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Conventions and notations
•

Quasiparti les
The term quasiparti le is in this thesis taken to mean the opposite of a
quasihole. This diers from mu h of the litterature, where quasiparti le
is taken as a

•

ommon term for quasiele trons and quasiholes.

Vertex operators
All vertex operators

V, H

and

P

in this thesis are impli itly normal or-

dered.

•

Summation
When greek indi es are used, Einstein's summation

aµ bµ ≡

vii

X
µ

aµ bµ

onvention is implied:

Chapter 1

Introdu tion
Interest in gaseous Bose-Einstein Condensates (BEC) has in reased both theoreti ally and experimentally over the re ent years. This phenomenon was rst
realized experimentally in 1995 by a group led by E. Cornell and C. Wiemann [1℄,
and soon after by a group led by W. Ketterle [2℄. For this dis overy, the three
were awarded the 2001 Nobel Prize in Physi s.
When a quantum uid su h as a BEC is rotated, its behaviour is radi ally
dierent from

lassi al uids. A

lassi al uid

an sustain rigid body rotation,

but rotating a BEC will instead generate quantized vorti es.

As the angular

momentum is in reased, more vorti es will appear, arranged in a triangular
latti e as shown in gure 1.1. Experiments with rotating Bose gases are rea hing
ever higher angular momenta [36℄, and are approa hing the point where the
vortex latti e is expe ted to melt [7℄. The system is then expe ted to enter the
so- alled quantum Hall regime. This means that the system is mathemati ally
equivalent to the quantum Hall ee t (QHE), whi h makes it possible to utilize
known te hniques from this eld on the rotating Bose gas [8℄. One method that
has proven fruitful in the QHE is to express trial wave fun tions as
eld theory (CFT)

In this thesis we will utilize CFT

Figure 1.1:

onformal

orrelators.
orrelators to propose trial wave fun tions

Triangular vortex latti e at dierent angular momenta. Images from Ketterle's group at MIT.
1
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1 Introdu tion

for higly

orrelated state in the rapidly rotating Bose gas. In parti ular we will

reprodu e the wave fun tions proposed by the
This model was originally
has also been used in

omposite fermion (CF) model.

onstru ted for the quantum Hall system [9℄, but it

ontext of the rotating Bose gas [10, 11℄.

In hapter 2 we will study the quantum Hall ee t and the
model. We will see in

omposite fermion

hapter 3 how the problem of rotating Bose gases

an be

solved as a lowest Landau level problem, and how

omposite fermions may be

formed in this system. Chapter 4 will des ribe the

on ept of CFT

and how they have been used to
in

orrelators

onstru t wave fun tions for the QHE. Lastly,

hapter 5 we will propose wavefun tions for several states predi ted to emerge

as the vortex latti e melts, and we will see how they
obtained by other methods.

ompare to wavefun tions

Chapter 2

The Quantum Hall Ee t
2.1 The Hall Ee t
The Hall ee t is a well-known phenomenon in
is a

perpendi ular magneti

along the

urrent

z -dire

I

ondu ting material in the

in the x-dire tion.

tion, this will push the

sample due to the Lorentz for e

vx

It

arriers by a

urrent density as

xy -plane,

through whi h

If we now impose a magneti
harge

Fm = evx B ,

is the drift velo ity of the free

write the

harge

eld.

Consider a at slab of a
we send a

and

lassi al ele trodynami s.

onsequen e of the radial for e exerted on moving

harge

eld

B

arriers towards one side of the

where

e

is the elementary

harge

arriers. See gure 2.1. We

jx = nevx , where n is the density of

harge

an

arriers.

Combining these two gives

Fm =
This for e generates a
equilibrium we

Figure 2.1:

jx B
.
n

harge gradient perpendi ular to the

an measure a voltage

VH

along the

y -dire

urrent, and at

tion, set up by the

The lassi al Hall ee t. The harge arriers are pushed to the side by the
Lorentz for e, setting up a eld Ey a ross the ondu tor. [12℄
3
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ele tri

Ey

eld

a ross the

ondu tor. This ee t is

its dis overer E. H. Hall, and the voltage
ele tri

for e generated by

VH

VH

is

alled the Hall ee t after

alled the Hall voltage.

The

is

VH e
L
Requiring Fe = Fm
Fe =

where L is the width of the slab.

at equilibrium gives

jx BL
.
ne
The resistivity of the material in the x-dire tion, ρx is given by ρx = Ex /jx .
Similarly, we an asso iate a Hall resistivity ρH ≡ Ey /jx with the Hall voltage.
The ele tri eld in the y -dire tion is Ey = Fm /e = vx B , giving the linear
VH =

relation

ρH =

B
.
ne

(2.1)

2.2 The Quantum Hall Ee t
Experiments have been done to measure the Hall ee t in the layer between two
semi ondu tors at low temperatures. In this system the
mobility ele trons

harge

arriers are high

onned to a plane, and may be viewed as a 2D ele tron gas.

Here one nds that the smooth linear behaviour of the system breaks down. As
the magnitude of the magneti

eld in reases, the Hall resistivity forms plateaus

at values

ρH =
where

f

h
f e2

takes the values of integers and

quantum Hall ee t (QHE). When

f

tum Hall ee t (IQHE), and when

(2.2)

ertain fra tions.

is an integer it is

f

This is

alled the

alled the integer quan-

is a fra tion it is

alled the fra tional

quantum Hall ee t (FQHE). In addition to this phenomenon, the longitudinal
resistivity

ρx

also exhibits irregular behaviour. It is observed to drop drasti ally

in magnitude ea h time a plateau is formed in the Hall resistivity, as shown in
gure 2.2.
The IQHE was rst predi ted [13℄ by Ando, Matsumoto, and Uemura in
1975, and was observed not long after. In 1980 Klaus von Klitzing made the
unexpe ted dis overy [14℄ that the quantum Hall system is exa tly quantized,
whi h means that the plateaus always will appear at exa tly
integers

n,

ρH = h/ne2

for

independently of the material used in the experiment and the ge-

ometry of the sample.

Measurements have found this to be

orre t to nearly

one part in a billion. von Klitzing used this fa t to measure the ne stru ture
onstant

α,

and the most pre ise measurements of

α

to date have been made

from quantum Hall experiments. For his dis overy, von Klitzing was awarded
the 1985 Nobel Prize in Physi s. The exa t quantization has also allowed for

5

2.3 Landau levels

Figure 2.2:

An integer QHE experiment in a GaAs-GaAlAs heterojun tion at 30mK.
The longitudinal resistivity ρxx is seen to drop to zero at the lo ations of
the Hall plateaus. [12℄

the denition of a new standard for resistan e, namely the von Klitzing

RK =

onstant

h/e2 .

In 1982, when doing experiments on the IQHE, Dan Tsui and Horst Störmer
dis overed the FQHE [15℄, for whi h there had been no earlier predi tion. Unlike
the IQHE, the FQHE

ould not be explained by simple qualitative arguments

even though the ee ts appeared to be very similar in experiments.

In 1983

Robert B. Laughlin proposed a set of wavefun tions [16℄ to explain the plateaus
at the odd-denominator fra tions

ν =

1
2p+1 , and Laughlin, Störmer and Tsui

were awarded the Nobel Prize together in 1998. We will get ba k to the Laughlin
fun tions in se tion 2.6.
The Laughlin wavefun tions did not give any

larifa ation for other states

though, and did not explain how the FQHE related to the integer ee t. Several
methods were proposed for the other fra tions. Among them were the Hierarhy

onstru tion of Haldane and Halperin, and the

omposite fermion (CF)

approa h, proposed [9℄ by Jainendra K. Jain in 1989. In se tion 2.8 we will take
a

loser look at the

omposite fermions.

2.3 Landau levels
The QHE system is omposed of ele trons in a magneti

eld. The single parti le

Hamiltonian for these ele trons is

Ĥ =

1 2
1
π̂ =
(p̂ − eA(r̂))2 .
2m
2m

We assume the parti les to be

(2.3)

ompletely spin polarized by the magneti

giving us ee tively spin-less parti les and no magneti

eld,

moment intera tion.

6
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We will in the following omit the hats above the operators.
me hani s we adopt the
magneti

anoni al momentum

ve tor potential. We

π = p − eA,

hoose the symmetri

From
where

lassi al

A

is the

gauge

1
A = B × r,
2
giving the

omponents

1
Ax = − By,
2
In the

oordinate representation,

1
Ay = Bx.
2
where p and A ommute,

the Hamiltonian

be omes

1 2
p −
2m
1 2
=
p −
2m

H=

sin e

B × r · p = B · r × p.

e
e2 2
A·p+
A
m
2m
e
e2 2
B·L+
A ,
2m
2m

With the magneti

this Hamiltonian is just a planar harmoni

eld

(2.4)

(2.5)

onstant along the

z -axis,

os illator with an added angular

momentum term,

H=
where
the

pz

1
1 2
(p + p2y ) + mω 2 (x2 + y 2 ) − ωLz
2m x
2
eB
ω = 2m
.
[x, px ] = [y, py ] = i~.

has been set to zero and

ommutation relation

(2.6)

The system is quantized with
The two-dimensional harmoni

os illator may be solved by introdu ing the ladder operators

r

mω
(x − iy +
4~
r
mω
†
(x + iy −
a+ =
4~
r
mω
(x + iy +
a− =
4~
r
mω
†
(x − iy −
a− =
4~
a+ =

[a± , a†± ] = 1.
Lz = ~(a†+ a+ − a†− a− )

obeying

i
px +
mω
i
px +
mω
i
px −
mω
i
px +
mω

1
py )
mω
1
py )
mω
1
py )
mω
1
py )
mω

(2.8)

(2.9)

(2.10)

In terms of these, the angular momentum operator is
and the Hamiltonian simplies to

1
H = ~ω(2a†+ a+ + 1) = ~ωc (a†+ a+ + )
2
where the

(2.7)

y lotron frequen y

ωc = 2ω

has been introdu ed for

This Hamiltonian depends only on the eigenvalue

n

(2.11)
onvenien e.

of the number operator

7
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a†+ a+ ,

|ni.

whi h numbers the eigenstates

†
the operator a− a−

The

of

an be arbitrary without ae ting the energy, so ea h energy

level is innitely degenerate. The ground state

|0i

is dened by the relation

a+ |0i = 0.

(2.12)

All other states are obtained by applying the raising operator
times to the state

n−

orresponding eigenvalue

|0i.

E0

The ground state energy

(2.12) from the left with

a†+ ,

a†+

a number of

is found by multiplying

1
1
a†+ a+ |0i = (H − ~ωc )|0i = (E0 − ~ωc )|0i = 0,
2
2
giving

E0 =
If we know the energy
using the

ommutator

1
~ωc .
2

En of the state |ni,
[H, a†+ ] = ~ωc a†+ :

we

an nd the energy of

|n + 1i

by

Ha†+ |ni = (a†+ H + ~ωc a† )|ni = (En + ~ωc )a†+ |ni.
By indu tion from

E0 ,

the energy of state

|ni

is then



1
.
En = ~ωc n +
2
These are the energies of the so- alled Landau levels (LL) at

n = 0, 1, 2, . . . ,

named after Lev D. Landau. As mentioned above, they are highly degenerate,
with ea h Landau level in luding many angular momentum eigenstates. Sin e
the angular momentum operator

Lz

ommutes with the Hamiltonian, it is pos-

sible to diagonalize ea h Landau level with respe t to

Lz .

either through a dierential equation, or by an algebrai
solutions are, given in the

omplex

ψn,m = Nn,m z m ℓ−m Lm
n(
where

Ln,m

ℓ≡

q

~
eB is

z ∗ z − |z|22
)e 4ℓ ,
2ℓ2

alled the magneti

m ≥ −n,
length.

is a normalization

m

n = 0, 1, 2, . . .

is the eigenvalue of

x−m ex dn −x n+m
e x
.
n! dxn

onstant, given by

Nn,m =

s

n!
2π2m (n

The

z = x + iy :

are the generalized Laguerre polynomials, dened by

Lm
n (x) ≡
Nn,m

oordinates

This may be done
approa h [17℄.

+ m)!

.

(2.13)

Lz ,

and

8
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In the lowest Landau level (shortened LLL)

n = 0,

and sin e

L0,m = 1

a basis

for the LLL wave fun tions is

|z|2

ψ0,m = N0,m z m ℓ−m e− 4ℓ2

(2.14)

We see that LLL wave fun tions (sans the gaussian fa tor) depend only on

z

∗
and not on z , whi h will be important later.

2.4 The lling fa tor
In an innite system like above, ea h Landau level is innitely degenerate. Experiments are of

ourse not of innite size, and there will be a nite number

of states in ea h Landau level. The lling fa tor

ν

is dened as the number of

lled states divided by the number of available states, whi h

an be shown to

be

ν=
where

nφ0
B

(2.15)

n is the density of mobile harge arriers as before, and φ0 is the magneti
φ0 ≡ hc/e. This is a somewhat arbitrary denition,

ux quantum, dened by
sin e the magneti

ux is not a quantized value. It is however a

in several situations. It

quantum is exa tly equal to

−1,

whi h will be important in the

omposite fermions. If we assume a perfe t Fermi sea,
mean that the LLL is

onvenient unit

an be shown that the Aharonov-Bohm phase of one ux

ν=1

onstru tion of

would for example

ompletely lled, and the other levels are empty.

2.5 The integer quantum Hall ee t
In a tual experiments, the degenera y of the Landau levels is broken by material
impurities and parti le intera tions.

The energy spe trum transforms into a

ontinuum, but at low temperatures this

ontinuum is divided into energy bands

formed around the previous Landau levels, as seen in gure 2.3. We will here
see how this ae ts the Hall resistivity.
Equation (2.1) may be expressed in terms of the lling fra tion as

ρH =

φ0
h
B
=
= 2.
ne
νe
νe

(2.16)

Comparing with (2.2), we see that the observed values
the lling fa tor
where

ν

ν.

levels are

see a state with

are in fa t identi al to

The IQHE plateaus form around lling fa tors

ν = 1, 2, . . .,

ompletely lled and the rest are empty. In gure 2.3(a) we

ν = 2.

The Fermi energy lies in the gap between two Landau

levels. In reasing the magneti
and

f

eld also in reases the gap between the levels,

reates new energy states due to the disorder.

the ele trons in these new states are

But at low temperatures

lo alised, meaning that they are prohibited

9
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Figure 2.3:

Energy bands in the QHE [12℄

from extending a ross the sample by the impurities. Then, as we see in gure
2.3(b), the number of lled

EF

extended

states below

stays within the gap. This means that

had at

ν = 2,

ρH

EF

is un hanged as long as

is un hanged from the value it

thus forming a plateau.

The band gaps also explain the zeros in the longitudinal resistivity. Ele tri
resistivity is essentially
atomi

latti e,

aused by intera tions between the ele trons and the

ausing ex itations. But at integer

ν

and low temperature, the

thermal energy may be insu ient to ex ite the ele trons a ross the band gap,
and the ow be omes dissipation-less.

A system like this, where the Fermi

energy lies in a gap in the density of states, is

alled im ompressible.

2.6 The fra tional quantum Hall ee t
The QHE is also observed at many other lling fa tors

p/q ,

where

p

and

q

are

integers. The fra tions that have proven easiest to des ribe are

ν=
where

p

and

n

n
,
2pn ± 1

(2.17)

are integers, but many other more exoti

served. Among them are for instan e the states
do not t into the above sequen e.

fra tions are also ob-

ν = 4/11, 5/13, 6/15, . . . ,

whi h

Due to a parti le-hole symmetry in the

Landau levels, the ee t is also present in the states

1−
but we will not

n
,
2pn ± 1

onsider these states in this text.

This ee t

an not be ex-

plained qualitatively in terms of single parti le states as above. It is a
phenomenon, born from the intera tions between parti les.

olle tive

10
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In 1983, Robert Laughlin proposed trial ground state wave funtions for the

lling fa tors

ν=

1
.
2p + 1

(2.18)

These are given by

ψ1/(2p+1) =

Y

j<k

(zj − zk )2p+1 e−

P

i |zi |

2

/4ℓ2

.

(2.19)

These wavefun tions are exa t for repulsive intera tions of vanishing range [18℄.
This

an be rationalized by looking at the form of the wavefun tions. The fa tor

(zj − zk )2p+1 serves to keep the parti les away from ea h other, sin e it goes to
zero as zj → zk , and the ele trons are kept at an intera tion-free distan e. But

although these wavefun tions were groundbreaking in their time, they do not
give a

omplete des ription of the system. The Laughlin states fail to des ribe

any lling fa tors other than

ν = 1/m,

where

m

is an odd number. And they

oer no qualitative des ription similar to the simple des ription of the IQHE.
Expansions of Laughlin's work were proposed to explain the missing fra tions. Haldane and Halperin developed the hierar hy model [19, 20℄, where fra tionally

harged quasiparti le or quasihole ex itations in the Laughlin states

form their own Laughlin states.

These daughter states then produ ed the

missing fra tions.

onstru tion requires a large amount of fra -

tionally

However, the

harged quasiparti les, and after only a few iterations there are more

quasiparti les in the system than ele trons.

2.7 The omposite fermion model
A new interpretation of the FQHE and the Laughlin states was given by Jain
in 1989 [9℄.

In his approa h, the system is des ribed in terms of a new kind

of quasiparti le,

alled

omposite fermions (CF). The lling fra tions (2.17)

are interpreted as the IQHE of these
entirely a

omposite fermions. A popular, but not

urate pi ture of the CFs is as follows:

Imagine the magneti

eld to be distributed among a number of ux quanta

in the plane, and pla e a number of ux quanta in the ele tron

oordinates. This

orresponds to ea h ele tron atta hing itself to the ux quanta and

arrying

them around. When most of the ux quanta have been pi ked up like this,
the resulting

omposite parti les will experien e a mu h redu ed magneti

eld

from the remaining quanta. This is an oversimplied pi ture, but it produ es
most of the physi al

onsequen es of interest in this thesis.

Jain's original formulation does not atta h ux quanta to the parti les, but
vorti es.

But sin e a vortex has the same winding phase as a ux quantum

the result is the same for all pra ti al purposes.

k

Bringing two parti les with

atta hed vorti es ea h halfway around ea h other gives an Aharonov-Bohm

phase fa tor of

(−1)k .

If we want the CFs to retain fermion statisti s

k

must be

11

2.8 Composite fermion wave fun tions

even, or in other words
by the

k = 2p

p.

for integer

The ee tive eld experien ed

omposite fermions is

B ∗ = B − 2pnφ0
This eld

(2.20)

reates its own set of Landau levels for the

omposite fermions. These

CF Landau levels have their own lling fa tors

ν∗ =

nφ0
|B ∗ |

whi h are related to the original lling fa tors by

ν∗
2pν ∗ ± 1

ν=

where the negative in the denominator is

∗
Setting ν

=n

(2.21)

hosen if the elds are antiparallell.

reprodu es the fra tions (2.17), and we see that the Jain states

an be interpreted as the IQHE of the

omposite fermions.

2.8 Composite fermion wave fun tions
The usefulness of the CF pi ture stems largely from the fa t that the
fermions are weakly intera ting. They

intera ting, whi h is what we will do in this thesis. The problem
solved by

onstru ting an antisymmetri

omposite

an in fa t often be assumed to be nonmany-body wavefun tion

single parti le CF wavefun tions, where the

an then be

ψCF

from the

omposite fermions are observed to

reside in Landau levels with an ee tive magneti

eld and lling fa tor. This

is done by putting the single parti le wave fun tions in a Slater determinant,
and multiplying with a Gaussian fa tor
We of

orresponding to the lling fa tor

ν ∗.

ourse want to end up with wavefun tions des ribing the many-body

ele tron system, not the
ele trons to

omposite fermion system. But just as we

omposite fermions by atta hing vorti es, we

by atta hing vorti es in the opposite dire tion to the
is done [21℄ by multiplying

ψCF

with

φ2p
1 ,

where

φ1

an

an

onvert

onvert them ba k

omposite fermions. This

is the wavefun tion of one

lled LL,

φ1 =

Y

j<k

2
2
i |zi | /4ℓ1

P

,

ν = 1.

Ea h Jastrow fa tor atta hes one

vortex to ea h parti le, and is antisymmetri

with respe t to inter hange of the

where

ℓ1

(zj − zk )e−

is the magneti

length at

parti les. Atta hing an even number of su h fa tors then preserves statisti s.
The fa tor also goes to zero when the parti les approa h ea h other, in reasing
the mean distan e between parti les and
ea h ele tron.

reating a  orrelation hole around

The intera tion energy is therefore redu ed, lowering the total

energy of the state. It is then energeti ally favorable for the system to enter a
CF phase when possible.

12

2 The Quantum Hall Effe t
The nal wavefun tion now takes the form

ψe = ψCF · φ2p
1 .
The gaussian fa tors in both fun tions
sponds to the real magneti

eld

B,

an be

(2.22)
ombined into one that

orre-

sin e

2p
1
1
+ 2 = 2
∗
2
4(ℓ )
4ℓ
4ℓ1
by virtue of (2.20). If we now observe the spe ial

ase

we see that

ψ1/(2p+1) =

Y

j<k

(zj − zk )2p+1 e−

P

ν ∗ = 1 ⇔ ν = 1/(2p + 1),

i |zi |

2

/4ℓ2

,

whi h is identi al to the original Laughlin wavefun tion (2.19). The Laughlin
states are in other words a spe ial

ase of the CF

onstru tion,

orresponding

to one lled CF Landau level.
The fun tion
tudes of

B

ψe

is in general not

most of the physi s o

onned to the LLL. But at high magni-

ur within the LLL, and it

that the overlap to LLL subspa e is very high.

an be shown [22℄

Various methods are there-

fore used to proje t the wavefun tion onto the LLL subspa e. This is desirable
sin e LLL wavefun tions are analyti al in

z,

and therefore easier to work with

both analyti ally and numeri ally. We shall however see in

hapter 4 that this

proje tion is not ne essary in the CFT approa h.

2.9 The LLL proje tion
Omitting the Gaussian and the normalization fa tor for simpli ity, the singleparti le wavefun tion (2.13) may be rewritten

ψn,m =

n
X

(−1)k

k=k0
where

k0 = max(0, −m).




n+m 1
(z ∗ )k z k+m ,
n − k 2k k!

The proje tion to the LLL is done [21℄ by moving all

onjugated variables to the left of the un onjugated ones, and performing the
repla ement

zi∗ ← 2

∂
≡ 2∂i .
∂zi

This results in the proje ted single-parti le states

ηn,m =

n
X

k=k0
Substituting

k

(−1)



ηn,m :


n + m 1 k k+m
∂ z
.
n − k k!
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k 
X
k + m k! m+α α
=
z
∂ ,
k − α α!

k k+m

∂ z

α=k0

and rewriting the sums using

n X
k
X

=

k=k0 α=k0
one

n X
n
X

α=k0 k=α

k is proportional to (1 − 1)n−α ,
k = n = α survive, giving the result

an observe that the sum over

Thus, only the terms with

ηn,m =

i.e. to

(−1)n m+n n
z
∂ .
n!

The proje tion of (2.22) onto the LLL subspa e

δn,α .

(2.23)

an now be

onstru ted by

(n1 , m1 ), (n2 , m2 ), . . . to give the desired
ηk ≡ ηnk ,mk are put into
e the proje tion of ψCF , whi h is then multiplied

hoosing a set of single-parti le states

nal state. The proje ted single-parti le wavefun tions
a Slater determinant to produ
with the Jastrow fa tor

φ2p
1 ,

giving

η1 (z1 ) η1 (z2 ) . . .
Y
ψe = η2 (z1 ) η2 (z2 ) . . .
(zj − zk )2p .
.
.
.

.
.
.

..

. j<k

Other proje tion methods than this one are also used, but we will not
ourselves with these in this text.

on ern

The important thing to note is that LLL

wavefun tions in the CF model are written as a Slater determinant multiplied
with a Jastrow fa tor to a

ertain power.

Chapter 3

Rotating Bose gases
The Bose-Einstein Condensate (BEC) is a highly un lassi al phase of matter
rst predi ted by the indian physi ist Satyendra N. Bose and rst des ribed
in detail by Albert Einstein.
bosoni

parti les

It is a

ompared to their

approa hes zero all the parti les

onsequen e of the diering statisti s of
lassi al

ounterparts. As the temperature

ondense in the lowest energy level, and their

wavefun tions be ome highly overlapping.

One

onsequen e of this is the su-

peruidity of helium-4.
Gaseous Bose-Einstein
bosoni

ondensates are formed by laser

atoms, typi ally alkali atoms su h as rubidium.

in a potential, and it is further

ooling a gas of

The gas is trapped

ooled by lowering the height of the potential

gradually to let the most energeti

parti les es ape. This is

alled evaporative

ooling. The form of the potential is often that of an harmoni

os illator, but

it may also have other shapes.
The BEC may be rotated by stirring it with a laser, or by rotating the
onning potential. The system then generates quantized vorti es arranged in a
triangular latti e. At very high angular momenta the vortex latti e is expe ted
to melt, and the system is said to be in the quantum Hall regime.
day experiments are

they are impeded by the fa t that the
trapping potential,
on how to

Present-

lose to a hieving the rotation speeds required for this, but
entrifugal potential eventually

an els the

ausing the gas to y apart. There are however suggestions

ir umvent this problem. One of these is to add a small quarti

term

to the potential, another is to use an opti al latti e.
At rst glan e it seems pe uliar that this rapidly rotating Bose gas should
have anything to do with the QHE. After all, the QHE is highly dependent
on

harged fermions moving in a magneti

question are

eld.

In the BEC the parti les in

hargeless bosons, and we have no magneti

eld. We shall however

see that there are more similarities than meets the eye.

3.1 Bosons in an harmoni trap
We will
moni

onsider a gas of spinless bosons in an isotropi

three dimensional har-

os illator. A single parti le in this potential has the hamiltonian
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p2
1
+ mω 2 r2
2m 2
p2y
p2
1
1
1
p2
+ z + mω 2 x2 + mω 2 y 2 + mω 2 z 2
= x +
2m 2m 2m 2
2
2

H=

whi h is an ordinary 3-dimensional harmoni

z -dependent

(3.1)

(3.2)

os illator. By separating out the

terms in a transverse hamiltonian

Hz

and rewriting the rest, this

an be expressed as

H=


1 
(px + mωy)2 + (py − mωx)2 + ω(xpy − ypx ) + Hz .
2m

(3.3)

By dening the ve tor eld

 
−y
A = mω  x 
0
we

(3.4)

an write this as

H=
where

1
(p − A)2 + ω(xpy − ypx ) + Hz
2m xy

(3.5)

pxy = [px , py , 0]. The rst term is similar to the hamiltonian for ele trons
eld B = ∇ × A, and is in fa t identi al to the Hamiltonian (2.3)

in a magneti

of the QHE. This motivates us to dene an ee tive magneti

eld,

∇ × A = 2mωz ≡ B.
We adopt the

π -operator

from the last

(3.6)

hapter. The se ond term in (3.5) is just

an angular momentum operator. Thus we end up with the hamiltonian

H=
The operators

π 2 , Lz

and

Hz

all

1 2
π + ωLz + Hz .
2m

(3.7)

ommute with ea h other, and we

an therefore

assign independent quantum numbers to ea h term in the sum. We
respe tively

n, m

Landau levels

and

nz .

The rst term is responsible for forming ee tive

orresponding to the ee tive magneti

eld. Their formation is

the same as the one des ribed in se tion 2.3. The quantum number
the Landau levels and
momentum number
os illator quantum

all these

an have the values

n = 1, 2, 3, . . . ,

n represents

while the angular

m takes values m ≥ −n. The last number nz is the harmoni
number in the z dire tion.
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3.2 The yrast state
It is useful here to introdu e the

on ept of the yrast state, borrowed from

E

nu lear physi s. It is dened as the state of lowest energy
momentum
yrast

L,

or equivalently the state of highest

L

for a given angular

for a given

E.

The word

omes from the Swedish language, and means the most dizzy.

A single parti le is in the yrast state when all the energy is angular momen-

E = ωL.

tum energy,
and

nz = 0.

In the view of (3.5), this

In a system of

N

orresponds to setting

su h parti les, the total angular momentum is

L=

X

mi .

(3.8)

With no intera tion in the system, the yrast state has energy
in the many-body
momentum

L

ase.

n=0

E = ωL

also

Sin e there are many ways to distribute the angular

between the parti les, this yrast state will be highly degenerate.

The degenera y will be lifted if we add intera tion, resulting in a new yrast
state that minimizes the intera tion energy. In experiments one typi ally has a
hard

ore intera tion, whi h we will represent by a delta fun tion. We will also

assume the intera tion energy to be mu h lower than the harmoni
strength

ω.

The gap to the rst exited states of

n

nz is then
n = nz = 0

and

larger than the intera tion splitting, allowing us to set

os illator

onsiderably
and still be

able to study the entire intera tion energy spe trum. The gas then remains two
dimensional (nz

= 0)

and in the lowest Landau level (n

= 0).

We

an now omit

terms from (3.5) and are left with the ee tive Hamiltonian

H = ωL + g

X
i<j

δ2 (zi − zj )

Etot = EL +Eint .
gN << ω .

and a total energy given by
energy means that

This Hamiltonian

(3.9)

The assumption of low intera tion

an not be solved analyti ally, but we

an say something

about the form of the wavefun tions. Sin e the wavefun tions des ribe bosons,
they must be symmetri . They should also be two-dimensional and restri ted
to the lowest Landau level. This means that the polynomial part of the wavefun tions must be analyti al in

z.

A basis for this Hilbert spa e is

ψ = p(z1 , . . . , zN )e−
where

p

is a symmetri

polynomial. Here,

with the ee tive magneti

eld

B.

ℓ

PN
i

|zi |2 /4ℓ2

is the magneti

The gaussian fa tor

e−

PN
i

length asso iated

|zi |2 /4ℓ2 is ommon

for all LLL wavefun tions, and will be omitted in the following dis ussion. The
energy states must also be eigenstates of the angular momentum operator

p=
a + b + c + . . ..

Any produ t
exponents

z1a z2b z3c . . . fullls this. The eigenvalue of

is the sum of the

A sum of su h terms with the same eigenvalue is

a homogeneous polynomial and is also an eigenfun tion of
are therefore symmetri

p

Lz .

Lz .

alled

The energy states

homogeneous polynomials multiplied with a Gaussian.
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Figure 3.1:
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Intera tion energy spe trum of (3.9) for N = 4 parti les. [11℄

3.3 The energy spe trum
The energy spe trum for the Hamiltonian (3.9) may be found through numeri al

N =4

diagonalization. The spe trum for
where the linear term
as a fun tion of
value of

L

L.

ωL has been subtra

The dotted line

(the yrast states) is

L=0

the only possible

ondensate, where all the parti les

ondense

enter of the os illator. The wavefun tion (3.2) for this state is just the

Gaussian, where the polynomial
At

ted to plot only the intera tion energy

onne ting the lowermost energies at ea h

alled the yrast line. At

state is just a regular Bose-Einstein
in the

parti les [11℄ is shown in gure 3.1,

L=1

p

is a

onstant.

there is also only one possible state, namely the polynomial

ψL=1 = z1 + z2 + z3 + . . . =

N
X

zi .

i

As the angular momentum in reases, the parti les are allowed to spread out

19
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in the plane. They

an therefore minimize the intera tion energy by keeping a

distan e to ea h other, and lower energy states be ome available as
From

L = N (N − 1)

and wavefun tions
at

L = N (N − 1)

reases.

and onward, the yrast states have zero intera tion energy,

an be

onstru ted analogous to the QHE. In fa t, the state

has been found [10℄ to be exa tly

ψL=N (N −1) =
For

L in

L > N (N − 1)

Y
i<j

(zi − zj )2 .

(3.10)

there are many ways to distribute the angular momentum

among the parti les for a given

L,

and the zero-intera tion yrast states are

degenerate. They all have the form

ψL>N (N −1) = p(z1 , z2 , . . .) × ψL=N (N −1)
where

p

is some symmetri

homogeneous polynomial.

(3.11)

Like in the QHE, the

Jastrow fa tors in (3.10) keep the parti les apart from ea h other. In this
the intera tion is

ase

ompletely removed, sin e it has the form of a delta fun tion.

3.4 Composite fermions in the BEC
The similarity between the wavefun tions (2.22) and (3.11) suggests that many
of the tools from QHE physi s

an be used in the rotating BEC as well.

In

parti ular, it is of interest to use the CF model to des ribe the rotating BEC.
This has been done in [10,11,2326℄. As seen above, the bosons
moving in an ee tive magneti
them to be able to form

omposite fermions by atta hing to an

vorti es. Analogous to se tion 2.7, bosoni

wavefun tions

atta hing an odd number of vorti es to antisymmetri
we remember,

m vorti

an be viewed as

eld pier ing the plane. One therefore expe ts
an be

odd number

of

onstru ted by

CF wavefun tions.

As

es are atta hed by multiplying the wavefun tion with the

Jastrow fa tor

JN =

N
Y
(zi − zj )m .
i<j

But in this

ase,

m

must be odd for the nal wavefun tion to be symmetri .

Assuming the CFs to be non-intera ting, the CF wavefun tion may be

on-

stru ted by putting single-parti le fermion wavefun tions in a Slater determinant, as des ribed in se tion 2.9.

Chapter 4

Conformal Field Theory in the
Quantum Hall Ee t
A

onne tion between the FQHE and

dis overed in later years.

onformal eld theory (CFT) has been

It was observed in the early '90s [2733℄ that

tain wavefun tions in the FQHE

ould be expressed as CFT

er-

orrelators. Later

this framework was expanded to reprodu e wavefun tions obtained from Jain's
omposite fermion

onstru tion [34℄ and the hierar hy s heme of Haldane and

Halperin [35℄. CFT has also been used [27℄ to propose the so- alled Pfaan wave
fun tion for the

ν = 1/2

state, whose quasiholes exhibit non-Abelian fra tional

statisti s.
We will not go deep into the large subje t of CFT in this thesis. Su e it
to say that two-dimensional CFTs are s ale invariant in addition to Poin aré
invariant. Also, opposed to perturbative quantum eld theories, CFTs rely very
little on the Lagrangian or Hamiltonian formalism. They are rather

hara ter-

ized by an operator produ t algebra, whi h gives a set of multipli ation rules for
lo al elds. It is assumed that a produ t of lo al operators at dierent points
an always be expressed as a linear

ombination of well-dened lo al operators,

roughly

A(x)B(y) =

X
i

where the

ci are analyti

ci (x − y)Ci (y) ,

fun tions. This is

(4.1)

alled an operator produ t expansion

(OPE). For a more detailed dis ussion, see i.e. [36℄ or [37℄.
This

hapter will be organized as follows. First we will examine the proper-

ties of free bosoni

elds and their

orrelation fun tions. We will then dene the

important vertex operators. Lastly we will reiterate the work done in later years
onne ting CFT and QHE, espe ially the expression of Jain states as
eld theory

orrelators.
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4.1 The Free Bosoni Field
We will here follow the pro edure of

hapter 2 in [37℄, whi h starts with the

quantum eld theory of a free boson. This has the a tion

S[ϕ] =

Z

dxdtL(ϕ, ϕ̇, ∇ϕ)


1 1 2
2
2 2
ϕ̇
−
(∇ϕ)
−
m
ϕ
L=
2 c2

where

L

is the Lagrangian density and

c

as the mass of the eld.
equal to

m

(4.2)

(4.3)

is a parameter we later will identify

is the speed of light, whi h hen eforth will be set

1.

At this point we only want to examine some of the general properties of this
eld, so we will restri t ourselves to one spa ial dimension to simplify the notation. We will rst quantize the theory lo ally by repla ing this one-dimensional
spa e with a latti e of points at positions
and

n

is an integer. We

xn = an, where a is the latti

an later take the

N

We will also assume that the latti e is nite with
periodi

N

boundary

generalized

onditions,

oordinates

L=

N
−1
X
n=0

ϕn ,

ϕN = ϕ0 .

L=

R

dxL

be omes



1
1
2
2
2 2
a ϕ̇n − 2 (ϕn+1 − ϕn ) − m ϕn ,
2
a

an dene the

πn =

a → 0.

sites, and that it obeys

The system is then des ribed by the

and the Lagrangian

whose a tion tends toward (4.2) in the limits
Classi ally, one

e spa ing

ontinuum limit by taking

a→0

and

anoni al momentum

N → ∞.

(4.4)

onjugate to

∂L
= aϕ̇n .
∂ ϕ̇n

ϕ:

(4.5)

The Hamiltonian is then


N −1 
1X 1 2 1
2
2 2
H=
π + (ϕn+1 − ϕn ) − am ϕn .
2
a n a

(4.6)

n=0

We now quantize the system by imposing the following equal-time

where we have set
variables:

~ = 1.

ommutators:

[ϕn , πm ] = iδnm

(4.7)

[πn , πm ] = [ϕn , ϕm ] = 0

(4.8)

We

an use the dis reet Fourier transform on the

4.1 The Free Bosoni
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Field

N −1
1 X −2πikn/N
e
ϕn
ϕ̃k = √
N n=0

N −1
1 X −2πikn/N
√
π̃k =
e
πn .
N n=0

The index

k

ϕn

are real, the Hermitian

and

πn

takes integer values from

h

to

N − 1,

sin e

ϕ̃k+N = ϕ̃k .

And sin e

onjugates are

ϕ̃†k = ϕ̃−k
These Fourier modes obey the

0

(4.9)

π̃k† = π̃−k

(4.10)

ommutation relations

N −1
i
1 X −2πi(km−qn)/N
˜
e
[ϕm , πn ]
ϕ̃k , πq† =
N
m,n=0

=

N −1
i X −2πin(k−q)/N
e
N n=0

= iδkq

(4.11)

In terms of this, the Hamiltonian (4.6) be omes




N −1 
1X 1
2πk
†
†
2
2
H=
π̃k π̃k + aϕ̃k ϕ̃k m + (2/a ) 1 − cos
.
2
a
N

(4.12)

k=0

This is simply the Hamiltonian for a system of N un oupled harmoni

os illators,

with freqen ies

ωk2

2
≡m + 2
a
2



2πk
1 − cos
.
N

(4.13)

We now dene raising and lowering operators

1
ak = √
(aωk ϕ̃k + iπ̃k )
2aωk


1
aωk ϕ̃†k + iπ̃k†
a†k = √
2aωk
obeying the

(4.14)

ommutation rules

h

i
ak , a†q = δkq .

(4.15)
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We

an then write the Hamiltonian as

N −1
1 X †
(ak ak + ak a†k )ωk
2
k=0

N
−1 
X
1
†
(ak ak ) +
=
ωk .
2

H=

(4.16)

(4.17)

k=0

The ground state

|0i

of the system is dened by

ak |0i = 0
and we obtain the
possible

∀k

(4.18)

omplete set of energy eigenstates by a ting on

ombinations of raising operators:

|0i

|k1 , k2 , . . . , kn i = a†k1 a†k2 . . . a†kn |0i
The

ki

with all

(4.19)

are not ne essarily dierent, and as su h these states are not ne essarily

normalized. The energy of this state is

E[k] = E0 +

X

ωk

(4.20)

i

where

E0 =

We

1
2

PN −1
k=0

ωk

is the ground state energy.

hoose to work in the Heisenberg pi ture, in whi h the time evolution of

the operators

ak

is determined by the Heisenberg equation:

ȧk = i [H, ak ] = −iωk ak

(4.21)

The solution to this equation is

ak (t) = ak (0)e−iωk t .
This, in

onjun tion with (4.9) and (4.14), gives the time dependen e of the

generalized

ϕn (t) =

oordinates:

N
−1 r
X
k=0

We

(4.22)

i
2 h i(2πkn/N −ωk t)
e
ak (0) + e−i(2πkn/N −ωk t) a†k (0)
N aωk

an now take the

zero and the number
onstant. The
momenta are

N

(4.23)

a to
V = Na

ontinuum limit by sending the latti e spa ing

of sites to innity, while keeping the volume

ontinuum limit of the generalized

oordinates and the

onjugate

4.1 The Free Bosoni
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Field

1
πn → π(x) = ϕ̇(x)
a

ϕn → ϕ(x)

(x = na)

(4.24)

Sums over sites and Krone ker deltas be ome

a

N
−1
X
n=0

so that the

anoni al

→

Z

δnn′ → aδ(x − x′ )

dx

ommutation relation (4.7) be omes




ϕ(x), π(x′ ) = iδ(x − x′ ).

By repla ing the dis reet Fourier index

2πk/V ,

(4.25)

k

(4.26)

with the physi al momentum

p =

the sums over Fourier modes and Krone ker deltas in mode indi es

be ome

Z
N −1
dp
1 X
→
V
2π

δkk′ →

k=0

We dene the

2π
δ(p − p′ )
V

ontinuum annihilation operator as

√
a(p) = ak V
with

(4.27)

(4.28)

ommutation relations

h

i
a(p), a† (p′ ) = 2πδ(p − p′ )

(4.29)

and the asso iated frequen y

ω(p) =

p

m2 + p 2 ,

whi h is found by Taylor expanding the
that all terms of order
expanded in

osine fun tion in (4.13) and observing

or higher vanish as

N → ∞.

The eld

ϕ(x, t)

is

reation and annihilation operators as

ϕ(x, t) =
We

4

Z

o
dp n
a(p)ei(px−ω(p)t) + a† (p)e−i(px−ω(p)t) .
2π

(4.30)

an now sit ba k and examine the physi al properties of this eld. The

simplest ex ited states are of the form

ω(p) =

a† (p)|0i

p

with energy

m2 + p 2 .

(4.31)
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This is

hara teristi

of relativisti

ex itations as parti les of mass
a

parti les, and we interpret these elementary

m and momentum p.

The states (4.19) represent

olle tion of independent parti les whose momenta are

onserved separately.

Sin e the total energy is the sum of the energies of ea h parti le we say that the
parti les are free, as they do not intera t. Also, by virtue of the
relations (4.15), the states (4.19) are symmetri

ommutation

under inter hange of momenta.

Therefore these parti les are bosons, and we give the name free bosoni
the eld

ϕ

eld to

with a tion (4.2).

4.2 Correlation fun tions
To utilize this eld for

al ulations, we need to know the va uum expe tation

value of a produ t of eld operators:

h0|ϕ(x1 )ϕ(x2 ) . . . ϕ(xn )|0i ≡ hϕ(x1 )ϕ(x2 ) . . . ϕ(xn )i
We start by nding the two-point fun tion

hϕ(x1 )ϕ(x2 )i.

We

(4.32)
an later use

Wi k's theorem and normal ordering to express (4.32) in terms of these propagators.
Sin e we will be interested in two-dimensional eld theories in the remainder
of this thesis, we shall from now on restri t ourselves to the
boson in two dimensions. Adopting

ase of a free massless

ovariant notation, the a tion (4.2) for this

eld is

1
S= g
2
where g is a normalization

Z

d2 x∂µ ϕ∂ µ ϕ,

µ = 1, 2

(4.33)

onstant. We now want to nd

K(x, y) = hϕ(x)ϕ(y)i.
The equation determining

K(x, y)

equations of motion for the

(4.34)

may be obtained [37℄ either by solving the

orrelation fun tions in the path integral formalism

or by rewriting (4.33)

1
S=
2

Z

d2 xd2 yϕ(x)K −1 (x, y)ϕ(y)

and using a general property of gaussian integrals. Either way, the result is

−g∂x2 K(x, y) = δ(x − y)
We demand rotational and translational invarian e, so
depend on the distan e
radius

r

entered on

y,

r = |x − y|.

we nd

(4.35)

K(x, y) should only
x within a disk of

Integrating (4.35) over
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r




1 ∂
′
1 = 2πg
ρdρ −
(ρK (ρ))
ρ ∂ρ
0
Z r

= −2πg
K ′ (ρ) + ρK ′′ (ρ)
0
Z
Z
r
′
′
dρK (ρ) + rK (r) −
= −2πg
Z

0
′

(4.36)

(4.37)

r


dρK (ρ)
′

0

= −2πgrK (r)

(4.38)
(4.39)

This has the simple solution

K(r) = −
where

C

is a

1
ln r + C
2πg

(4.40)

onstant of integration, so our two-point fun tion is

hϕ(x)ϕ(y)i = −

1
ln(x − y)2 + C
4πg

(4.41)

4.3 Vertex Operators
The operator produ t algebra

hara terizing our CFT is a vertex operator al-

gebra whi h, not surprisingly, involves the so- alled vertex operators. We will
not delve into the ne details of this algebra; but we will look a little

loser at

the properties of the vertex operators. They will turn out to be useful in the
systems we are looking at in this thesis. The interested reader is referred to [37℄.
When quantized on a
onformal

oordinates

z =

ylinder with

ir umferen e

e2π(τ −ix/L) and

z̄ =

L

and written with the

e2π(τ +ix/L) , the bosoni

eld

(4.30) may be rewritten as

ϕ(z, z̄) = ϕ0 −
as done in


i
i X1
π0 ln(zz̄) + √
an z −n + ān z̄ −n
4πg
n
4πg

(4.42)

n6=0

hapter 6.3 in [37℄. The new operators

an

and

ān

obey the

ommu-

tation relations

[an , am ] = [ān , ām ] = nδn,−m

[an , ām ] = 0 .

(4.43)

1
{ln(z − w) + ln(z̄ − w̄)} + C .
4πg

(4.44)

The two-point fun tion (4.41) for this eld be omes

hϕ(z, z̄)ϕ(w, w̄)i = −

The vertex operators are dened by
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Vα (z, z̄) =: eiαϕ(z,z̄) :
where the normal ordering

::

(4.45)

means

)

α X1
−n
−n
a−n z + ā−n z̄
Vα (z, z̄) = exp iαϕ0 + √
4πg n>0 n
(
)

α
α X1
× exp
π0 ln(zz̄) − √
an z −n + ān z̄ −n
4πg
n
4πg
(

(4.46)

n<0

so that the operators within ea h exponential

g = 1/4π .
an be

ommute. We will hen eforth set

The operator produ t expansion of produ ts of these vertex operators

al ulated using the following relation for a single harmoni

os illator:

: eA1 :: eA2 :=: eA1 +A2 : ehA1 A2 i
where

Ai = αi a + βi a†

is some linear

(4.47)

ombination of annihilation and

reation

operators. In parti ular,

: eaϕ1 :: ebϕ2 :=: eaϕ1 +bϕ2 : eabhϕ1 ϕ2 i

(4.48)

This gives for the vertex operators (4.46)

Vα (z, z̄)Vβ (w, w̄) ∼ |z − w|2αβ Vα+β (w, w̄) + . . .
It

an be shown ( hapter 9.1 in [37℄) that the

(4.49)

orrelator of a string of su h vertex

operators is given by

hVα1 (z1 , z̄1 ) . . . Vα1 (z1 , z̄1 )i =

Y
i<j

and is non-zero only if the following neutrality

|zi − zj |2αi αj

ondition is satised:

α1 + α2 + . . . + αn = 0
The full vertex operator (4.46)
morphi

and anti-holomorphi

(4.51)

an be de omposed into a produ t of holo-

operators, with opposite

Vα (z, z̄) = Vα (z) ⊗ V̄α (z̄)
where

(4.50)

hiralities,

(4.52)

4.4 Constru tion of the

ν=
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Vα (z) =: eiαϕ1 (z) :

(4.53)

X1
ϕ1 (z) = ϕ0 − ia0 ln z + i
an z −n
n

(4.54)

n6=0

with the

ommutation relations

[an , am ] = nδn+m,0 ,
In this formalism, we

Vα (z)V̄α (z̄),

[ϕ0 , a0 ] = i .
ϕ(z, z̄) = ϕ1 (z) + ϕ¯1 (z̄)

annot write

sin e the zero-mode

ϕ0

would be over ounted.

(4.55)
or

Vα (z, z̄) =
ϕ1 (z) is

As su h,

not purely holomorphi .
The holomorphi

part of (4.50) is

hVα1 (z1 )Vα2 (z2 ) . . . Vαn (zn )i =

Y
(zi − zj )αi αj .

(4.56)

i<j

We here start to see why CFT is enti ing to use in QHE/BEC physi s.

The

polynomial (4.56) is strikingly similar to the Jastrow fa tors in the CF wavefun tions. In the rest of this

hapter we will see how these

orrelators

an be

used to produ e trial wave fun tions for the QHE.

4.4 Constru tion of the ν = m1 Laughlin State
The similarity between (4.56) and the Jastrow fa tors in the Laughlin wave
fun tions was beginning to be exploited in the early '90s [2733℄. We will here
give a summary of the

1/m,

where

m

onstru tion of Laughlin states at lling fra tions

ν =

is an odd integer.

Sin e the free-boson Lagrangian (4.3) with the mass set to zero is invariant
with respe t to translations

R.

ϕ → ϕ + const., it is often

ϕ on a

ir le of radius

to this

ir le. One may then adopt the boundary

onvenient to

ompa tify

It is assumed that all variation of the eld is restri ted
ondition

ϕ(x + L, t) = ϕ(x, t) + 2πkR
so that the eld
mapped to the

ϕ

winds

orresponds to vorti es

R 2 = m,

k

times as one

ir les on e around the

omplex plane with the

onformal

ylinder. When

oordinates, this winding

entered at the origin. We will hen eforth set

and normalize the holomorphi

√

V1 (z) =: ei

H 1 (η) =: e
m

k = 1 and

vertex operators (4.53) to

mϕ1 (z)

:

√i ϕ1 (η)
m

(4.57)

:

(4.58)
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will represent ele trons, while

H

will represent quasiholes.

forth suppress the normal ordering symbol

: :,

impli itly normal ordered. The holomorphi

We will hen e-

and view all vertex operators as

part of (4.44) is normalized so that

hϕ1 (z)ϕ1 (w)i = − ln(z − w)

(4.59)

The vertex operators then obey the relations

eiαϕ1 (z) eiβϕ1 (w) = eiπαβ eiβϕ1 (w) eiαϕ1 (z) = (z − w)αβ eiαϕ1 (z)+iβϕ1 (w)
∼ (z − w)αβ ei(α+β)ϕ1 (w)

(4.60)

by virtue of the Baker-Hausdor formula and the OPE (4.49). It is easy to
that this makes the operators
for a fermioni
The eld
theorem.

V1

he k

anti ommute among themselves, appropriate

operator.

ϕ1

has a

This

onserved

urrent due to gauge invarian e and Noether's

urrent is given by the

harge density operator

J(z),

whi h is

normalized as

i
J(z) = √ ∂z ϕ1 (z).
m
The

orresponding

harge operator is then given by

1
Q=
2πi
where the

(4.61)

I

1 1
dzJ(z) = √
m 2π

I

dz∂z ϕ1 (z)

ontour en ir les the whole system. The U(1)

is dened by the

harge

(4.62)

Q of a eld A(z)

ommutator

[Q, A(w)] = QA(w)

(4.63)

whi h for the vertex operator (4.57) gives

I
1
[Q, V1 (w)] =
dzi∂z ϕ1 (z)V1 (w)
2πi
I
1
1
=
+ Reg(z))
dz(V1 (w)
2πi
z−w
= V1 (w)
where
as a

Reg(z)

stands for a term regular in

ontour integral

The expression of the

(4.65)
(4.66)
ommutator

an be dedu ed from the formalism of OPEs, while in the

se ond line we have used the OPE
the holomorphi

z.

(4.64)

part of the OPE

1
+ Reg(z).
∂ϕ1 (z)V1 (w) = −iV1 (w) z−w

It is

4.4 Constru tion of the
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∂ϕ1 (z)Vα (w, w̄) =

∞
X
(iα)n

n=0

n!

∂ϕ(z) : ϕ(w, w̄)n :

(4.67)

∞
1 X (iα)n
: ϕ(w, w̄)n−1 :
∼
z−w
(n − 1)!

(4.68)

∼ −iαVα (w, w̄)

(4.69)

n=1

as

al ulated in [37℄.

quasihole operator
the ele tri

A similar

H1/m .

1
z−w

al ulation as (4.66) gives

Q = 1/m

for the

It should be noted that Q is not to be interpreted as

harge, but rather a measure of the vorti ity of the system. This

an be seen by looking at (4.60). Ex hanging the operators introdu es a phase

eiπαβ .

The ex hange is equivalent to taking one operator in a half- ir le around

the other, and then translating the system. This is

omparable to the Aharonov-

Bohm phase of a parti le taken around a topologi al vortex, for instan e in type
II super ondu tors.

The operator

H(η)

introdu es a positive vorti ity, whi h

orresponds to a lo al depletion of the ele tron liquid at the quasihole

η.

Similarly, an operator introdu ing a negative vorti ity would

oordinate
orrespond

to a lo al in rease in density.

This will be exploited to

representing quasiparti les. By

onvention [34℄, an operator adds an ele tron to

the liquid if its argument is an ele tron
if the argument is a quasihole
the liquid lo ally just like

H

oordinate

oordinate

η.

z,

onstru t operators

while no ele tron is added

The operator

V (z)

then depletes

and adds an ele tron at the ele tron

oordinate

z,

thus expanding the droplet slightly while leaving it lo ally inta t.
The lo al depletion or

Q

ontra tion

aused by an operator with U(1)

leads to an ex ess ele tron number given by

∆n = δn − Q,

where

δn

harge
is the

number of ele trons added by the operator.

This makes it possible to relate

the eletri
harge Qel
−e∆n = e(Q − δn).

harge density is proportional to

of a parti le to its U(1)
Sin e

Qel ∝ ∆n,

the

harge

Q

by the relation

the parti le density. This will have signi an e in the next
parti le density will be a more suitable
The

ν = 1/m

Qel =

hapter, where the

on ept.

Lauglin wavefun tions (2.19)

an now be expressed as the

orrelator of a series of vertex operators:

√

ΨL ({zi }) = h0|R{V1 (z1 )V1 (z2 ) . . . V1 (zN )e−i

mρm

R

d2 zϕ1 (z)

≡ hV1 (z1 )V1 (z2 ) . . . V1 (zN )i1/m
P
Y
2
2
=
(zi − zj )m e− i |zi | /4ℓ

}|0i

(4.70)
(4.71)
(4.72)

i<j

R denotes the radial
h. . .i1/m is dened not as a

where

ordering

|z1 | ≥ |z2 | ≥ . . . ≥ |zN |.

onstant smeared ba kground

ℓ is the magneti

√

R

2

e−i mρm d zϕ1 (z) . This
2
harge density ρm = −2πℓ /m, where

radial ordering and the added exponential operator
represents a

The average

pure va uum expe tation value, but implies also

length. It is needed be ause of the

harge neutrality

ondition
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(4.51), whi h ensures that the
where

orrelator is zero unless

A is the area of the system, as shown in [34℄.

fa tor produ es exa tly the

N = ρm

R

d2 z = ρm A

Amazingly, this exponential

orre t gaussian fa tor in the nal wavefun tion.

4.5 The quasiparti le
We have seen that the CFT approa h is useful for reprodu ing Laughlin's wavefun tions at

ν = 1/(2p + 1).

But what about other lling fra tions? In the last

few years, some ex iting expansions of this framework have managed to also
reprodu e the Composite Fermion wavefun tions of J.K. Jain. We will in the
following give a summary of this approa h, whi h requires the

onstru tion of a

quasiparti le operator.
As seen above, the positive U(1)

harge of the operator

H

leads to a lo al

depletion of the ele tron liquid whi h is interpreted as a quasihole. A natural
guess for a quasiparti le operator is therefore to swit h the sign in the exponent
of (4.58) so that it be omes
upon insertion into the
to

Q

− √1m ϕ1 (η)

e

. This is however problemati , sin e it

orrelator (4.70) introdu es singular terms proportional

−1
i (zi − η) . Instead, inspired by the

omposite fermion pi ture, Hansson et

P 1 (z) with U(1) harge Q = (1 − 1/m).
m
operators V1 (z), and an thus be viewed as a

al. [34℄ dened a quasiparti le operator
It repla ed one of the ele tron

modied ele tron operator with a dierent amount of vorti ity. This modied
ele tron operator is given by

√
i( m− √1m )ϕ1 (z)

P 1 (z) = ∂e
m

This operator is a

.

(4.73)

ombination of an inverse quasihole with

an ordinary ele tron operator with

harge

1.

Laughlin wavefun tions. The Jastrow fa tors set up a
ea h ele tron, allowing the liquid to
violating the Pauli prin iple. This
ele tron in the middle. The

harge

−1/m

and

This is inspired by the form of the
orrelation hole around

ontra t lo ally around an ele tron without
orresponds to an inverse quasihole with an

Q = (1 − 1/m) is suggestive of this, sin e it
than the Q = 1 of an ele tron, thus ontra ting

harge

leads to a slightly less vorti ity
the liquid slightly.
With this operator, one
parti les.

an

onstru t wavefun tions for any number of quasi-

The partial derivative in (4.73)

an be shown to be ne essary to

produ e nonzero wavefun tions.

4.6 The positive Jain series
The Jain states in the so- alled positive Jain sequen e o

ur at lling fra tions

ν = n/(2np + 1). In the CF pi ture, their ground state wavefun tions are
onstru ted as n lled Landau levels of omposite fermions with 2p ux quanta
atta hed. In parti ular, the ν = 2/5 state orresponds to lling the lowest two
CF Landau levels. The quasiparti les in the CF pi ture are
added to a CF Landau level. The

ν = 2/5

omposite fermions

state may therefore be viewed as a
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ompa t state of

N/2

quasiparti les. For the state to be

ompa t, the CF's in

the se ond Landau level must have the lowest possible angular momentum.
Inspired by this, Hansson et al. [34℄ proposed a wavefun tion for this state
by

onstru ting a

orrelator of

M = N/2

quasiparti les, and

maximum density droplet. This resulted in an anyoni
large number of derivatives. The wavefun tion

onsidering a

wavefun tion involving a

ould be simplied by moving the

derivatives all the way to the left, and by introdu ing a se ond free bosoni

ϕ2 (z) that

ommutes with

ϕ1 .

eld

It turned out that the extra terms resulting from

the derivatives a ting on more fa tors had little signi an e. The wavefun tion
ould then be written

ΨCF
2/5 ({zi })

2M
M
Y
Y
V1 (zj )i}
= A{h V2 (zi )
i=1

(4.74)

j=M +1

where the new operator

q
q
i 43 ϕ1 (z) i 53 ϕ2 (z)

V2 (z) = ∂e
has been dened, and where
(4.74)

e

(4.75)

m has been set to 3 for simpli

ity. The wavefun tion

ould then be shown [34℄ to be identi al to the one obtained from the CF

pi ture.
We have seen that
about

V2 ?

an be interpreted as an ele tron operator, but what

They anti ommute among themselves and are thus fermioni , and

sin e the whole
sent

V1

onstru tion is inspired by CF pi ture we expe t them to repre-

omposite fermions. But sin e the original system is

we want to interpret the
fore have the same

omposed of ele trons,

V2 s as omposite ele tron operators. They should thereV1 . This is ensured if the harge density operator

harge as

is redened as

i
i
J(z) = √ ∂ϕ1 (z) + √ ∂ϕ2 (z).
3
15
The new harge density operator sets a dierent

(4.76)

ondition on the ba kground

harge. Charge neutrality must still hold, and the exponential operator in (4.72)
must be

hanged a

ordingly. It should also reprodu e the

orre t exponential

fa tor for ele trons in the LLL. This is a hieved by redening the expe tation
value as

√

h. . .i2/5 ≡ h0| . . . e−i
where

ρ̃3 =

1
15 ρ0 , and the

15ρ̃3

R

Ã

√
R
d2 zϕ2 (z) −i 3ρ3 A d2 zϕ1 (z)

e

|0i

(4.77)

oe ients in front of the integrals are taken from

the denominators in (4.76). The total ba kground ele tron density is then

1
15 )ρ0

=

2
5 ρ0 .

In other words:

parti les in the LLL, the
is obtained.

orre t

By demanding that

V2

des ribes unit

harge density for the lling fra tion

( 31 +

harge

ν = 2/5
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Further Jain states in the

p=1

hole operators. It

ν = n/(2n + 1) are onstru ted
n independent quasin there are n possible quasihole

Jain series

by the same pattern: At ea h new level

n,

onstru t the

an be shown that at level

operators, one for ea h level. The inverse quasihole operator in the highest level
is

ombined with

for level
relator.

n−1

Vn

to

onstru t a quasiparti le operator, and a wavefun tion

may be written as a

This motivates the

ertain number of these operators in a

onstru tion of a new operator

density operator and the ba kground
new operator des ribes unit
for general

p

and

n

are listed in appendix A. From these one

gives a fa tor

(zi − zj )2p .

an

V2p,n

he k that a

n, Vp,n (zi ) and Vp,n (zj ) in the or(zi − zj )2p+1 in the nal wavefun tion,
at dierent levels Vp,n1 (zi ) and Vp,n2 (zi )

ontributes to a fa tor

and that the produ t of two operators

or-

harge

harge are then adjusted to make sure the

harge parti les in the LLL. The operators

produ t of two operators at the same level
relation fun tion

Vn+1 .The

Chapter 5

CFT des ription of rapidly
rotating Bose gases
So far, we have seen that

omposite fermion wave fun tions in the fra tional

quantum Hall ee t may be reprodu ed by the use of
orrelators. We have also seen that

onformal eld theory

ertain Bose gases at high angular momenta

share a mathemati al property with the QHE that makes it possible to utilize
the same te hniques on both systems.
possible to

This immediately suggests that it is

onstru t wavefun tions for this system as well using CFT.

It turns out that this is possible with only a small adjustment.
hapter, we will translate the formalism of the previous

In this

hapter to produ e trial

wavefun tions for rotating Bose gases.

5.1 Laughlin states
As seen in se tion 3.4, the formation of
be translated to the

omposite fermions in the QHE may

ase of a weakly intera ting Bose gas by atta hing an

odd number of vorti es to the alkali atoms in the gas. Sin e the Jastrow fa tor
asso iated with this ux atta hment has negative parity, this hanges the bosons
to

omposite fermions. The resulting

omposite fermions are weakly intera ting,

and experien e a mu h redu ed magneti  eld, given by

B ∗ = B − qφ0 ρ
where

φ0

is a ux quantum analogous to the magneti

QHE, and

ρ

is the parti le density.

number. The lling fa tors are
and

ν∗ =

ν=

(5.1)
ux quantum in the

The number of vorti es

q

is now an odd

ρφ0
B in the origianl (bosoni ) Landau levels

ρφ0
|B ∗ | in the CF Landau levels. The two are related by

ν=
so that the Jain sequen e in this

ν∗
qν ∗ ± 1

ase is
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n
qn ± 1

ν=

(5.3)

We will start with the Laughlin states. The bosoni
at lling fra tions

ν = 1/m,

where

m

Laughlin states o

now is an even integer.

ur

The operators

(4.57) and (4.58) are thus written the same way as before,

√

V1 (z) = ei

H 1 (η) = e

mϕ1 (z)

(5.4)

√i ϕ1 (η)
m

m

where normal ordering is implied. But in this

,

(5.5)

ase, the operators

among themselves, and we interpret them as representing bosoni

V1

ommute

atoms. The

harge density operator is again normalized as

i
J(z) = √ ∂z ϕ1 (z),
m
V1

so that the operators

have U(1)

harge

1.

Again, this is not the ele tri

harge, but has the interpretation of vorti ity. In fa t, sin e the atoms in the
gas have zero ele tri

harge, we will rather sti k to its

number, so that the ba kground

ounterpart, the parti le

harge may be viewed as a ba kground parti le

density. The Laughlin wavefun tions are now written the same way as (4.72),
namely

ΨL ({zi }) = hV1 (z1 )V1 (z2 ) . . . V1 (zN )i1/m
P
Y
2
2
=
(zi − zj )m e− i |zi | /4ℓ ,

(5.6)

i<j

where the only dieren e is the value of

m.

state may thus be viewed as non-intera ting
bosons with

q =m−1=1

m = 2 the
L = N (N − 1). This

In parti ular, by setting

wavefun tion (5.6) is identi al to the yrast state (3.10) at

omposite fermions

omprised of

vortex atta hed to ea h.

5.2 The ν = 2/3 Jain state
Following the method proposed in [34℄, we would like to
operator for the bosoni

system. This

an be done by

onstru t a quasiparti le

ontra ting the gas lo ally

around one parti le, produ ing the quasiparti le operator

√
i( m− √1m )ϕ1 (z)

P 1 (z) = ∂e
m

This operator has

harge

Q = (1 − 1/m),

.

leading to a lo al

(5.7)
ontra tion of the

liquid. The wavefun tion for a single quasiparti le is written as

5.2 The

ν = 2/3
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Jain state

(l)

Ψ1qp ({zi }) = S{e−|z1 |
=

2

/4mℓ2

hP 1 (z1 )V1 (z2 ) . . . V1 (zN )i}

(i)
P
Y
X
Y
2
2
(−1)i e− i |zi | /4ℓ
(zj − zk )m ∂i (zl − zi )m−1
i

S

where

j<k

denotes symmetrization of the

uating the

oordinates.

It is

form of a Slater determinant expanded by the rst row.

f (z ) =
P1 i
− j |zj |2 /4ℓ2

e

e−|zi |

2

e−|zi |

the state at level two of the

ν = 2/3.

onstru tion with

orrelator with

M = N/2

and

orresponds to

We therefore expe t it

quasiparti les. Generalizing (5.7)

wavefun tion with a

ompensating

This wavefun tion involves many dierent Jastrow fa tors, whi h

motivates the introdu tion of a new bosoni

ϕ1 .

n=2

In parti ular,

In the CF pi ture, this is a state with two lled

quasiparti les results in an anyoni

prefa tor.

n.
q=1

onstru t Jain states at level

omposite fermions with one vortex atta hed.

to be written as a

M

The quasiparti le

(1−1/m)/4ℓ2 , so the prefa -

, appropriate for a LLL wavefun tion.

the lling fra tion

to

2

/4mℓ2 is inserted to make sure the overall gaussian fa tor is

We should now be able to

LLs of

Jastrow fa tor.

to produ e a symmet-

an observe that this antisymmetrization has the

operator (5.7) introdu es an exponential fa tor
tor

al ulated by eval-

orrelator and fa toring out a full antisymmetri

wavefun tion, and one

(5.9)

l6=i

The remaining part must then also be antisymmetri
ri

(5.8)

m

The anyoni

eld

ϕ2 that obeys the same OPE as

fa tors in the wavefun tion may be

ombined into holomorphi

fa tors if the derivatives are moved all the way to the left.

This also makes

the wavefun tion identi al to the CF wavefun tion, as we will see below. The
orre tion to the wavefun tion due to this adjustment is expe ted to make little
dieren e. In fa t, the wavefun tion for

M

quasiparti les is itself an ansatz, and

the new wavefun tion may thus be viewed as a dierent approximation to the
same state.
The new wavefun tion may be written with a new operator
ludes the eld

ϕ2 ,

V2 ,

and whi h also inludes the partial derivatives.

whi h inThis new

operator looks like

q
q
i 12 ϕ1 (z) i 32 ϕ2 (z)

V2 (z) = ∂e

e

.

The CF wavefun tion is then written

2M
M
Y
Y
V1 (zj )i}
Ψ2/3 ({zi }) = S{h V2 (zi )
i=1

where

S

(5.10)

j=M +1

denotes symmetrization.

The new operator
therefore redene the

V2

ommutes with itself, and should have unit

harge. We

harge density operator as

i
i
J(z) = √ ∂ϕ1 (z) + √ ∂ϕ2 (z).
2
6

(5.11)
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The ba kground

harge must then also be redened to produ e the

orre t

gaussian in the wavefun tion. Following the same pro edure as in se tion 4.6,

( 12 + 16 )ρ0 = 32 ρ0 ,

this results in a total ba kground parti le density
for the

ν = 2/3

Evaluating the

ΨCFT
2/3 (zi )

orrelators in (5.10) results in the wavefun tion

PM

X

=

as expe ted

state.

(−1)

ik

k

∂zi1 ∂zi2 . . . ∂ziM

i1 <i2 ...iM

M
Y
Y
(zik − zil )2 (i2 ,i3 ...iM ) (zk1 − zi1 )1
k1

k<l

(5.12)

(i1 ,i2 ...iM )

Y

(i1 ,i3 ...iM )

k2

1

(zk2 − zi2 ) . . .

This fun tion

Y

(i1 ,i2 ...iM )

kN

Y

1

(zkN − zin )

(zm − zn )2 .

m<n

an be shown to be identi al to the wavefun tion obtained from

the CF pi ture by fa toring out one antisymmetri

Jastrow fa tor and writing

the remainder as a Slater determinant, following the proof given in appendix
B in [34℄. The wavefun tion is then the produ t of two antisymmetri
whi h results in a symmetri

fa tors,

wavefun tion as expe ted for bosons.

5.3 General Jain states
Jain states at higher levels may now be
operators.

onstru ted with new quasiparti le

For this we need quasihole operators, but the operator (5.5) is no

longer su ient, sin e it gives non-holomorphi

V2 (z)H1/2 (η)

ele tron wavefun tions.

gives a fa tor

(z − η)1/2

instan e, the

ombination

wavefun tion.

New quasihole operators must therefore be

onstru ted, and it

an be shown that we get one quasihole operator for ea h level.
in lude the se ond Bose eld
the power of the

ϕ2 ,

and

For

in the nal
They will

an be found from the requirements that

orrelator between any quasihole operator and either

V1

or

V2

should be a non-negative integer, and that they should not be expressible as a
produ t of other quasihole or vertex operators. In the

ν = 2/3

state, this leads

to the following two quasihole operators:

i √2 ϕ2 (η)

H01 = e
H10 = e
It

an be shown [34℄ that inserting

(5.13)

6

√i ϕ1 (η)− √i ϕ2 (η)
2
6

H10

in the

.

orrelator (5.10)

orresponds to a

quasihole in the lowest CF Landau level in the CF pi ture, and that

H01 likewise

orresponds to a quasihole in the se ond CF LL.
A quasiparti le operator in the

ν = 2/3 state is

onstru ted by

with the quasihole operator at the highest level, i.e.
is then written with the new operator
operators. The

to the fermioni

H01 .

The state at

and this state has its own quasihole

onstru tion then goes on re ursively, and the vertex operators

at a general level
The above

V3 ,

V2
ν = 3/4

ombining

n

are listed in appendix A.

onstru tion

an reprodu e all the bosoni

states, i.e. with

q = 2p − 1.

Jain states analogous

There are however some limitations
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to the

onstru tion. It only

ex ludes the states at

f =

overs the positive Jain sequen e

n
qn−1 , whi h in the bosoni

f =

n
qn+1 . This

ase leads to states with

the lling fra tions

ν=

n
3 4 5
= “∞′′ , 2, , , , . . .
n−1
2 3 4

Note that these states still reside in the LLL while having

ν > 1.

This means

that the LLL is supersaturated. While the Pauli prin iple forbids su h llings
in the fermioni

ase, there is no su h restri tion for bosons.

form of the wavefun tions obtained by the CFT
to

onstru ting wavefun tions for su h states.

terms of the form

(zi − zj )q ,

However, the

onstru tion is an impediment
The wavefun tions all

ontain

whi h goes to zero as the parti les approa h ea h

other. This works as an ee tive Pauli prin iple, whi h is in ompatible with a
supersaturated state. This is not surprising, sin e the purpose of the Jastrow
fa tors in QHE wavefun tions in the beginning was exa tly to keep parti les at
an intera tion-free distan e.
The similarity of the
more general possible

onstru tion to the CF pi ture is however suggestive of a

onstru tion. A CF state with

may be reprodu ed by vertex operators at
suggests that more general
a

n

n'th

lled CF Landau levels
onstru tion.

ompa t states may be expressed by

orrelator with one vertex operator for ea h

used for a CF in the

n

levels of the

omposite fermion, where

Vn

is

CF LL. In parti ular, this idea might be exploited to

approa h a CFT des ription of the negative Jain sequen e, whi h
to quasihole

This

onstru ting

ondensates [38℄. This

orresponds

ould be of interest in further studies.

5.4 Hierar hy states
A dierent approa h to

onstru ting states with fra tional lling fra tions in

the QHE was proposed by Haldane and Halperin [19, 20℄. The s heme works as
follows: In the same way as the ele trons
at

ν1 = 1/t1

for

t1 = 1, 3, 5, . . . ,

these states may
for

t2 = 2, 4, 6, . . . .

then

ondense to form the Laughlin states

the quasihole and quasiparti le ex itations in

ondense to form new fra tional states at

ν = 1/(t1 ± 1/t2 )

The quasiparti les and quasiholes in these new states may

ondense in the same manner and produ e yet new states, and so on and so

forth. This produ es unique QH states at ea h rational lling fa tor
where

q

is odd. These lling fa tors are represented by the

ν = p/q ≤ 1,

ontinued fra tions

1

ν=

1

t1 +

1

α2 t2 +

..

.

αn tn
denoted by

{t1 , α2 t2 , α3 t3 , . . . αn tn },

densates. The density of the
ondensate

i

where

n = 1, 2, . . . is the number of oni is 1/ti . αi is equal to +1 if

ondensate at level

onsists of quasiholes and

−1

if it

onsists of quasiparti les.
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αi ti =
νn = n/((t1 − 1)n + 1). If t1 is odd this is the
e f = n/(2kn + 1), and if t1 is even we get the bosoni Jain

The Jain sequen e is a subset of these fra tions, obtained by setting

−2

for

i = 2, . . . n,

original Jain sequen

so that

sequen e (5.3). Re ent work [35℄ has produ ed
QH hierar hy states that are obtained by su
trons, using

onformal eld theory.

andidate wave fun tions for all
esive

ondensation of quasiele -

We shall here see that this may be done

also for the rotating Bose gas.
The

onstru tion starts with the Laughlin states (5.6),

V1 .

the same operator

This leads to a state with density

onstru ted with

ν = 1/m.

go to the next level of the hierar hy by introdu ing a new bosoni
and

onstru t a new vertex operator

quasiparti le

V2

We

an

eld

ϕ2 ,

that should ree t the density of the

ondensate at the new level. This is done by expanding

V1

with

fa tors that make the polynomials in the resulting wavefun tion analyti al when
the

orrelator is

al ulated.

It

an be shown that this new operator has to

in lude a partial derivative to produ e non-zero wavefun tions.
The new operator should also be bosoni , whi h sets restri tions on the
allowed

oe ients in the exponents of

found by

V2 .

The wavefun tion may then be

ombining a number of these two operators in a

orrelator, where two

operators at the same level of the hierar hy together result in a

ertain Jastrow

fa tor, and two operators at dierent levels result in a Jastrow fa tor with a
dierent exponent.

This pro ess may be repeated up to the

n'th

level of the

hierar hy, with a new operator with another partial derivative introdu ed at
ea h level.
This results in a series of vertex operators dened re ursively:

Vα+1 = ∂Vα e−iϕα /γα eiγα+1 ϕα+1
for

α = 1, 2, . . . n − 1,

where

γ1 =

√
m.

These operators should not be

(5.14)
onfused

with the operators listed in appendix A, even though the indexing is similar.
These vertex operators obey the OPEs

Vα (z)Vα (w) ∼ (z − w)sα

(5.15)

sαβ

Vα (z)Vβ (w) ∼ (z − w)
where we have suppressed the derivatives.

Inserting (5.14) into these OPEs

gives

2
sα+1 = sα + γα−2 + γα+1
−2

sαβ = sβα = sα − 1,

All operators

for β > α

(5.16)

Vα should be bosoni . This is a hieved if all sα are even positive
2
γα−2 + γα+1
is an even positive integer tα+1

integers, whi h implies that

γα+1 =

q

tα+1 − γα−2 ,

tα+1 = 2, 4, 6, . . .

(5.17)
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Combining the relations (5.17) and (5.16) now gives us the following relation
for the exponents in the OPE (5.15):

sα = sαβ + 1 =

α
X

tλ − 2(α − 1),

λ=1

β>α

Just like in the Jain states, two operators at the same level

(5.18)

α

ombined results

s
in fa tors (z − w) α in the wavefun tion, while two operators at dierent levels
s −1 .
give rise to fa tors (z − w) α
The wave fun tion is now

and writing the

onformal

onstru ted by dividing the parti les into

n subsets

orrelator

n Y
Mα
Y

Ψ = Sh

Vα (ziα )i

(5.19)

α=1 iα =1

where

α.

S

denotes symmetrization and

An appopriately

Mα

are the number of parti les in subset

hosen ba kground parti le density is impli it.

ν = 4/7.

As an example, let us look at the state at

This is a fra tion

that does not t into the Jain sequen e. It may be written in the form of the
ontinued fra tion

1
2−

ν=
i.e.

with

√
γ1 = 2

t1 = 2
and

q t2 = 4.

and

γ2 =

,

1
4

Looking at the relation (5.17), this means that

7
2 . The appropriate vertex operators are then
√

V1 (z) = ei

2ϕ1 (z)

i √1

V2 (z) = ∂e
From relation (5.16) we nd

2

(5.20)

q
ϕ1 (z) i 72 ϕ2 (z)

e

s1 = 2, s2 = 4

.

s12 = 1,

and

(5.21)
and the wavefun tion

is

Ψ = Sh

n Y
Mα
Y

Vα (ziα )i

(5.22)

α=1 iα =1

= S{

Y

Y

M2
M1 Y
Y

(5.23)

M1 and M2 are found by requiring the highest power of ea

h subset

i,j∈M1

The values of

M2
Y

(zi1 − zi2 )1 }.

2

(zi − zj )

to be equal, whi h

∂zi2

i2 =1

to the higher powers

(zi − zj )

i1 =1 i2 =1

orresponds to the two dierent quasiparti le

ondensates

M1 = 3M2 . Comparing this wavefun tion with
the ν = 2/3 state, we see that it is slighty less dense due
2
4
of the Jastrow fa tors. This is as expe ted, sin e
7 < 3.

having the same size. This gives
the one obtained for

i,j∈M2

4
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Using this method at level

n of the hierar

hy gives wavefun tions with lling

fa tors

1

νn =
t1 −

(5.24)

1
1

t2 −

..

.

tn−1 −

1
tn

Some remarks are in order here. This bosoni hierar hy
from the fermioni

t1 ,

version only in the values of

onstru tion deviates

or in other words whi h

Laughlin states form the starting point for the hierar hy. Starting from bosoni
Laughlin states (t1

even) gives bosoni

hierar hy states, while starting

Laughlin states (t1

from fermioni
In both

= s1

= s1 odd) gives fermioni hierar hy states.
α ≥ 2 must be even so that the operators Vα retain the
properties as V1 . The physi al properties of the two approa hes

ases, all

same statisti al

sα

for

are however very dierent.
The CFT

onstru tion des ribed here is only appropriate for

ar hy states built from quasiparti le

ondensation and wavefun tions for

densates involving quasiholes are not obtained.
are interpreted as lo al

reating hieron-

The quasiparti le ex itations

ontra tions of the quantum liquid.

In the fermioni

ase, this works ne when hierar hy states are built from the Laughlin states
at

ν = 13 , 15 , . . .,

but we

annot build quasiparti le

ondensates from the

ν=1

Laughlin state. In this state, all the energy eigenstates in the LLL are lled,
and the Pauli ex lusion prin iple prevents the liquid from
This

an also be seen from (5.24), sin e setting

fa tors

ν > 1,

t1 = 1

ontra ting further.

would give rise to lling

whi h are forbidden for the fermions in the QHE.

The bosoni

ounterpart of this is to set t1

= 0.

Here we do not

ome in

on-

i t with the Pauli prin iple, but it would lead to negative lling fa tors, whi h
is unphysi al. The reason is that su h states would have to be built from the
(bosoni ) Laughlin state  ν

= ∞,

into the same energy eigenstate at

i.e. the state where all the bosons

l = 0.

In this

ondense

ase it is not possible to

quasiparti le ex itations, sin e the droplet is already maximally

reate

ontra ted.

Chapter 6

Con lusions
The main purpose of this thesis has been to explore how

onformal eld theory

te hniques may be used on the system of a rotating Bose gas. We have used
CFT

orrelators to propose wavefun tions for several states expe ted to emerge

as experiments a hieve the angular momenta ne essary for the system to enter
the quantum Hall regime.
Some of the wavefun tions obtained from the CFT approa h are identi al
to previously proposed wavefun tions obtained from numeri al studies and the
omposite fermion approa h. This reinfor es the belief that

omposite fermion

methods are suitable for the rapidly rotating Bose gas. We have also proposed
wavefun tions inspired by the hierar hy
at lling fra tions not

onstru tion, whi h predi ts states also

overed by the Jain sequen e.

The CFT approa h is able to reprodu e states in the positive Jain sequen e
and states that t in the hierar hy

onstru tion.

that they are built from quasiparti le
involving quasihole
possible to

ondensates. The

onstru t more general

Common for these states is

ondensates, but we do not obtain states
onstru tion suggests however that it is

ompa t states, among them the negative

Jain sequen e.
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Appendix A

Vertex operators in the Jain
sequen e
The vertex operators that reprodu e the CF wavefun tions for

√

Vq,1 (z) = ei

ν=

q
qn+1 are

q+1ϕ1 (z)

q
q
q
i √q+1
ϕ1 (z) i 1+ q+1 ϕ2 (z)

Vq,2 (z) = ∂e

e

q
q
q
q
√
2 i √q+1 ϕ1 (z) i (q+1)(2q+1) ϕ2 (z) i 1+ 2q+1 ϕ3 (z)

Vq,3 (z) = ∂ e

e

e

(A.1)

...
Vq,n (z) = ∂
where

q
q
√
n−1 i √q+1 ϕ1 (z) i (q+1)(2q+1) ϕ2 (z)

e

q = 2p − 1

e

q
ϕn−1 (z)
[q(n−2)+1][q(n−1)+1]

i√

...e

q
nq+1
i (n−1)q+1
ϕn (z)

e

q = 2p for the QHE [34℄.
N = nM parti les, where M

.

for the rotating Bose gas and

The groundstate CF wavefun tions for

is the

number of quasiparti le ex itations, are then written as

2M
M
Y
Y
Vq,n−1 (zj ) . . .
V
(z
)
ΨCF
(z
)
=
S{h
q,n
i
i
q,n
i=1

The

orresponding

J(z) = √

j=M +1

nM
Y

Vq,1 (zj )i}.

(A.2)

j=(n−1)M +1

harge operator is

i
i
i
∂ϕ2 (z) + . . . + p
∂ϕn (z).
∂ϕ1 (z) + p
q+1
(q + 1)(2q + 1)
(q(n − 1) + 1)(qn + 1)
(A.3)

The

oe ients in the added exponential fa tors due to to the ba kground

parti le density are taken from the denominators of the

harge density operator

(A.3). Using the sum formula

n
X
k=1

we get the

1
n
=
(q(k − 1) + 1)(qk + 1)
qn + 1

orre t total ba kground parti le density
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(A.4)

n
qn+1 ρ0 for the Jain states.
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