwhich describe stableath$

for x, andy;. The solution process involves solving a system of difference equations.
Uhlig (19972003) provides a MatLal source codewhich numerically calculateB, Q,
RandSgiven (2.1)(2.3). The solution method involves solving (2(2)3) by the method

of undetermined coefficients, of which the solution emerges implicitly as the solution of a
matrix quadratic equation. Next the matrix quadratic equation is solved by using a QZ
decompositiofi (also called generalized Schiecomposition). Apendix | explains the
solution method in detail, provides a formal proof and discusses the uniqueness and
stability properties of the solution. Having solved for the recursive law of motion makes
it easy to perform shock analysis by drawing impulse regsons

To get to (2.1)2.3), the following steps should be undertaken:
1. Find the equations that characterize the equilibrium of the original model

2. Find an explicit solution for a unique steady state if it exists, or choose one steady

state if there are many

* Cf. subsection A1.4.2 in appendix |.

® The source code can be downloaded from the web pau&:/www.wiwi.hy
berlin.de/wpol/html/toolkit.htmToo see what syntax to use and what végmlo predefine, cf. the file
examplO.ror the source codedux.mthat is listed in appendix 1V.

® Cf. e.g. Sims (2000)
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3. Log-linearize the equations found in step 1 (around the steady state from step 2)

4. If necessary, modify the equations in step 3 to fit into the canonical form (2.1)
(2.3)

5. Calibrate the model

These steps will be discussed in the following subsections.

2.1FINDING EQUATIONS THAT CHARACTERIZE THE EQUILIBRIUM

Step 1 consists in finding the firstder conditions, constraints, definitions etc. that
characterize the equilibrium. What is important at this point is to make sure that the
dating convention is so &l variables are dated in the period in which they are chosen or
determined. (2.1J2.3) are based on variables being dated according to this principle. If
agents e.g. have to choose in petied the capital stock in order to use it in peripthe
variable should be dated 1.

2.2 FINDING A STEADY STATE

Step 2 is undertaken by dropping the time subscripts and attempting to find an explicit
solution for each endogenous variable given the parameters and the exogenous variables
of the model. The purpesis to have a baseline case to compare with when calculating
percentage deviations from steady state whedit@grizing. This should be in mind if

there are multiple steady states; the one should be chosen that one finds to be the most
natural to compa with when analyzing shocks. In models with trends one might
experience that there is no solution for the steady state. This can be the case e.g. in
models with growth. A possible solution is to define new variables thadetrended
versions of the vaables that grow. Then one plugs in these definitions to substitute out
the variables that grow, so that a steady state can be found. When replacing variables
with transformed versions, one must just be careful with the interpretation of the
variables in s#p 3, where the letinearized versions of the detrended variables now are

percentage deviations from ttrendat any period in time.
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Example: Consider a model with population growth, say where the log deviation of the

popul ati on | e vwtH ratd fér snpalbrates) faldws an AR{fjocess, e.g.

InM =r Inihs'N - (2.6)
Nt t-1 ’

where N; denotes populatiorevel and (2.6) evolves according to the assumptions
regarding (2.3). Say that total consumption, dendfgdhas no steady state. When

solving for steady state consumption, denot®d one might reach to an expression
C =aN,, wherea denotes a constant that depends on the parameters of the hodel (

must remain with time subscript, sindehas no steady state). Obviously population
growth also leads to consumption growth. This problem is resolved simply be defining

per capita consumptioq, * % , Which has the steady state=a, and then substitute
t

outC; for c; everywhere it appears in the model.

It should also be mentioned that it might also be that two or more variables have no
individual steady state, but that a linear combination of them might have, i.e. the
variables are ctntegrated. In this casthe variables should be replaced with the linear

combination. Methods on how to perform such transformations are performed similarly

as in the example above and will not be discussed further here.

2.3 LOGLINEARIZATION
Step 3 implies to replace all treguations from step 1 with linear approximations, or
more precisely with first order Taylor approximations around the steady state. Any

function f of n variablesx;, », én, thatxhave steady states,X,,...,X, can be

approximated as in (2.7):

PO %, - )° PO %o, %)+ B (3, %50 X0 ) (06 - %) +
()_(1 !X )(XZ - )_(2)+"'+ f'n ()_(1’)_(2"">_(n)(xn - )_(n) (27)

><I
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The quality of such an approximation will be discussed in chapter 8.

The logdeviation of a variable;, denotedk, from its steady state value is defined,

whereln denotes the nataklogaritm:

X - X

Xllnx-Inxe for smalldeviationgx, - X) (2.8

For small deviations; can be interpreted as the percentage deviation from steady state

To loglinearize an equation, i.e. to express it as an equation that is linear-in log
deviations, thgeneral recipe is to first take the natural logarithm of the equation and then
apply the Tayloapproximation (2.7). Some standard manipulations yield an equation as
wanted. However, there are some straightforward tricks that to a large extent simplify the
process of lodinearization. Rewrite (2.8):

(2.8 Y X =In

“O Qo
><|P§,><
Nejel

(-
X | X
Il
o)

i
(-

X = Xes (2.9)
Moreover, note thae® for smalf £ can be approximated as:
e“ o1+ %k (2.10)

Actually, by replacing all variables by the expression (2.9), applying the
approximation of (2.10) and exploiting the steady state relationships from step 2 to let

"To define more precisely what is meantdoyalt A deviation that is actually 1%, 5%, 10% or 50%, leads

to a logdeviation (times 10) of 1.00, 4.88, 9.53 and 40.55 respectively. As long as deviations are less than
say 10%, no large errors are made.

8 & for x equal to 0.01, 0.05, 0.10 and 0.50, equals 1.0101, 1.0513, 1.1052 and 1.6487 respectively. Also
here we see that ledeviationgpercentage deviations of up to 10% imply only small errors.
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some constants drop out, one can-lingarize almost any equation with explicit
functional forms in a far less tedious fashion than the stdndathod mentioned above.

One obtains exactly the same results. As an example, consider the following equation:
ax =by,z +cq (2.11)

wherex;, W, z andg; are variables and, bandc parameters. Applying (2.9) and (2.10) to
(2.11) yields:

(211D Y axe™ =byze%e® +cge® = byze% % + cge®
U ax(1+%)° byz(1+ ¥ + &) +cq(1+ dF)

Finally, use the steady state version of (2.11), namagly byz +cq, so that the constant

terms drop out of the equation:
U axk ° byz§ +byzk +chde (2.12)

(2.12) is the loginearized approximation of (2.11) and is linear in the-degiations.
Potential problems can appear in the case when the steady state value of a variable is
exactly zero, since the logarithm of zero is not defined and accordingly the definition in
(2.8) also not.

Assume that the variablg has steady state zerDefine a new variablé so that it

expresses approximately the deviationzoffrom its steady state (zero) measured as a

percentage of the steady state of some other variabley elg.other words:

-Z

BErozt=

(2.13)

<

< | N
<
o
NI
I
o
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The first equality in (2.13) also holds #, 0. Actually assuming for a short while that

Z . 0, makes it possible to relate (2.13) to (2.8) in the following way:

1
0

= -z _4az - 20, 2z 0

E=2_2-Gff %R 2B 2y, 0 (2.14)
y ¢¥x Y * ¢¥=

However, if Z =0, the relationship can be written as follows:

- -2 _  @GAzZ®z -z Az -9

E° < =lim & _8:382(_7(_1‘10 Ijm% G (219
Y z—O& =C Z 0 2 O@ = U

When loglinearizing an equation where at least one variable has steady state zero, one
can still use the expression in (2.9) to rewrite all variables but to agoid expressions
that are not defined, one should at the same time take the limit of both sides of the

expression as the variables with steady state zero go to zero.

Example: Consider once again equation (2.11), but now assume th@t Rewrite
(2.11) in the same way as done above, but add limits for every step to avoid dividing by

Zero:

(211) Y I;mo (aXeE) = Ii_rno(b)_/Zeﬁ e* + cqe“ﬁ): Ii(no(b)‘/Zeﬁ*“?r + quﬁ)
U lim[ax(1+ £)]© lim [byz(1+ % + £ + cq(1+ )] U
im [ax(1+ £)] © lim [oyz(1+ % + £) + ca(1+ &)

Also here use the steady state version of (2.11) so that constant terms drop out of the

equation:

U lim [ax&] © lim [oyz§ + byzE: + cadg] (2.16)
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Use the last (approximate) equality in (2.15) and plug it into (2.16):

NI ||

(216) ¥ lim [axg] ° 'i!“oggyzf‘r +oyz Y E+ qu“-;g

U axk © by’H +cqdy (2.17)

When choosing which variable to lyg one should choose the one that maEeas easy

as possible to interpret. E.dn the model that is presented in chapter 3, bond holdings
has steady state zero. The -bgyviation for bond holdings is therefore instead chosen
relative to GDP. The interpretation of the variable is therefore the deviation of bond
holdings from steadgtate (zero) measured as a percentage of GDP.

For variables that already in their original version denote percentages, such as the real
interest rate, the interpretation of the definition in (2.8) might be confusing. If the real
interest rate rises frot% to 2%, this is a percentage deviation of 100. Often one wishes
that deviations in such variables are denoted as absolute deviation instead of relative.
Consider a variable, assumed to denote such a variable. The definition in (2.8) would

give approxmately the percentage deviationrin Obviously, multiplying withr gives

approximately the absolute deviationrinThus define the following new variab%:

Et FE=r(nr, - INnF)°r - (2.18

When loglinearizing, ry should everywhere that it appears, be replaced with the

following expression:

= |

(2.19)

Chapter 3 shows the ldmearization of an entire model using these methods.

1C



STICKY PRICES AND THE MACROECONOMY A QUANTITATIVE LINEAR APPROXIMATION ANALYSIS

2.4 MODIFYING EQUATIONS IF NECESSARY
After log-linearizing the task isotset up the system of ldmearized equations in the

canonical form (2.1]2.3).

The first to notice is that (2.42.3) describe a system afecondorder difference
equations. The system should only contain variables that are datégdt or t + 1.

Usually this restriction imposes no problems. However, if the system contains additional
leads or lags, this can be handled by using the same techniques as when reducing

difference equations of higher order to seconder difference equations. E.g. if the

system contains a variablg ,, this is solved by defining a new variab—l:fsl ¢ ,. Then

one adds this definition as a new equation and replécgsvith (E‘;_l everywhere that it

appears. Further lags can be handled by introducing additional definitions in the same

fashion. The same goes if the system contains a variable sum{£+2}. Define
\E‘; 1 \l¢,,. Also here, add the definition as a new equatiod eeplace E {\i,,}

everywhere that it appears wiﬂﬁt{\ﬁﬂ} :

How does one define the vectogsand y;? Letx andy; be vectors of sizen andn
respectively. Consider the system of linear difference equations found in step 3
Endogenous variable that appear with time substiipt are given at datg i.e. cannot

be changed. These variables are calladogenous state variableShis means that at

any given point in time, the solution for the endogenous variables dependbe value

of the endogenous state variablém the last period. A typical example of a state
variable in many models is the capital stock, i.e. models where e.g. production depends
on the capital stock from last period. The vecyprcontains theothe endogenous
variables As Uhlig (1997) points out, one makes no mistake by defining all endogenous
variables as state variables. The solution process will simply confirm that some of the
variables not are true state variables. This appears in the sahgbetitolumns in the
matricesP and R that correspond to those variables will be a column of zeros. This
implies that it has been confirmed that none of the endogenous variables depend on the

11
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value of these falsely declared state variables from thedasidp Uhlig (1997) calls this

methodbrute force

The vectorz contains the exogenous variables of the model that followdidsr
stochastic processes, specified in the malixOften the stochastic processes are
independent of each other, iN.is diagonal. Then stability simply requires that all the
elements along the diagonal are less than or equal to one. {digleer stochastic
processes, such as AR{mocesses, can also be includedstackingequation (2.3) as a
first-order vector stochastidifference equations. Example: Assume that the- log

linearized model contains the AR{@jocess (2.20) that determines the varialijeand
where r,, and r,, are coefficients of autocovariance aeda normally distributed

error term with properties as discussed earlier.

\E+1 = rw,l\E + rW,Z\E-l +E., (2.20)

(2.20) can be rewritten as a matrix equation:

(

ak,.g er,, r,.2W g
gcu=é. . e O (2.2
el &1 O ¥ .

Define a new variablek, to rewrite (21) as a alimensional firsorder difference

eqguation:

(D
B

€1 g

A
2o

/

(
N
P s
[
N
O =
N
cCR
(

N (2.22)

,\
N
N
N
<
A
I
DX
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(2.22) is now in the form of (2.3). Higherder systems can be stacked in the same

fashion. Cf. e.g. Uhlig (2003b) for a formal discussion.

Denote the number of equations that do not contairabias dated + 1, i.e. the
equations in (2.1), ak Since there aren + n endogenous variables, there should
necessarily ben + ni | equations that contain variables dated1, i.e. the equations in
(2.2). Moreover, the solution method requires thate are at least as many equations in
(2.1) than there are other endogenous variables, i.eCandnthat the matri€ which is

of sizel x n, has full rank, i.e. rank. Cf. the solution of (2.1J2.3) in appendix | to see
why this restriction is requed. This requirement might seem as a strict restriction.
Remember, however, the argument made about defining the vectorgy; - that any
endogenous variable principle can be declared as a state variable. In the extreme case
one can len drop allthe way to zero, in which ~ @lways holds, and the rank of C

always will ben.

2.5 CALIBRATING THE MODEL

By finding values for the parameters in the model, one can calculate the steady state
values of the model variables quantitatively. The next step is to calculate theieogffic
matrices in (2.1)2.3). Please cf. chapter 5 for an applied example of calibration.

3. ATWO-COUNTRY MODEL WITH MONOPOLISTIC
COMPETITION AND STICKY PRICES

3.1 MAIN ASSUMPTIONS

The model consists of two countries, let us call tHéame and Foreign There is a
continuum of agents; total world population is normalized to one, with a fraction
Home and a fractiod - n in Foreign. All agents have the same preferences, and each of
them produces a single differentiated good with labour as the actgrfof production

under monopolistic competition. Prices are sticky in the sense that producers have to set

13
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prices one period in advariceGoods are freely traded, and there is also one
internationally traded financial asset, a real bond. Agents camiiey or real bonds.
Assume for simplicity that agents only hold the currency of their own country. They
maximize their discounted future utility under an infinite time horizon. The government
prints money and collects taxes. This model does not foctiseoeffect of distortionary

taxes and it is therefore assumed that the government has access to lump sum taxes.

Some additional assumptions to rule out unreasonable solutions with speculative bubbles

in the price level or with infinite borrowing will batroduced later.

Uncertainty will be introduced as exogenous variables assumed to follow -AR(1)
processes, just as has been done in Houeland and Lien (2003). The approach here is
however extended, as not only domestic government spending and money stock ar
stochastic, but also technology and the foreign versions of all three vafaMest
guestions regarding how to justify the assumptions are gathered in section 8.2. Please

confer this section whenever such questions arise.

3.2 SOLUTION METHOD

With the particular way of modelling sticky prices, it is clear that the {oungflex-price

and stickyprice equilibria will be quite similar. When an unanticipated shock occurs,
producers are unable to change prices until next period. One period after thehoitia
(absent new shocks) prices will again be set optimally, and all equations characterizing
the flexprice equilibrium will also hold in the sticky price case. This insight turns out to

be particularly convenient for drawing impulse responses tdiomeshocks.

Obstfeld and Rogoff (1995a) and (1996) solve the model by first setting it up with

flexible prices. After solving for the lebnearized equilibrium, sticky prices are

° Another frequently used approach that is more complex is the so called Calvo sticky pricesnihare

fraction U (0<U<1) of the producers are allowed to cl
drawn each period. Cf. e.g. Woodford (1996) for a model similar to the one presented here.

1% For analyzing impulse responses there is no Idsgeaerality in allowing for shocks in domestic

exogenous variables only since one always can interchange the two countries. However, for calculating
simulations, results are more general when there are shocks in both countries at the same time.

14
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introduced by considering how the sticky price equilibrium differs fronfléxéble price
equilibrium in the short and the long run after a shock, respectively. However, they
consider only shocks that are purely temporary or shocks with full persisteaiced
besides the analysis is purely qualitative. Another disadvantagat iéhparticular way

of setting up the model makes it possible only to analysetioeshocks. The latter

drawback also applies to the framework in Houeland and Lien (2003).

When running simulations, the economy is hit by multiple shocks drawn from some
random distributions every period, and the similarities between thefflex and the
sticky-price equilibria can no longer be exploited in the same way. This paper therefore
modifies the model in Obstfeld and Rogoff to introduce the assumption of giides
from the very beginning. It is thereby possible to capture the full dynamics of the model

outside steady state.

Equilibrium equations that are equal for the two countries, except for the notation, are
derived for Home onlyForeign variables aredenoted with &. All real variables are

measured as per capita sizes, i.e. for the representative agent.

3.3 THE STICKY-PRICE EQUILIBRIUM **

3.3.1 Finding equilibrium equations
Define a real domestic private consumption index, denGteaf the DixitStiglitz*? type.

There is a continuum of differentiated goods indexed from 0 to 1 (includes domestic as

well as foreign goods).

& ol g
Ctlgfpt(z)qdzg ; g=>1 (3.

c(z)denotes the representative domedenates agent @
the elasticity of substitution between any pair of goods. It will be shown later why it has

! Some stight forward intermediate calculations regarding this section are added in appendix II.
12 Cf. Dixit and Stiglitz (1977)
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to be thatd > Lefl the termdomestic consumptioffom now on refer to domestic

composite private consumpti@a.

By minimizing the expenditure of buyg one unit of the composite good, one gets the

following domestic price index, denotég

1
q

P =é1 1'C7d ] 3.2
1 = &P (27 7dz (3.2
Go :

OO

p.-1(z) denotes the domestic currency price of a single good; the time subsdriptlis
since the price charged in peribbas been séh periodt - 1*°. The same calculation also
yields the representative domestic agentds

good;

¢, (0 =P § c 3.3

L)

We assume for simplicity that government spending is allocated in exactly the same way
as private consumption. This means that we get the following domestic government
consumption index, denote@;, and demand function, wheig(z) denotes domestic
public consumption of a single differentiated good,;

gL a1 g
G * &p(29 7 dzg (3.4)
Go *
_&p., (98’
9.(2) = 8 G (3.9
¢ R =

13 Ct. the dating convention described in section 2.1.
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Equation (3.1(3.5) correspond to equivalent equations feoreign, just with a
superscript * for all the variables. An overview of all the equations characterizing the

equilibrium will be provided later.

No trading costs in the economy implies thatlt#ve of one price (LOOP) holds;

. (2 =Up . (2) (3.6)
R=€F 37)

o
UWdenotes the exchange rate; the price of foreign money in terms of domestic money.

Remember that Home has a fractiorof total population and Foreigaccordingly a
fraction 1-n. Define C" and G;" as the populatiowveighted averages of private
consumption and government spending, respectively (from now on caibtetil
consumptiorandworld government spendijg

C'1nC +(1- nC, (3.9)
G"! nG +(1- n)G, (3.9)

The total demand that a single producer faces (domesticadgrigproducer), denoted by
yi(z), will consist of total demand from each of the countries, weighted with their relative

population size:

Y.(2)=nlc.( +g,(2]+ - n)c (2 +g; ()] (3.10)

Plug (3.3) and (3.53.9) into (3.10), to get an expression that depends only on relative

prices and total world demand (cf. appendix Il for details):
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o

ap.,(2)

CW +GY) (3.10)
¢ R

¥:(2) =

-I-COOz,

The agents hold money and real bonds, sell a differentiated good, consume and pay taxes.
The budget constraint for the representative agent is given by:

M M z
Pttt =@ R, + et + Pal@y )T, (312)
t t t

F denotes real bond holdings at the end of petiodhe real interest rate between period
t andt+1, M; money holdings and; real taxes. The budget constraint says thatand
period wealth must be equal to initial wealth plus income lessiogeison and taxes.

The utility function U; depends positively on consumption and money holdings and

negatively on work effort (measured as output);

A~

€ AM _ 0 k.
u =Ef3 b° ‘dnC, + cingg-* §- Z (@ 2 & (3.13)
[ s=t e C's — Up

b/ <01>is the subjective discount faameteer (t he
that can be interpreted as the magnitude of transaction‘tosamdas > 0 can be

interpreted as a technology variaBleThere is no independent production function as

work effort enters directly into the utility function. A loa means that itakes little

effort to produce some given amount of production and vice vaysan therefore be

interpreted as the inverse of productivity. From novagnill be calledtechnology

The consumer 6s problem bel ow, ( Bsists 4n) |, i s

maximizing utility (3.13) with respect to consumption, product price, money and bond

1 Feenstra (1986) shows how money in the utility function is equivalent to meilelsansaction costs
(where the transaction costs of consuming depend negatively on money holdings).

15 o, also captures the preference for working. But since it is assumed that all agents have the same
preferences, a changeagmust be due to a changeproductivity.
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holdings subject to the budget constraint (3.12) and given the total demand function
(3.11). Since all agents within a country are identical, they will all aghdbe same

product price and end up with the same level of work effort.

Simplify the notation for work effort by dropping the indexi.e. domestic and foreign

work effort will be denotedy; and y; respectively. Operate equivalently only with
country pecific prices. Let the indicasandf denote a domestic and a foreign product,
respectively. Let a * denote that the price is measured in foreign currency, and vice versa
without a *. I.e. the domestic currency product price of a dompstiduct will bep(h)

and the foreign currency price of a forejgroductpe*(f) °.

maxu, =4 £*'dnc, + cng 8 vzl

[st & ch+ 27
w.r.t.{C},{M_},{p.()}{F.} (3.14)
S.t. F, + M, =(+r_)F , + Mg, + P-4 ( ) -C.-T.

P P, P
and a tl( g CW+GW)

® R =

Note that in the flexible price case, it would have been irrelevant whether the agent had
chosen work effortys or product priceps(z), since every level of pradtion directly
corresponds to a unique price level and vice Vérstowever, in the stickprice case,

the agent chooses the price one period aleatd thereby indirectly chooses expected
work effort next period. If there are no new unanticipated shadblesexpectation will
confirm and there is no difference to the fance case. But if there are shocks, demand
might be higher or lower than expected when the price was set. Since there is
monopolistic competition, the price is above marginal cost €pgquals marginal

revenue). If demand is higher than expected, even though the price cannot be changed, it

18 Even though all agents set the same product price, they see themselves as small relative to the whole
population. Certainly they therefore take the price indices as given.
7 Ct. the total demand function (3.11).
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will be profitable to meet the unexpected extra demand. And if demand is somewhat

lower than expected, it will be profitable to meet that demanerétian closing dow.

(3.14) yields the following firsbrder conditions, wher®*'as denotes the marginal

periodt utility of real wealth in period:

rocy M. 1 -, (3.15)
HC, G
. . ¢ _/, e/, 0
FOC2) D =t pE LG (3.16)
M, M R i Ray
. & W 0_ € v p(h) py, O U
FOC3) 'Etl 11 Y+ U_Et|/ +
()T (g T M Ry Ry ma(h)y
U pt(h) — q Etl kt+1yt+1 t+13 (317)
g-1 7 /1w vy
FOC4)5—IF": /., = b@A+r)E{/ ..} (3.19
t

(3.15) states that consumption should be chosen so that the marginal utility of
consumption equals the mardinaility of wealth. l.e. for the last unit of consumption,

the agent should be indifferent between consuming and saving. (3.16) states that the
marginal utility of real money (left hand side) should be equal to the cost of holding
money in terms of utilit (right hand side). The utility cost of holding money depends
positively on inflation, since inflation increases the seignorage, and negatively on the
change in marginal utility of wealth, since the utility loss is higher the higher future
consumption isvalued. (3.17) states that the price should be set so that the expected
marginal disutility of work effort equals the marginal benefit of produciiare. the
marginal revenue valued with the marginal utility of wealth. We also sed tiest to be

largerthan 1, since the optimal price otherwise will be negative. This is because the

8 This is a similar argment to a one made in Obstfeld and Rogoff (1995a). We implicitly assume here that
shocks are small enough to avoid situations of rationing, i.e. that producers always meet demand at current
prices.
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marginal revenue in this case will be negative for any positive level of production. (3.18)

is a kind of Lucas asset pricing equation. The equation can be rewritten as

HU,
— - 1 I‘J'Ct+1 — Ct
1 Et{(1+ rt) Dt+1}’ Dt+1 b HUt b Ct+1 (319)
HC,

whereDy,; is the stochastic discount factor between petriaadt+1. In a situation where
future consumption is expected to be high compared with current consumption, which
means that the marginal utility of consumption will be lowethe future than now, it
will be unattractive to save. The stochastic discount fabtor will be low, and the
equilibrium interest rate will be high. An equivalent argument goes for the opposite case.

For later use, rewrite the first order conditiqs15)(3.18) slightly (cf. appendix Il for

details):
M ? d+r) PtP+1 ?
Pt = cC.Ej 5 U (3.20)
! 1 (1+ rt) el - 11
[ R 1
p,(h) = %— Et{kt+1yt+1R+1Ct+1} (3.2
E{C.u} = b@+1)C, (3.22)

Apply to equation (3.2) the fact that all product prices within a country must be the same.

The domestic and foreign price index can then be written as (cf. appendix Ildibs)det

R =|npa (=7 + a- m(pra(HO)F e (3.23
R = gnfﬁg LA P (324
g¢ - H
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Note this purchasing power parity (PPP) holds in this setup (combine (3.23) and (3.24)):

P = LJ::;* (3.25)

The government collects taxes, spends and prints money. Woodford (1996) shows that
Ricardian equivalence holde models with nominal rigidities with a setup as in this
model. Government spending and the money stock are exogenously given as stochastic
processes. The government could in theory determine taxes. However, the agents know
that any taxcut today leadingo a government deficit must be financed by higher taxes in

the future (the deficit cannot be financed by lower government spending in the future
since government spending evolves exogenously according to an exogenous process).
Therefore they save alreathday to finance these future taxes and smooth consumption.
These private savings exactly equate government disséviagd there are no real
changes. The structure of the model can therefore be simplified by assuming that the
government budget balanceach period. The same simplification has been done in

Obstfeld and Rogoff (1995a). The government budget constraint will therefore be given

G =T+ (3.26)
R
| . e. government spending equals taxes ©plus
intertemporal budget constraint (3.12) to substitute out taxes and Money
R )R, + Py e (3.27)

t

Note that the sum of real bond holdings in the two countries must be zero. The foreign

bond holdings can therefore be expressed in terms of domestic bondyboldin

91t is natural to assume that each country has manybitatms, and that each single individual sees
himself as small relative to the society. In other words, he takes taxes a$ gl means that plugging
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nFE+@- n)F =00 F'=- - F (3.29

Note that bond holdings must be weighted with relative population size,Fsiaoé F*

express real bond holdings per capita and since the countries may be of different size.

Finally, for welfare analysis purposes laterwibuld be convenient to measure how
welfare develops over time. (3.13) expresses the discounted sum of utility in all future
periods. From (3.13) it is clear that per capita welfare in a single period, from now on

called only welfare and denot®d, shouldbe defined as:

- Ky (329

W1tInC, +cln >

OQN Do
mﬁ{i
|-CDO

We are now ready to provide a list of equations characterizing the -gtidey

equilibrium, numbered as (E{E17). This list includes the foreign version of equations

(3.11), (3.20)(3.22), (3.27) and (3.29), whe (3.28) has been plugged into the foreign
version of the agentdés budget constraint (3.

There are 15 endogenous variables:G*, C.", LOJ F, G", r, P, P*, pra(h), p-o*(f), yi,

ye*, W, W*. But there are 17 listed equations. Since they all hold, it means that 2 of the
equations are abundant for solving the system. E.g. (E7) follows directly from combining
(E8) and (E9). After loginearizing the system we will build down the system to the
correct number of equations and endogenous variables:(EET) is anyway not a
sufficient description of the equilibrium, since assumptions to rule out infioit®wing
solutions and of speative bubbles not yet has been introduced. This will be done in

section 3.3.3.

the government budget <constraint i naftey solvingdorttegent 6 s bu
first order conditions, as here.
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Equilibrium equations

(ED) E{C..)p=b6@a+r)C
(E2) EfCl.}=b@a+r)C

M Te (d+r) I:)lt;1 %J

(E3 Pt = cCEil p U
t I QA+r)-—t-11

I t \%

" }e @+ rt)Fé;;l %’

(E4 == cCE| ———U
P e P <

t ' @A+r)-2-1)

T R \%

(E5) CY=nG +@- n)C,
(E6) G"=nG +@- NG/

€En r=Uk
(E8) R =|np(h)*7+(@1- n)(|o;*(f)L°r'T"’]ﬁ

1
-q

(E9) R =

('[ﬂ)\g (D

Z@D 8 - e (Fy

[acw] CIQ

h
(ElO) Ft :(1+ tl) p|§ ) Y: - Ct - Gt

t

n n () . .
(E11) - ﬁﬁ =- ﬁ(l“L ro)FR..+ ptp(* )yt - G

E12) ¥ =28 (v +ar)

q

(cr+av)

*

Qo O

(E13) y; =g (f

~
~

HU
-Q0Q,

O

(E14) P =T EdkiayeaRuCul

(E15) pi(f) = 75 Bl YiaRuClu}

é ~
(E16) W, =InC, + chge 8. Ky
¢ch=+ 2
* * é.M 6 k x2
E17) W =InC, +cln ! Ly
BN WEnCenge g 5
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3.3.2 Finding a steady state
The next step is to find a steady state for the system(ET)), i.e. a situation where all

variables take the same value every period absent shocks. For a varideleote the
steady state of that variable &s. Finding the steady state consists in replacing all
variables in (EL(E17) with their steady states and remove all expectations signs since
there is no uncertainty in this problemnding the steady states then consists in solving
the new system of equations that appears for the endogenous variables given the

exogenous variables and the parameters.

Though straight forward, a list of the steady state versions of equationgE(ED)

denoted (S1S17) is here included for completeness:

(S) C =»b@a+rC
(S2) C = b@A+F)C”

e P o
M _é (1+F)E N
S3 F=cCe 5 U
é1+r)— - 1U
e P ¢
e P o
M _.é @*+N = u
(S9 =5 = cC é 5 u
ea+r) — -1y
e P g
(S5) CY=nC +@- n)C~
(S6) GY=nG +@- NG
s7n pP=U>
(S8) P= [np(h)l"+(1 n(p ()T F
o — puiye)
(s9) B -enalo D8 "+ a- n)p(f)lqﬁ“
v
(S10) F = (1+F)F + pl(sh)y- C-G
_ n = P(f) . = =
S11 —F -—@A+1)F + -C -G
(S11) - 1 1_n( ) 5 Y
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(S12) y:Z;e__(ﬁh)gq(_W+GW)
(S13) y*:?);_s*f)gq(cw'l'(aw)

(S14) p(h) =—2_wyPC
g-1

(s15) p(f) =92 _ryPC

g-1
(S16) W=InC + cln%'\%é-gyz
_— — am’ o kK _.2
S17) W =InC +cIn - —Y
( ) é% Q 5 y

(S1) (or [S2]) yields:

C =b@A+r)C U 1- 5

=
Il

(3.30)

In this model there are multiple steady states, but we will choose to focus on a symmetric
steady state. By symmetry here is mgaart capita symmetrysince the parameterthat

controls elative country size still is allowed to differ from %. More precisely, the
symmetric steady state is a steady state where both countries have the same technology,

per capita consumption, output, government spending and bond héidires

C=C',y=y ,F=F ,G=G andk =k".

For bond holdings this has to imply:
F=F*=0 (3.3D

2 Other choices of the initial steady state would have been possible, and the model results would have been
affected. However, this model is not meant to study the effects of an uneven initial wealth distribution
which would have characterized any other steady state than the symmetric one. Also, it turns out that the
impulse reponse analysis in chapter 6 still gives valuable insights in what would have been the effects of
such an uneven initial distribution. It namelyns out that an unanticipated money shock will lead to such

a redistribution of wealth among countries.
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Combining (S3) and (S4) and using that consumption is the same in both countries yields

that the real money stock must be the same in both countries:

* _o +_
-M _ g2ttt

— (3.32)
Cc r

7|
|- OO

T

Furthemore, in this symmetric steady state the price of a domestic and a foreign product

measured in the same currency has to be the same, and equal to the two price indices. Use

P as the numeraire:
py =G (H=pP=UF =1 (3.33)

By plugging in(3.33) into (3.32) we see that the choiceldfs also arbitrary as it has no

real effects, and that we can del=1 for simplicity, to get M =M" and P=P", i.e.
that also the tew nominal steady state money stocks are the same.

(S10) and (S11) yields:
y=y =C+G (3.34)

(S5) and (S6) yields that due to the symmetry, population weighted averages of per capita
consumption and government spending are equal to the per eagiténleach country:

=C" (339
-G (3.36)

Obstfeld and Rogoff (1995a) assume that government spending is equal to zero in both
countries as it simplifies calculations to a great extent. Also, qualitative conclusions do
not change. However, since went to calibrate the model later and compare with real
data, it would be an advantage to extend the model and open for a situation where
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government spending differs from zero in steady state and instead find an estimate for the

relative size between privatand public spending. Plug (3.38)36) into (SS14) and
solve forC;:

U c+G=cg7 1§ (337)

It has earlier been shown thdt> 1. It is then clear that the argument of the square root

exceedsG /2. Thus it can be guaranteed thatrthis a unique positive solution:

= o = ~2

L ~_ G |aGg  g-1

OC=-"+ &g+ > 3.38
2 \/9 T 33

After calculating (3.38), all the other variables follow recursively from the equations
above.W and W~ follow directly from (S16) and (S17) note thatW =W~ in the

model. However, the steady state variablésandW ™ have no real importance, since

they are only scale parameters in the welfare functions ([E16] and [E17]). The
consumer 6s maxi mi z at irgeanciamgeddflutdityin §véry sihdle) |1 s
period is scaled up by some positive parameter. We thereforeWsetW" =1 for

simplicity.

Finally, notice in particular that combining (3.37) and (3.34) yields

<
I
Ol
+
]
I
g_)o
T*i
Il =
|- OO

(3.39)

3
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3.3.3 Loglinearizing the equilibrium around the steady state
This section logdinearizes the equations (E(§17) using the methods from section 2.3.

The notation used will also be the same. The objective is to transform thE@E))into

linear equations in the dedeviations, or approximately percentage deviations from
steady state. The approximate equality symb
tedious notation. Note that the real variables that denote per capita sizes, also can be

interpreted as aggregatizes after lodinearizing™.

The real interest ratg is already measured as a percentage. To ease the interpretation
define El FE, l.e. approximately theabsolute deviation from its steady state, as
suggested in section 2.3, equati{@il8). Domestic bond holdingB;, has steady state
zero. The percentage deviation from steady state is not defined, let thel%fdn@

defined as; ., &8F Fgg, in accordance with the discussion in section 2.3, equé?idb).

im,28;
F'% must therefore be interpreted as domestic bond holdings measured as a percentage of

domestic production (this model 6s GNP).
Remember from (3.33) that the prices, price indices and the exchange rate all have a
steady statefol and can be dropped whenever appearing multiplicatively. Define for

convenience the following shortcuts:

(3.40)

Q o

= [
O 0O
~ ~
K K

(3.41)

Apply (3.34) to see that (3.403.41) satisfyc+g =1 and can be interpreted #se

private and public share of GNP, respectively. Due to the Ricardian equivalence of the

model (cf. section 3.3.1)3 will also be the net tax rate.

A Example:C; denotes per capita domestic consumptiiy. denotes aggregate domestic consumption.
Since@t =InC, - InC =In(nG) - In(nC), it is clear thai& can be interpreted as both a per capita
and an aggregate measure.
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It is time to introduce formally the stochastic processes that determine thenexsge
variables nominal money stock, government spending and technology. It is assumed that
the log deviations of all six variables follow AR{ftjocesses with i.i.d. (identically and
independently distributed) error tertds i and assume for simplicity that the error terms

are normally distributed:

-

VI, =1 V&+ewt+1, € ~ N(0,52) (3.42)
Et{ w,t+1 Wt+s} :O" Ss 1

Et{ v,t+1 ,t+1}:O
v. W, VW=G,G kk M,M"

}w denotes the coefficient of autocorrelation. This process is chosen since it opens for a
high degree of generalfyy However, it is assumed fornsplicity that there is no
correlation between government spending, technology and the money stock. Also assume
thatro =r_,r, =r,andr, =r_..Inother words, it is assumed in line with the per
capita symmetry introduced in section 3.3.2 that there is norasyry between the two

countries in how the three exogenous variables behave.

To rule out unreasonable solutions with speculative bubbles in the price level or with

infinite borrowing, it is necessary to impose the following two assumptions on the

system:

81§ _, 9 2 1§ 5.2

im &8 E(fro=m &e 8 E(fig=0 (3.43)
et g et ¢

41 q g9

lln‘lg_'_—rg FETE_O (3.44)

% Note that smceV&H1 (W, - W)/W, multiplying (3.42) with W yields approximately

W, - W) =7, (W, - W) +Wsg,,.,,. l.e. (3.42) is equivalent to aAR(1)-process forabsolute
deviation from steady state.
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(3.43) states that it is unreasonable that agents should expect prices to grow exponentially
in the futuré*. This bizarre situation could only occur as a-g®iércing bubbleand is

here ruled out. Since énominal money stock is expected to remain constant on average,

it is reasonable also to expect no inflation in the long run. Note that subtracting the
foreign version of (3.43) from the domestic, leads to the result that there should be no

speculative biobles in the exchange rate.

(3.44) is a combination of the fRonzigamecondition (NPG) and the transversality
condition (TVCY°. The nePonzigame condition rules out situations where agents
borrow infinitely and consume infinitely, always take up neanlto repay the old ones

and never pay back. Credit restrictions are not explicitly modelled here, but we instead
assume that the discounted value of bond holdings have to be positive in an infinite time
horizon. The transversality condition states thatesthe marginal utility of consumption

is always positive, it cannot be optimal to leave something behind in an infinite time
horizoni utility would always be higher if spending it. Therefore the discounted value of
bond holdings in an infinite time haon cannot be positive. The transversality condition

is not an assumptionit is more a result of our choice of utility function, with positive
marginal utility for all C. The only possibility when combining the -Ronzigame
condition and the transvetgg condition is (3.44), that the discounted value of bond
holding in an infinite time horizon is zero. This is quite reasonable, it just states that all

debt has to be repaid someday, and that all wealth someday will be spent.

The complete list of théog-linearized equations of the model, denoted {(L1)7), and

the six AR(1)processes, denoted (A@A6), follow below, numbered in the same order

as the equilibrium equations and the steady state equations. The derivations follow
directly from the methagl presented in section 2.3 and (A&p) directly from (3.42).

Cf. appendix Il for details.

% Obstfeld and Rogoff (1995a) analyze only purely temporary and fully permanent shocks. (3.42) opens for
the intermediate case, and the possibility of calibrgtitgreal data.

% Note that the first term within the brackets of (3.43) goes to zero exponentially. Prices would have to
grow exponentially and even faster to prevent the expression from going to zero. Cf. also Obstfeld and
Rogoff (1996), pp. 51819.

% Cf. Obstfeld and Rogoff (1996), pp. %6 for a detailed discussion on these constraints.
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Log-linearized equations

(L1)
(L2)
(L3)

(L4)

(L5)
(L6)
(L7)
(L8)
(L9)
(L10)

(L11) -

(L12)
(L13)
(L14)
(L15)

L +a- nEL(H+a- nd
L)+ nE,(f)- nll
r‘FE L+ E(h)- FE+£_; E(,Et

T ZFP1< :F”‘
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4 . MODI FYI NG THE MODEL TO FI T I NTO UHL
FORM

The equations (L1YL17) and (A1)(A6) seem to already be of the canonical form from
chapter 2, cf. equations (2-(9.3). However, these equations alone do not describe the
model, since the solution also is constrained by the assumptions-(3.45). The net

step will be to modify the logjnearized equations (LA(L15) in such a way that (3.43)
(3.44) can be imposed, and so that the resulting equations still fit into the form (2.1)
(2.3).

The NPG and TVCGconditions will e.g. be imposed by moving theemémporal budget
constraint repeatedly forward, plugging into itself, and finally taking the limit as time
goes to infinity.

4.1 SOME INITIAL CALCULATIONS
At first we will introduce some new notatieriors i mp |l i ci t y. Let supersct

difference between the domestic and foreign version of a variable as in (4.1):

ED 5:(h) - B (F)
- NF, (4.1)

,?ﬂ( :ﬁ'k
4’_ﬂ< T
51(

51( =

w1
; 1

h £H1<
Hcﬁm Iﬁm

G
@31

Call the three variables on togonsumption differengeoutput differenceand price

differencé® from now on.For the difference in price indices, we already have notation

from (L7), namelye: 2

% The price differencehas no interesting interpretation since the prices are measured in different
currencies. However, the definition will be very useful for comjpatal purposes.
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Let superscriptv as before denote the populatimeighted average of the domestic and

foreign version of a variable and introduce the followingéhmew definitions:

Frng+@- N B g+ g Nk Q- N (42
Call the first variablevorld output

Now we will make use of the fact that most of the equations(L1)) appear in pairs of
one domestic and one foreign equation. Subtract the foreign equation from th&tidome
equation in the pairs (L4(L2), (L3)-(L4), (L10)}(L11), (L12L13) and (L14L15):

(L1) - (L2): E{&)=E& (4.3)
(L3) - (L4): W - B %(E{ é, @ (4.4)
(L10)- (L11): fn =B g B o8- g
(L12)- (L13): w=qgl &) (4.6)
(L14)- (L15): el o, + &+ @ )

apply(4.3: U B = E{E 0, + &, +<§D} (4.7)

(4.3) is an interesting resultit states that the consumption difference is expected to
remain the same as it is. This means that if therare@n unanticipated shock in period

t, the consumption difference will typically change from periadl to periodt, but it

will remain the same from period t and on absent new unanticipated shocks. In other
words, shocks can have permanent effects han difference between domestic and
foreign per capita consumption. This does not mean that agents necessarily have flat
consumption profiles after a shock. This will only be the case if the real interest rate is at
its steady state level. But it followsoin the consumption Euler equations (L1) and (L2),
that if the real interest rate deviates from steady state, this will have the same effect on

domestic and foreign consumption growtlkeeping a stable difference. This actually
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turns out to be a fundameht&sult of the model. But these effects will be discussed

more in detail when analysing impulse responses in chapter 6.
Secondly, compute a population weighted average of the pairs of equationt4),1)

(L3)-(L4), (L12-L13) and (L14L15), i.e. multiplythe domestic equation witlhand the

foreign equation witlL i nand then add them together:

Ly +(enx2):  E(E =&+ L E (49

-

n(L3) +(1—n)(L4)' nNF, =
1

S R LA Bl (R R

t

r(1+r)

n(L8) +(1-n)L9) :  nE+(1- n)EE = B, (4.10)

n(L12) +(:n)L13) : £ =g(nE+(1- ) - nk,(n)- @- n) B, () +cE" + g &

plug in (L8) -(L9) :

0 =qhpk .+ @ nE.(H+a- N8+ a- npE m+a- g6 +-nl)
-, (h) - (L ) B (F)]+ o + g

U § =c& +gd® (4.19)
n(LL4)+(1(L1S): B = EJE, + § +n, + (- ), + &)
U o= Et{Eil + ~+1 + @thil} (412

4.2 CALCULATIONS TO INCLUDE NPG, TVC AND NO -BUBBLES

ASSUMPTIONS

Note that in the followinghe law of iterated expectations and formulas for the infinite
sum of the elements in a geometric series will be used repeatedly. It will also be used
several times from (A1JA6) that the AR(1)processes satisfy the following properties:

E{QE) = rsnE: s>t; V=G,G k k' \M,M’
EMVEY =rg VB EQMVE} =gV s>t W=GkM (4.13
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where the last two equalities follow directly using the definitionS/%“f andVESW.

Solve (4.4) forE:

B S R |
oY G- - &)+ eEly (419

Substitute oulﬂ1 in (4.14) by pligging in the equation forwarded one period:

=R &y e

+-1|

D - 1 a
(I\Et+1 (/Et?rl) + m Et+1{ az}i,/l
B T A s 1 VD~55152
U H=—_%k°- C'fzto+mEt{l\"E+l- @t‘il}g+g%+—r_g Et{az} (4.15)

Repeated substitution yields:

O

E_1+r a é;ﬁi—rg (NEP - @D)§+§ ir_gTE[{ﬂT} (4.16)

Apply from (4.3) thatE{E?} = & and take the limit of (4.16) a6~ o

im a——llm Ea @[—8 (ru tl\ED CI/ED)qullm K Et{HT}J

U E——glrl_rrla_.t%f—rg I\E - h_rqjéa_a%—o CEDu I|m [( )Et{aT}
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0 B LB T o T (L ) 6]

C F-/’M r =

U ﬁ: Fr, NE? - & (4.17)

The standard formulas for the sum of the elements in infinite geometric series have been

applied and also in the last step, the assumption of no speculative bubbles in the exchange
rate (3.43).

Plug (4.6) into (4.7) and solve fd&,{ ¥} :
@9V 0=El@, + B+ &, - B+ &)
0 o-cfe, - B8

¢ g y

U E{$) =- —E{ + &} (4.18)

Forward (4.5) one period, solve foir% and take the expectation conditional on

information known in periotlon both sides of the equation:

, E_-e 1 E 1-n|c = o [0
(45) Y F'%=Ec|1 K - m[ﬁf— 8.+, - cdd, - gl (19

.= e 1 = 1- n -1 = _ ZJ
(418 VY E=E] =, - ‘?qq ¥, - ol - g&,

Hy

LE e 1 == 1- ne aq 16
U E=ES T &+ o, - g2, %
T E[:’1+r T+ 1+f_8 gq+19( T+1 +1) G, t+1 QL
o e 1 FE 1- neg-1 g-14
U E=E; e+ 2 e +gd2 +58+9 "= 4.20
‘ E‘:'1+r— M1+ &g+l 9=a g@ q+ dﬁtiluu ( )
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Plug (4.20) into equation (4.5):

e 1 = 1-néeg-1 g- 16 A
Ei—E. + D+ (ED+ + 17 —5ER =
:, t+1 1+7 e +1 +1 g t+1 ? +1= t+1ul,J

@+ g, +a- n)[(q 1)@ (- DB, - o& - g&

. 1-neéqg- L 9- 1§ el &0

U 91, r(ED+ 9- -G8, g€ * E U=

1+r &g +1 ¢ 9 c q+ 1= 4 E‘|11+r‘ tlg
+

a F)FE +(1- n)[(q 1)@ (q- DR, - o - g@"] (4.2]

Forward (4.20) one period and plug into (4.21):

1-nég-1 o O 18, lgnoe,  falgg
—eq k%-l- +gf &"' dﬁ % q_%"'__%tol]"'Etfaea -8 tll =
1+rgg+l 9 1+r- ¢ gtlg I+r+ g jeltrs Y

e, T T 3 ~ 9 _1xT 2 =S . g 9 ~T ~ f
Lng-l a8 8p g an’d@+ e+ el et §E §-
1+r@q+1 wocl+r = ssoGl+r =+ ¢ gtlssocl+r= U fel+r= 7

w+nE, + (- n)[(q DE- (g- D, - o€ - G@P] (4.29)

Take the limit of (4.23) a3 - © and apply the NPG+TV@ssumption (3.42):

-1
+1

a+NE, +(1- n)[(q DE- (- DB, - o - Z]

1-n

r, 0« & ro 0 & ¢-151 59
gE'rD+ —8ED+ +—o—(ED‘:
+7-r,2 gé%ﬂ‘- re2 g+ i

"085?’

»o|_8ﬁ; Qo

RrE

t
2 Q-1lo &~ = e qg-1 _1+rgs 1+7 ¥
U L1 =F B +g(F, +1)E&° +¢ +e—— & = £, +(g-1 1 4.24
e LA R i e v Sl R & @08 (429
wherer, 1 _r—"andFG 1 _r—G
1+r-r, 1+7- rg
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Plug (4.11) into (4.12):

(419 Y 0= E{Ei1+(c+1)¢5tﬁ1+9<§fl}

1 =0
0 E{&y = E;_ @?L Ry (4.25)
c+l 7y
Plug (4.25) into the left hand side of (4.8):

A~

é€-9 1 = 0_ £ =
Et‘ll—gdfﬂl' +19:@N 'lr:-

+1 c+1 1+
A - Org g e 2w _ B 1 =
U &y .« =&+ — 4.26
1 & gREE ok (4.26)

Solve @.9) for nI’I:E+(1- n)IE:

e ey i LR (B LN S CE)

Solve (4.26) forE:

E=-enedr e L B (429

Plug (4.28) into (4.27):

e =tk Dl (e T e e (ol e )

+ 1+F ' 1+F ¢c+1 c+1 147
O nE+-mE =" @ L (Todny T gy iE{nFE ra-nE) @29
t t +r—, t t 1+r C+1 t C+1 1+ t+1 +1

Forward (4.29) one period:
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19

o+ (- ), =R @

— t+l t+1
1+7

|

fG“

G chflENl t+1{FE ra-nE) (430

1
17 le41

(@]}

Plug (4.30) into (4.29):

niE + (1- n)FE: %

_8|\E %“—EI{@IL}S

Tg T 1+ 0

1 egr I's g)@w ;%+ r, o ﬂ a1l
E nE. +(1- nkE 43
1+reC+1g TTere c+1g 1+r_ i Qi O {“2 ( )t+2} (43D

Repeated plugging in yields:

nE +(1- ) = » égeli—rg NEY - & aeee1—8 E{C,EN}U
s—t(; -

s—t+1@1

1egr .T.a/’ o k"érkast
e (EW+ &0 u+ oEnFE+ +(@1- Nk 1(4.32
Trgeadare G read e ai— (., +a- &, }@32

Substitute ouE{(ES”} by using (4.25):

= F O TAr, 0 B B LA 0 G & SAF, 0 T, =
e+ (1- n)E :—_aae_M_g NEY - & + 59_6_8 _L(E?N aae_k_g kg
+r s=t gl+r— s—t+]§1+r+ C+1 S:'[+191+r+ C+1
1 €9rq J&re 0 & . F 1475, 6 w2 &14 [z -
o glenglef &y L g8 g el JEfE, v ik, Jasg
1+r@c+1s_t91+r_ C+laigl+r+ ggl+r—

Take the limit asT -

o and apply the assumption of no speculative bubbles iegric
(3.43):

e
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u Py = r_FM I\Etw B @:N (4.34)

Collecting the equations (4.5), (4.6), (4.7), (4.11), (4.12), (4.17), (4.24), (4.26) and (4.34)
together with (A1)(A6) yields a system of the form (2:03.3) - with 9 equations, 9
endogenous ariables and the six exogenous processes (one then also inadotihe
definitions of differences and population weighted of the exogenous variables, i.e. use
[4.1] and [4.2]). However, some variables that might be interesting to analyze have been
substitited out. E.g. domestic and foreign consumption no longer appear in the equations
i only consumption differenceand world consumption Use the definitions of
consumption differenc@ndworld consumptiono verify equations (4.35) and (4.36):

E=E"+- né& (4.35)

19

since & +(1- NE =n&+1- NE +@- NE - - nE =&

& =& - n& (4.36)

=¥+ (1- ¥ (4.37)
=¥ - nge (4.39

For the price level, the most relevant variables are the two price indices. Rewrite (L8) and
(L9) using (4.2):

- g+ né& (4.39)
= B, - nér (440
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4.3 THE FINAL MODEL

Collecting the equations mentioned and in addition (433)0) and (L16)L17), the

final model consists of the equations below, where regular equations are denoted (M1)

(M17) and the AR(Xprocesses (A1jA6) as before.

The vector of endlgenous state variables (denoteth chapter 2), of other endogenous
variables (denotegk in chapter 2) and of exogenous stochastic processes (denoted

chapter 2) will be respectively:

T

(

: E”

G2
JE N,

The
S
!ﬁ;k
,tﬁ'k
,-ﬁl(
<R
s
:*%"‘
,.%'I(
—

= X
Il Tl
< e mf_ﬁz

R ;@

]T

where the distinction of categorizing endogenous variables into the vwecamd y;

N
]
%

respectively has been done in accordance with the discussion in section 2.4.

The matrix equations (2.1), (2.2) and (2.3) correspond to-(M1p), (M16)}(M17) and
(A1)-(A6) respectively.
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:th
3’%‘
mz
ﬁa‘
OI
(QI
Gh
,@m

(M1) O=-
(M2) 0=—§-?+q(ﬂ- )

(M3 0=-§ +c& +g|n& +(1- NG|
M4y o=-Ber7, (V- NE)- &

(M6) o—gr [
(M7) 0=- ﬁ:.”1+rernl\E (- n)I\EJ- &

M) 0=-&+&E +@1- &
M9) 0=-& +& - n€®
(M10) 0=- ¥ + ¥ + (1- n)¥
(M1D) 0=- % + %' - nf¥
(M12) 0=-E+ B +(1- n)E
(M13 0=- () + f,- n&

(M14) VE=E + c(NF, - i) - 2‘7 1%— 12‘;8

(M15) VE = E + c(NF, - )-89~

(M16) 0= Et{' Ep"'(éﬂ - E+1) + ﬁ)l + al +(-Etp}
M17) 0=E{n&, +@- n&,, + &, + &}

A &, =rEre,,
A2) &, ,=r.&+e.
(A3) Eﬁu = ka + € i
(A4) EK.=rfK+e..,
(A5) I\EH1 =I'u I\E + 6y i1
(A68) NE,=r,NE +e

M” t+1
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5. CALIBRATION

The purpose of the model can be said to be to focus on the effect of sticky prices in an
environment of monopolistic competition and free trade. Notice that the model by
assuming lat a steady state can be found, abstracts away from many trends found in
actual data, such as growth in population, government spending and total factor
productivity. One can say that the model does this in order to study price stickiness
isolated without other disturbing processes going on at the same time. Other
simplifications are e.g. that labour is the only one factor of production in the model (and
accordingly there are no investments), that it is assumed that all goods are tradable and
that the govenment has access to lumspm taxes.

Obviously, in such a stylized model, calibrating the model based on real data is difficult.
Some of the steady state variables to be estimated do not exist in the same way in reality.

Consider e.g. the parameters, and s, that describe the AR(4Jrocesses that

determine government spending. It is assumed that government spending fluctuates
around a steady state. However, real data for Norway and the U.S. show that government

spending has a clear increasing trend in the entireygasperiod’. Calibrating 7, and

S has to be based on some approximation.

The importance of finding thé c o r rcalibration should not be overstated. The
purpose of calibrating in a setting as here is rather to be able to quantify some results
found in the model, to investigate what results are considerable and which are negligible
and to give an approximation of the magnitude of variable movements. Alszaonet
expect simulations of the model to come very close to real data. In section 8.1 some
sensitivity analysis will be performed and it will be discussed whether small changes in
the calibration chosen might alter the results found severely. Thisipap#rmeant to be

an econometric paper and except for the sensitivity analysis, questions regarding

uncertainty and validity of calibrations used will not be discussed thoroughly. The

2" Sources: Bureau of Economic Analysis (BEA) and Statistisk Sentralbyra (Statistics Norway).
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analysis in chapter 6 will use four calibration sets, three of whicmtop Home is
calibrated to be the U.S. and one of which country Home is calibrated to be Norway. The
two countries are chosen to illustrate the case of a large, open economy contra a typical
small, open economy. In both cases it is natural to think aftcpioreign ashe rest of

the world(or alternatively as the most important trading partners of the U.S. and Norway,

respectivelyi this interpretation will be discussed later in this chapter).

The time period has been set to one year. This meangribas are set ongear in

advance. Cf. section 8.2 for a justification. Table 5.1 shows the chosen calibration sets.
Only the benchmark case is shown for the U.S. The other two sets will be used for
impulse response analysis only and are the special wagses shocks are fully persistent
(rg=r,=ry=1) or fully temporary(rg =r, = r,, =0). To avoid confusion, it must

be mentioned that all the ldmearized variables by convention shoulelinterpreted so

that a value of 1 means 1 % deviation from steady state. Since the model is linear, it does
not matter whether one chooses 0.01 or 1 to denote 1% as long as one remembers to be
consequent. The chosen convention includes the interpretafitmes standard deviations

of the error terms;, s, ands,, -e.g.S; = 1.37 mean&.37%

Calibrations are based on U.S. and Norwegian time series for the perio2270
unless otherwise stated. These time series are included, together with exact descriptions

and sources, in appendix VI.
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Calibration
set
the U.S. Norway
Parameter
c 0.77 0.71
g 0.23 0.29
r 0.046 0.026
n 0.32 0.006
d 6 6
G 0.046 0.027
e 0.9 0.9
Sg 1.01 1.37
re 0.95 0.95
S, 1.4 1.4
v 0.49 0.15
Swm 1.39 2.53 Table 51 Calibration sets

Remember the assumption from section 3.3.2 of per capita symmetry in consumption and
government spending. This leads to a loss of generality when calib@éindg if the

rest of worldideally should have been calibedtdifferently than the country considered.
Also this model assumes that goods and bonds are traded freely. Due to this
simplification, it might make more sense to compare the two countries with their most

important trading partners, rather than the emés¢ of the world.

For calibratingC andg, actual data for per capita private consumption and government

spending as fractions of total consumption has been used. Since there are no investments
in the model, investment spending has ne¢rb considered. Figures for Norway in the

period 19762002 lead toc =0.71 and g = 0.29. Figures for the U.S. in the same period
lead to ¢ =0.77 and g =0.23. |t i's simply amsostumpertdnt t hat
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trading partners have a similar composition of private and public consumption. The same

is assumed for the U?S

There is only one asset in the model, a realtfris& bond. In a stylized model as this it is
natural to see this asset as approximated aggregate of different kinds of fide
deposits, loans and government bonds. Using e.g. the federal funds rate might lead to a
too low estimate, since it is private agents that hold bonds in this model, and since the
existence of banks amuther intermediate financial institutions make the actual interest
rate higher than the federal funds rate. Furthermore, since bonds are freely traded

internationally, we are really talking about the equilibrium world interest rate.

For the U.S., Prestio(1986) states that the annual real interest imabout 4%. Cooley

and Prescott (1995) wuse a b of 0.947 which
Woodford (1996) uses a real interest rate of 5%. For Norwayntéeest rate indicator

measures the average nominal interest rate on depdséins and bonds. The
corresponding real interest rate can be calculated using CPI figures. Figures for the period
19702002 yield an average real interest rate of 2.6%. U.S. figures for the same period

yield an average real interest rate of 4.6% (botleutalions based on the geometric
average). The estimates based on real data are used since some of the purpose of the
model is to explain how the interest rate affects the trade off between consumption and

saving and since we will compare simulations withl data later.

When settingn, one possibility would be to measure the fractions of U.S. and Norwegian
GDP to world GDP. As mentioned above, it might be more reasonable to compare the
two countries with their most important trading partners. Thenwdave therefore been

set as the countryés nominal GDP relative t

BThis might be not such an unrealistic assumption sir
with the E.U., known to have similar hidavels of government spending. And for the U.S. trade with

Canada, Mexico, China and Japan constituted about 50% of 2002 trade volumes. (Source: Statistics

Norway and Bureau of Economic Analysis)
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important trading partners. Using data from 2002 leads=d).32for the U.S. anah =
0.006for Norway?®.

For estimating d, consider first the expect

t + 1 (take the expected derivative of (3.13) wrt;):

o

ey,
l‘lyt+1

U= - bEt{kt+1yt+1} (51)

<\

bE{/,,} is the expected marginal utility of real wealth in thext period and

é/.,,0 . . - . -
Jo, = P”lu is thereby the expected marginal utility of nominal wealth. Dividing the

i Fay
marginal disutility with the marginal utility of nominal wealth yields the marginal cost of
production in terms of nominal money, denotd;. Reverse the sign since we are
talking about a cost and wants to measure it as a positive number. The expected marginal

cost in period + 1 conditional on information known in periaavill then be:

&,
E[{MCH_J_} - _ E[¥ uyt+1L: Etie_ kt+1yt+1R+13 (52)

I /t+l I |' /t+l y

[ I:{+1 {]

Comparing with (3.17), one caee tha%%q—lg will be the expected factor by which the
cqg- 1+

price exceeds marginal costs, i.e. a maplfactor. For U.S. data, it seems to be a kind of
consensus in the literature that a mapkof about 1.2 should be used, which correspond
to ad of 6. Morrison (1990) calculates the average annual {mpror the U.S.
manufacturing industry for the period 197986 to be 1.211. Schmi@rohé and Uribe
(2001) also use 1.2 as the mani factor. Rotemberg and Woodford (1995), pp.-26Q,

2 source: Norwegian trading partners from Statistics None$. trading partners from BEA. GDP levels
in U.S. dollars from OECD and Nationmaster.com.
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provide an overview on the literature on this field and on how to determine the mark up
factori and they also end up with the same mapkfactor. Due to lack of reliable data

sources for Norway, it is simply assumed that the U.S. value also applies to Norway.

G is an unobservable parameter, but by rewriting the steady state relationship (3.32) we

see that the parameter can be expressed in terms of observable variables:
- M Aar o
3.32) Y ¢c=—— 5.3
(5:52) Chai+rS -3

ﬂ is the real money stock per capita aBdprivate consumption per capita. Using the

same data as when calculatiogand g andusingr as i n table 5.1 yield

and 0.027, using U.S. and Norwegian data, respectively.

As mentioned, when setting, and s, a problem is that historical pestr data for

both the U.S. and Norway show thagal government spending increases over time.
Rotemberg and Woodford (1995) correct detrended government spending by correcting
for population growth and technological change. The remaining component is assumed to
follow an AR(1)}process just as in our mel. Based on U8ata they setr, =0.9.
Unfortunately they provide no standegdviation since they only analyze impulse

responses. Schmi@rohé and Uribe (2001) use the same process and ther saamel

sets ; = 3.02 without very much justification for their calibration.

When calculating the calibrated values used in table 5.1, it is at first assumed that
rs =0.9 is a good estimation, in line with the preceding discussion. Then time &eries
U.S. and Norwegian real government consumption spending for the perioe2Q@7Z0
have been Hfiltered (cf. appendix V) and the percentage deviations from the trend
have been calculated. Note that equation (Al) in the model can be rewritten in the

following way:
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-

(A1) Y G- re&=am (55)

Then the HHiltered data have been plugged into the left hand side of (5.5) also using the
assumption that ; =0.9. Thereafters ; has been estimated by calculating the standard
deviation of the estimated error terms. This yiedgs=1.01and s ;=1.37for U.S. and

Norwegian data, respectivéfy

When estimatingr, and s, we should first discuss in auoh more exact way what,
actually is. Denote work effort, measured e.g. as hours worked, land assume that

the disutility of work effort is linear in the effort and given by:

W, _ sz (5.6)

ML

wheref is some positive parameter. Furthermore, assume that the production function is

given by:

% |t is assumed that the remaining residuady,, are normally distributed. Using the model
€y = I os1 TV, Where /', is the coefficient of autocorrelation amia normally distributed error

term, one can test for autocorrelation. This regression yi#lds-0.04 and /' ,=-0.15, for U.S. and

Norwegian data, respectively. Howeveone of these coefficients are significantly different from zero, on

a 5% level of significance. Rather than testing formally if the error terms are normally distributed,
histograms for the residuals are provided below, with U.S. data to the left anddiorwata to the right.

The U.S. data series seems to be approximately normally distributed; the Norwegian data series does not fit
that good to the normality assumption.

o B N W b O O N ©
o P N W A~ O O N ®

[-2.6, [-2.2, [-1.8, [-1.4, [-1.0, [-0.6, [-0.2, [0.2, [0.6, [1.0, [1.4, [1.8, [2.2, [2.6, <-2.2, <-1.8, <-1.4, <-1.0, <-0.6, <-0.2, <0.2, <0.6, <1.0, <1.4, <1.8, <2.2,
-2.2> -1.8> -1.4> -1.0> -0.6> -0.2> 0.2> 0.6> 1.0> 1.4> 1.8> 2.2> 2.6> 22> -1.8> -14> -1.0> -0.6> -0.2> 02> 06> 10> 14> 18> 22> 26]

Figure 5.1 Histograms of residuals in equation (5.5). (y=no. of residuals x= stttv)
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NI

Yo = AZ, (5.7

whereA; denotes total factor pductivity (TFP). Solve forz, to get:
. 2
z =2 tg (5.8)
Then define the;tekbecogenous variabl e a
°2f6%
. _a
U A —éﬁ(—g (5.9

The disutility from effort will then bé& plug (5.8}(5.9) into (5.6):

N

a0
IJ' a to % 0 — yt —_ t 2
=t - -f -f s =_f =__t
e, ETTERE T ae2f8 24 27
70 kI
el A =

(5.10) shows that the special cases of disutility of work effort (5.6) and production

function (5.7) leads exactly to the specification of the utility function used in our model.

3 will then be related to TFP via (5.9).

Assume that the ledeviation ofA; follows the following process:

E+1 = rAE + eA,t+1 (51:0

where notation and error term properties are as in section 3.3.3. Plug (5.9) into (5.11):
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1279
v 1 akio_ 1 _ 1
B59Y InA - lnA_zlnaE.foQ 2(Ink Ink) = Z/E
&k 2
g -
ool 1 .
(5-1]) Y - EA'ZM - rAEA::r +eA,t
U E+1:rkE+l+ek,t; rk ! rA; ek,t ! _ZeA,t U sk :25A (512)

Cooley and Prescott (1995), have estimated the coefficient ofcautwiance and the

standard deviation in equation (5.10), denotedands , respectively, and found
r ,=0.95ands , =0.7. Their estimation is based on U.S. data series for TFP. Sehmitt
Grohé and Uribe (2001) use, =0.82ands , =2.29 in a similar modeto the one here,

but their calibration is based on a survey by Chari et. al. (1995) who use data series for

labour productivity.

Labour is the only factor of production in this model, but since the purpose is to compare
with real data, e.g. for outpuit might make more sense to use a more general
productivity measure, such as TFP. The figures from Cooley and Prescott (1995) have
been used and they yield, =0.95 and s, =1.4. Remember however, that there is
uncertainty onhow to measure productitivity, and that this calibration should not be
blindly trusted. As for the other coefficients of autocorrelation and standard deviations,
one should analyze the consequences of changing these parameters. As earlier mentioned,
this will be done in chapter 8.1. Also notice that no reliable data sources for Norway have

been available, and that the same calibration has been chosen for Norway as for the U.S.
To calculater,, data for the broad monetary aggregate M3lie U.S. and Norway for

the period 1972002 has been used. Thereafter the data has bedittdt#tl and the

percentage deviations from trend have been calculated. By assuming that these data series
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follow the equation (A5), one can run an Otefyression This vyields r,, =0.49 and

s, =1.39 for U.S. data and-,, =0.15 ands,, =2.53 for Norwegian dati.

31 95% confidence intervals for,, are [0.19, 0.79] and-(Q.21, 0.52], respectively in other words the
calibrations are quite uncertain, and for Norwegian data the coefficient is not even significantly different
from zero. One &n do as for government spending and apply a few tests on the remaining resjglyals

By testing for autocorrelation usirthe equationéy, , = 7 ,&,,.; +V, where /', is the coefficient of

autocorrelation and, a normally distributed error term, one must for both data sets concludé thatnot

significantly different from zero on a 5% level of significance. Histograms of the residuals are provided
below, U.S. data to the left and Norwegidata to the right. The Norwegian data series seems to be
approximately normally distributed; the U.S. data series does not fit that good to the normality assumption.

8 8
7
6 6
5 5
4 4
3 3
2 2
14 1
0 - 0
[-2.6, [-2.2, [-1.8, [-1.4, [-1.0, [0.6, [-0.2, [0.2, [0.6, [1.0, [1.4, [1.8, [2.2, [-2.6, <-2.2, <-1.8, <-1.4, <-1.0, <-0.6, <-0.2, <0.2, <0.6, <1.0, <1.4, <1.8, <2.2,
-2.2>-1.8>-1.4> -1.0> -0.6> -0.2> 0.2> 0.6> 1.0> 1.4> 1.8> 2.2> 2.6> -2.2> -1.8> -1.4> -1.0> -0.6> -0.2> 02> 0.6> 1.0> 14> 18> 22> 26|

Figure 5.2 Histograms of residuals in equation (A5). (y=no. of residuals x= std. dev)
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6. ANALYSIS

Chapter 6 calculates impulse responses to shocks using the MatLab souncsogde

i n combinati on wirtolgrTaeikd d(osf Maapgmeéndi x | V)
and 6.2 discuss the effect of entirely permanent and tempshacks, respectively. The

sections are meant as two reference cases for the later discussion and to explain the main
mechanisms of the model. Sections-6.3 use the calibration sets in table 5.1 and
attempt to address some policy issues related to sudtgdound. All figures will show

impulse reponses to a 1% shock in each of the exogenous vafiablely shocks in

domestic exogenous variables are analyzed. Domestic effects of shocks in foreign
variables follow similarly by interchanging the two caugg in the model. The main

focus of the discussion will be the monetary shocks.

6.1 PERMANENT SHOCKS
All shocks are calculated using the U.S. calibration set. The shocks are permanent, i.e.

(re=ry=ry=1.

Money shocks:

Consider figure 6.1. A grmanent increase in the domestic money stock leads to a
temporary domestic income increase. In the short run prices cannot change; thus the real
money stock also increases with 1%. In the long run, however, prices can again be set
optimally. The optimal esponse to the wealth increase is to spend the increase over an
infinite time horizon. In practice this implies to save over the current account and then
spend only the interest income every period in the future. This follows directly from the
NPG and TVCconditions.

% The value of the initial shock of 1% is chosen rather arbitrarily. Another possibility would be to e.g. let
the shocks be of the size of one standard deviation, in accordance with table 5.1. Notice, however, that
since the model is linear, the responeésll other variables will follow proportionally, i.e. the impulse
responses to a 0.1% shock will be exactly one tenth of the impulse responses to a 1% shock. Nonetheless,
the error of linearization will be larger, the larger the deviations from staath. €f. section 8.3 for a

further discussion on the error made when linearizing.
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Impulse responses to a shock in domestic money Impulse responses to a shock in domestic money
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Figure 6.1 Impulse responses to a 1% permanent shock in money

A short run domestic current account surplus can only take place if foreign agents are
willing to borrow. The equilibrium real interest rate therefore falls temporarily. After
borrowing over the current account in period O, the optimal response for foreign agents
will be to pay back the debt over an infinite time horizon, i.e. pay only the interest
payments. Since neither foreign nor domestic agents have an incentive to kakewr

in the long run, the equilibrium real interest rate returns to steady state and remains there.

In the long run the@bjectivereal interest rate equals teabjectiveinterest rateTb. It

is therefore optimal to choose the samel of consumption every period in the future,
absent new shocks.

When the domestic money stock increases permanently with 1% one would normally
expect a 1% depreciation of the exchange tafer the real money stock to remain
unchanged and to restotiee money market equilibrium. This is what that would have
happened in the case of flexible prices. With sticky prices and the calibration set here the
exchange rate depreciates with only about 0.85%, however. This is because the increase
in domestic consuption relative to foreign consumption raises domestic money demand

relative to foreign. Thus the effect is partially offset.
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There are two effects affecting foreign consumption in the short run. On the first hand,
the reduced real interest rate affei@sumption positively, since consumption gets more
attractive relative to saving. On the other hand, the depreciated exchange rate, increases
the demand for domestic output and lowers the demand for foreign output, i.e.-afterms
trade effect. As argueid section 3.3.1, since prices are above marginal costs, domestic
producers find it profitable to still meet the higher demand and oppositely abroad. This
lowers foreign income, which affects foreign consumption negatively. The latter effect

turns out to dminate.

In the long run prices adjust, and there is no longer any teftnade effect remember
that purchasing power parity (PPP) holds in this model. But foreign output actually
exceeds domestic output. This is because the domestic wealth alteasl&wdf between

work and consumption and vice versa abroad.

To conclude, the fundamental lesson to be learnt from figure 6.1 is how an unexpected
shock in the money stock can affect real variables permanently. The shock leads to a
permanent rise in aoestic consumption and a permanent fall in foreign consumption due

to current account movements.

Government spending shocks:
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Figure 6.2 Impulse responses to a 1% permanent shock in government spending
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Figure 6.2 shows a permanent shock in governmpehding. Remember that the
government allocates its spending in the same way as private ageamissome of the
increase will be spent at home and some of it abroad. l.e., demand increases in both
countries ceteris paribus. However, the increased taxeburds to be paid by domestic

agents only.

First of all domestic agents respond to the shock by lowering domestic consumption due
to the higher tax burden. The lower domestic consumption relative to foreign
consumption leads to exchange rate depreciatsimce the consumption difference
lowers domestic money demand relative to foreign money demand. The depreciation
increases demand for domestic products due to the -td#rinsde effect mentioned.
Output is demand driven in the short run and therefoes.ris

The higher output leads to higher income and there is therefore no need for domestic
consumption to decrease as much as the rise in taxes. Domestic consumption falls only
with about 0.13%. Note that some of the increase in output lasts only tertypdnatine

short run producers are unable to change prices. In the long run, equivalently to in the
money shock case, prices are again set optimally, i.e. domestic prices increase to meet the

higher demand. This means that the increase in output is lyaotfakt.

Temporary increased domestic output means that domestic residents experience a
temporary income increase. Agents prefer a smooth path of consumption and therefore
decide to consume this temporary increase over an infinite time horizon. Tegwwav

the current account and spend only the interest income every period in the future. Since
domestic residents save in the short run, foreign residents must borrow, and for them to
be willing to do that, the interest rate must fall temporarily. Thepteary low real

interest rate makes it attractive for foreign agents to consume more and save less, and

accordingly foreign consumption increases temporarily.

The positive difference between the foreign and domestic level of consumption leads to

an incrase in foreign money demand relative to domestic. Equilibrium is restored by a
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deprecation of the exchange rate. This permanent depreciation leads again tedd-terms
trade effect higher demand for domestic products-aisis foreign. That is the demand

side explanation for why domestic output increases permanently relative to foreign
output. A more intuitive explanation is the supplgle explanatiori that the higher
domestic tax burden alters the traaf€é between work and consumption, and that
domestt agents substitute out of leisure and into work to compensate for some of the tax

increase.
This leads to the fundamental result that a government spending shock unambiguously
increases world output. The other most interesting feature to notice ishieoshdck

makes domestic agents run a short run current account sugdusxplained above.

Technology shocks:
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Figure 6.3 Impulse responses to a 1% permanent shock in technology

Cf. figure 6.3 that shows the impulse responses of a permanent shtedhitology.
Remember that the technology shock must be interpreted as a permethanionin
domestic productivity. Certainly lower domestic productivity leads to lower domestic
consumption. That is because agents immediately realize that the produliviease

will worsen their situation. The difference between foreign and domestic consumption
leads to lower domestic money demand relative to foreign. This leads to a depreciated

exchange rate.
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This depreciation increases demand for domestic produettheitermaof-trade effect.
Therefore, surprisingly, domestic output actually increases in the short run, with about
1.7% (even though only to maintain the old level of production would require more work
effort to be put in). In the long run prices araiagset optimally, and the total effect on
output is negative. Oppositely, foreign producers suffer from the tefstrade effect in

the short run as they are unable to lower prices. In the long run they end up with

production slightly above the old steestate level.

Just as in the government shock case, the temporary high domestic income makes it
optimal for domestic agents to save much of the income, and spend it over an infinite
time horizon. They run a current account surplus in the short runpamt ©nly the
interest income in every future period. This makes the-tangconsumption decrease

less severe than it otherwise would have been. In equilibrium this must correspond to a

temporary reduction in the real interest rate.

A fundamental resuliere, which could not have been found in any flexible price model,
is the short run outpumcreasefollowing a productivitydecreaseThe fall in productivity
leads to exchange rate depreciation. And price stickiness then implies-aushiatms
of-trade effect. This offsets the fall in output that one would expextd one might in

fact experience that shemin output increases, as with the calibration here. The
magnitude with which domestic output responds to exchange rate deprecidépands

of course on the price elasticity of demdnde. ond. And as seen in chapter 5, it seems

to be a consensus in the literature tdahould be about 6 (corresponding to a price
mark-up of 20%). This certainty supports the hypothesis that the particular result found in

figure 6.3 could hold in general.

6.2TEMPORARY SHOCKS
All shocks are calculated using the U.S. calibration set. The shocks are temporary, i.e.

(rg=ry,=ry =0). Impulse responses are shown in figures8&664 Many of the

variable movements are similar as in the permanent shock aafsen the movements
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only differ in magnitude. The results are discussed only where remarkable differences

can be found.

Money shocks:
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Figure 6.4 Impulse responses to a 1% temporary shock in money

In the temporary money shock case, cf. figure 6.4, steck leads to a temporary
domestic wealth increase, leading to movements in consumption and output similar to the
permanent case. The exchange rate immediately depreciates in the short run, but only
with about 0.04%. The small increase in the short nehange rate comes from the
temporary increase in demand for domestic money as consumption increases. And since
the exchange rate movement is small, output and consumption movements are

equivalently small.

Surprisingly, the exchange rate actuapprecatesin the long run. In the first place, the
domestic money stock has returned to steady state and can no longer contribute to
depreciation. Secondly, since domestic consumption is permanently higher than foreign
consumption, demand for domestic mone\esigelative to foreign money demand.

Therefore, there must be an appreciation in the long run.

Also notice the surprising fact that the real interest rate is unchanged in this case.

Foreign agents reduce production in the short run due to aténraxke effect. Knowing
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that their output will go up again already next period (since the exchange rate
appreciates), they borrow over the current account. Foreign long run consumption is
therefore about 0.002% below the old steady state. The difference comptrdtie

permanent shock case is that foreign agents have incentives to borrow without any

reduction in the real interest rate.

Government spending shocks:
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Figure 6.5 Impulse responses to a 1% temporary shock in government spending

Figure 6.5 showshe case of a temporary government spending shock. It is optimal for
domestic agents to finance the temporary shock (the increased tax burden) by cutting
consumption slightly all future periods, since agents prefer a smooth path of
consumption. When compag with the permanent shock, the redistribution of wealth is

of opposite sign.

Foreign agents experience a temporary income increase since the higher total domestic
consumption (public and private) leads to higher demand for foreign products. They
spendthe increase over an infinite time horizon by saving over the current account.
Again, foreign agents are willing to save without a change in the interest rate. The fact
that foreign consumption increases relative to domestic consumption every period in the

future leads to immediate depreciation of the exchange rate, via relative money demand.
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In the short run, both domestic and foreign output increase due to the higher total world
demand. Domestic output increases more, however, due to theaketrade dfect of the
depreciation. In the long run, world demand returns to steady state and prices adjust. The
only effect left to affect output is the altered trasfebetween work and consumption in

the two countries. The foreign wealth makes foreign agemtssehslightly more leisure

(and less output) than domestic agents. This effect is almost negligible though.

Technology shocks:
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Figure 6.6 Impulse responses to a 1% temporary shock in technology

Cf. figure 6.6 that shows impulse responses of a 1% teanpsehock in technology (fall

in domestic productivity). Notice the surprising result that practically all variables remain
unchanged. The technology shock affects supply only and output is demand driven in the
short run. Demand is unchanged in the shant and agents meet demand by working
more, just enough to produce steady state output as before. The only variable affected is
welfare, directly via the utility function. Since the short run equilibrium implies no
changes in the exchange rate and no ghsann savings, the economy returns to the old

steady state in the first period after the shock.
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6.3 GENERAL SHOCKS
We will now calculate the same impulse responses as above, but use the U.S. data
calibration set from table 5.1. These responses will imynaays be a kind of

intermediate case between fully permanent and temporary shocks.

Money shocks:
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Figure 6.7 Impulse responses to a 1% general shock in money, calibrated to U.S. data

The main lesson to learn from figure 6.7 is how an unanticipatewgynshock can lead

to a permanent redistribution of world wealth. The mechanisms are the same as
mentioned in sections 6.1 and 6.2. Even though the shock is not permanent, the
redistribution last permanently since agents have an infinite time horizon.sboinend
holdings constitute about 0.25% of GDP in the long run. Accordingly, domestic
consumption increases with about 0.008%, foreign consumption decreases with about the
half.
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Government spending shocks:
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Figure 6.8 Impulse responses to a 1§eneral shock in government spending, calibrated to U.S. data

For the government spending shock case, the short run effects are fully equivalent to the
effects mentioned in section 6.1. Notice how domestic agents actually run a current
account surplus ithe short run, but then a deficit all future periods.

Just as in the money shock case, the government spending shock leads to permanent
redistribution of wealth in favour of foreign agents. A government spending shock is a

real shock so this result woul also occur in the flexible price case.

The tax burden induced by the government spending shock falls with time. Domestic
agentso6é opti mal response from period 1 and
every period, but to run a large deficit whgmvernment spending is high, and gradually

reduce the deficit as government spending closes the gap to steady state. The current
account deficit goes to zero as time goes to infinity. As usual the debt is finally repaid in

an infinite time horizon, i.e.rdy the interest payment is paid every period.

It is clear that domestic agents substitute future consumption with current consumption,
to smooth out the consumption path. For foreign agents to be willing to save over the
current account, the equilibriureal interest rate rises in period Band then slowly falls

as domestic agents slowly reduce their borrowing. The fact thabjbetivereal interest
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explains the upward sloping path of domestic consumption. Extending the time horizon
shows that domestic and foreign consumption reach new long run steady states 0.03%
below and 0.01% above their old steady states, respectively. @inspent difference in
consumption levels corresponds entirely to the redistribution of weditind holdings

reach a new long run steady state about 0.8% (of domestic GDP) below the initial steady

State.

Technology shocks:
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Figure 6.9 Impulse responseto a 1% general shock in technology, calibrated to U.S. data

In the technology shock case, the most surprising result is, as discussed in section 6.1, the
short run rise in domestic output. Since output is demand driven in the short run, the

depreciatio leads to increased demand for domestic products.

The long run effects are quite similar to the government spending shock case above. The
variables return more slowly to the new steady state, since the technology shock has been
calibrated to be more pésgent than the government spending shock. Knowing that
domestic productivity eventually will return to steady state, domestic agents cut output
with about 0.6% in period 1 and increase it slowly as productivity improves. At the same

time agents substitufature consumption for current consumption by borrowing over the
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current accournit thereby avoiding a drastic fall in consumption the periods shortly after
the shock. The movement of the real interest rate from period 1 and on can be explained

equivalenty to as in the government spending shock case above.

By extending the time horizon, one finds that in the new long run steady state the changes
in domestic and foreign consumption are abdui3% and 0.06%, respectively. For
domestic and foreign outptite changes are about 0.10% a®@®5%, respectively. The

latter effect follows from the altered trad& between work and consumption following

the redistribution of wealtfi bond holdings reach a long run steady state that differs
about-4.0% of GDP fran the initial steady state.

6.4 THE IMPORTANCE OF COUNTRY SIZE

So far all impulse responses have been calculated using the calibration set based on U.S.
data. Whereas the U.S. in this model is a typical example of a large, open economy (with
the calibratbon of n=0.32, the U.S. constitutes about one third of the world economy),
Norway is a typical example of a small, open economy (Norway constitutes only $/1000

of the world economy). Figure 6.8012 show impulse responses to shocks in money,
government gending and technology with the Norwegian calibration set. Obviously an
important difference will be that Norwegian agents can save or borrow over the current
account with only negligible changes to the real interest rate. This means that they have

betterpossibilities to carry out intertemporal substitution of consumption.
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Figure 6.10 Impulse responses to a 1% general shock in money, calibrated to Norwegian data
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On the other hand, figures 6.1, 6.4 and 6.7 show that the wealth redistribution ofya mone
shock depends positively on the persistence of the shock. Cf. section 8.1 for a further
discussion on this matter. Nonetheless, there are two effects of opposite direction that
distinguish the Norwegian case from the U.S. Comparing figure 6.10 witlw6.8ge

that Norwegian agents save about 0.15% of GDP in period 0, whereas U.S. agents save
about 0.25%. Due to the different country sizes relative to the world economy, the
interest rate does not respond at all in the Norwegian case, and with about 0.008
percentage points in the U.S. case. Norwegian agents are able to increase consumption
every period after the shock with about 0.002%. Due to their impact on the real interest
rate, U.S. agents instead consume about 0.015% above steady state in then smatt ru

then 0.008% above steady state every period in the future.
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Figure 6.11 Impulse responses to a 1% general shock in government spending, calibrated to Norwegian
data
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Figure 6.12 Impulse responses to a 1% general shock in technology, calibréweorwegian data
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Comparing the figures 6.11 and 6.12 with the figures 6.8 and 6.9 yields equivalent
insights as for the money shock case. Notice how Norwegian agents are able to maintain
a smooth path of consumption every period after a shock sincearttpgict on the real
interest rate is negligible. A small, open economy has the advantage that effects of shocks
to a higher degree can be smoothed out over time by saving and borrowing the current

account to avoid fluctuations in real variables.

6.5 WELFARE ANALYSIS

It is now time to compute welfare effects of the shocks in figure$.62Z. Notice that the
calibrations ofr =0.046 and r =0.026 from table 5.1 imply discount factofsof 0.956

and 0.975, respectilye(cf. equation [3.30]). An often used objective of policy makers is
to maximize the discounted sum of expected welfare in all future periods. In our model
there is no explicitly modelled policy only the exogenous processes. Still it would be
interestig to see what effects the shocks in-6.X2 have on the discounted sum of
welfare. Combining the utility function (3.13) and the expression for single period

welfare (3.29) yields:

€S ,ouna, U
U, = EKi a v°'w, W () (6.
| s=t )Y
Then loglinearize equation (6.1):
o A B t+100
& =ET& b° tvti“ ETa b° W“ (6.2)
| s=t I st

The approximation on the right hand side of (6.2) has been used so that the expression
can be calculated numerically This approximation and its foreign counterpart have

been used to calculate table 6.1 béfbw

3 For simplicity it has been chosen to calculate welfare for the first hundred years following a shock only,
since the remaining terms are so small that they can be negl®emember that\/&t ass grows, either

returns to steady state or reaches a new steady state (random walk), wheregses to zero asgrows.
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Data set: U.S. data Norwegian data
Shock in: U u* U u*
M 0.0868 0.0012 0.0187 0.0001
G -2.0977 0.0670 -3.1324 0.0008
T -6.3521 -0.3503 -7.2088 -0.0129

Table 6.1 Total welfare effect (in percentage deviation from steady state) of a 1%

shock in exogenous variables

It seems that a domestic money shock raises welfare in both countries. How can this be?
It turns out that lte money shock partly offsets some of the inefficiency caused by
monopolistic competition. In this case sticky prices actually help to reduce the production
inefficiency. Remember that the domestic money shock raises short run domestic wealth
since pricesmust remain the same. This again leads to an increase in demand of both
countriesd product s. Since output is demand
increases. The mailip factor of price over marginal cost falls temporarily, thereby
increasig output efficiency. In the long run, output is again determined by the product
market equilibrium, and there is no such gaimere is only a redistribution of wealth in
favour of domestic agents which is neutral from a world welfare perspective.
Noneheless, it turns out that the short run welfare increase for foreign agents is large
enough to dominate over the welfare decrease that they experience in the long run. A
negative shock in the money stock would of course yield a welfare decrease for both

countries.

The other results found are less surprising. A government spending shock reduces

domestic welfaré obviously because government spending is assumed not to enter the

With our calibration, one get§'*& 0 . 0 1 1 **Za(n.dOr@gpectivgl. Accordingly the expression

- T
b° VE also goes to zero for a large

3 Keep in mind that a monotone transformation on an intertemporal utility function does not lead to any
real change$ therefore one should not put any real meaning idomagnitude of the welfare effedts
only their relative ordering. Also one should not compare the relative magnitudes for a Norwegian and a

U.S. agent directly, since the steady state scale parah"\_éteras not calibrated, but set 1 for simplicity.
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utility function. However, the shock increases world demand and therefore leads
unambiguously to a rise in welfare abrdgasince foreign agents do not have to bear any

of the tax burden associated with the shock. We also find that a fall in domestic

productivity results in a fall in welfare in both countries.

6.6 THE IMPORTANCE OF T HE LEVEL OF COMPETITION
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6.13 Impulse responses to a 1% general shock in money, calibrated to U.S. data, butdwtb1
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6.14 Impulse responses to a 1% general shock in money, calibrated to U.S. data, butdwti®

Figure 6.13 and 6.14 show two @pnents where the elasticity of substitution has been

changed. The analysis here is limited to the money shock case only. Untd nowhas6
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