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Abstract
We study the stochastic time-fractional stochastic heat equation
aa
—Y(1,x) = AMAY (£, x) + o W(t, x); (1, x) € (0, 00) x RY, 0.1

ar
where d € N = {1,2, ...} and % is the Caputo derivative of order @ € (0, 2), and
A > 0and o € R are given constants. Here A denotes the Laplacian operator, W (¢, x)
is time-space white noise, defined by

93 9'B(1,x)

W, x) = ,
X = S oy 9

0.2)

B(t,x)=B(t,x,w);t >0,x € R, we R being time-space Brownian motion with
probability law P. We consider the equation (0.1) in the sense of distribution, and we
find an explicit expression for the S’-valued solution Y (7, x), where S’ is the space
of tempered distributions. Following the terminology of Y. Hu [11], we say that the
solution is mild if Y (¢, x) € L*(P) for all ¢, x. It is well-known that in the classical
case with o = 1, the solution is mild if and only if the space dimension d = 1. We
prove that if & € (1, 2) the solution is mildifd = 1 ord = 2. If ¢ < 1 we prove that
the solution is not mild for any d.
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1 Introduction

The fractional derivative of a function was introduced by Niels Henrik Abel in 1823
[1], in connection with his solution of the tautochrone (isochrone) problem in mechan-
ics.

The Mittag-Leffler function E,(z) was introduced by Goésta Magnus Mittag-Leffler
in 1903 [20]. Later it happened that this function has a connection to the fractional
derivative introduced by Abel, and it appears in solutions of fractional order problems.

The fractional derivatives turn out to be useful in many situations, e.g. in the study
of waves, including ocean waves around an oil platform in the North Sea, and ultra-
sound in bodies. In particular, the fractional heat equation may be used to describe
anomalous heat diffusion, and it is related to power law attenuation. This and many
other applications of fractional derivatives can be found, for example, in the book by
S. Holm [12] and other numerous publications.

In this paper we study the following fractional stochastic heat equation

o

8871/(;, x) = MY, x) + o W(t, x); (¢, x) € (0,00) x RY, (1.1)

where d € N = {1,2, ...} and % is the Caputo derivative of order @ € (0, 2), and

A > 0and o € R are given constants,

4 92y
AY = —(t, x 1.2
; ax,z.( ) (1.2)

is the Laplacian operator and

3 39B(t, x)
Wi, x)=Wt, x,0) = ———2

= 1.3
ot 0x1...0xq (1-3)

is time-space white noise,
B(t,x)=B(t,x,w);t >0,x e R, we 2
is time-space Brownian sheet with probability law P. The boundary conditions are:

Y (0, x) = §p(x) (the point mass at 0), (1.4)
lim Y(,x)=0. (1.5)

x—>+/— 00
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The fractional stochastic heat equation driven... 515

In the classical case, when o = 1, this equation models the normal diffusion of heat
in a random or noisy medium, the noise being represented by the time-space white
noise W(t, x).

- When o > 1 the equation models superdiffusion or enhanced diffusion, where
the particles spread faster than in regular diffusion. This occurs for example in some
biological systems.

- When o < 1 the equation models subdiffusion, in which travel times of the
particles are longer than in the standard case. Such situation may occur in transport
systems.

For more information about super- and subdiffusions, see Cherstvy et al. [9].

We consider the equation (1.1) in the sense of distributions, and in Theorem 2 we
find an explicit expression for the §’-valued solution Y (¢, x), where S’ is the space of
tempered distributions.

Following the terminology of Y. Hu [11], we say that the solution is mild if Y (t, x) €
LZ(P) for all ¢, x. It is well-known that in the classical case with « = 1, the solution
is mild if and only if the space dimension d = 1, see e.g. Y. Hu [11].

We show that if o« € (1, 2) the solution is mild if d = 1 ord = 2.

Then we show that if @ < 1 then the solution is not mild for any space dimension
d. This phenomenon is in line with the results from regularization with noise, see
Butkovsky et al. [6].

There are many papers dealing with various forms of stochastic fractional differ-
ential equations. Some papers which are related to ours are:

— In the paper by Kochubei et al. [15] the fractional heat equation corresponding to
random time change in Brownian motion is studied.

— The papers by Bock et al. [4], [5] are considering stochastic equations driven by
grey Brownian motion.

— The paper by Liu et al. [17] proves existence and uniqueness of general time-
fractional linear evolution equations in the Gelfand triple setting.

— The paper by Yal¢in et al. [25] studies the time-regularity of the paths of solutions
to stochastic partial differential equations driven by additive infinite-dimensional
fractional Brownian noise.

— The paper by Binh et al. [3] studies the spatially-temporally Holder continuity of
mild random field solution of space time fractional stochastic heat equation driven
by colored noise.

— The paper which is closest to our paper is Chen et al. [8], where, a comprehensive
discussion is given of a general fractional stochastic heat equations with multi-
plicative noise, and with fractional derivatives in both time and space, is given. In
that paper the authors prove existence and uniqueness results as well as regularity
results of the solution, and they give sufficient conditions on the coefficients and
the space dimension d, for the solution to be a random field.

Our paper, however, is dealing with additive noise and a more special class of fractional
heat equations. As in [8] we find explicit solution formulae in the sense of distributions
and give conditions under which the solution is a random field in L?(P).
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516 R.Y. Moulay Hachemi, B. @ksendal

We refer to Holm [12], Ibe [13], Kilbas et al. [14], Machado et al. [18], [19] and
Samko et al. [22] for more information about fractional calculus operators and their
applications.

2 Preliminaries

2.1 The space of tempered distributions

For the convenience of the reader we recall some of the basic properties of the Schwartz
space S of rapidly decreasing smooth functions and its dual, the space S’ of tempered
distributions.

Let n be a given natural number. Let S = S(R") be the space of rapidly decreasing
smooth real functions f on R” equipped with the family of seminorms:

1f ko := sup {1+ [y[)0* F(NI} < oo,

yeR”
wherek =0, 1, ..., = (ay, ..., &) is amulti-index witho; = 0,1, ... (j =1, ..., n)
and
glel
f = —F—F5
ayfl)ll . ay;;ln

for || = a1 + ... + ay.

Then § = S(R") is a Fréchet space.

Let &’ = S’(R") be its dual, called the space of tempered distributions. Let B
denote the family of all Borel subsets of S’(R") equipped with the weak* topology.
If® € S and f € S we let

D(f)or (@, f) 2.1

denote the action of @ on f.

Example 1 — (Evaluations) For y € R define the function 8, on S(R) by (8, ¢) =
¢ (y). Then §y is a tempered distribution.
— (Derivatives) Consider the function D, defined for ¢ € S(R) by D[¢] = ¢'(y).
Then D is a tempered distribution.
— (Distributional derivative)
Let T be a tempered distribution, i.e. T € S (R). We define the distributional
derivative 7" of T by

T'gpl=-TI¢]; ¢S

Then T is again a tempered distribution.

In the following we will apply this to the case whenn = 1 +d and y = (¢, x) €
R x RY.
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The fractional stochastic heat equation driven... 517

2.2 The Mittag-Leffler functions

Definition 1 The Mittag-Leffler function of two parameters, fisdenotedby E, g(z)
and defined by:

k

> Z
Eqyp(z) = ]; m, 2.2)

where z, o, B € C, Re(e) > 0 and Re(B) > 0, and I' is the Gamma function.
For f = 1 we obtain the Mittag-Leffler function of one parameter « denoted by
E,(z) and defined as:

o
Ey(2) = 2.3
@ kg F(ozk T 2.3)
where z, a € C, Re(x) > 0.
Remark 1 Note that Ey(z) = Eg,1(z) and that

oo

> Z
E\(z) = ZF(k+1) ZE‘ : 2.4)

k=

2.3 The (Abel-)Caputo fractional derivative

In this section we present the definitions and some properties of the Caputo derivatives.

Definition 2 The (Abel-)Caputo fractional derivative of order « > 0 of a function f
such that f(x) = 0 when x < 0 is denoted by D¥ f(x) or é% f(x) and defined by

(n)
x [ wu)du n—1l<a<n

DYf(x): = {F<n @ o Goer (2.5)

d}l
oS (x); a=n.

Here n is an smallest integer greater than or equal to «.
If f is not smooth these derivatives are interpreted in the sense of distributions.

2.3.1 Laplace transform of Caputo derivatives

Some of the properties of the Laplace transform that we will need are:

aC{
L[Wf(l)](s) = s%(Lf)(s) —s*"L £(0). (2.6)

a—1
o _p :
qLIxX* T Eg o (—bx)](s) =

L[Ey(bx*)](s) =

2.7)

T 2.8)
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518 R.Y. Moulay Hachemi, B. @ksendal

2.4 Time-space white noise

Let n be a fixed natural number. Later we will set n = 1 + d. Define 2 = S’ (R"),
equipped with the weak-star topology. This space will be the base of our basic proba-
bility space, which we explain in the following:

As events we will use the family F = B(S’(R")) of Borel subsets of S’ (R?), and
our probability measure P is defined by the following result:

Theorem 1 (The Bochner—Minlos theorem) There exists a unique probability mea-
sure P on B(S'(R™)) with the following property:

E[ei 9] ::/ei(w,¢)dﬂ(w):e—%lldJllz; P
S/

for all ¢ € S(R™), where |¢||> = ”‘P”iz(wy (w, ¢) = w(¢) is the action of

w € S'(R") on ¢ € S(R") and E = Ep denotes the expectation with respect to IP.

We will call the triplet (S'(R"), B(S'(R™)), P) the white noise probability space,
and P is called the white noise probability measure.

The measure P is also often called the (normalised) Gaussian measure on S’ (R").
It follows from the definition of IP that E[(w, ¢)] = 0 and

E[(w, $)*] = |l¢|*(the Ito isometry).

Using the Ito isometry it is not difficult to prove that if ¢ € L>(R") and we choose
or € S(R") such that ¢ — ¢ in LZ(R"), then

(w, ¢) : (w, ) existsin L2(P)

= lim
k—o00

and is independent of the choice of {¢}. In particular, if we define

B(x) := B(x1, -+, Xp, ®) = {®, X[0,x,]xx[0,x,]); * = (x1,--,x,) € R",

where [0, x;] is interpreted as [x;, 0] if x; < 0, then E(x, ) has an x-continuous
version B(x, w), which becomes an n-parameter Brownian motion, in the following
sense:

By an n-parameter Brownian motion we mean a family {B(x, -)}yer» of random
variables on a probability space (§2, F, P) such that

— B(0,-) =0 almost surely with respect to PP,

— {B(x, w)} is a continuous and Gaussian stochastic process

—Forall x = (x1, -+ ,x2), ¥y = (b1, ,yn) € R, B(x, ), B(y, ) have the
covariance [ [/_; x; A y;.
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The fractional stochastic heat equation driven... 519

For general x,y € R”" the covariance is [[i_; [ 6x (s)6y, (s)ds, where
Ox(t1, .oy ty) = Qxl ) an (ty), with

1 if0 <s < x;
Or;(s) =9 —1 ifx; <s <0
0 otherwise.

It can be proved that the process B (x, w) defined above has a modification B (x, w)
which satisfies all these properties. This process B (x, ) then becomes an n-parameter
Brownian motion.

We remark that for n = 1 we get the classical (1-parameter) Brownian motion B (¢)
if we restrict ourselves to > 0. For n > 2 we get what is often called the Brownian
sheet.

With this definition of Brownian motion it is natural to define the n-parameter
WienerIto integral of ¢ € L2(R") by

/qb(x)dB(x, w) = (0, ¢); weSRY.

Rn

We see that by using the Bochner—Minlos theorem we have obtained an easy con-
struction of n-parameter Brownian motion that works for any parameter dimension 7.
Moreover, we get a representation of the space £2 as the dual & "(R) of the Fréchet
space S(R?). This is an advantage in many situations, for example in the construction
of the Hida-Malliavin derivative, which can be regarded as a stochastic gradient on
£2. See e.g. [10] and the references therein.

In the following we put n = 1 + d and let

B(t,x)=B(t,x,w);t>0,x cRY we 2
denote the (1-dimensional) time-space Brownian motion (also called the Brownian
sheet) with probaility law PP. Since this process is (¢, x)-continuous a.s., we can for
a.a. w € £2 define its derivatives with respect to ¢ and x in the sense of distributions.

Thus we define the time-space white noise W (t, x) = W (¢, x, w) by

3 3?B(t, x)
W(t,x)= ——"2. 2.9
) = S ey (2.9)

In particular, for d = 1 and x; = ¢ and get the familiar identity
wo = LBwins
Cdt ’

The process (2.9) can also be interpreted as an element of the Hida space (S)*
of stochastic distributions, and in that setting it has been proved (see Lindstrgm, @.,
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520 R.Y. Moulay Hachemi, B. @ksendal

Ubge [16] and Benth [2]) that the Ito-Skorohod integral with respect to B(dt, dx) can
be expressed as

T T
/ / f(t,x,w)B(dt,dx) = / ft,x,w)o W(t, x)dtdx, (2.10)
0 R4 0 R4

where ¢ denotes the Wick product.
In particular, if f (¢, x, ) = f (¢, x) is deterministic, this gives

T T
/ / f(t,x)B(dt,dx) = / / f(t, x)W(t, x)dtdx. @2.11)
0 R4 0 R4

This is the interpretation we are using in this paper.

3 The solution of the fractional stochastic heat equation

Theorem 2 The unique solution Y (t, x) € S’ of the fractional stochastic heat equation
(1.1) - (1.5) is given by

Y, x)=1+ I, 3.1

where

_ —d ixy 012 _ — lxy ( Ma|))| )k
= e [ e Ea iy = e | kaﬂ) ,

(3.2)

and

t
I = U(Zn)_d[ (t —r)“—I/ (/ TV E, W (—A( —r)“|y|2)dy> B(dr,dz)
0 R4 R4

[ _ oy e (A — 1)y
— d a1 i(x—2)y § :

(3.3)

d
where |y|*> = y* = Py y%

Proof a)Firstassume that Y (¢, x) is a solution of (1.1). We apply the Laplace transform
L to both sides of (1.1) and obtain (see (2.6)):

sV (s, x) — s Y (0, x) = AAY (s, x) + o W (s, x). (3.4)
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The fractional stochastic heat equation driven... 521

Applying the Fourier transform F, defined by
Fe) = [ gty =800 g € LIRY, (35)

we get, since ?(O, y) =1,

d
STV (s, 3) = s =2 ¥V (s, y) + oW s, y), (3.6)
j=1
or,
(5% + 2y P) Vs, 3) = 52717 O, ) + o W (s, ). 3.7
Hence
~
g1 oW(s,y)

Yis,y) = (3.8)

sC+Ay2 s+ Aly?

Since the Laplace transform and the Fourier transform commute, this can be written

el aW(s,y)
s+ Ay2 s+ Aly?

Y(s,y) = (3.9)

Applying the inverse Laplace operator L~! to this equation we get

ga—1 )(t )+L—1(Uﬁ/(s’y)>(t )
s )Y s+ a2/

Uﬁ}(s,y)
LAILSIR T
s+ Alyl

Y, y) = L—1<

= Eq1(—Aly)* ) + L*I( (3.10)

where we recall that

o k

z
Eqp(2) = gm (3.11)

is the Mittag-Leffler function.

~
oW(s,y)
PCESYIE

f.g:10,00) — Ris defined by

It remains to find L~ > : Recall that the convolution f g of two functions

t
(f*x)) = /o f&—=r)grydr; t=0. (3.12)
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522 R.Y. Moulay Hachemi, B. @ksendal

The convolution rule for Laplace transform states that

t
L (/0 f@— r)g(r)dr> (s) =Lf(s)Lg(s),
or
t
/O ft —wygw)dw = L™ (Lf(s)Lg(s)) (¢).

By (2.8) we have

. 1 .
L (W) (1) = 17 Eq.a (=11%]y]%)

S toz—l (—At® |y|2)k

Pt I'(ak + @)

_ i (—aly|2ykgatk+D=1
= I'(a(k+1))

_ i (=at |y P!
= I'(a(k+1))

=: A(t, y).

In other words,
o
m =0LA(s,y).

Combining with (3.13) we get

-1 o = R ~
L (—sa Ve y>) 0 =L7" (L@ AG ) W(s. ) ()
t
= o/ At —r,y))W(r, y)dr.
0
Substituting this into (3.10) we get

t
P, y) = Ea (—,\t“|y|2) +a/ Al —r, )W, y)dr.
0

Taking inverse Fourier transform we end up with

t o~
Y(t,x) = F~! (anl (—M“Iylz)) ) +oF! (/0 Al —r, )W (r, y)dr) ).

@ Springer
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Now we use that

F (fR flx— z)g(z)dz) ) =Ff(mrg(y),

or
| 6=z = F (Ff0)Fe) . (320
This gives
F! (/Ot At —r, W, y)dr> (x)
Z/IF (A —r, )W, ) ()dr
- ft FI(F (F—lA(z —r y)> () FW(r, x)(y)) (x)dr
(¥

TAC =y - z)) W (r, z)dzdr

t
- / / <(27‘r)d / e““)yA(t—r,y)dy) W(r, 2)dzdr
0 JRd R4
t
=(2n)_d// (/ el'<x—z>>'A(t—r,y)dy>B(dr,dz).
0 JRY R4

Combining this with (3.19), (3.11) and (3.14) we get

(— M|y|2)’<
Ye, » = (Z Tak+1)

o) f / ( / e“x—m’A(t—r,y)dy) B(dr, dz)
]Rd Rd
_ —d txy ( )\talyl )k
= (m) / Z Fakrn
+o(2rr)_d/ (t —r)* !
0

i(x—z2)y . (=2 — r)a|y|2)k
/ﬂ;d </15§de Z(:) ety Y| Br.d2).

This proves uniqueness and also that the unique solution (if it exists) is given by
the above formula.

b) Next, define Y (¢, x) by the above formula. Then we can prove that Y (z, x)
satisfies (1.1) by reversing the argument above. We skip the details. O
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524 R.Y. Moulay Hachemi, B. @ksendal

3.1 The classical case (a=1)

Itis interesting to compare the above result with the classical case when, o=1:If o = 1,
we get Y (¢, x) = I + I, where

[1 — (27_[)7d/ l)Cy Z )\.t|y|

and

‘ . . (=r(t = nlyP)*
I — o (24 i(x—2)y ~ - 7 dyB(dr,dz),
2= oem /o/w/me 2 K Yo 4o

where we have used that I' (k + 1) = k!
By the Taylor expansion of the exponential function, we get

I = (271)*‘1/. eixyef)‘tlylzdy
Rd

d 2
lx[?
= (4 rt)” ge B

where we used the general formula

4 -
/ o alyP26y) gy, (Z)Z et a>0; beC (3.21)
Rd a

Similarly,
Z (—1e =)y
=oQm)™ ’<”>>§: "/ dyB(dr.d
n=oan [ [ [, @ e

=0
-d
= [ (575

)
= o(drr)” 2/ / (t —r) ~Se ~ &7 N B(dr,dz).

ST »

) e 4A<f '>B(dr dz)

Summarising the above, we get, for o« = 1,

Ix12
Y(t,x) = (4rat) "2 Br
e—z|?

t | <
+o@4ma)? / (t — r)~%¢ 500 B(dr, dz). (3.22)
0 JRd
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This is in agreement with a well-known classical result. See e.g. Section 4.1 in Y. Hu

[11].

4 When is Y (t, x) a mild solution?

It was pointed out already in 1984 by John Walsh [24] that (classical) SPDEs driven
by time-space white noise W (z, x); (¢, x) € [0, 0o) x R4 may have only distribution
valued solutions if d > 2. Indeed, the solution Y (¢, x) that we found in the previ-
ous section is in general distribution valued. But in some cases the solution can be
represented as an element of L?(P). Following Y. Hu [11] we make the following
definition:

Definition 3 The solution Y (¢, x) is called mild if Y (¢, x) € L>(P) forallt > 0, x €
R,
The second main issue of this paper is the following:

Problem 1 For what values of « € (0, 2) and what dimensionsd =1, 2, ...is Y (¢, x)
mild?

A partial answer is given in the following:

Theorem 3 Let Y (¢, x) be the solution of the a-fractional stochastic heat equation.
Then the following holds:

a) If o =1, then Y (¢, x) is mild if and only if d = 1.
b) If o« > 1then Y(t,x) ismildifd =1ord =2.
c) Ifa < 1then Y(t, x) is not mild for any d.

Proof Recall that Y (¢, x) = I} + I, with

— —d lx> (=t%|y| )k
=en f Z Fak+1) @ “.1)
t 00 oy, 2Vk
_ —d _aa—1 i(x—2)y (=A( =r)¥Iy?)
L =0Qn) fo(t r) /Rd (/Rde éif(a(k—i-l)) dy | Bldr,dz). (4.2)

a) The case o = 1:
This case is well-known, but for the sake of completeness we prove this by our
method: By (3.22) and the Ito isometry we get

E[Y2(t,x)] = J, + /o, 4.3)

where

i

Ji =1} = (4man)~le” 0 (4.4)

and, by using (3.21),
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526 R.Y. Moulay Hachemi, B. @ksendal

t
) = 02(471,\)—"[ (t — )~ Quit —r)2dr
0
d t d
o227 42072 / (t —r)" 2dr, 4.5)
0

which is finite if and only if d = 1.
b) The case o > 1 : By the It isometry we have E [Y? (, x)] = J; + J2, where

2
_ —x%|y| )
— 2d ixy
Ji=(@m) (/Rd Z I(ak + 1) )
2
= Qn) X < /R | eV Eq (=A%) y|2)dy) (4.6)

and

o (<t - ey’

t
7 — o202 —Zd/ / a2 / i(r—2)y
A N Re k;) T (ak +a))

dy | dzdr

t ) 2
2 / / (t —r)e—2 ( / e’(x—mEa,a(—A(z—r)“|y|2)dy) dzdr. (4.7)
0 JRrRd R4

By Abel’s test and Lemma 2 (Appendix) and (3.21) we get

[ I k
B Y e (=ay?)" Tk + 1) 2
=6 (/Rd (,; Fk+1) T(ak+1) %)

| /\

; A%yl
o [y Ly

7 \d 2 d
=C <W) e w% <ooforallt > 0,x € R and for all 4.

By the Plancherel theorem, Lemma 3 (Appendix) and (3.21) we get

2
g (! _ N (=t — r)¥x — 2]k
) 2d o \2a-2
b =0o22n) /0 (t—r) /Rd (,; T dzdr
t
— 02(27_[)—2[1/ / (t _ r)Za—Z
0 JRY

/ <°° (=a(t — )% — 2P T+ 1) )2
dzdr
e 2 T+ 1) Tk + )

k=0
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o]

2
’ - (A0 =)l — 2
202
= szo ‘= /R (kz_o rk+D) dedr

t
= sz (t —r)za_zf (e_k(t_’)alx_#)zdzdr
0 Rd

! a 2
=0 / (t —r)*? f (fm—’) bl )dzdr
0 R4

; d
_ a2 T :
= CQ/O (t—r) <—2A(t — r)“) dr

t
:C3/ (t =12 —r)"Tdr
0

4 ad
= C3/ (t —r)* 272 dr.
0

This is finite if and only if 20 — 2 — % > —1,ie.d <4 — 2.

Ifoa =1+4c¢€,then4 — % = 2+12i > 2 for all € > 0. Therefore J, < oo for
d=1ord =2, as claimed.

c) Thecasea < 1:
By (4.2) we see that

t
Jp = 62(271)_2”1/ (t —r)>? /d (Eaya (=2t — 1)*|x — z|2))2dzdr
0 R

t
:az(zn)*d/ (t—r)z"‘*z/ (Ea,a(—,\(r—r)“|y|2))2dydr.
0 R4

Choose B suchthat 0 <@ < 8 < 1.
A result of Pollard [21], as extended by Schneider [23], states that the map

X > h(x) := Eq g(—x); x € R? (4.8)

is completely monotone, i.e,

dl’l
n .
(=1 ——h(x) 2 0;
foralln =0,1,2,...; x € R% (4.9)

Therefore by Bernstein’s theorem there exists a positive, o-finite measure & on R
such that

Eqp(—x) = /oo e u(ds). (4.10)
0
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In fact, it is known that u is absolutely continuous with respect to Lebesgue measure

and
o0
zﬂ—‘Ea,ﬂ(—t“)zf e Ky p(s)ds,
0

where

s B [sin((B — a)) + s¥ sin(B7)]
7 [s2¢ + 25% cos(amr) + 1]

Ka,ﬂ(s) =

See Capelas de Oliveira et al. [7], Section 2.3.
Putting #* = x this can be written

1— o0 1

ﬁ L
Eyp(—x) =x @ e Ky p(s)ds; x > 0.
0

This gives

2(=p)

2 _ =8 X sodlylE
Eqg(=plyl") =pa |y| @ e Ky p(s)ds.
0

It follows that

20=p) =1 =2

pelyle )

(Eap(—ply®)* ~ (o7 1|

_28 4B
=p <yl .
Hence, by using polar coordinates we see that
o
2 _4B g
[, (EastpbPidy ~ [~ R RNaR = o0,
Rd 0

for all d.
Therefore J, = oo for all d.

4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

O

Remark2 - See Y. Hu [11], Proposition 4.1 for a generalisation of the above result

in the case « = 1.

— In the cases @ > 1,d > 3 we do not know if the solution Y (¢, x) is mild or not.

This is a topic for future research.

5 Applications

5.1 Example 1

Let us consider the following heat equation where o < 1. In this case our equation
models subdiffusion, in which travel times of the particles are longer than in the
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standard case. Such situation may occur in transport systems. For ¢ = % andd =2
we get

1
92
— Y, x) =LAY (@, x) +oW(t, x); (t,x) € (0,00) X R?. 5.1
dat2

The solution is given by:

Y(,x)=1+ D, (5.2)
where
B (2n)‘2/ ¢V E) (=12 yP)dy = (2”)_2/ e WVerf(—at2|y|?) 2dy.
R2 2 R2
(5.3)
(with erf(z) = \/%? s exp(—t*)dt) and

t .
12=o(2n)_2/ (tfrﬁ*l/ </ =g, 1<fx(z7r>%\y\2)dy) B(dr.dz). (5.4)
0 R2 \JR2 2°2
By Theorem 3 this solution is not mild.

5.2 Example 2

Next, let us consider the heat equation for o« = 2 In this case the equation models
superdiffusion or enhanced diffusion, where the particles spread faster than in regular
diffusion. This occurs for example in some biological systems. Now the equation gets
the form

3

8—Y(t x) = AAY (@, x) + o W(t, x): (¢, x) € (0, 00) x R%. (5.5)
atz

By Theorem 2 the solution is
Y(t,x) =1+ b, (5.6)

where

o i 3 - (3 vk
=(2n 2/ eV E —Mg Hdy = 2n 2/ A ,
@m)™2 | e Ey(—hrlyPdy = @) %F(Hl)y

(5.7
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and

t
1220(271)‘2/ (t—r)%_I/ </ PG o
0 R2 R2 2

t 1 . 0 At — 3 2\k
= 0(271)_2/(; (t—r)2 /R2 (/Rd o =2y Z ( Ift(%kil)-zgli))' ) dy) B(dr, dz).

k=0
(5.8)

[SI[)

@xa—m%ﬂ%@)Bund@

By Theorem 3 this solution is mild.

6 Conclusions

We study the time-fractional stochastic heat equation driven by time-space white noise,
interpreted in the sense of distribution. The time derivative is taken in the sense of
Caputo, with parameter o € (0, 2). We find an explicit expression for the solution in
general, and use this to prove that

— if @ > 1 the solution is mild if the space dimension d is either 1 or 2.
— If @ < 1 the solution is not mild for any d.

7 Appendix

Lemma 1 (Abel’s test)
Suppose Y o2, by is convergent and put M = sup |by|. Let {p,} be a bounded

n
monotone sequence, and put R = sup|p,|. Then ZZOZI bppn is convergent, and
n

| Y02 bupnl < MR+ R| Y52 byl

Proof By summation by parts we have, with By = Z,I{vzl by; N=1,2,...,

N N
D bipr =) pr(Br — Bi_1) (7.1)
k=1 k=0
N-—1
= Y Biulpx — pr41) + PN By (72)
k=1
Note that
N-1 N-1
D Bilok — pei)l < M| Y pi = prsil = M(p1 — pn) (73)
k=0 k=0
< MR. (7.4)
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Hence
N
> bipe| < MR+ R|By|. (7.5)
k=1
O
Lemma 2 Suppose o > 1. Define
rk+1
p= L EED 1o (7.6)
I'(ak+1)
Then {pi}r is a decreasing sequence.
Proof This follows by considering
@’ (1.7
Pk
and using that o > 1. O
Lemma 3 Suppose o > 1. Define
r'k+1
= kD o (7.8)
I'(ak + @)
Then {ri} is a decreasing sequence.
Proof Consider
Tk+1 k+1 I (ak + o)
= . <<
Tk ak+2a—1 I(ak+2a—1)
O
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