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ABSTRACT ARTICLE HISTORY
The purpose of this paper is to establish a stochastic differential Received 28 February 2023
equation for the Donsker delta measure of the solution of a McK- Accepted 16 November 2023

ean-Vlasov (mean-field) stochastic differential equation. KEYWORDS

If the Donsker delta measure is absolutely continuous with Donsker delta function: local
respect to Lebesgue measure, then its Radon—Nikodym derivative is time; McKean—Vlasov
called the Donsker delta function. In that case it can be proved that process; Fokker—Planck
the local time of such a process is simply the integral with respect to equation
time of the Donsker delta function. Therefore we also get an equation
for the local time of such a process.

For some particular McKean-Vlasov processes, we find explicit
expressions for their Donsker delta functions and hence for their local
times.

MsC 2020
60H15; 60H40; 60J35

1. Introduction

The Donsker delta function of a random variable or a stochastic process arises in many
studies, including quantum mechanical particles on a circle [7], financial markets with
insider trading as in [10] and in [3] for financial markets with singular drift. It has also
been used as a tool to determine explicit formulae for replicating portfolios in complete
and incomplete markets [9].

Moreover, the Donsker delta function is also of interest because it can be regarded as
a time derivative of the local time. Therefore, explicit expressions for the Donsker delta
function lead to explicit formulae of the local time.

For example, if we let B be a Brownian motion defined on a filtered probability space
(2, F,F = {Ft}t=0, P), then the Donsker delta function g (x) of a Brownian motion B
at the point x can be regarded as the time derivative of the local time L;(x) of B. More
precisely, we have

t
Li(x) :/0 8B(s) (x) ds.

Such an integral exists as an element of the Hida space (§*) of stochastic distributions, see
Section 2.3.
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In [6], the authors use white noise theory to obtain an explicit solution formula for a
general stochastic differential equation (SDE), and this is used to find an expression for the
Donsker delta function for the solution of an SDE. Subsequently this was also extended to
SDE:s driven by Lévy noise in [8].

The main result of the current paper is that the Donsker delta measure of a
McKean-Vlasov process (see below) always satisfies a certain Fokker—Planck type SPDE in
the sense of distributions. Moreover, we use this to find explicit formulae for the Donsker
delta functions for McKean-Vlasov processes, and hence their local times, in specific cases.

Let X(t) = X; € R be the solution of a McKean-Vlasov SDE, i.e. a mean-field stochastic
differential equation, of the form (using matrix notation),

dX(t) = a(t, X (1), u) dt + B, X (1), ) dB(t);  X(0) = Z € R.

We call X a McKean-Vlasov process.

Here the o-algebra ' = {F}};>0 denotes the filtration generated by Z and B(:), Z is a
random variable which is independent of the o -algebra generated by B(-) and such that
E[|1Z)?] < oo.

Definition 1.1: Define ,uff (dx) = ,wf (dx, w) to be regular conditional distribution of
X(t) given F; generated by the Brownian motion B. This means that //L‘;( (dx, w) is a Borel
probability measure on R for all t € [0, T], w € 2 and

| son @) = BlgxIFilo)
for all functions g such that E[|g(X(¢))|] < oo.

Since we consider only a one-dimensional Brownian motion B(¢) € R, we will show that
the regular conditional distribution of X () given the filtration {F;}s>¢ can be identified
with the Donsker delta measure in the sense of distribution. See details in Section 3.1

2. Preliminaries

In this section, we review some basic notions and results that will be used throughout this
work.

2.1. Radon measures

A Radon measure on R is a Borel measure which is finite on compact sets, outer regular on
all Borel sets and inner regular on all open sets. In particular, all Borel probability measures
on R? are Radon measures.

In the following, we let

o M, be the set of deterministic Radon measures.
o Co(R%) be the uniform closure of the space C.(R%) of continuous functions with
compact support.
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If we equip My with the total variation norm ||u|| := | w|(RY), then M becomes
a Banach space, and it is the dual of Co(RY). See Chapter 7 in Folland [5] for more
information.

If u € M is a finite measure, we define

() = Flu](y) = fR (0 yeR (1)

to be the Fourier transform of y at y.

In particular, if p (dx) is absolutely continuous with respect to Lebesgue mea-

sure dx with Radon-Nikodym derivative m(x) = %dx), so that p (dx) = m(x) dx with

me L (Rd), we define the Fourier transform of m at y, denoted by m(y) or F[m](y), by
Flm](y) = m(y) = / e mx)dx; ye R
R4

We let Ml denote the set of all random measures 1 (dx, w); @ € Q such that i (dx, w) € M
for each given w € Q.

2.2. The Schwartz space of tempered distributions
We recall now some notions from white noise analysis.

e S = S(RY) be the Schwartz space of rapidly decreasing smooth real functions on R,
It is a Fréchet space with respect to the family of seminorms:

ke = sup {1+ D177 01}

xeR4

where k=0,1,...,a = (a1,...,0y) is a multi-index withj = 0,1,... j=1,...,d)
and

oo

T o1 oy
oxy - 8xd

for || = a1 + -+ + ag.

o S = S'(RY) is the space of tempered distributions. It is the dual of S.

2.3. The Hida space (S)* of stochastic distributions

We restrict ourselves to the white noise probability space (2 = S', F = B3, P), where B is
the Borel o -algebra and the probability P is the probability measure on S’ defined in virtue
of the Bochner-Minlos-Sazonov theorem.

Let J denote the set of all finite multi-indices o = (o, 2, ...,0m), m = 1,2,..., of
non-negative integers «;.

CN)* =T ]@)% =@ -D*@2-2)2@2-3)% - 2m)“". (2)

j=1
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Ifa = (a1,02,...) € J, weput

Ho(@) = [ [ ey 0/(@)) = ha; 0y (02) - - - heyy Or), @ € 2. 3)

j=1
The family {H, }¢ec 7 constitutes an orthogonal basis of L*(P).

o ((S)i)ker is the Hilbert space consisting of all f =3, 7 CaHy € L?*(P) such that
||f||i =D weT alc2 2N)*F < oo, for numbers ¢, € R.

e The space (S) = [icr(S)k equipped with the projective topology is the Hida space of
stochastic test functions.

e ((S)—K)ker is the Hilbert space consisting of all formal sums F=3}_,_ 7 CaHy
equipped with the norm

IFIZ =) el @N)™** < oo
aed

e The space (8)* = (Uer (S)—k equipped with the inductive topology is the Hida space
of stochastic distributions. It can be regarded as the dual of (S).

2.4. The Donsker delta function

We now recall some basic definitions:

Definition 2.1: LetY : Q — R be arandom variable which also belongs to the Hida space
(8)* of stochastic distributions. Then a continuous function

Sy():R— (8" (4)

is called a Donsker delta function of Y if it has the property that

/Rg(y)Sy(y) dy=g() as. (5)
for all (measurable) g : R — R such that the integral converges in (S)*.

The Donsker delta function is related to the regular conditional distribution. The con-
nection is the following: the regular conditional distribution with respect to the o -algebra
F of a given real random variable Y, denoted by ,uY (dy) = ,uY (dy, w); w € Q, is defined
by the following properties:

e For any Borel set A C R, wY(A,-)is a version of E[1yecp | F].

e For each fixed w € €, ,uY (dy,w) is a probability measure on the Borel subsets
of R.

It is well known that such a regular conditional distribution always exists. See, e.g. [4, p. 79].
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From the required properties of 1Y (dy, w), we get the following formula:
[ 0w @) = ElF 0171 ©

Definition 2.2: We call 1Y (dy, ») the Donsker delta measure of the random variable Y
and denote it by dy (dy, w).

Comparing this with the definition of the Donsker delta function, we obtain the
following representation of the regular conditional distribution:

Lemma 2.3: Suppose 17 (dy, ) is absolutely continuous with respect to Lebesgue measure
dy on R and that Y is measurable with respect to F. Then the Donsker delta function of Y,
8y(y, w), is the Radon-Nikodym derivative of ¥ (dy, w) with respect to Lebesgue measure
dy, i.e.

nY (dy, w)

d (7)

SY()/) Cl)) =

We will prove in Theorem 3.3 that the Donsker delta function can be regarded as a
stochastic distribution in &', satisfying a Fokker-Planck type SPDE in the sense of distri-
butions. It can also be represented as an element of the Hida stochastic distribution space
(S)*, and as such it can in some cases be expressed explicitly in terms of Wick calculus.
For example, if Y(¢) = B(t), we have

1 B _ o2
8Bt (x) = (2t) 2 exp® (—%) € (S)%, (8)

where ¢ denotes Wick multiplication and exp® denotes Wick exponential. Note that even
though the Donsker delta function can only be represented as a distribution, its conditional
expectation can be a real-valued stochastic process. For example, for t < T we have

2
B —x) } o)

E[8p(r)(x)|Ft] = @n(T — t))_% exp |: 2T — 1)

For more examples, we refer to e.g. [1] or [9].

3. The Donsker delta equation for McKean-Vlasov processes
3.1. The general multidimensional Fokker-Planck equation

To explain the background for this section, let us recall the general multidimensional
situation studied in [2], where X(¢) € R is a McKean-Vlasov diffusion, of the form (using
matrix notation),

dX(t) = b(t, X(t), i) dt + o (t, X(£), u¥) dB(t), X (0) = Z, (10)

where B is a multi-dimensional Brownian motion.
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Here Z is a random variable which is independent of the o -algebra generated by B(-)
and such that

E[1Z|?] < oo.

Define the o -algebra " = {F;};>0 to be the filtration generated by Z and B(-).

Let M denote the set of all Borel measures on RY. We assume that the coefficients
b(t,x, ) : [0, T] x RY x M — R and o (¢, x, w) [0, T] x R x M — R4 are bounded
and F-predictable processes for all x, i, and that b and o are continuous with respect to ¢
and x for all u.

One can check that under some assumptions, such as Lipschitz and linear growth
conditions, there exists a unique solution of Equation (10).

Definition 3.1: Fix one of the Brownian motions, say B; = Bj(t,w), with filtration
{ft(l) }t>0. We define /Lf( = Mf (dx, w) to be regular conditional distribution of X () given

ft(l). This means that uf( (w, dx) is a Borel probability measure on Réforallt € [0, T],w €
Q and

|, el @0 = Blgx )17 )@ ()
for all functions g such that E[|g(X(#))|] < oo.

The following version of the stochastic Fokker-Planck integro-differential equation
for the conditional law for McKean-Vlasov jump diffusions was proved by Agram and
Qksendal [2]. For simplicity we consider only the case without jumps here.

Theorem 3.2 (Conditional stochastic Fokker-Planck equation [2]): Let X(t) be as
in (10) with d > 2 and let Mf( = ,uf( (dx, ) be the regular conditional distribution of X(t)
given J”:t(l).

Then for a.a. w € Q the conditional law uX € S’ and it satisfies the following SPDE (in
the sense of distributions):

duf = Agui dt + Ajp dBi(H), o = L(X(0)). (12)

Here A}y, A} are the integro-differential operator and the differential operator which are given
respectively by

d d
1
Aj == Dilbiul + 5 D Dl Dajie] (13)
j=1 n,j=1
and
d
Afp= =) Djlbijnl. (14)
j=1
9 92 . . L. .
In the above Dj, D, j denote 9% and D%n0%; respectively, in the sense of distributions, and

Dj[bju] = aixj [b;(t, x, M),uf (dx)] |u=uf’ and similarly with the other terms.
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3.2. The Fokker-Planck equation for the Donsker measure

In [2], the theorem above was proved under the assumption that d > 2. However, the proof
also works if d = 1 and ft(l) = F;. Note that in this case, since X(¢) is F;-measurable, the
identity (11) states that

/}R g (@x.0) = gX(0) (15)

for all functions g such that f]Rd | g(x)|,uf< (dx, w) < o0.
In particular, if we choose d = 1 in the above we get that the conditional law coincides
with the Donsker measure, i.e.

i (6, 0) = Sx(o (dx, ). (16)
Therefore we get the following Fokker-Planck equation for the Donsker measure:
Theorem 3.3: Assume that X(t) is as in (10), but with d = 1.

Then the Donsker delta measure ,uf( = 8x(1) (dx, w) satisfies the following equation (in the
sense of distribution):

1
duf = {—D[b(t,x,u)uf]lﬂzu;( + 5D2[02(t,x, u)uf]lu:,g} dt

— Dlo (t,%, ) p; 1,y x dB(D);
1o = L(X(0)), (17)

_ 9 2 _ 02
where D = 3= and D° = 7.

4, Local time

In this section, we first recall the definition of local time of a stochastic process Y (-):

Definition 4.1: The local time L;(y) of Y(-) at the point y and at time ¢ is defined by
L) = lim = A((s € 10,65 Y6) € (7 — &,y + ),

where A denotes Lebesgue measure on R and the limit is in L?(P).

In the white noise context, the local time can be represented as the integral of the
Donsker delta function. More precisely, we have the following result:

Theorem 4.2: The local time L;(x) of X at the point x and the time t is given by

t
Lix) = / Sx(e () ds, (18)
0

where the integration takes place in (S)* (or in S’ for each w).
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Proof: For completeness, we give the proof.
By definition of the local time and the Donsker delta function, we have

t
Li(z) = lim/ X(z—e,z-i—e)(Y(S)) ds
€e—>0 Jo

t
= lim (/R X(z—e,z+€) ()’)5Y(s) ()’) d)’) ds

€e—>0 Jo
t t
= lim/ X(z—e,z-i—e)()’) </ 8Y(s)(}’) ds) d)/ 2/ 5y(5)(Z) ds,
because the function y > 8y () () is continuous in (S)* (and in S"). [ |

Remark 4.3: Note that even though we in general can only say that §x ;) (x) € (S)*, L (x)
usually exists as a real-valued stochastic process.

5. Explicit solutions

In this section, we find explicitly the Donsker delta function for some particular McK-
ean—Vlasov processes and accordingly their local time.
Suppose that 1 is absolutely continuous, i.e.

wX (dx) = m*(t, x) dx. (19)
Then (10) gets the form
dX(t) = b(t, X(t), m}) dt + o (t, X(t), m}) dB(t);  X(0) = Z, (20)

where mi( (x) = mX(t, x) and (17) becomes a stochastic partial differential equation (SPDE),
as follows:

Theorem 5.1: Suppose (19) holds. Then the Donsker delta function mX(t,x) = Sx(r)(x) is
the solution in (S)* of the following SPDE:

2
dth(t,x) = {—%[b(t,x, m)mx(t,x)] + %%[az(t,x, m)mX(t,x)]} dt (21)

— D letxmm (0] dB@; =0,
0x
9
m(0,x) = aﬁ(x(o)) (22)

5.1. Brownian motion

Consider the special case when X(¢#) = B(t); B(0O) = Z. Then b =0 and ¢ =1 and
Equation (17) becomes

8”’X(t )= 1 ’ X(t )+8mx(t Yo B(); t>0 (23)
- )x = ’x - ’x ; bl
ot 2 9x? ox -

d
m(0,x) = aE(X(O)). (24)
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We can easily verify by Wick calculus that a solution in (S)* of Equation (23) is

02
_M> , (25)

Spip(x) = 27 7 exp® ( oy

which is in agreement with (8). The details are as follows:

Try
Xt = L et [ B
m (t,x)_\/mexp [ 5 }
Then
amxt 12 T (x— B(1)*?
Tt OV =T P [‘—Zt ]
o[ (x—B@®)*? x—B@®)\ .
. N DR
1 o (x—=B(1))°*] (x— B(1))*
VT [__ 2t ] 22
and
om* 1 o (= B@)* <>(_x—B(t))
Tox o ¥ [ 2t } t ’
and

azmx(t o1 O[_(x—B(t))°2i|0(x—B(t)>°2
e 2t t

Lt exo[_MKJ)
V2t P 2t t)

Collecting the terms we see that

mX(t, xX) =

1 exp® <_ (x — B(t))°2>
2t P 2t ’

satisfies the Fokker—Planck equation (23) for the conditional law of B(t).
From white noise theory, we know that

e E[X o Y] = E[X]E[Y]
o Elexp® Y] :=E[Y 50, LYo =300  ZE[Y°"] = Y02 ) LE[Y]" = exp(E[Y])

n=0 n! n=0 n! n=0 n!
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for all random variables X, Y with a finite expectation (independent or not). From this
we see that

1 (x—B®)**T) _ 1 (x — E[Z])?
E[8p(t)(x)] = NerT exp <E [— 5 i|) = exp <_2—t) . (26)

In particular, if X(0) = Z = z (constant) € R a.e., then

A2
exp (— (x th) ) , (27)

E[6pp(x)] =

1
W2t

which has a singularity at x = z.

5.2. Coefficients not depending on x

The next result shows that, under some conditions, the Donsker delta function can be an
ordinary function if the initial value X(0) has a density.

Theorem 5.2: Assume that X(t) is the solution of the following McKean-Vlasov equation:
dX(t) = a(t, uf) dt + B(t, u) dB(t);  X(0) = Z, (28)

where the coefficients o(t,x, u) = a(t, ) and B(t,x, ) = B(t, ) do not depend on x.
Suppose that X(0) = Z is a random variable (independent of B) with density

h(z) = %K(Z)(z); zeR. (29)

(1) Define
Yi(x) = h (x— /0 s ) ds — /0 tﬁ(s, ) dB(s))
= h(K(t,x)), (30)
where
K(t,x) = x — /Ota(s,ui‘) ds — fotﬂ(s, 1Y) dB(s).

Then Y (t, x) is the Donsker delta function of X(t).
(2) The solution X(t) of (28) is given by

X() =/th(x) dx. (31)
R

Proof: (1) We show that Y (¢, x) satisfies Equation (21).
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By the Ito formula, we have

d:Y(t,x) = W (K(t,x)d:K(t, x) + %h”(K(t, x))B2(t) dt

1
— {—a(t, WO (K(t,x)) + Eﬁz(t, WO (K(t, x))} dr

— B(t, K (K(t,x)) dB(?).

Since

, d 3
K (K(t,x)) = d_zh(z)z:K(t,x) = aY(lﬁX),

we see that Equation (32) can be written as
¥ 0 1, . 0?
diY(t,x) = | —a(t,uy ) —=Y(t,x) + = B~(t,u; ) — Y(t,x) | dt
ax 2 9x2

- B(, M?)EY(L x) dB(1),
0x

which is the same as Equation (21).

(32)

(33)

(34)

Since Y (0, x) = h(x) = m(0, x), we conclude by uniqueness that Y (¢, x) = m(t, x)

for all ¢.
(2) This follows from the definition of the Donsker delta function.

5.2.1. Constant coefficients
As a special case of the case above, suppose that

dX(t) = adt + BdB(t), X(0)=2Z,
where o and § are constants. Then by Theorem 5.2, the Donsker delta function is

8x(5(x) = h(x — at — BB(1)).

5.3. Mean-field geometric Brownian motion
Suppose that X(#) is a McKean-Vlasov process of the form
dX; = a(t, uHX, dt + B(t, nX)X,; dB;;  Xo = Z > 0.

We call this a mean-field geometric Brownian motion. For such processes, we have:

(35)

(36)

(37)

Theorem 5.3: (i) The Donsker delta function mX (x) for the mean-field geometric Brown-

ian motion X(t) is

t t
mX(x) = 8x,(x) = ;CH (lnx—/o a(s, uX) ds—/o B(s, Xy dB(s)),
where

H(z) = aizﬁ(an)(z); zeR.

(38)

(39)
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(ii) The solution X(t) of the mean-field geometric Brownian motion equation (37) can be
written as

o] t t
X(t):/ H(lnx—/ as, ul) ds—/ B(s, 1Y) dB(S)) dx
0 0 0

t t
:/e“H (u—/ a(s,/xi{) ds—/ ,3(5,,u§() dB(s)) du. (40)
R 0 0

Proof: (i) The corresponding Fokker-Planck equation for the Donsker delta function
my = m (x) = Sx(p(x) is

9 1 92
dmy(x) = {—a[a(t, m)xmy(x)] + Eﬂz(t, m)ﬁ[xzmt(x)]} dt

0
— B, m)—[xm¢(x)] dB;
0x
= {—a(t,mymy(x) — a(t, m)xmj(x)
1 2 ! 2.1
+ E'B (t, m)[2me(x) + 4xm,(x) + x"m/ (x)] ¢ dt
0
— B(t,m)[my(x) + xmy(x)] dB;;  mp(x) = aﬁ(z)(x)- (41)
This is a stochastic partial differential equation in m1(x). It seems difficult to find
directly an explicit solution of this equation. However, we can find the solution

m¢(x) = 8x(r)(x) by proceeding as follows:
The solution of (37) is

t t
Xt = Zexp (/ B(s, ms) dB(s) +/ {a(s, ms) — %ﬁz(s, ms)} dS) = exp(Yy),
0 0
where
t t
Y, = an—i-/ B (s, ms) dB(s) +/ {a(s,mg) — %,32(5, my)} ds.
0 0

By Theorem 5.2, we know that

t t
8y, (x) =H(x—/ (s, fhs) ds—/ B(s, 11s) dB(S)>,
0 0

where
H(z) = iE(ln Z)(2).
0z

By definition we have

/ gy, () dy = g(Yy).
R+
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With g(y) = exp(y), this gives
| expan0) dy = expr) = x.
Hence, substituting exp(y) = x,

dx
XtZ/eXP()’)CSYt()’) dy=/ x8y, (In(x)) —.
R R+ X

From this we deduce that

t t
i) = 8y, () = 20D _ Ly <1nx - / (s, ju5) ds — / B, 1ts) dB(s))
0 0

X X
(42)
is the Donsker delta function of X;.
(ii) This part follows by the definition of the Donsker delta function.

|

5.4. An example related to the Burgers equation

Suppose the McKean-Vlasov equation has the form
dX(t) = am(t, X(t)) dt + B dB(t); X(0) = Z, (43)

where m(t,x) = L X (t,x) = LLEX (1)) (x) € L*([0, T] x R).
Then the corresponding FP equation for the Donsker function m(t, x) is

2
dm(t,x) = {—Oli(mz(l‘, X)) + lﬁza—m(t» x)} dt — ﬁim(t, x) dB(1), (44)
ax 27 9x2 ax

0
m(0,x) = h(x) = —Z(x). (45)
ox
This is a stochastic Burgers equation. It is well known that by using the Cole-Hopf trans-

formation the equation can be transformed into the classical heat equation. The details are
as follows: if we introduce a new function ¥ = ¥ (¢, x) such that

m:= Yy = —y, (46)
x
then we see that the Burgers equation (44) becomes the following equation in :

1 .
(W)t = =20 (Y)x + Eﬂzwx)xx — BYax © B(2). (47)

Integrating with respect to x this gives

1 .
Y = —a(Py)® + Eﬁzwxx — By 0 B(b). (48)
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Now define the function ¢ = ¢(t, x) by

Y =ylng, (49)

for some constant y. Then in terms of ¢ the above equation gets the form
¢ oc\* | 1 ¢ o
— =—ay’ (—x> +-yp’ <—x) — By — <o B()
@ @ 2 ? /)« @
2 2
1 — .
:_ayz <&> +—)/,32 <‘P§0xx 2((Px) ) —ﬁy&OB(t)
¢ 2 ¢ x ¢

2 2
= —ay’ (“#) + Lp ("’—) _Lg ("i) —pyEobm. (50
(7 2 @ (7

© 2
This simplifies to
1 oo (¥« S 2 ;
or=—(ya+ =B — ) + =B ¢ — Box o B(®). (51)
2 © 2
If we choose
132
=-= 52
Y Y. (52)
the equation for ¢ reduces to the (linear) stochastic heat equation
1 .
¢ = B0 — Box © B, (53)
(0, x) = k(x)(to be determined), (54)
or, using Ito differential notation,
1
do(t,x) = ~B2guc(t,0) dt — Bor(t, ) dB(1); £ 20, (55)
®(0,x) = k(x). (56)

To find an expression for the solution of (53), define an auxiliary process R(¢) = R™ (1) by
R(t) = x — BB(t) + BB(1); t>0, (57)

where B is an auxiliary Brownian motion with law P and independent of B. Then by the
Feynman-Kac formula

o(t,x) := E[k(RW(t))] = E[k(x — BB(t) + BB(1)], (58)

where E denotes expectation with respect to P and k(z) = ¢(0, 2), solves Equation (53).
Going back to m, we get

eultx) _ Elkl = BB() + SB(1)]
@(t,x) E[k(x — BB(1) + BB(1))]

9
m(t,x) = Yx(t,x) = Y ox Ing(t,x)) =y 59)
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In particular, setting t = 0 we get

E[kx ()] _ ky (x)

h(x) := m(0,x) = y Bkl 14 ok

(60)

from which we deduce that

1 X
k(x) = exp (; /0 h(y) dy)- (61)

We summarize what we have proved as follows:

Theorem 5.4: (1) The Donsker delta function m(t,x) = x()(x) for the solution X(t) of
the McKean-Vlasov equation (43) is given by

ox(t,x)  Elke(x — BB(t) + BB(1))]

m(t,x) =y =y— = , (62)
@(t, x) Elk(x — BB(t) + BB(1))]
where
1 [~ 1 [
k(x) = exp (— / m(0,y) dy) = exp (— / L(Z)(y) dy) (63)
vV Jo v Jo
and
,32
= ——. 64
Y Y. (64)
(2) The solution X (t) of (43) is given by
X(t) = / xm(t, x) dx (65)
R
with m(t,x) as in part 1.
5.5. Asolution approach based on Laplace and Fourier transforms
Consider the Fokker-Planck equation, with y = ;Li(,
1
dus = {—D[Otu] + EDz[ﬁZM]} dt — =D[Bu]dB(t); o = x> (66)
for the McKean-Vlasov equation (35). If o, 8 are constants, this becomes
1
dus = {—aD[M] + EﬂzDz[u]} dt — BD[]dB(1); 1o = b, (67)
If duy = m(¢, x) dx, the equation can be written as
it = —atm0 + 20 L e 4 im0 bo.  (69)
atm ,X) = aaxm )+ 2 a2 X me X .
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Let
f(s) = Lf(s) = /0 S e *'f(t) dt denote the Laplace transform (69)

and
To) =Ff(y) = /R ¢~ ™f(x) dx denote the Fourier transform. (70)

Then

L (%f(t)) (s) = s(Lf)(s) — f(0) (71)

and
Lexpb)(9) = —— 72)

and
F[D"w](y) = (iy)"FIwl(y). (73)

Hence, applying the Laplace and Fourier transform to (68), we get

~ ~ = 1 =~ —~ o
sm(s, y) — m(0,x9) = —iaym(s,y) + 5,82(1')/)2141(5,)1) + Biy(m(., y) © B(.))(s)

or
~ . 1 . A ;
m(s, y)[s + ioy + Eﬁzyzl = (0, x0) + Biy(m(.,y) © B(.))(s)
or
~ (0, x0) Biy . ,
> = . B .
m(s.y) s+iay + %,32}’2 + s+iay + %,32}’2 (mGy) 0 BLNE)
ﬁ(o,xo)

= Ty s gy PTG 0 BN (00

Put g(t) = =28 and h(¢) = (L, y) o B(1)).
Taking inverse Laplace transform, we get

Y ~ . 1 A
m(t,y) = m(0, xo) exp((iay — Eﬁzyz)t) + BiyL™ (Lg - Lh)(t, y)

o~ — l 2.2 .
= m(0, xo) exp((ioy 2,3 yOt) + Biy(g x h)(t, ),
where

t
g*h)(t) = / g(s)h(t — s) ds.
0

T 2
e =2y 4y — —e%; a>0. (75)
y
R a

Recall that
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Hence

F—l(g) — i eiayt—%ﬂzy2t+iyxd — L e—%ﬂztyz—Zyi(%at—%x) d
2 ) y y

27 R
1 T iz(%at—l— %x)2
= oo 15 P\ T i
2wy 3B%t 3Bt
1 < (at+x)2>
= ———exp —
V2m B2t 2p°t

1 ¥ ax a’t

= T (<55~ ) oo (-5 = e

Therefore g(t,x) = F[k(t,.)](y)] and (75) can be written as
At y) = m(0, x0)FIkI(t,y)
+ iy [ FIk(t — 5 )]()Flm(s, ) o B(s))] ds.
Taking inverse Fourier transform we get, with k' = <L k(t, x)
m(t, x) = m(0,x9) * k) (¢, x)
+F! [ﬂ /O tF[k/(t — 5, )] Flm(s,y) oé(s»ﬂ (£, %)
- /R eyt — Pt y) dy

t
+,3/ (/ k’(t—s,x—y)m(s,y)o]OB(s)dsdy
0 R

t
= k(t,x — x¢) + ﬂ/ </ Kt —s,x—y)m(s,y) dB(s)) dy.
R 0
We have proved the following:
Theorem 5.5: Suppose a and B are constants and that the Donsker delta measure is
absolutely continuous with respect to Lebesgue measure. Then the Donsker delta function

m(t,x) = 8x () (x) of the corresponding McKean-Vlasov process is a solution in (S)* of the
following stochastic Volterra equation:

t
m(t,x) = k(t,x — xp) + /3/ (/ Kt —s,x—y)m(s,y) dB(s)) dy,
R 0

where

2 2
d
k(t,z) = S “_Z> exp( - t) > k/(u’ z) = d—k(u, ).
z

1
N7 ( 282 B2 Top
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Remark 5.6: Ifoo = 0, 8 = 1, we get

2
k(t,z) = ! exp (—Z—)

2t 2t

z 1 z2
Kz =—-= ex (——) )

U~ 2ru P 2u

For comparison, recall that the density of Brownian motion at ¢, x (when starting at x) is

(t,x) = 1 ex (_M>
Pt - ot P 2t '
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