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Introduction

For the last 5 to 6 billion years the expansion of the Universe has been ac-
celerating. The simplest way to explain this is that the energy density of
the Universe contains a vacuum energy contribution. However, there are
a couple of problems with this explanation. The first problem is that the
energy density needed to explain the observations is much smaller than
the vacuum energy density from fluctuations in quantum field theory. The
second problem is the so-called coincidence problem: How can it be that
the vacuum energy density and the matter density in the Universe are of
the same order of magnitude today? This was the motivation to construct
so-called quintessence models. In these models, the acceleration is driven
by a scalar field, and through a self-interacting potential its dynamics can
be adjusted so that the coincidence problem is avoided. Another problem
arise though; such fields will couple to matter, and unless this coupling is
unnaturally small, it will cause a long-ranged fifth force which is in conflict
with known tests of gravity.
In a paper published in 2004, Justin Khoury and Amanda Weltman [11]
introduced the chameleon field. This is a scalar field theory made to be
consistent with known constraints on the magnitude and range on a fifth
force. The chameleon field has a mass that depends on the density in its
surroundings: where the density is high the mass is high, while it is light
where the density is low. Thus, the field is very light on cosmological scales,
while it has a large mass in the solar system and inside stars.
Chameleon field theory is a kind of scalar-tensor theory for gravitation.
General relativity is a pure tensor theory, while the first known scalar-
tensor theory was the Brans-Dicke theory. General relativity predicts the
existence of gravitational waves. Such waves have never been observed
directly, but observations of the Hulse-Taylor pulsar has provided indirect
evidence of their existence. Because the scalar field can function as an ad-
ditional gravitational field, gravitational waves behave different in scalar-
tensor theories than in general relativity.
The goal of this thesis is to calculate the gravitational radiation from a quad-
rupole source in chameleon field theory, and compare the result with the
predictions from general relativity. I will also make comparisons with cal-
culations of gravitational waves in Brans-Dicke theory.
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2 CONTENTS

Structure

I have divided my thesis into 6 chapters:

• In chapter 1 I give a brief presentation of Einstein’s general theory of
relativity. I give a short description of its formalism and further de-
rive Einstein’s field equations. The chapter is finished with a present-
ation of the equivalence principle and Mach’s principle.

• In chapter 2 I present the RW metric and the Friedmann equations
and apply them to simple cosmological models before I go on with
the accelerating universe and dark energy. In the last part of the
chapter I look at quintessence as a model for dark energy and show
how it can be designed to avoid the coincidence problem. Most of the
examples and calculations in this chapter are taken from [4] and [9].

Together, the first two chapters establish the theoretical foundations of the
thesis and are meant to motivate to the topics of the next two chapters.

• In chapter 3 I present the chameleon field theory and derive the chameleon
equation of motion before I present its most important properties and
the thin shell effect. The chapter is ended with a discussion of known
constraints on chameleon parameters. A large part is based on [11],
from which I have taken the examples and figures in this chapter.

• Chapter 4 is the most extensive chapter of the thesis. After a short
introduction, the gravitational wave-equation is derived, and further,
the formulae for gravitational radiation and period decay of binary
systems. Then I present the results from the Hulse-Taylor pulsar. Fi-
nally, I make a short review of ongoing GW-detecting experiments.
Many important derivations are taken from [2].

Having established the two main topics of the thesis, the focus is turned to
gravitational waves in scalar-tensor theories.

• Chapter 5 starts with a presentation of the Brans-Dicke theory and
a derivation of its field equations. Then we again consider gravita-
tional waves and derive the gravitational energy loss formula in this
theory. This is then applied to a neutron star-white dwarf system.
The derivations in this chapter are mostly taken from [30].

• Finally, in chapter 6 I do the main work of this thesis when I study
gravitational waves in chameleon field theory and present my results
and conclusion.



CONTENTS 3

Notations and conventions

Even though I will make it clear what different symbols means and which
conventions I use throughout, I find it convenient to give an overview of
the most important ones here.

• I will use Einstein’s summation convention, and sum over all repeated
indices, e.g., ¸

xµxµ � xµxµ ,

where greek indices means summation from 0 to 3, while latin indices
means summation from 1 to 3.

• Spatial vectors are denoted by bold fonts, e.g., v, and the components
are denoted vi.

• Time derivatives are often denoted by a dot, e.g.,9Q � BQBt
, :Q � B2QBt2

, etc.

• The derivative with respect to given spacetime coordinates are ex-
pressed as BBxµ

� Bµ �,µ .

• I often use units where h̄ � c � 1 so that we haverlengths � rtimes � renergys�1 � rmasss�1,

though I have not been very consistent. But I will make it clear through-
out which convention I use.
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Chapter 1

General relativity

Einsteins general theory of relativity (throughout referred to as general re-
lativity or GR) represents our most fundamental understanding of space,
time and gravitation. It was published by Albert Einstein in 1916 in order
to find a geometric theory of gravitation, and is today the current descrip-
tion of gravity in modern physics. The theory is a unification of special
relativity and Newton’s law of gravity, and describes gravity as a property
of the geometry of spacetime.
I will not go through the entire development of Einstein’s theory here, but
rather present some of its most basic principles and the most important
ingredients of GR that may be useful throughout this thesis.

1.1 Important tensors in GR

The general theory of relativity is a so-called tensor-theory of gravitation.
This means that it is described by tensor equations, which are valid in all
reference frames. In other words, Einstein developed a theory of gravita-
tion that is independent of choice of reference system.
The perhaps most important tensor in GR is the metric tensor, gµν. This is
a symmetric covariant tensor (rank 2) that describes the distance between
two points, xµ and xµ � dxµ :

ds2 � gµνdxµdxν .

It also defines the scalar product between two (spatial) vectors A and B;

A � B � gi j A
iB j.

We can consider the metric tensor as a n� n matrix (where n is the number
of dimensions), and its determinant is denoted by g � detpgµνq. If the de-
terminant is non-zero, there exists an inverse (contravariant) metric tensor,

5



6 CHAPTER 1. GENERAL RELATIVITY

gαν, that satisfies

gµαgαν � δνµ � " 1, µ � ν
0, µ � ν .

The metric tensor and its inverse can be used to respectively lower and
raise indices, e.g.,

Tνµ � gµαTαν,

Tµν � gµαTαν.

The metric of flat spacetime is called the Minkowski metric and is given by

ηµν � diagp�1, 1, 1, 1q,
where I use the metric signature p�,�,�,�q, so that the line element of flat
spacetime is given by1

ds2 � ηµνdxµdxν � �dt2 � dx2 � dy2 � dz2.

Another important tensor in GR is the Riemann tensor, which is related to
the curvature of spacetime. It is given by

Rµνβα � Γµνα,β� Γµνβ,α � ΓµσβΓσνα � ΓµσαΓσνβ . (1.1)

The Γ ’s are called Christoffel symbols, and are given by

Γσµν � 1

2
gρσ pgνρ, µ � gµρ, ν � gµν, ρq . (1.2)

We also have the Ricci tensor which is obtained by contracting two indices
in the Riemann tensor:

Rµν � Γαµν,α� Γαµα,ν� ΓαβαΓβµν � ΓαβνΓβµα . (1.3)

The Ricci scalar is given by
R � gµνRµν. (1.4)

Finally, we have the Einstein tensor, given by

Gµν � Rµν � 1

2
gµνR. (1.5)

An important property of the Einstein tensor is that it is covariant diver-
gence free, i.e. Gµν;ν � 0. We will soon see why this is important.
The covariant derivative is defined by

Aµ;ν � Aµ,ν � ΓµανAα .

1I will stick to this signature throughout the thesis.
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One last tensor we need to know is the energy-momentum tensor, also known
as the stress-energy tensor, Tµν. There exists many different energy-
momentum tensors for different cases (e.g., mass distributions, electromag-
netic fields, etc.). Here, we will mostly deal with the one representing a
perfect fluid, that is, a fluid with no viscosity or heat conduction. It is gen-
erally described by the mass/energy density, ρpxq, the pressure, ppxq and
a four-velocity field uµ. The trace of the energy-momentum tensor in this
case is given by

T � gµνTµν � �ρ� 3p,

where we have put c � 1. By considering mass- and momentum-conservation
in fluid mechanics (see e.g., [2]), one can show that the energy-momentum
tensor, like the Einstein tensor, is covariant divergence free, Tµν;ν � 0. We
then have two such tensors. The Einstein tensor is related to the geometry
of spacetime, while the energy-momentum tensor is related to mass, en-
ergy and pressure. Einstein postulated that these two tensors had to be
proportional,

Gµν � κTµν .

The proportionality constant κ can be found by taking the Newtonian limit
of the field equations. This will give us

Gµν � 8πGTµν. (1.6)

These are Einstein’s field equations, which are the relativistic generaliza-
tion of Newton’s law of gravitation. They tell us that matter-/energy dis-
tributions dictates the curvature of spacetime.

1.2 Einstein’s field equations

We will now go on and derive Einstein’s field equations using the Lag-
rangian formalism [2]. Given a Lagrangian density L, the action is defined
as the integral of L over all four spacetime dimensions:

S � » L d4x. (1.7)

The field equations can then be found by using Hamilton’s principle on the
action integral,

δS � » δL d4x � 0 (1.8)

and vary with respect to the metric.
The Lagrangian can be split into two terms, one representing the metric
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field and one representing matter/energy fields (in the case where matter
and energy is present, that is);

L � LG �LM.

The Lagrangian density for the metric field, LG, is given by

LG � M2
Pl

2

a�gR, (1.9)

where
`�g � a�det gµν, MPl � 1`

8πG
is the reduced Planck mass and R

is the Ricci scalar. The Ricci scalar, constructed from the Riemann tensor,
Rαβµν, is the simplest scalar involving curvature. The action integral for the
metric field, which is often called the Einstein-Hilbert action, is then given
by

SG � M2
Pl

2

»
R
a�g d4x. (1.10)

I am going to vary the action inside an infinitesimal region V and let the
variation of the metric and its derivative vanish on the boundary of V. The
variation of SG is

δSG � M2
Pl

2

» pa�gδR� Rδpa�gqq d4x � 0. (1.11)

The Ricci scalar can be expressed as R � gµνRµν and thus the variation δR
is given by

δR � Rµνδgµν � δRµνgµν . (1.12)

The Ricci tensor is given by

Rµν � Γ λµν,λ� Γ λµλ,ν , (1.13)

and thus the variation can be written

δRµν � δΓ λµν,λ � δΓ λµλ,ν � pδΓ λµνq,λ � pδΓ λµλq,ν , (1.14)

since the variation commutes with the partial derivatives. The partial de-
rivatives of the metric vanish in V, and we can then write

gµνδRµν � pgµνδΓ λµν � gµλδΓνµνq,λ. (1.15)

We define the term in the parenthesis as a vector A, i.e.

Aλ � gµνδΓ λµν � gµλδΓνµν . (1.16)

We can now write eq. (1.15) on the form

gµνδRµν � Aµ,µ. (1.17)
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This is a total divergence, and from the Gauss integral theorem or Stokes’
theorem we have that this integral only contributes with a boundary term.
Since the metric and its derivatives vanishes on the boundary, we get»

gµν
a�g δRµν d4x � 0, (1.18)

so the first term in eq. (1.11) do not contribute to δSG.
Let us then consider the other term. The variation of

`�g is given by

δ
a�g � � 1

2
`�g

δg , δg � BgBgµν
δgµν . (1.19)

To find
BgBgµν we use the formula

g �
α̧

gαβp�1qpα�βq|Cαβ| (1.20)

where |Cαβ| is the determinant of the cofactor matrix of the metric gαβ. The
index β is arbitrary, so we can choose β � µ. We findBgBgµν

�
α̧

BgαµBgµν
p�1qpα�µq|Cαµ|, (1.21)

where BgαµBgµν
� �gαµgµν. (1.22)

We then get BgBgµν
� �gµν

α̧

gαµp�1qpα�µq|Cαµ| � �gµνg. (1.23)

Inserting this into eq. (1.19) gives us

δ
a�g � g

2
`�g

gµνδgµν � �`�g

2
gµνδgµν . (1.24)

The variation integral δSG is then given by

δSG � M2
Pl

2

» a�g

�
Rµν � 1

2
Rgµν



δgµνd4x � 0. (1.25)

If we also include variation of the matter Lagrangian we find the total vari-
ation with respect to the metric gµν:

δS � » d4x
a�g

�
M2

Pl

2

�
Rµν � 1

2
Rgµν


� 1`�g

BLMBgµν

�
δgµν � 0. (1.26)
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This requires that the expression inside the bracket parenthesis is equal to
zero, which gives:

Rµν � 1

2
Rgµν � � 1

M2
Pl

2`�g

BLMBgµν
. (1.27)

The energy-momentum tensor, Tµν, can thus be defined as:

Tµν � � 2`�g

BLMBgµν
. (1.28)

This will then give us the field equations:

Rµν � 1

2
gµνR � 8πGTµν, (1.29)

where the energy-momentum tensor is given by

Tµν � diagpρ, p, p, pq, (1.30)

for a perfect fluid.

1.3 The equivalence principle

The equivalence principle (EP) is perhaps the most fundamental principle
upon which general relativity is built. The weak equivalence principle (WEP)
states the equality between inertial mass (appearing in Newton’s 2nd law,
F � mIa), and gravitational mass (appearing in Newton’s law of gravity,
F � �mg∇Φ), i.e.

mI � mg.

This was verified already in the 17th century by Galileo in his famous ex-
periment where he dropped different objects from the leaning tower of
Pisa. This equivalence between gravitation and inertia inspired Einstein
to go further and postulate that physical experiments performed in a freely fall-
ing frame in a gravity field is equivalent to physical experiments performed in an
inertial frame without gravity.
Confined to the physics of mechanics, the equivalence principle of Einstein
is just a re-statement of mI � mg. But Einstein extended this equivalence
to all physics, and this generalized statement of the EP is often called the
strong equivalence principle. It can be shown that the strong EP implies many
kinds of general-relativistic effects, like the bending of light rays, gravita-
tional redshift, etc. (see e.g., [3] or any textbook in GR).
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1.4 Mach’s principle

A fundamental question concerning the theory of relativity is: If all motion
is relative, how can we then measure the inertia of a body?
Let’s make a thought experiment where we assume that the Universe is
only containing two particles, connected by a string. If the particles are
rotating about each other, will the string be stretched due to centrifugal
forces? According to Newton and his idea of absolute space, it will. How-
ever, if there is no absolute space the particles can rotate relatively to, the
answer is not obvious. If the particles were in rest and an observer was
rotating around them, the string would not appear to stretch. But this
situation should, since all motion is relative, be equivalent to the first case
where the string is stretched.
This problem lead Ernst Mach, an Austrian philosopher, to conclude that
the motion of a particle in an empty universe is not defined. Rather, all
motion is relative to the cosmic background i.e. to “the great masses of the
Universe”. If no such cosmic masses existed, there would be no inertial
forces. So in an empty universe, the string from our example would not be
stretched.
Mach’s arguments likely inspired Einstein when he constructed the general
theory of relativity, and some Machian effects has also been shown to fol-
low from its equations2. However, Mach’s principle is not a fundamental
assumption of general relativity, and thus, it may be that not all the require-
ments set by Mach’s principle are met. This has often been among the main
motivations behind alternative gravitational theories, first and foremost the
Brans-Dicke theory (which we will study in chapter 5), which has attempted
to give a more complete incorporation of Mach’s principle. None of these
theories have been too successful though.

1.5 Summary

In this chapter we have made a brief presentation of general relativity.
The most important things to remember are:

• General relativity is a geometric theory of gravitation, i.e. it describes
gravity as a property of spacetime geometry.

• The theory is described by tensor equations, which are valid in all
reference frames.

• Einstein’s field equations are given by

Gµν � 8πGTµν ,

2An important example is the Lense-Thirring effect, see Phys. Z., 19:156 (1918)
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and are a relativistic generalization of Newton’s law of gravity. They
can be derived by use of Hamilton’s principle.

• From the weak equivalence principle, which states that inertial mass
is equivalent to gravitational mass, Einstein went on to postulate the
strong equivalence principle, which says that physical experiments per-
formed in a freely falling frame in a gravity field is equivalent to physical
experiments performed in an inertial frame without gravity. This is the
most fundamental principle upon which general relativity is built.

• There are uncertainties whether Mach’s principle, which can be stated
all motion is relative to the great masses in the universe, is fully incorpor-
ated in general relativity. This has been the motivation behind many
alternative theories of gravitation.

General relativity has many applications in modern astrophysics, and mod-
els made from the theory play important roles in research areas like grav-
itational lensing, black holes and gravitational waves (as we will see in
chapter 4). Another important application is to cosmology, which will be
the topic of the next chapter.



Chapter 2

Cosmology

2.1 Spacetime curvature and expansion

Our description of spacetime and cosmological models are based on some
important assumptions. The most fundamental is the cosmological principle
which says that the Universe, at the largest scales, is

• homogeneous, i.e. has a smooth background density,

• isotropic, i.e. looks the same in all directions.

General relativity is the essential framework in which we describe physical
cosmology. We remember that the equivalence principle states that we can-
not distinguish between physical experiments performed in a uniformly ac-
celerated reference frame and those performed in a uniform gravitational
field. In an accelerated frame, light-rays follows a curved path. According
to the equivalence principle, this must also be the case in a uniform gravit-
ational field. This leads to the concept of curved spacetime; since we define
the trajectories of light-rays to be straight lines, it must mean that spacetime
itself is curved. We can thus interpret the gravitational field as spacetime
curvature.
During the first years after Einstein developed his theory (1916), he realized
that he could use it to construct universe models as solutions of the relativ-
istic field equations. At this time, the expansion of the universe was an
unknown phenomenon. However, the solutions Einstein found described
dynamic universe models. Thus, he introduced the cosmological constant
as an extra term into his equations to evade this “problem”. But, from
Hubble’s discovery of the redshift-distance relation of galaxies in 1929, it
was clear that the universe indeed is expanding. This made Einstein con-
sider the cosmological constant as the biggest blunder of his life, but many
years later the cosmological constant would get its renaissance, as we will
come back to later.

13
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Figure 2.1: Illustration of the different spacetime curvatures; positive
(spherical), negative (hyperbolic) and flat (euclidean). Note also the path
of light rays in the different cases.

2.1.1 The RW line-element and the Friedmann equations

The Robertson-Walker line-element is the line-element describing a curved,
expanding spacetime, and is given by

ds2 � �dt2 � a2ptq� dr2

1� kr2
� r2dΩ2



, (2.1)

where
dΩ2 � dθ2 � sin2θ dφ2.

Here, r,θ and φ are coordinates in a spherical coordinate system that fol-
lows the expansion of the universe (so-called comoving coordinates), aptq
is the scale factor which represents the expansion, and k is the curvature
parameter which can take the values -1, 0 and +1, representing negatively
curved, flat, and positively curved space respectively. In other words, the
RW line-element represents all homogeneous and isotropic universe mod-
els. The dynamics of an expanding universe are determined by Einstein’s
field equations in Robertson-Walker geometry, with the source term (i.e.
the right hand side of the field equations) described by a perfect fluid. That
is, the energy-momentum tensor is given by eq. (1.30). This way, the field
equations relates the curvature k and the scale factor a to the density ρ and
the pressure p of the cosmic “fluid”.
This leads to the Friedmann equations, which is the basic set of cosmic equa-
tions. I will skip the more thorough derivations here, but what I can tell is
that we end up with two non-vanishing components of the field equations,
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called the first and the second Friedmann equation. The first one (F1) is
given by 9a2 � k

a2
� 8πG

3
ρ, (2.2)

where 9 represents the (cosmic) time derivative. Given the definition of the
Hubble parameter, H � 9a{a, F1 can be written

H2 � k

a2
� 8πG

3
ρ.

The second Friedmann equation (F2) is given by:a
a
� �4πG

3
pρ� 3pq . (2.3)

The term ρ � 3p represents in a sense the effective gravitational mass, so
p   � 1

3ρ implies repulsive gravitation. This will in turn imply that :a ¡
0, i.e. a positive second time derivative of the scale factor, which implies
accelerated expansion. We will come back to this later.
To solve the Friedmann equations, we need two additional equations, since
we have four unknowns (a, k,ρ and p). The first equation follows from
conservation of energy and momentum (i.e. from the vanishing divergence
of the energy-momentum tensor). We find9ρ� 3

9a
a
pρ� pq � 0. (2.4)

The last equation we need is an equation of state, which relates the pressure
and the density, given by

p � wρ, (2.5)

where w is a constant. For example, a universe dominated by non-relativistic
matter (dust) has an equation of state where w � 0, since dust has zero pres-
sure.
We can now integrate the differential equation (2.4) and find a relation
between the density and the scale factor. This will help us see how the
universe evolves when dominated by a given “fluid”. We find

ρ � ρ0

� a0

a

	3p1�wq
, (2.6)

where ρ0 � ρpt0q and a0 � apt0q represents the present day values of the
density and the scale factor respectively. For non-relativistic matter, we get

ρm � ρm0

�a0

a

	3
.

For radiation (here analogue to a gas of ultra-relativistic particles), w � 1{3.
This gives ρr 9 a�4 where the extra factor 1{a comes from redshift. The
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cosmic redshift (i.e. redshift caused by the expansion of the universe), z, is
given by

1� z � aptoq
apteq , (2.7)

where apteq represents the value of the scale factor at the time of emission
from the light source and aptoq is the scale factor at the time when it is
observed.

2.1.2 The Einstein model

As we have mentioned earlier, Einstein wanted a static solution to his equa-
tions. It was assumed that the universe was dominated by non-relativistic
matter, which gives p � 0. To get a static solution, we can try to put the
scale factor constant, i.e. a � a0 � const. The second Friedmann equation
then states

0 � 4πG

3
ρ.

But this must imply that ρ � 0, i.e. the universe is empty! So Einstein had
to try something else; he introduced the cosmological constant into the field
equations as an extra term. The Friedmann equations are then given by9a2 � k

a2
� 8πG

3
ρm � Λ

3
, (2.8):a

a
� �4πG

3
ρm � Λ

3
, (2.9)

where Λ is the cosmological constant. For a � a0 � const., F2 now gives

Λ � 4πGρm.

Inserting this into F1 gives

k � 4πGρma2
0,

which implies k ¡ 0, i.e. a universe with positive curvature.
It is usual to include Λ into the density and the pressure in the Friedmann
equations. We rewrite eqs. (2.8) and (2.9) as9a2 � k

a2
� 8πG

3
pρm � ρΛq, (2.10):a

a
� �4πG

3
pρm � ρΛ � 3pΛq. (2.11)

This gives

ρΛ � Λ

8πG
,

Λ

3
� �4πG

3
pρΛ � 3pΛq.
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Combining these two expressions will give us

pΛ � �ρΛ, (2.12)

that is, an equation of state with w � �1, so the cosmological constant has a
negative pressure. From the second Friedmann equation, (2.9), we see that
if the cosmological constant term dominates, we will get :a ¡ 0, i.e. acceler-
ating expansion of the universe.
Even though Einstein later dismissed the cosmological constant, it has made
a comeback into the equations after it was discovered that the universe ac-
tually is accelerating. Physically, the cosmological constant represents va-
cuum energy density. Much more about the cosmological constant and the
accelerating universe will soon be discussed.

2.2 Some examples of universe models

In this section, we will solve the Friedmann equations for a couple of simple
universe models and see how the scale factor evolves with time. But before
we start, we should introduce the term critical density. Let’s look at F1 with
a � a0 and ρ � ρ0. What must the density be as for the universe to be
spatially flat today? We can find this out by simply putting k � 0 and solve
for ρ0. We find

ρ0 � 3H2
0

8πG
� ρc0, (2.13)

where H0 � � 9aa	t�t0

is the present-day Hubble-parameter, called the Hubble

constant, and where ρc0 is the present value of the critical density. If ρ0 ¡ ρc0

the universe has a positive curvature, while the curvature is negative if
ρ   ρc0. We also introduce density parameters. The density parameter for a
given type i of matter/energy is defined by

Ωi0 � ρi0

ρc0
. (2.14)

For a spatially flat universe, the sum of the density parameters (represent-
ing matter, radiation, vacuum energy, etc.) should then be equal to 1.
We may find yet another useful relation. Consider the first Friedmann
equation 9a

a
� H0

�
a

a0


�3p1�wq{2
where we have inserted eq. (2.6) for ρ and used (2.13). By integrating this
and putting a � 0 at t � 0 we can find the age of a universe dominated by
a given kind of fluid:

t0 � 2

3p1�wqH0
. (2.15)
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As we see, this expression is not valid for fluids with w � �1 (we will
soon discuss the implications for a universe dominated by the cosmological
constant).

2.2.1 Flat, matter-dominated universe

For this model, the Friedmann equation F1 is given by� 9a
a


2 � 8πG

3
ρm. (2.16)

Inserting eq. (2.6) for ρm gives� 9a
a


2 � 8πG

3
ρm0

�a0

a

	3
, (2.17)

since w � 0 for dust. The second Friedmann equation gives:a
a
� �4πG

3
ρm0

�a0

a

	3
, (2.18)

which implies that we at any time will have :a   0 in this model. Let us
now solve the first Friedmann equation to find the time evolution of the
scale factor. By using eq. (2.13) we can rewrite it as (assuming Ωm0 � 1):� 9a

a


2 � H2
0

�a0

a

	3
.

Then we take the square root and integrate:

1

a
3{2
0

» a

a0

a1{2da � H0

» t

t0

dt,

By doing some simple algebra and using that apt � 0q � 0 we will find

a � a0

�
t

t0


2{3
, (2.19)

which is called the Einstein-de Sitter solution. We see that an Einstein-de
Sitter universe is forever expanding, but decelerating. Inserting the present
value of the Hubble-constant, we find that the present age of the Einstein-
de Sitter universe, t0 � 2

3H0
, is about 11 Gyr, while there has been observed

objects in the universe with an age of � 12 Gyr! So the main problem
with this model is that it won’t give an old enough universe (except for
unnaturally low values of the Hubble-constant). However, the Einstein-
de Sitter model is not completely irrelevant, since it actually describes the
evolution of the universe in the matter-dominated phase.
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2.2.2 Flat universe with cosmological constant

The second example we will look at is a flat universe dominated by the
cosmological constant (called the de Sitter-model). As we remember, in this
case the equation of state gives w � �1 and the density is ρ � ρΛ � Λ

8πG �
constant. The first Friedmann equation simply becomes� 9a

a


2 � Λ

3
, (2.20)

while the second Friedmann equation gives:a
a
� Λ

3
, (2.21)

where we have used that pΛ � �ρΛc2. As we see from the second equation,
we have accelerated expansion. Taking the square root of the first equation,
we get 9a

a
� H �Λ

3
� const. � H0.

Solving the equation, we find

a � AeH0t,

where A is a constant. We choose A so that apt � t0q � a0. This gives

a � a0eH0pt�t0q. (2.22)

From this, we see that a Ñ 0 in the limit t � t0 Ñ �8, so we don’t have
any Big Bang in this model, the universe is infinitely old. Notice also that
this model describes an empty universe (contains vacuum energy only).
But still, this is in some ways an interesting model. Even though it can’t
be used to describe the entire evolution of the universe, it is relevant since
we today have accelerated expansion. It may also be used to describe the
inflation phase in the early universe.

Now it is time to discuss the accelerating universe and the observa-
tional evidence for this. Then we will take a look at the most popular uni-
verse model nowadays, i.e. the model in best accordance with recent cos-
mological observations, called the ΛCDM-model, which represents a uni-
verse filled with cold dark matter and the cosmological constant (vacuum
energy), the components we believe make up most of the matter-/energy
density in the universe today.
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2.3 The accelerating universe and dark energy

2.3.1 Observational evidence from Type Ia Supernovae

Until 1998 the leading cosmological model was that of a flat universe with
matter (baryonic and CDM) as its main constituent, implying a decelerat-
ing expansion (similar to the Einstein-de Sitter model). From inflation it
was predicted that the universe must have a nearly flat geometry. How-
ever, observations indicated that the total matter density was significantly
lower than the critical density, so there had to be a “missing” energy in or-
der to have a flat universe. Also, as we remember, a flat matter-dominated
universe has a lower age than the oldest observed stars. It was suggested
that a possible solution to the missing-energy problem was the existence of
a nonzero cosmological constant.
So, in 1998, a team of astrophysicists (the High-z Supernova Search Team),
lead by Adam G. Riess, released a paper [5] where they summarized the
results of their observations of a sample of distant Type Ia Supernovae. The
observations had been performed to measure (that is, put constraints on) a
range of cosmological parameters, among them the Hubble-parameter, the
(eventual) density of the cosmological constant, ΩΛ, and the deceleration
parameter, q, which is a quantity that measures the expansion rate of the
universe (positive q means a decreasing expansion rate, i.e. deceleration).
How can such observations tell us something about the expansion of the
universe?
Type Ia Supernovae arise from the explosion of white dwarf stars that has
exceeded their Chandrasekhar limit. All Type Ia Supernovae have a similar
characteristic light curve (i.e. their luminosity as a function of time after the
explosion), thus they can be used as standard candles in extragalactic astro-
nomy. It is then relatively easy to find the distances and the redshifts of
these supernovae. The (cosmological) redshift tells us about how fast the
object is moving away from us because of the expansion of the universe.
And what they found was that the supernovae at large redshifts were fainter
than what was expected in a decelerating universe. The observations indic-
ated an eternally expanding and accelerating universe. Thus, the missing
energy density should have a negative pressure, like the cosmological con-
stant. This missing energy, causing the acceleration, is generally labelled
dark energy, with the cosmological constant being one among several can-
didates (as we will come back to in the next section). We will temporarily
stick to the cosmological constant, as did Riess et. al. These results were
shortly after confirmed by another team (the Supernova Cosmology Pro-
ject) lead by Saul Perlmutter [6], which had a larger number of samples.
The analysis they performed also indicated (assuming a flat universe) that
Ωm0 � 0.3. The contribution from the cosmological constant should then
be ΩΛ0 � 0.7.
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Figure 2.2: Plot of magnitude vs redshift of SNe Ia from the High-z Super-
nova Search team (Riess et al.) and the Supernova Cosmology Project (Per-
lmutter et al.) along with the low-redshift samples from the Calan-Tololo
survey (1990-1995), see [5], [6], [7].

Further confirmations of the accelerated expansion of the universe has later
been made by measurements of CMB anisotropies. The most recent obser-
vations, performed by WMAP, indicates that the dark energy makes up 74%
of the total matter-/energy density in the universe, while (baryonic+cold
dark) matter contributes the remaining 26% [8]. Thus, the leading cosmolo-
gical model today is that of a flat universe containing matter and a cosmo-
logical constant, known as the (flat) ΛCDM model.

2.3.2 The ΛCDM model

There is observational evidence that most of the matter in the universe con-
sists of cold, dark matter (denoted CDM), that is, matter that interacts only
through gravitation. However, in our cosmological models all kinds of
matter are equivalent to dust, that is, a perfect fluid with zero pressure.
In accordance with observations, the flat ΛCDM model is a cosmological
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model withΩm0 � 0.3 andΩΛ0 � 1�Ωm0 � 0.7. Written in terms of dens-
ity parameters and the Hubble parameter, the first Friedmann equation for
this model gives

H2ptq
H0

� Ωm0

� a0

a

	3 � p1�Ωm0q. (2.23)

Notice that sinceΩm0   1, the right hand side of the Friedmann equation is
always positive, and hence the universe is always expanding in this model
(also in accordance with observations). As we have seen, the matter density
goes as a�3 as the universe expands. We also know that the energy density
of the cosmological constant is, by definition, constant. So at some time, for
some value of the scale factor a, these densities have been equal. This can
be found by putting

Ωm0

�
a0

amΛ


3 � ΩΛ � 1�Ωm0,

which will give us

amΛ � a0

�
Ωm0

1�Ωm0


1{3
. (2.24)

So for a   amΛ the universe is matter-dominated, while for a ¡ amΛ the
universe is dominated by the cosmological constant. This can also be used
to find the present age of the universe in this model, by solving F1 for t and
inserting a0 for a, which will give us

t0 � 2

3H0

`
1�Ωm0

sinh�1

�d
1�Ωm0

Ωm0

�
. (2.25)

InsertingΩm0 � 0.3 and the present value of the Hubble constant1, we find
t0 = 13.5 Gyr, which is consistent with the age of the oldest observed ob-
jects in the universe. We can also calculate when the cosmological constant
became dominant from the above equation;

tmΛ � 2

3H0

`
1�Ωm0

sinh�1p1q, (2.26)

which gives tmΛ � 9.8 Gyr. So in this model, the universe has been domin-
ated by the cosmological constant for the last 3.7 billion years.
It is also possible to show that the universe at some point starts to accelerate
by considering the second Friedmann equation. We can write it as:a

a
� �H2

0

2

�
Ωm0

�a0

a

	3 � 2ΩΛ0

�
. (2.27)

1According to the five-year WMAP data, the current value of the Hubble constant is
H0 � 100 h km s�1 Mpc�1, h � 0.7
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We get :a ¡ 0 when the term inside the bracket parenthesis is negative. It
can be shown [4] that the crossover from deceleration to acceleration occurs
at a value of the scale factor aacc, given by

aacc � �1

2


1{3
amΛ, (2.28)

which corresponds to when the universe was about 7.3 Gyr old, about 2.5
billion years before the cosmological constant became dominant. Hence,
the universe has been accelerating for the last 6.2 billion years.
By considering the first Friedmann equation in the limit a ! amΛ, it can
be shown that in the early universe, a 9 t2{3. So in the matter-dominated
phase, the ΛCDM model is in accordance with the Einstein-de Sitter model
as one might expect. Similarly, in the Λ-dominated phase, when a " amΛ,
we find a 9 expp`1�Ωm0H0tq, as expected from our discussion of the
de Sitter model.

2.4 Quintessence

As mentioned, the cosmological constant is just one candidate among sev-
eral dark energy candidates and thus the explanation of the accelerated
expansion of the universe. It is the simplest form of dark energy, and the
ΛCDM model seems to fit observations very well. So why consider other
candidates? Well, after all, there are a couple of difficulties concerning the
cosmological constant. The first one: We remember that the cosmological
constant is corresponding to vacuum energy density. The energy density of
dark energy is of order 10�47 GeV4, which is 14 orders of magnitude smal-
ler than than the vacuum energy density that occurs in particle physics.
So, if the cosmological constant represents dark energy, why is the energy
density so small compared to what is found at particle physics scales?
The second problem is called the coincidence problem. We have seen that the
vacuum energy density is constant, while the matter density is decreasing
as the universe is expanding. How can it be then, that the matter density
and the vacuum energy density is of the same order today? Their ratio must
be set to a specific, infinitesimal value in the very early universe for the two
densities to nearly coincide today, close to 15 billion years later. This was
the main motivation to introduce quintessence models, that is, models where
the dark energy is associated with a quintessence field or a scalar field, φ.
Quintessence is a dynamical field, i.e. it can vary in time and space, in con-
trast to the cosmological constant. It couples to matter, but must have a
light mass for it not to clump and form structures. It is also self-interacting
through its own potential, Vpφq. This potential is constructed to fit obser-
vations. Another important feature of (some) quintessence models is that
they are very insensitive to initial condidtions, as we soon will see.
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Let’s now take a look at how the quintessence field may give an accelerated
universe. The density and the pressure of the scalar field are given by

ρφ � 1

2
9φ2 �Vpφq,

pφ � 1

2
9φ2 �Vpφq. (2.29)

To cause accelerated expansion of the universe, the scalar field must have a
negative pressure, which require 1

2
9φ2   Vpφq. That is, the scalar field must

evolve slowly down its potential (the kinetic energy density must be less
than the potential energy density).
For the equation of state we find that

wφ � pφ
ρφ

� 1
2
9φ2 �Vpφq

1
2
9φ2 �Vpφq . (2.30)

In the limit 1
2
9φ2 ! Vpφq we get wφ � �1, the same as for the cosmological

constant. From the second Friedmann equation it is possible to show that,
to have positive acceleration, we need wφ   �1{3, and with the given dens-
ity and pressure of the scalar field, we generally have that�1 ¤ wφ   �1{3
(though there are also existing hypotetical models of quintessence, known
as phantom energy2, which has an equation of state where w   �1). Given
the energy density of the scalar field and using the adiabatic equation (2.4),
we can find the differential equation:φ� 3H 9φ�V1pφq � 0, (2.31)

where V1pφq � dV
dφ . This is an equation of a damped harmonic oscillator.

It may represent a particle with a one-dimensional coordinateφ moving in
a potential Vpφq with a frictional force �3H 9φ. With time, the field will go
toward lower values of Vpφq and finally come to rest at a field value cor-
responding to a minimum of the potential. However, many quintessence
potentials do not have any minimum for finite values of φ, so one should
perhaps rather say that the field is converging towards a minimum value
of Vpφq.
2.4.1 Tracker fields

To evade the coincidence problem, the quintessence model must have a
so-called tracker behaviour. In these models, the scalar field rolls down a po-
tential (i.e. the potential term in the energy density will with time dominate
over the kinetic term) according to an attractorlike solution to the equation

2See R.R. Caldwell, M. Kamionkowski and N.N. Weinberg, Phys. Rev. Lett. 91 (2003)
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of motion (2.31). Attractorlike means that a very wide range of initial con-
ditions forφ and 9φ rapidly approach a common evolutionary track, which
will make the cosmology insensitive to initial conditions. The ratio of the
φ-energy density to the background radiation- or matter density changes
steadily as φ rolls down its potential. This will make the energy density
of the scalar field overtake the background density and drive the universe
into a phase of accelerated expansion. Such scalar fields are called tracker
fields.
Let’s look at an illustrative example of a tracker field (we will follow calcu-
lations given in [9]). Consider a scalar field with a potential given by

Vpφq � M4�nφ�n, (2.32)

where M is a constant with unit of mass, and where n also is a constant
which is positive but otherwise arbitrary. Though tracker fields are insens-
itive to initial conditions, we have to make an important assumption for
the field to get the right behaviour; at early times (i.e. in the radiation-
dominated phase) we require ρφ ! ρr. In a radiation-dominated universe,
we have a 9 t1{2, which gives H � 9a

a � 1
2t . The equation of motion becomes:φ� 3

2t
9φ� nM4�nφ�n�1 � 0. (2.33)

This equation has a solution given by

φ � �np2� nq2M4�nt2

6� n


 1
2�n

. (2.34)

From this we can find that both 9φ2 and Vpφq goes as t� 2n
2�n (which means

that ρφ 9 t� 2n
2�n ). Since we have that ρr 9 a�4 9 t�2, ρφ must be less than ρr

at early times. This solution, for t Ñ 0, is known as the tracker solution.
What happens when the universe goes into the matter-dominated phase
(that is, when ρr drops below ρm)? The only change in the equation of
motion is in the numerical factor in front of the 9φ-term. So the tracker

solution continues to go as t
2

2�n , and we still have that

ρφ 9 t� 2n
2�n .

The scale factor now grows as t2{3. However, we still assume that the back-
ground density goes as a�4. This gives

ρm 9 t�8{3.

So both ρr and ρm decrease faster than ρφ, and will eventually fall below the
scalar field energy density. At what time will this happen? Under matter-
domination we can approximate the first Friedmann equation by

H2 � H2
0 � 4

9t2
� 8πG

3
ρm,
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V(φ)

φ

Figure 2.3: Sketch of a runaway potential.

which gives

ρm � 1

6πGt2
. (2.35)

From eqs. (2.32) and (2.34) we find

ρφ � M
2p4�nqp2�nq t� 2n

2�n , (2.36)

which makes the time tmφ, when ρφ � ρm, to be of order

tmφ � M� 4�n
2 G� 2�n

4 � H
� 2�n

n
0 . (2.37)

2.4.2 φ-dominated universe

When ρm falls below ρφ, the equation of motion becomes:φ�a24πGρφ 9φ� nM4�nφn�1 � 0. (2.38)

We may assume that the damping term in this equation will slow the growth
ofφ, so that the kinetic term 9φ2 will become less than the potential Vpφq at
late times. We may also guess that the term :φ will become neglible com-
pared to the other two terms in the equation of motion. Then we finda

24πGM4�nφ�n 9φ � nM4�nφn�1,

which gives 9φ � nM
2�n

2 φ� n
2�1`

24πG
. (2.39)
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The solution of this equation is

φ � M

�
np2� n{2qt`

24πG


 1
2�n{2

. (2.40)

Let’s now check if our assumptions, which we made when deriving eq.
(2.40), hold. From the solution we find that9φ2 � t

� 2�n
2�n{2

while
Vpφq � t

� n
2�n{2 ,

so the kinetic term decreases faster with time than the potential. We also
find that :φ � t

� 3�n
2�n{2

while
V1pφq � t

� 1�n
2�n{2 ,

so the :φ-term will decrease faster with time than the other two terms in the
equation of motion, thus it may be neglected at late times. The solution
(2.40) is then a valid asymptotic solution of eq. (2.38) for t Ñ 8. Not only
that; it can also be shown (from numerical calculations) that the tracker
solution (2.34) will take this form when t Ñ8. At late times, we then have
that the scalar field is driving the expansion of the universe and that

ρφ 9 Vpφq 9 t
� n

2�n{2 .

The first Friedmann equation will then give us that9a
a
9 t� n

4�n ,

which has a solution
ln a 9 t

4
4�n . (2.41)

We remember that, for the cosmological constant, we had ln a 9 t. So since
n is positive, the expansion of aφ-dominated universe is similar to, but less
rapid than that of a Λ-dominated universe. Though it can be shown for
tracker models with exponential potentials (rather than an inverse power-
law potential, which we have worked with here), that n Ñ 0 as the universe
ages, causing wφ Ñ �1 (the latter may also be seen directly from eq. (2.30)
since the potential term becomes dominant at late times).

We can then make the conclusion that the coincidence problem can be
evaded by using tracker fields. Thus, quintessence is also a possible explan-
ation for the accelerated expansion of the universe and work as an effective
cosmological constant at late times.
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Figure 2.4: Plot of energy density vs scale factor where the tracker beha-
viour is illustrated. Figure taken from www.thphys.uni-heidelberg.de

2.4.3 Problems withφ?

Quintessence may be the solution of the mystery of dark energy. But we
still don’t know today what the dark energy is, so what is the problem with
quintessence models? First and foremost, a problem I will not be able to
deal with in this thesis, is that there is not yet detected any such scalar
fields in nature (though their existence is predicted in stringtheory and su-
pergravity).
Secondly, if such a scalar field exists, it couples to matter, and this will lead
to violations of the equivalence principle (since the mass then will depend
on the scalar field, and thus, on time and space), violations which has not
yet been detected in local tests of gravity.
Since w is variable for quintessence (at least over large time scales), we
may assume that the scalar field energy must have varied significantly over
the last Hubble-time, tH � H�1

0 . From this we can calculate the required
mass of the scalar field. The mass corresponds to a compton wavelength
λ � ctH � c{H0. This gives (when re-inserting c and h):

mφ � hc

λ
� h

c2
H0. (2.42)

A reasonable choice of the value of the Hubble parameter is
H0 � 70 km s�1 Mpc�1 which, in SI-units, corresponds to H0 � 10�18 s�1.
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An order-of-magnitude estimate of mφ gives

mφc2 � 10�34Js� 10�18s�1 � 10�52J � 10�33eV.

The scalar field is essentially massless at both cosmological and solar sys-
tem scales. The low mass means that it has a cosmological range of inter-
action. So if the scalar field is coupled to mass, it will cause a so-called fifth
force. From laboratory experiments on Earth, this fifth force should have
very strict constraints which forces the gravitational coupling strength to
be very small or the interaction range very short.
This finally leads us to the motivation to introduce the chameleon field, a
scalar field with properties that allow us to evade these problems. This will
be the topic of the next chapter.

2.5 Summary

Before we move on, I would like to give an overview of the most important
things to remember from this chapter:

• The cosmological principle, which states that the universe is homogen-
eous and isotropic at large scales is the most fundamental principle of
modern physical cosmology.

• The Friedmann equations are the basic set of cosmic equations. They
are derived from Einstein’s field equations in Robertson-Walker geo-
metry. From these we can construct curved or flat universe mod-
els containing cosmic fluids like matter, radiation or vacuum energy.
Universe models dominated by the latter gives forever expanding
and accelerating solutions.

• The discovery of the accelerating universe, made in 1998, indicated
that the energy density in the universe must be dominated by dark
energy, presumably represented by a cosmological constant (=vacuum
energy). The ΛCDM model, describing a universe containing va-
cuum energy and cold dark matter, is in good accordance with ob-
servations and is currently the most reliable universe model.

• The tiny energy density of the cosmological constant compared to
what is predicted at particle physics scales, in addition to the coincid-
ence problem, has been motivations to consider other candidates for
dark energy. Quintessence models, in which the dark energy is rep-
resented by a dynamical scalar field, has been constructed in order to
evade the coincidence problem.
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• By possessing a tracker-behaviour, the energy density of the scalar
field behaves in such a way that it overtakes the matter energy dens-
ity at the “right” time according to observations, and it evolves at
cosmological time scales.

• The scalar fields in quintessence models couples to matter. Unless
the coupling is tuned to an unnaturally small value, this will lead
to a fifth force which has a cosmological range of interaction, which
further will lead to an unacceptable large violation of the equivalence
principle.



Chapter 3

Chameleon fields

3.1 Introduction

In the last section we saw that the accelerated expansion of the universe
may be explained by the existence of a scalar field that couples to matter.
But to avoid violence of the equivalence principle, this coupling must be
tuned to unnaturally small values.
The chameleon field [11, 12] is a scalar field that has matter couplings of
order unity, but still evolves on cosmological time scales today. This is be-
cause of the characteristic property that the chameleon field has a mass
that depends on the background matter density. In areas with high densit-
ies (e.g., on Earth or inside stars) the interaction of the field is short ranged,
while at large (i.e. cosmological) scales it is long ranged. In other words:
the chameleon field changes its properties to fit its surroundings. Thus, it
can be strongly coupled to matter and at the same time remain light over
solar system and cosmological scales. On Earth, where the matter density is
about 1030 times larger than in the cosmological background, the Compton
wavelength (i.e. the range) of the field (λ � 1{mφ) is sufficiently small to
satisfy all existing tests of gravity. In the solar system, the density is several
orders of magnitude smaller, and thus the Compton wavelength is much
larger (it can even be larger than the solar system itself). This means that
the scalar field may have a mass in the solar system that is much lower
than previously thought allowed. At cosmological scales the density is
even lower and the field even lighter, and the energy density of the field
evolves slowly over cosmological time-scales. Here, the mass of the field is
of the same order as the present Hubble-parameter, H0 � 10�33 eV, as we
calculated for quintessence in the last section. Thus, the chameleon field
can function as an effective cosmological constant.
Beacuse of its mentioned properties, the chameleon field is essentially in-
visible to searches for EP-violations and fifth force in laboratories on Earth.

31
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3.2 Chameleon equation of motion

The chameleon equation of motion can be found by varying the chameleon
Lagrangian with respect to the field,φ [13]. We now have a Lagrangian for
the chameleon field, Lφ, given by

Lφ � �a�g

�
1

2
BµφBµφ�Vpφq
 (3.1)

in addition to the gravitational and the matter Lagrangian we had in the
derivation of Einstein’s field equations. Thus the action governing the dy-
namics of the chameleon field can be written as

S � » d4x
a�g

�
M2

Pl

2
R� 1

2
BµφBµφ�Vpφq�� » d4xLMpψpiq, g

piq
µνq, (3.2)

where ψpiq are matter fields coupled to the metrics g
piq
µν in the so-called

Jordan frame. These are related to the Einstein frame metric by a conformal
transformation

g
piq
µν � Ω2piqgµν , (3.3)

where Ωpiq are (model dependent) functions of the scalar field, φ.1 Often,

Ωpiq is given by the exponential function eβiφ{MPl . This gives

g
piq
µν � expp2βiφ{MPlqgµν .

However, we will temporarily stick to the more generalΩpiq in this deriva-

tion. The Lagrangian representing the metric, LG � 1
M2

Pl

R, does not depend

onφ, so we will only get a contribution from LM and Lφ.
Variation of the matter Lagrangian gives us

δLM � BLMBφ δφ �
i̧

BLMBgµνpiq BgµνpiqBφ δφ.

Further, we have

gµνpiq � 1

g
piq
µν

� Ω�2piq gµν (3.4)

which gives BgµνpiqBφ � �2Ω�3piq BφΩpiqgµν .

1Note that this implies that the chameleon field is non-minimal coupled to matter, in con-
trast to the “traditional” minimal coupled quintessence which we studied in chapter 2.
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Inserted into the expression for δLM, we get

δLM �
i̧

BLMBgµνpiq ��2Ω�3piq BφΩpiq	 gµνδφ� �
i̧

2
BφΩpiq
Ωpiq BLMBg

piq
µν

gµνpiqδφ. (3.5)

The variation of the chameleon Lagrangian is

δLφ � �a�g

�
1

2
δrBµφBµφs � δVpφq
 .

The differential operators δ and Bµ commute, so by using the chain rule the
full expression for δLφ can be written as

δLφ �a�g pBµBµφ�BφVpφqq δφ�a�gBµrBµφδφs. (3.6)

The total variation with respect toφ is then

δS � » d4x
a�g

�BµBµφ�BφVpφq �
i̧

BφΩpiq
Ωpiq �� 2`�g

BLMBgµνpiq � gµνpiq�δφ� » d4x
a�gBµrBµφδφs � 0. (3.7)

If we assume that the variation δφ is zero at the boundary, we find that the
last term vansihes by using Gauss’ theorem. The remaining integral is then
equal to zero, and we can find the equations of motion:BµBµφ � BφVpφq �

i̧

Ω3piqBφΩpiq�� 2a�gpiq BLMBgµνpiq � gµνpiq , (3.8)

where we have used that

1`�g
� Ω4piqa�gpiq . (3.9)

Further, the energy-momentum tensor in the Jordan frame is given by

T
piq
µν � � 2a�gpiq BLMBgµνpiq . (3.10)

This gives BµBµφ � BφVpφq �
i̧

Ω3piqBφΩpiqTpiqµνgµνpiq . (3.11)
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For simplicity we restrict ourselves to a universal matter coupling (i.e. we
assume that all matter fields ψpiq has the same coupling to the scalar field).

We can then write g
piq
µν Ñ g̃µν � Ω2pφqgµν . The equation of motion then

becomes BµBµφ � BφVpφq �Ω3BφΩT̃µν g̃µν .

If we use the notations BµBµ � � B2Bt2 �∇2 � 2, Bµ � ,µ and BBφ � Bφ �,φ, we
can write it as

2φ � V,φpφq �Ω3Ω,φg̃µνT̃µν,

Inserting eβφ{MPl for Ω, we get

2φ � V,φpφq � β

MPl
e4βφ{MPl g̃µνT̃µν. (3.12)

For non-relativistic matter we have that g̃µνT̃µν � �ρ̃, where ρ̃ is the energy
density. However, it is more convenient to use an energy density which is
conserved in Einstein frame, given by

ρ � ρ̃e3βφ{MPl . (3.13)

The equation of motion for the chameleon field is then given by

2φ � V,φpφq � β

MPl
ρeβφ{MPl . (3.14)

We can also find the Einstein equations in the presence of the chameleon
field. Then we must vary the total action (3.2) with respect to gµν. From
our calculations of the ordinary field equations we know that variation of
the first term will give us the Einstein-tensor, while the second term will
give us the energy-momentum tensor for the scalar field. To find this, we
will use the Lagrangian of the scalar field together with eq. (1.28). We have
that

Tφµν � � 2`�g

BLφBgµν
, Lφ � �a�g

�
1

2
BµφBµφ�Vpφq
 . (3.15)

To save some work, I express the Lagrangian as

Lφ �a�gL0
φ, L0

φ � �1

2
BµφBµφ�Vpφq.

This gives

Tφµν � � 2`�g

Br`�gL0
φsBgµν
� �2

L0
φ`�g

B`�gBgµν
� 2

BL0
φBgµν
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φ

g

BgBgµν
� 2

BL0
φBgµν

. (3.16)

Using what we found in eq. (1.23);BgBgµν
� �ggµν ,

we find

Tφµν � �2
BL0

φBgµν
� gµνL

0
φ. (3.17)

Inserting the expression for L0
φ, we finally end up with

Tφµν � BµφBνφ� gµν

�
1

2
BµφBµφ�Vpφq
 . (3.18)

Variation of the matter Lagrangian with respect to gµν givesBLMBgµν
� BLMBg̃µν

Bg̃µνBgµν

where I still assume the field to have the same coupling to all kinds of
matter. From (3.4) we find thatBg̃µνBgµν

� Ω�2,

which gives BLMBgµν
� Ω�2 BLMBg̃µν

.

The total variation then becomes

δS � » d4x
a�g

�
M2

Pl

2
pRµν � 1

2
Rgµνq � 1`�g

� BLφBgµν
�Ω�2 BLMBg̃µν


�
δgµν � 0.

Using (3.9), we recognize the last term as the energy-momentum tensor in
Jordan frame, eq.(3.10). Thus, we get

Gµν � 1

M2
Pl

pTφµν �Ω2T̃µνq� 8πGpTφµν � Tµνq (3.19)

which are Einstein’s field equations in presence of a chameleon field.
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3.3 Important properties

Let us again write up the chameleon equation of motion:

2φ � V,φpφq � β

MPl
Ω,φpφqρ.

The density-dependent mass of the chameleon field is generated by the
interplay of the two source terms on the right hand side. The first one is a
self-interacting term, represented by the potential of the field, Vpφq. This
potential need not have a minimum; rather, it is monotonically decreasing
and of a runaway form. That is, the potential satisfies

lim
φÑ8V � 0, lim

φÑ8 V,φ

V
� 0, lim

φÑ8 V,φφ

V,φ
� 0 . . . (3.20)

as well as

lim
φÑ0

V � 8, lim
φÑ0

V,φ

V
� 8, lim

φÑ0

V,φφ

V,φ
� 8 . . . (3.21)

As mentioned, the second term represents the coupling of the chameleon
field to matter, and is described by the model dependent functionΩp βφMPl

qρ,
where ρ is the background density. Ω is a monotonic increasing function
of φ (in the examples throughout this section we will substitute Ω with
the exponential function), β is the chameleon-to-matter coupling constant
and MPl � p8πGq�1{2 is the reduced Planck mass. The coupling constants
need not be small; as mentioned earlier they can have values of order unity
or greater. For simplicity, we will here assume that the chameleon field
couples to all species of matter in the same way, that is, β is the same for all
kinds of matter.
Although the two source terms are monotonic functions of φ, their com-
bined effect is that of an effective potential which displays a minimum. It
is given by

Ve f f pφq � Vpφq �Ω� βφ
MPl



ρ. (3.22)

This effective potential depends on the local matter density, ρ, and thus
both the field value at the minimum and the mass of small fluctuations
depend on ρ as well. The latter will increase as a function of the density.
Let’s see how this is achieved;
The mass of small fluctuations about the minimum is given by

m �bV
e f f
,φφpφminq, (3.23)

where φmin is the corresponding value of the field. If we write out this
expression, we get

m2 � V,φφpφminq � β2

M2
Pl

Ω,φφpφminqρ. (3.24)
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Figure 3.1: Effective chameleon potential for high and low densities [11].
The dashed curve represents the self-coupling potential Vpφqwhile the dot-
ted curve represents the coupling to the matter density ρ.

Usually, we have that |V,φφ| " |Ω,φφρ|, so m is almost entirely determined
by the form of Vpφq and the value ofφmin (given that V is neither constant,
linear nor quadratic in φ). Finally, for this to be a chameleon field theory,
the mass must increase as the background density increases. To see this,
remember that

V
e f f
,φ pφminq � V,φpφminq � β

MPl
Ω,φpφminqρ � 0. (3.25)

We know that V,φ must be negative and thus the other term is positive. We
see that larger values of ρ correspond to smaller values ofφmin (remember
the properties of Ω). Further, if we again consider the expression for the
mass, eq. (3.24), and remember the properties of Vpφq (and especially of
its second derivative), we see that lower values of φmin implies larger m
(equivalent: larger ρñ larger m).

3.4 Thin shell effect

Near-future experiments like STEP (Satellite Test of the Equivalence Prin-
ciple) [16] and Galileo Galilei (GG) [17] will test the universality of free
fall in orbit with high expected accuracies. It is predicted that these ex-
periments may show eventual violations of the EP. However, all existing
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constraints from planetary orbits are well satisfied within our model. This
is because of something called the thin shell effect.
It can be shown that the only contribution to the chameleon-mediated force
from a large compact object like the Earth or the Sun comes from a thin shell
near the surface of the body. We will here show how such a thin shell is
developed and how large a body must be to have a thin shell (mostly fol-
lowing calculations given in [11]).
Consider a large, isolated compact body with radius Rc and homogeneous
density ρc, immersed in a background of homogeneous density ρb. The
equation of motion in this case is given by

d2φ

dr2
� 2

r

dφ

dr
� V,φ � β

MPl
ρprqeβφ{MPl , (3.26)

where

ρprq � " ρc, r   Rc

ρb, r ¡ Rc

We denote the field values which minimize Ve f f for r   Rc and r ¡ Rc as
φc andφb respectively. This gives us

V,φpφcq � β

MPl
ρceβφc{MPl � 0, (3.27)

V,φpφbq � β

MPl
ρbeβφb{MPl � 0. (3.28)

Since the equation of motion is a second order differential equation, we
require two boundary conditions. To avoid singularities at the origin, we
choose dφ{dr � 0 at r � 0. Moreover, far from the body we have ρ � ρb, so
we chooseφÑ φb as r Ñ 8.
We may think of this problem as an analogue to a dynamical problem in
classical mechanics, with φ representing the position of a particle and r
representing a time coordinate. The particle moves along the inverted po-
tential�Ve f f (see fig. 3.2 a). The second term on the l.h.s. in the equation of
motion (proportional to 1{r) will function as a damping term. Notice that
the potential is “time dependent” since the density ρ depends on r, so the
potential undergoes a jump when r reaches the radius of the body, Rc.

The particle is initially at rest (since dφ
dr pr � 0q � 0). We denote the initial

field value as φi � φpr � 0q. At early “times” (i.e. small r) the particle
is essentially frozen at φ � φi, since the damping term is dominant. As
r grows, the damping term will become neglible and φ will start to roll
down the potential. It rolls down until it reaches r � Rc. At this time,
the potential suddenly changes shape as the density changes from ρc to ρb.
However, we can match φ and dφ{dr to be continuous at the jump. Once
r ¡ Rc, φ starts climbing up the “new” potential (see fig. 3.2 b). If we



3.4. THIN SHELL EFFECT 39

ρ
c

φ

φ)-V  (
eff

inf

φ)

φ

ρ

-V  (
eff

a) r < R c

exp(βφ/      )PlM

b) r > Rc

exp(βφ/      )PlM

Figure 3.2: Sketch of the inverted potentials [11]. a) represents the potential
inside the body, b) represents the potential outside.

choose the initial value φi carefully, it will reach the far-background value
φb as r Ñ8. Thus our problem is reduced to determining the valueφi. Let
us first consider the case pφi �φcq ! φc, that is, ∆Rc{Rc ! 1, which cor-
respond to the thin shell regime. This means that the initial value φi is very

close toφc which is a local extremum of Ve f f . Thus the driving term V
e f f
,φ is

initially neglible, and the damping term strongly dominates the dynamics.
Until r has grown sufficiently for φ to start rolling, the field value remains
approximately constant, that is

φprq � φc , 0   r   Rroll, (3.29)

where Rroll is the value of r at whichφ starts rolling. Just after the field has
begun to roll, its value is close toφc, so we have that MPl|V,φ| ! βρeβφ{MPl .
So in the regime Rroll   r   Rc we can write the equation of motion as

d2φ

dr2
� 2

r

dφ

dr
� β

MPl
ρc, (3.30)

since φ{MPl ! 1 for all relevant times [14]. When using the boundary
conditionsφ � φc and dφ{dr � 0 at r � Rroll, we find the solution

φprq � βρc

3MPl

�
r2

2
� R3

roll

r

�� βρcR2
roll

2MPl
�φc , Rroll   r   Rc. (3.31)

The equations (3.29) and (3.31) then describes the full interior solution, that
is, for the regime 0   r   Rc.
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Outside the body (r ¡ Rc), we assume that we can linearize the equation
of motion about the value of φ in the far background. According to the
expression

m2
c � V

e f f
,φφ,

we write the equation of motion as

d2φ

dr2
� 2

r

dφ

dr
� m2

bpφ�φbq. (3.32)

The solution which satisfiesφÑ φb as r Ñ 8 is

φprq � �Ae�mbpr�Rcq
r

�φb , r ¡ Rc, (3.33)

where A is a constant. The two unknowns Rroll and A is found by matching
φ and dφ{dr at r � Rc using the solutions (3.31) and (3.33). This will give
us the exterior solution

φprq � �� β

4πMPl


�
3∆Rc

Rc



Mce

�mbpr�Rcq
r

�φb, (3.34)

where
∆Rc

Rc
� φb �φc

6βMPlΦc
� Rc � Rroll

Rc
! 1, (3.35)

and where Φc is the Newtonian potential of the body, given by

Φc � Mc

8πM2
PlRc

.

The thin shell condition ∆Rc{Rc is equivalent to the condition mcRc " 1, i.e.
the assumption that the range of the interior field is very short compared
to the size of the body. All perturbations in φ will die off quickly over a
distance λc � 1{mc, so the field inside the body is almost constant,φ � φc.
All variations in the field thus takes place within the thin shell, which is of
thickness ∆R � 1{mc.
The chameleon force on a test particle with mass M and couplingβ is given
by

Fφ � � β

MPl
M∇φ. (3.36)

Thus we see that the interior field (which is constant) will give no contri-
bution to the chameleon force on a particle outside the body.
Let us now go back and look at another regime, where φi ? φc. This is
called the thick shell regime. We assume the field initially to be sufficient dis-
placed from φc that it immediately starts rolling. Hence there is no place
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where the damping term is dominant. The interior solution for φ is ob-
tained by taking eq. (3.31) in the limit Rroll Ñ 0 and replacing φc by φi.
When we match this to the exterior solution, (3.33), we find

φprq � βρcr
2

6MPl
�φi, 0   r   Rc (3.37)

and

φprq � �� β

4πMPl



Mce�mbpr�Rcq

r
�φb, r ¡ Rc. (3.38)

If we equate these two solutions at r � Rc, we find that

φi � φb � 3
βΦc

MPl
.

Using the definition (3.35) of ∆Rc{Rc, we find that this implies

∆Rc

Rc
¡ 1. (3.39)

Bodies with “thick shells” have sizes that are comparable to the range of
the chameleon field, 1{mc. Thus they will not develop any thin shell. The
field cannot adjust itself to the value φc which minimizes the effective po-
tential inside the body.
Sufficiently small objects, like the satellites that will be used in the STEP-
and GG-experiments will not have any thin shell, thus their entire mass
will contribute to the exterior field. According to chameleon field theor-
ies, we should then expect that these experiments will detect EP-violations
since the satellites don’t have any thin shell that will suppress the fifth force
caused by the chameleon field.

3.4.1 Example: Thin shell at the Earth

Let us try to estimate the thickness of the thin shell for the Earth and show
that the atmosphere must have a thin shell as well. We model the Earth as
a sphere of radius RC � 6 � 106 m with homogeneous density ρC � 104

kg/m3. Furthermore, we let the atmosphere be a 10 km thick layer around
the Earth (Ratm � RC � 10 km) with homogeneous density 1 kg/m3. We
treat the Earth as an isolated body, i.e. we neglect effects from compact
objects as the Moon and the Sun. Far away from the Earth we assume that
the matter density is approximated by the density of gas and dark matter
in our local neighborhood of the galaxy, ρG � 10�21 kg/m3.
We remember that the exterior solution of the equation of motion for a body
with a thin shell is given by

φprq � �� β

4πMPl


�
3∆Rc

Rc



Mce�mbr

r
�φb,
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with the thin shell condition

∆Rc

Rc
� φb �φc

6βMPlΦc
! 1, (3.40)

where Φc is the Newtonian potential at the surface of the object. So for the
atmosphere we then have the thin shell condition

∆Ratm

Ratm
� φG �φatm

6βMPlΦatm
! 1, (3.41)

where Φatm � ρatmR2
atm{6M2

Pl. For the atmosphere to have a thin shell,
clearly the thickness of the shell must be less than the thickness of the at-
mosphere itself, which is about 10�3Ratm. Hence we require

∆Ratm{Ratm > 10�3.

Using that ρatm � 10�4ρC , and thus Φatm � 10�4ΦC , gives us

∆RC
RC � φG �φatm

6βMPlΦC   10�7 . (3.42)

Inserting the Earth radius, we find ∆RC > 10�1 m.
It can also be shown that EP-tests actually require the atmosphere to have
a thin shell. The E:otv:os parameter η, which is a measure of the difference in
relative free-fall acceleration for two different bodies, can be approximated
by

η � 2
|a1 � a2|
a1 � a2

� 10�4β2∆RC
RC . (3.43)

If we contradict (3.42) and put ∆RC{RC ¡ 10�7 (that is, assuming that the
atmosphere have no thin shell) and use β of order 1, it will clearly lead to a
violation of the current bound, which is at η � 10�13 [15].

3.5 Constraints on chameleon parameters

Let us finally take a brief look at some further constraints on the parameters
in the chameleon field theory that are found from fifth force searches and
EP-tests. We will use these along with the above results to estimate the
interaction range of the chameleon field at different scales.
Since EP-tests and fifth force searches are usually done in vacuum, let us
first find an approximate solution for the chameleon field inside a vacuum
chamber. We model the chamber as perfectly empty and spherical with
radius Rvac. Outside the chamber, we assume that ρ � ρatm. It is found
that the vacuum solution is analogous to the solution for a compact object
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with a thin shell. The chameleon field takes the value φ � φvac inside the
chamber, and the corresponding mass of the field is

mvac �bV,φφpφvacq � R�1
vac , (3.44)

so the Compton wavelength of small fluctuations about the field valueφvac

is equal to the radius of the vacuum chamber, Rvac.
From fifth force searches, one has obtained a bound onφvac at

φvac > 10�28 MPl . (3.45)

EP-tests using the current bound on the Eötvös parameter, η � 10�13, gives
a weaker constraint,φvac > 10�26 MPl, that we henceforth will ignore.
Let us now use these results along with the thin shell conditions for the
Earth and apply them to a given potential, Vpφq. We choose the inverse
power-law potential that we used in the tracker field example in chapter 1;

Vpφq � M4�nφ�n, (3.46)

where we remember that M, which may represent the energy scale of the
field, has units of mass and that n is an arbitrary, positive constant. We are
now interested in finding constraints on the energy scale, M. We saw that
EP-tests required the thin shell condition

∆RC
RC � φG �φatm

6βMPlΦC   10�7. (3.47)

By definition, φG is the value of φ which minimizes the effective potential
with ρ � ρG, i.e.

V
e f f
,φ pφGq � V,φpφGq � β

MPl
ρGeβφG{MPl � 0. (3.48)

Substituting for Vpφq and solving forφG gives us the solution

φG � �nM4�nMPl

βρG


 1
n�1

. (3.49)

Inserting ρG � 10�21 kg/m3 and ΦC � 10�9, we can rewrite the thin shell
condition (3.47) as a bound on M. This gives

M   �6n�1

n


 1
n�4

β
n�2
n�4 � 10

15n�7
n�4 � p1mmq�1. (3.50)

We can also make a constraint on M from the results of the fifth force search.
We had that φvac > 10�28 MPl. If we insert our potential into eq. (3.44) and
choose Rvac � 1 m = 1034 M�1

Pl we get

R�2
vac � 10�68 M2

Pl � npn� 1qM4�nφ
�pn�2q
vac . (3.51)
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From this we can find

M > rnpn� 1qs�1{p4�nq � 103n{p4�nq � p1mmq�1. (3.52)

If we insert n and β of order unity in eqs. (3.50) and (3.52) we find that in
both cases, the bound on M is of order (1 mm)�1, or equivalently, 10�3 eV.
It is interesting that this is in fact the same energy scale that is associated
with the dark energy.
Let us now use these constraints to find bounds on the interaction range of
the chameleon field. From eq. (3.24) (still using the exponential function
for Ω) we may find the range of interaction for the field in the atmosphere
(m�1

atm), in the solar system (m�1
G ) and on cosmological scales (m�1

0 ):

m2
atm � V,φφpφatmq � β2

M2
Pl

ρatmeβφatm{MPl ,

m2
G � V,φφpφGq � β2

M2
Pl

ρGeβφG{MPl ,

m2
0 � V,φφpφ0q � β2

M2
Pl

ρ0eβφ0{MPl , (3.53)

where ρ0 � 10�26 kg/m3 is the current energy density of the universe and
φ0 is the corresponding field value at cosmological scales. If we substitute
our bounds on M and use n > 2 and β of order unity, we find

m�1
atm > 1 mm� 1 cm,

m�1
G > 10� 104AU,

m�1
0 > 10�1 � 103pc. (3.54)

Here we see some of the earlier discussed features of the chameleon field. It
is short ranged in the atmosphere, while in the solar system it is sufficiently
long ranged to be essentially free.
A weakness with our potential is, as we see, that it implies an interaction
range which is smaller than H�1

0 � 109 pc on cosmological scales. Then it
follows that m0 is too large to be rolling on cosmological time scales today.
Hence, we should consider other potentials in chameleon theories for them
to be viable quintessence models. In ref. [14] it is shown that, given a
potential

Vpφq � M4 exp

�
Mn

φn



, (3.55)

with M � 10�3 eV, we can obtain a so-called attractor solution for the
chameleon field, which is analogous to the tracker solution for quintessence.
For a wide range of initial conditions, the field value will follow the min-
imum of the effective potential which will change as the matter density in
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the universe changes.
It is further shown that when the vacuum energy density becomes com-
pletely dominant at some time in the future, we get V Ñ M4, that is,
the universe will be driven towards a pure de Sitter phase. The matter
density will then decrease exponentially (see (2.22)), and the dynamics of
the chameleon field will to a good approximation be determined solely by
Vpφq. Thus, the evolution of the chameleon will in the future converge
towards that of normal quintessence.

3.6 Summary

It is time to give an overview of what we have learned in this chapter:

• The chameleon field is a non-minimal coupled scalar field construc-
ted to evade EP-violations, that is, to satisfy known local tests of grav-
ity at the Earth.

• The effective potential makes the mass of the field dependent on the
local matter density.

• Large compact objects develop thin shells, which suppress the chameleon
force, i.e. only the thin shell gives a contribution to the force. The thin
shell condition is given by (3.35). At the Earth, the thin shell condition
gives

∆RC{RC   10�7.

• Sufficiently small objects do not develop thin shells. Thus, the chameleon
theory predicts future space-borne tests of gravity to show EP-violations.

• Given an inverse power-law potential, Vpφq � M4�nφ�n, we can, by
considering local tests of gravity, show the mass scale M to be of the
same order as dark energy, i.e. M � 10�3 eV.

If there are existing chameleon fields, this will lead to a slightly different
gravitational theory than that of general relativity (because of the coup-
ling to matter). Many future experiments, especially in space, will test the
viability of general relativity and eventually rule out the chameleon field
and other alternative gravitational theories. In this thesis, we wish to put
the chameleon theory onto another testing ground, namely; how will the
presence of a chameleon field affect gravitational waves?
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Chapter 4

Gravitational waves

4.1 Introduction

Our knowledge of the Universe is almost entirely based upon observations
of electromagnetic radiation detected by telescopes and satellite-borne de-
tectors. As new technology has developed in the modern ages, we are
now able to observe parts of the electromagnetic spectrum, like x-ray or
gamma radiation, that earlier has been impossible because of the disturb-
ing influence of the Earth’s atmosphere. This has made us able to observe
exotic phenomena like gamma ray bursts and processes around black holes.
Hopefully, in a not-too-far future, a whole new area of observations of the
Universe will become available to us, which is not based upon electromag-
netic radiation, but upon gravitational waves.
Gravitational waves may simply be considered as ripples in spacetime,
propagating with the speed of light, moving outward from a massive object
or some other mass distribution. Though they never have been observed
directly, there are indirect evidence of their existence from observations of
the Hulse-Taylor binary, a system of two inspiraling neutron stars (which we
will consider later in this chapter).
Gravitational waves do not exist in Newtonian theory, they are a fully re-
lativistic phenomenon. This can be seen if we consider the expression for
the Newtonian gravitational potentialΦpr, tq in a point at a distance r from
a mass distribution with density ρpr1, tq:

Φpr, tq � �G

»
ρpr1, tq|r� r1| d3r1. (4.1)

We see that the time t occurs at both sides of the equation. This means
that a change in the source will instantaneously find place in r and thus, no
wave phenomena are possible. Besides, since r is at an arbitrary distance
from the source, this is in conflict with special relativity; no information
can travel faster than the speed of light! Thus, we require a gravitational

47
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theory where this constraint is fulfilled. This naturally leads us to general
relativity.

4.2 Linearization of Einstein’s field equations

In this section we will see how the equation for gravitational waves can be
derived from Einstein’s field equations.
To derive the wave-equation, we first need to make a linear approximation
of the field equations. In this approximation we assume that the gravit-
ational field is weak. That is, if we have a limited extended mass distri-
bution, the gravitational field is weak at distances much larger than the
Schwarzschild radius of the mass.
I will here follow the outline given in [2], section 9.1.
We start by looking at small perturbations, hµν, in Minkowski spacetime:

gµν � ηµν � hµν , |hµν| ! 1

where ηµν is the Minkowski metric. If we make a coordinate transform of
the metric components, we get

gρ1σ 1 � BxµBxρ1 BxνBxσ 1 gµν . (4.2)

Then we look at an infinitesimal coordinate transform at a point P:

xµ
1pPq � xµpPq �ξµpPq, |ξµ| ! |xµ|

and we get

gρ1σ 1 |xµ � BxµBxρ1 BxνBxσ 1 gµν|pxµ1�ξµq. (4.3)

We do all calculations only to first order in hµν andξµ and their derivatives.
Since BxµBxρ

1 � δµρ �ξµ,ρ
and

gµν|pxµ1�ξµq � ηµν � hµν ,

we get, to first order

gρ1σ 1 � pδµρ �ξµ,ρqpδνσ �ξν,σq � ηρσ � hρσ �ξσ ,ρ �ξρ,σ . (4.4)

Since we also have
gρ1σ 1 � ηρσ � hρ1σ 1 ,

we get
hρ1σ 1 � hρσ �ξσ ,ρ �ξρ,σ . (4.5)
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This kind of transformation is called a gauge transformation. But, as we can
see, the components of the metric tensor are not gauge invariant in this
approximation.
The Riemann curvature tensor is given by

Rµναβ � Γµνβ,α� Γµνα,β� ΓρνβΓµρα � ΓρναΓµρβ. (4.6)

To first order in hµν we may neglect products of Christoffel symbols, and
the Riemann tensor is thus reduced to

Rαµβν � Γαµν,β� Γαµβ,ν, (4.7)

where

Γαµν � 1

2
phµα,ν � hνα,µ � hµν,αq. (4.8)

If we insert this into the Riemann tensor, we get

Rαµβν � 1

2
phνα,µβ� hµβ,αν� hµν,αβ� hαβ,µνq. (4.9)

Thus, the Ricci tensor to first order is

Rµν � ηαβRαβµν � 1

2
phαν,αµ � hαµ,αν � h,µν �2hµνq (4.10)

where 2 � BµBµ � � B2Bt2 �∇2 is the d’Alembert wave operator in Minkowski
spacetime. Contracting once more with ηµν, we obtain the Ricci scalar:

R � ηµνRµν � hµν,µν �2h, h � hµµ . (4.11)

Finally, we obtain the Einstein tensor:

Gµν � 1

2

�
hαν,αµ � hαµ,αν � h,µν �2hµν � ηµν �hαβ,αβ �2h

	�
. (4.12)

The linearised field equations are thus given by

hαν,αµ � hαµ,αν � h,µν �2hµν � ηµν �hαβ,αβ �2h
	 � 16πGTµν . (4.13)

If we introduce

h̄µν � hµν � 1

2
ηµνh (4.14)

the field equations are simplified to

h̄αν,αµ � h̄αµ,αν �2h̄µν � ηµνh̄αβ,αβ � 16πGTµν . (4.15)

We can simplify the field equations further by performing a gauge trans-
formation of the metric:

h̄1αβ � h̄αβ �ξα,β�ξβ,α � ηαβξµ,µ .
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The transformed divergence of h̄α,β then becomes

h̄1βα,β � h̄βα,β �2ξα . (4.16)

If we choose gauge conditions such that 2ξα � h̄βα,β, we obtain

h̄βα,β � 0. (4.17)

(where I have dropped the prime on the h̄). This is called a Lorenz gauge.
In this gauge, the field equations are reduced to

2h̄µν � �16πGTµν . (4.18)

This is the wave equation for gravitational waves. The waves are represen-
ted by the metric perturbations, h̄µν, while the energy-momentum tensor
represents the source. Re-inserting c, the solution of the wave equation can
be written in terms of retarded potentials as

h̄µνpr, tq � 4G

c4

»
Tµνpr1, t� |r� r1|{cq|r� r1| d3r1. (4.19)

Note the similarity and the difference with the Newtonian gravitational
potential (4.1). We see that general relativity provides a physical solution
since it satisfies the causality principle (i.e. the gravitational interaction can
not propagate faster than c), in contrast with Newton’s law of gravitation.

4.3 Gravitational waves in vacuum

Gravitational waves are represented by plane wave solutions of the lin-
earized field equations. In empty space (vacuum), the field equations are
reduced to

2h̄µν � 0. (4.20)

A possible solution is then given by

h̄µν � Aµν cospkαxαq, (4.21)

where Aµν is a constant symmetric tensor of rank 2 representing the amp-
litude, and kα is the wave 4-vector in the direction of propagation. Inserting
the plane wave solution into the vacuum field equation, we find that

kαkα � 0. (4.22)

This means that kα is a so-called null vector, which implies that the grav-
itational waves are propagating with the speed of light in vacuum. The
components of the wave vector can be written

kµ � pω, k1 , k2, k3q,
where

ω � �kµUµ

is the frequency measured by an observer with four-velocity Uµ.
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4.3.1 Polarization

We will now go on to show that, for a given wave vector kα , there are only
two possible polarizations of gravitational waves. By using the Lorenz
gauge (4.17) we can find that

kαAαβ � 0, (4.23)

which means that the wave is transverse (i.e. orthogonal) to Aαβ. To spe-
cify the gauge further, we can choose ξµ (see 4.16 and 4.17) so that we can
require

UαAαβ � Aαα � 0.

Then, we have only two free components of Aαβ, which represent two po-
larizations for a plane gravitational wave. The gauge we have chosen is
called the transverse traceless gauge (referred to as the TT gauge). In a co-
moving frame, i.e. a reference frame where Uµ � p1, 0, 0, 0q, the TT-gauge
gives us

hTT
µ0 � 0, hTT

jk,k � 0, hTT
ii � 0.

The first equation tells us that only the spatial components of hµν are non-
zero, the second tells us that the spatial components are divergence-free,
while the last one says they are trace-free. In this gauge, we have no dis-
tinction between h̄µν and hµν since h � hµµ � 0. The components of the
metric perturbations can thus be written as

hTT
µν � ���� 0 0 0 0

0 hxx hxy 0
0 hxy �hyy 0
0 0 0 0

���� (4.24)

for a wave travelling in the z-direction.
The two possible polarizations of gravitational waves are called + polar-
ization and � polarization. + polarization correspond to the case where
hxx � 0 or hyy � 0 and hxy � 0, while � polarization correspond to
hxx � hyy � 0 and hxy � 0. Thus, the components can also be written
as

hTT
µν � ���� 0 0 0 0

0 h� h� 0
0 h� �h� 0
0 0 0 0

���� . (4.25)

4.3.2 Physical effects

The physical effect of gravitational waves can be illustrated by how the
waves will affect a ring (made up of some material) perpendicular to the
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Figure 4.1: Illustration of how a passing gravitational wave with + (top) or� (bottom) polarization affects a ring of particles.

direction of propagation (see figure). The wave can be observed as a peri-
odical deformation of the ring. Let the ring have radius R. When hit by a
gravitational wave, it will get a relative elongation given by

hpx, tq � 2∆R

R
, (4.26)

where hpx, tq is the wave amplitude at time t and position x.
However, gravitational waves have a rather tiny amplitude when reaching
Earth, even from phenomena like Supernovae or merging of black holes.
We will discuss the difficulties of detecting gravitational waves later in this
chapter.

4.4 Gravitational radiation from a quadrupole source

According to to the gravitational wave equation (4.18), a source of gravit-
ational radiation can be represented by the energy-momentum tensor, Tµν.
We let the gravitational waves be represented by

h̄µν � hµν � 1

2
ηµνh,

where hµν is a solution of the gravitational wave equation, ηµν is the metric
of Minkowski spacetime, and h = hµµ . Let’s consider a matter distribution
localised near the origin O, in which the particles are moving slowly com-
pared to the speed of light. We will use a far field approximation, i.e. we
calculate the field at a distance r that is large compared to the extension of
the matter distribution. Then we can write the solution (4.19) as

h̄µνpt, rq � 4G

r

»
Tµνpt� r, r1q dV1 , (4.27)
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where we have put c � 1. Here r represents the spatial coordinates of
the field point at which h̄µν is determined, while r1 represents the spatial
coordinates of the source.
In this zone far from the source, the radiation looks like plane waves, in
which case the radiative part of h̄µν is determined by the spatial part, h̄i j ,

only. Thus, we need only to consider
³

Ti jdV. We remember that, from
conservation of momentum and energy, follows Tµν;ν � 0. This gives us the
component equations

T00
,0 � T0k

,k � 0, (4.28)

Ti0
,0 � Tik

,k � 0. (4.29)

Furthermore, we will also use the integral identity» pTikx jq,kdV � » Tik
,kx jdV � » Ti jdV, (4.30)

where we have used that x
j
,k � δ j

k. The integrals are taken over a region of
space enclosing the source, so that Tµν � 0 on the boundary of the region.
If we then transform the integral on the left hand side by using Gauss’
integral theorem, we see that it vanishes, and we are left with»

Ti jdV � � » Tik
,kx jdV � » Ti0

,0x jdV � d

dt

»
Ti0x jdV. (4.31)

Using the symmetry in the indices i and j, we can write»
Ti jdV � 1

2

d

dt

» pTi0x j � T j0xiq dV. (4.32)

Furthermore, we have» pT0kxix jq,k dV � » T0k
,kxix jdV � » pTi0x j � T j0xiq dV. (4.33)

Again, we see that the left hand side vanishes when we use Gauss’ integral
theorem. By using equation (4.28) we get» pTi0x j � T j0xiq dV � » T00

,0xix jdV � d

dt

»
T00xix jdV. (4.34)

Since the source particles are non-relativistic, we have that T00 � ρ. Using
eq. (4.32) and (4.34) we then get»

Ti jdV � 1

2

d2

dt2

»
ρxix jdV. (4.35)
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The integral term on the right hand side is defined as the quadrupole moment
of the source:

qi j � » ρxix jdV. (4.36)

Equation (4.27) can then be written as

h̄i jpt, rq � 2G

r

d2

dt2

�»
ρxix jdV

�
t1�t�r

� 2G

r
:qi j, (4.37)

where the indice t1 � t � r indicates that the integral is evaluated at the
retarded time. This tells us that the gravitational radiation produced by a
non-relativistic, isolated object is proportional to the second time derivat-
ive of the quadrupole moment of the source at the emission time.
Note: Remember that we assumed the distance from the source to the field
point to be large compared to the size of the source. If we had not made this
assumption, (4.37) would have contained extra terms, indicating radiation
from higher order multipole moments than the quadrupole [18].
Hence, now that the assumption is made, we can ignore higher order mul-
tipoles.
Now, let’s try to find an expression for the total power radiated gravitation-
ally by our non-relativistic source. We start by expanding the Newtonian
potentialφ in powers of r:

φ � ��M

r
� d jn

j

r2
� 3Qi jn

in j

2r3
� ...

�
, ni � xi

r
, (4.38)

where d j is the dipole moment of the source, defined by

d j � » ρx j dV, (4.39)

and Qi j is the trace-free part of the quadrupole moment, given by

Qi j � » ρ�xix j � 1

3
δi jr

2



dV � qi j � 1

3
δi jq

k
k. (4.40)

In the transverse traceless gauge, we can introduce an effective energy-
momentum tensor for gravitational waves:

TGW
µν � 1

32π
xhik,µhik,νy, (4.41)

where x y denotes average over wavelengths.
The total power crossing a sphere of radius r at a time t is given by

Ppt, rq � » TGW
0r r2dΩ. (4.42)
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Using eq. (4.37) in the transverse traceless gauge, we find

TGW
0r � 1

32π
x 9hik

9hiky� 1

8πr2

B ;Q jk
;Q jk � 2ni

;Qi j
;Q jknk � 1

2

�
n j

;Q jknk

	2
F

, (4.43)

which is the energy flux. The n’s are the components of the unit vector n

representing the direction of the waves. The total radiated power (i.e. the
energy-loss) can then be found by averaging the flux over all directions and
multiplying it with 4π . For this calculation we need the expressions»

dΩ � 4π ,

»
nin j dΩ � 4π

3
δi j,»

nin jnknl dΩ � 4π

15
pδi jδkl � δilδ jk � δikδ jlq. (4.44)

Now we can insert eq. (4.43) into (4.42) and use (4.44), and thus find the
expression for the energy-loss from a slowly moving source:

LGW � Ppt, rq � G

5
x ;Qi j

;Qi jy. (4.45)

4.4.1 Example: Binary systems

Let’s consider two stars with masses m1 and m2 in a circular orbit of radius
r about each other [19, 20]. We treat the stars as point masses. Let r1 and r2

be their respective distances from their common center of mass. Then we
have

m1r1 � m2r2 � µr, (4.46)

where µ is the reduced mass of the system, given by

µ � m1m2

m1 �m2
.

We choose the z-axis to be the axis of rotation and Ωt to be the azimuthal
angle from the x-axis to the line joining the masses, where Ω is the orbital
angular velocity. The xx-component of the quadrupole moment is then
given by

Qxx � pm1r2
1 �m2r2

2q cos2Ωt,

where we have used that mir
2
i {3 = constant, i = 1,2, for the two masses. We

can rewrite this equation as

Qxx � 1

2
µr2 cos 2Ωt� constant. (4.47)
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Similarly, we get the other components:

Qyy � �1

2
µr2 cos 2Ωt, (4.48)

Qxy � Qyx � 1

2
µr2 sin 2Ωt. (4.49)

Then we can take the 3rd time derivatives of these components and calcu-
late the energy-loss from eq. (4.45). This will give us

LGW � G

5
p2Ωq6

�
1

2
µr2


2 x2 sin2 2Ωt� 2 cos2 2Ωty. (4.50)

If we use the identity sin2 2Ωt� cos2 2Ωt � 1 and Kepler’s 3rd law

Ω2 � GM

r3
, (4.51)

where M � m1 �m2, we will find

LGW � ��dE

dt



GW

� 32

5

G4M3µ2

r5
. (4.52)

The total energy of the system is

E � 1

2

�
m1r2

1 �m2r2
2

	
Ω2 � Gm1m2

r� �1

2

GµM

r
. (4.53)

The loss of energy leads to a decrease in the orbital separation r and hence
a decrease in the orbital period P. By using Kepler’s 3rd law and the above
expression for energy, we find

1

P

dP

dt
� 3

2

1

r

dr

dt� �3

2

1

E

dE

dt� �96

5

G3M2µ

r4
. (4.54)
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4.4.2 The Hulse-Taylor binary pulsar

A radio survey for pulsars1 in our galaxy made by Russell Hulse and Joseph
Taylor in 1974, at the Arecibo Radio Telescope in Puerto Rico, discovered
the unusual system PSR 1913+16 (later known as the Hulse-Taylor binary
pulsar). This is a system that consists of two neutron stars with masses
about 1.4 M� . Observations of this system allowed Hulse and Taylor to
test general relativity to great precision including the verification for the
existence of gravitational waves as predicted by GR.
Some of the most important observed data are summarized in [21]:

pulsar mass Mp � 1.4408 � 0.0003 M� ,

companion mass Mc � 1.3873 � 0.0003 M� ,

eccentricity e � 0.6171338 � 0.000004, (4.55)

binary orbit period P � 0.322997462727 d,

orbit decay rate 9P � p�2.4211 � 0.0014q � 10�12s{s.

We will now show that we can calculate the decrease of orbit period due to
gravitational radiation from these numbers. The calculations will be pretty
similar to those we performed in the last example. To make things a bit sim-
pler, let us first make the approximation Mp � Mc � m. The components
of the quadrupole moment of the system are then given by

Qxx � mR2 cos 2Ωt,

Qyy � �mR2 cos 2Ωt,

Qxy � Qyx � mR2 sin 2Ωt, (4.56)

where R is the distance from a star to the center of mass of the system. We
can express the energy loss as (when c is re-inserted)�dE

dt
� G

5c5
p2Ωq6x ;Q2

xx � ;Q2
yy � 2 ;Q2

xyy � 128

5

G

c5
Ω6m2R4. (4.57)

Then we will use the Keplerian relation

dP

P
� �3

2

dE

E

to find the orbit decay. The total energy of a binary pair with equal masses
m separated by a distance 2R is given by

E � mv2 � Gm2

2R
(4.58)

1Generally, a pulsar is a rapidly rotating, magnetized neutron star. This generates a
circulating plasma that serves as a source of beamed radio waves detectable on Earth as
periodic pulses.
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where the velocity is determined by the Newtonian equation of motion

m
v2

R
� Gm2p2R2q Ñ v2 � Gm

4R
.

The total energy comes out to be

E � �Gm2

4R
. (4.59)

We want to express the energy in terms of the orbit period. This can be done
by replacing R using the expression for v2 and the relation v � ΩR � 2πR

P :

R � Gm

4

�
P

2πR


2 Ñ R3 � Gm

16π2
P2.

Inserting this into the energy expression gives

E � �m5{3�πG

2


2{3
P�2{3. (4.60)

Then we can express the period decrease to the energy loss by

dP

dt
� 9P � �3P

2E

dE

dt
. (4.61)

By inserting for dE{dt, E and R we find9P � �48π

5c5

�
4πGm

P


5{3
. (4.62)

To find the correct expression for the Hulse-Taylor binary, we must take
into account that the orbit is elliptical with eccentricity as given in the found
data above. This is done by multiplying by a function (see [20])

f peq � 1� p73{24qe2 � p37{96qe4p1� e2q7{2 . (4.63)

The two stars also have different masses. It can be shown [19] that this is
taken into account by making the replacementp2mq5{3 Ñ 4MpMcpMp � Mcq�1{3.

Thus the exact GR prediction of the orbit decrease is given by9PGR � � 192πMp Mc

5c5pMp � Mcq1{3 �2πG

P


5{3
f peq� �p2.40247 � 0.00002q � 10�12s{s (4.64)
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Figure 4.2: Illustration of the decrease in period of the Hulse-Taylor binary.
The solid line represents the prediction from GR, while the dots are the
observed values [21].

when the data in (4.55) are inserted. The observed value of 9P requires a
small correction, 9PGal because of the relative acceleration between the solar
system and the binary pulsar system, projected onto the line of sight [21].
The currently best available value of this correction is 9PGal � �p0.0128 �
0.0050q � 10�12, which gives9Pcorrected � 9Pobs � 9PGal � �p2.4056 � 0.0051q � 10�12s{s, (4.65)

which is in excellent agreement with the theoretical prediction. This result
gives a strong confirmation of the existence of gravitational radiation as
predicted by GR.
This result is pretty incredible, taken into consideration that we have made
a lot of simplifying assumptions, like the point mass approximation, and
used simple classical relations like Kepler’s laws.
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But first and foremost, this result was a victory for general relativity, and
Hulse and Taylor were awarded the Nobel Prize in Physics in 1993 for their
observations.

4.5 Other sources?

Are quadrupoles the only sources for gravitational waves? Though we
have argued that we can ignore higher order multipoles in our calculations
above, we have not yet considered the dipole. We know from electromag-
netism that dipole radiation is produced from sources with low internal
velocities. The radiated effect is given by

Lem � dE

dt
� 2

3c3
:d j
:d j, (4.66)

where d is the dipole moment evaluated at the retarded time t� r{c. If we
express it as d j � ex j, where e is the elementary charge, we recognize eq.
(4.66) as the Larmor formula.
Now, let’s consider gravitational radiation. On dimensional grounds we
might expect that the radiated effect from a dipole source would be given
by

Ld
GW 9 G

c3
:d j
:d j,

where the gravitational dipole moment is

d j �
A̧

mAxA
j

and we have let e2 Ñ Gm2 in eq. (4.66). However, the second time derivat-
ive of the dipole moment will give us:d j �

A̧

mA:xA
j �

A̧

9pA
j , (4.67)

where pA is the momentum of particle A. But since the total momentum

of the system is conserved, 9pA
j � 0, we get :d j � 0. So there is no dipole

radiation in general relativity.
In electromagnetism there are magnetic dipoles as well, but we can show
that the ”mass magnetic” dipole moment is also zero in general relativ-
ity. The magnetic dipole moment will here be analogous to angular mo-
mentum:

µ � 1

c
A̧

xA � pmA 9xAq � 1

c
A̧

jA , (4.68)

where jA is the angular momentum of particle A. Conservation of angular
momentum gives 9µ = 0. We can then conclude that in general relativity,
gravitational radiation can be produced by quadrupole sources only.



4.6. DETECTION OF GRAVITATIONAL WAVES 61

4.6 Detection of gravitational waves

The observations of the Hulse-Taylor binary pulsar was a breakthrough
since it was the first observation of the effects of gravitational waves. But,
as mentioned earlier, this was just an indirect evidence of their existence.
Astrophysicists have yet to make a direct observation or detection of grav-
itational waves.
I will finish this chapter with a short review of the most important ongoing
and future projects concerning detection of gravitational waves.

As we have seen earlier in this chapter, an object will be slightly stretched or
squeezed when hit by a gravitational wave. The main problem when trying
to detect a gravitational wave this way, is that this stretching or squeezing
is extremely small. The amplitude of a gravitational wave falls of as 1{r
where r is the distance from the source. Even extreme phenomena like col-
lisions of black holes will only result in rather tiny gravitational effects on
Earth. A typical amplitude when reaching Earth is h � 10�20. This means,
according to (4.26), that an object with a length of 1 meter will be stretched
or squeezed 10�20 meter when hit by the wave, that is, 10�5 times the size
of a proton. So the main challenge is to make the detection equipment suf-
ficiently sensitive.

4.6.1 LIGO

The largest ongoing GW-detection project is LIGO (Laser Interferometer
Gravitational-wave Observatory), which started in 2002. It is operating
from two observatories in unison; one in Livingston, Louisiana and one in
Hanford, Washington. LIGOs concept for GW detection is not deformation
of objects, but laser interferometry. The detectors (one at each observatory)
consists of two 4 km long vacuum-tubes forming an L and containing laser
interferometers. The concept behind interferometry is to find phase-shifts,
in this application caused by incoming gravitational waves (see [22] for a
more detailed description). The detector is most sensitive for waves with
frequencies of order 102 � 103 Hz, a spectrum which has coalescing black
holes or Supernova core collapses as typical sources [23]. However, LIGO
(or other ground based detectors) is not sensitive to frequencies below� 10
Hz because of seismic vibrations (disturbances in the surface of the Earth,
traffic, etc.). It is desirable to detect waves with frequencies lower than 1
Hz and down to mHz scale, since these correspond to emission from binary
systems, massive black holes merging at the center of galaxies and, pos-
sibly, even a cosmological GW background, i.e. relics from the Big Bang.
To make such observations possible, space borne detectors are required.
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Figure 4.3: Illustration of the LISA detector [23].

4.6.2 LISA

LISA (Laser Interferometer Space Antenna) is a future project that has as
its main goal to detect gravitational waves in the frequency band 0.03 mHz
- 0.1 Hz, and will thus be able to measure signals from the sources men-
tioned above and complement the signal spectrum from LIGO. Like LIGO,
it will use laser interferometry, but at a much larger scale. LISA will consist
of three identical spacecraft in orbit around the Sun, each separated by a
distance of 5 million kilometers, forming an equilateral triangle. The center
of this triangle will trace an Earth-like orbit in the ecliptic plane, about 20
degrees behind the Earth. Each spacecraft will contain two free-falling test
masses. An incoming wave will cause a change in the distance between
the test-mass pairs. This change will then be detected by interferometry
between the laser beams travelling along the three arms. See more details at
the LISA website, [23]. The large “armlength” of the LISA detector will give
a higher sensitivity than any Earth-based detector. Also, since LISA will be
space-borne, the problem of seismic vibrations is avoided. However, there
are other sources, like pulsars or binary systems in our own galaxy that will
make a foreground noise which may disturb the signals from interesting
sources further away. Temperature changes or even quantum fluctuations
in the detection device itself may also constrain the sensitivity.
Unfortunately, there is still some time until LISA will be launched. The
project has suffered several delays already, and the earliest possible launch
will take place around 2018-2020.
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4.7 Summary

So let’s finish off this chapter by giving a summary of the most important
points.

• Gravitational waves are relativistic phenomena and do not exist in
classical Newtonian theory.

• By considering small perturbations in a flat (Minkowski) background,
i.e. put gµν � ηµν � hµν, we can linearize and find the reduced field
equations,

2h̄µν � �16πGTµν ,

which is a wave equation for gravitational waves. The solution can
be expressed by retarded potentials, given by (4.19), which ensures
that the gravitational waves cannot propagate faster than the speed
of light.

• The energy-loss formula for gravitational waves from quadrupole
sources is found by making a far-field approximation, i.e. by consid-
ering a non-relativistic source from a field point far from the source.
We find that the energy-loss depends on the third time derivative of
the quadrupole moment of the source. It is given by

LGW � ��dE

dt



GW

� G

5
x ;Qi j

;Qi jy.
• For a system of two point masses (with total mass M and reduced

mass µ) in a circular orbit with radius r around their common center
of mass, the energy-loss is given by��dE

dt



GW

� 32

5

G4M3µ2

r5
,

which leads to a period decay given by

dP

dt
� �96

5

G3M2µ

r4
P.

• Dipole gravitational radiation does not exist according to GR, which
follows from a consideration of momentum conservation.

• Observations of the binary pulsar PSR1913+16, made by R. Hulse and
J. Taylor, has provided indirect evidence for the existence of gravita-
tional waves. The observed period decay is in exact agreement with
what is predicted by GR. Hopefully, ongoing or future projects will
provide the first direct detections of gravitational waves.
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Chapter 5

Brans-Dicke theory

5.1 An alternative gravitational theory

In the early 1960’s Carl Brans and Robert H. Dicke developed a theory that
they called a generalization of general relativity [24]. Their motivation to
develop an alternative gravitational theory was that there were difficulties
in incorporating Mach’s principle into general relativity. In other words,
they wanted to generalize general relativity into a theory that was com-
patible with Mach’s principle. The theory is based on a scalar field in
Riemannian geometry that will imply a varying gravitational “constant”,
i.e. the gravitational constant should be a function of the varying scalar
field. Then, the gravitational interaction is mediated by both the metric
tensor field of general relativity and by the scalar field. This is what we call
a scalar-tensor theory of gravity.
See [24, 25] for more about the background of the theory and its incorpora-
tion of Mach’s principle.

5.2 Equation of motion

Let’s look at how the equations of motion will differ from those of general
relativity. We have earlier outlined the equations of motion in standard GR.
The Einstein-Hilbert action can be written as

δ

» �
R

16πG
�LM


a�g d4x � 0, (5.1)

where R is the scalar curvature and LM is the matter Lagrangian, including
all non-gravitational fields. In order to “generalize” this equation, a Lag-
rangian density of a scalar field φ is introduced and added inside the par-
enthesis. By letting the gravitational constant vary as G � φ�1, the gravit-
ational part of the action is equal to φR. So the Brans-Dicke scalar field is

65
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directly coupled to the gravitational field. The variation of the Brans-Dicke
action is thus given by

1

16π
δ

» �
φR� ωBD

φ
φ ,µφ ,µ � 16πLM


a�g d4x � 0, (5.2)

whereωBD is the dimensionless Brans-Dicke coupling constant (though it can
be a function of the scalar field in generalized scalar-tensor theories). The
matter Lagrangian is the same as in the standard case, so the equations of
motion of matter are the same as in general relativity.
By varying with respect to φ, we obtain the equation of motion for the
scalar field: �

2ωBD

φ



2φ��ωBD

φ2



φ ,µφ ,µ � R � 0, (5.3)

where 2 here is the generally covariant d’Alembertian. 2φ is thus defined
as the covariant divergence of Bµφ:

2φ � φ,µ
;µ � 1`�g

ra�gφ ,µs ,µ . (5.4)

From the scalar equation of motion it is evident that the Lagrangian dens-
ities of the gravitational fields (φR) and of the scalar field φ serves as the
source terms for the generation ofφ-waves. However, it can be shown that
this equation can be transformed to make the source term appear as the
contracted energy-momentum tensor of matter. So the matter distribution
in space can be a source forφ, in accordance with Mach’s principle.
The main difference between general relativity and Brans-Dicke theory lies
in the gravitational field equations rather than in the equations of motion.
Therefore, as in general relativity, the energy-momentum tensor of matter
must be covariantly divergence free;

Tµν;ν � 0,

where we still have that

Tµν � 2`�g

BBgµν
pa�gLMq.

The field equations for the metric field are obtained in the usual way, by
varying the components of the metric tensor and its first derivatives. This
will give us

Rµν � 1

2
gµνR � �8π

φ



Tµν ��ωBD

φ2


 pφ ,µφ ,ν � 1

2
gµνφ ,αφ

,αq� 1

φ
pφ;µν � gµν2φq. (5.5)
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The left hand side is identical to the Einstein-tensor. The first term on the
right hand side is also familiar, since it is equal to the source term in gen-
eral relativity, except that the gravitational constant G is replaced by φ�1,
which serves as a gravitational coupling parameter. The second term we
recognize as the energy-momentum tensor of the scalar field, also coupled
with the gravitational coupling φ�1. The rather foreign third term results
from the presence of second derivatives of the metric tensor in the Ricci
scalar R. These second derivatives are eliminated by integration by parts
to give a divergence and the extra terms. So in cases where the first term
dominates the right hand side, the equations differs from Einstein’s field
equations by the presence of a variable gravitational constant only.
If we contract the Brans-Dicke equation of motion, we get�R � 8πT

φ
� ωBD

φ2
φ ,αφ

,α � 3

φ
2φ, (5.6)

where T � gµνTµν. This can be combined with the scalar wave-equation
(5.3) to give

2φ � 8πT

3� 2ωBD
. (5.7)

From this equation we see, as mentioned earlier, that the scalar field has its
source given by the trace of the energy-momentum tensor. We also see that
the coupling to matter vanishes in the limit ωBD Ñ 8, where the Brans-
Dicke theory approaches standard general relativity. From solar system
experiments, a bound on the coupling parameter at ωBD ¡ 3600 [28] has
been obtained. However, the latest found constraint isωBD ¡ 40 000 [26].

We can also compare the BD equations of motion to those of chameleon
field theory. The main difference is that the chameleon field is coupled con-
formally to the matter fields, while the Brans-Dicke scalar field is coupled
to the gravitational field. We also see that we here don’t have any self-
interacting potential term. So the prototype Brans-Dicke model we are
working with here cannot be a model for dark energy (after all, in the early
1960s nobody had any idea of this). However, there are existing more re-
cent Brans-Dicke models where a potential is included [27].

5.3 Gravitational radiation in Brans-Dicke theory

Brans-Dicke theory introduces three important effects for systems involving
gravitational radiation. The first one is a modification of the effective masses
of bodies. These modifications are parametrized by sensitivites, which are
roughly a measure of the gravitational binding energy per unit mass. So
the motion of bodies depends on their internal structure rather than tidal
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interactions, violating the equivalence principle. The sensitivity of a body
a is defined by

sa � �Bpln maqBφ � Ωa

ma
, (5.8)

where

Ωa � �1

2

»
Va

ρprqρpr1q|r� r1| d3xd3x1 (5.9)

is the self-gravitational binding energy of body a.
For neutron stars, s � 0.1� 0.2 and for black holes s � 0.5 [28].
The second effect is that the quadrupole gravitational radiation is modi-
fied. For Brans-Dicke theory, the modification of the quadrupole radiation
from a two-body system is predicted to be of order Op1{ωBDq. In general
relativity, the quadrupole formula is given by��dE

dt



quadrupole

� 32

5

G3µ2M2

r4
v2, (5.10)

where v2 � GM
r and c � 1.

Finally, the third effect is dipole gravitational radiation. If the bodies are
different (in mass and size), the center of gravitational binding energy don’t
need to coincide with the fixed center of inertial mass. The result of this is
that the varying dipole moment is a source of scalar radiation.

5.3.1 Multipole generation of gravitational waves

Let’s look at how we calculate the energy-loss formula in Brans-Dicke the-
ory. As we remember, slow motion, weak field sources, has the quadru-
pole as the dominant multipole contribution to gravitational radiation. The
gravitational waveform in the radiation zone was given by

h̄i j � 2G

R
:qi j, (5.11)

which resulted in an energy flux far from the source given by

LGW � G

5
x ;Qi j

;Qi jy, (5.12)

where Qi j is the trace-free part of the quadrupole moment. For a binary
system where we assume that the distance between the bodies is large com-
pared to their size, the energy-loss from quadrupole gravitational radiation
is given by (4.52). The resulting decrease in orbital period can be found
from Kepler’s 3rd law:

1

P

dP

dt
� �3

2

1

E

dE

dt
. (5.13)
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Nearly every alternative metric theory of gravity predicts the presence of
other multipole contributions in addition to quadrupole radiation, first and
foremost dipole radiation. For binary systems, this has two important ef-
fects on the energy-loss formula; a modification of the numerical coeffi-
cients plus generation of an additional term produced by dipole moments.
This term depends on the self-gravitational binding energy of the stars in
the binary. The resulting energy-loss formula may be written in a form that
contains dimensionless parameters whose values depends upon the the-
ory we study. These parameters (often called PM-parameters [20, 30]) are
named κ and κD. The first one corresponds to the (modified) quadrupole
contribution to the gravitational radiation, while the latter parameter refers
to the dipole contribution. Schematically, the dipole energy-loss formula
can be written ��dE

dt



dipole

� G

3
κDx :d j

:d jy, (5.14)

where d j are the dipole-moment components of the self-gravitational bind-
ing energyΩa of the bodies, now given by

d j �
a̧

Ωaxa
j . (5.15)

For a binary system, the resulting total energy-loss formula becomes��dE

dt



GW

� B 8

15

µ2M2

r4

�
κv2 � 5

8
κDS

2


F
, (5.16)

where S � s1 � s2 is the difference in the sensitivities between the two
bodies. We have also put the gravitational constant equal to unity. If we
compare this equation to the quadrupole formula, (5.10), we see that in
general relativity, κ � 12, while κD � 0, as expected since we don’t get any
dipole contribution here.
So let us now calculate these parameters for Brans-Dicke theory. Through-
out this calculation, I will use geometrized units, i.e. I will keep the gravit-
ational constant G � 1. I have followed calculations given in [30].
Like in general relativity, we start out by linearizing the field equations,
which are given by

Rµν � 1

2
gµνR � �8π

φ



Tµν ��ωBD

φ2


 pφ ,µφ ,ν � 1

2
gµνφ ,αφ

,αq� 1

φ
pφ;µν � gµν2φq, (5.17)

and

2φ � 8πT

3� 2ωBD
. (5.18)
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We look at small perturbations in the metric and the scalar field:

gµν � ηµν � hµν , φ � φ0 �ϕ,

θµν � hµν � 1

2
hηµν � pϕ{φ0qηµν , (5.19)

where hµν are, as we remember, small metric perturbations in Minkowskian
spacetime and whereϕ are scalar perturbations,ϕ ! φ0. Defining

φ0 � 4� 2ωBDp3� 2ωBDqG
gives us that GR is reproduced in the limitωBD Ñ8 which implies
φ0 Ñ 1{G. Further, we choose a gauge in which

θµν,ν � 0. (5.20)

Then, we can write the reduced field equations on the form

2θµν � �16πτµν , 2ϕ � �16πS, (5.21)

where
τµν � φ�1

0 pTµν � tµνq, τµν,ν � 0,

and where

S � � 1

6� 4ωBD
T

�
1� 1

2
θ�ϕ{φ0


� 1

16π
pϕ,µνθ

µν �φ�1
0 ϕ,µϕ

,µq (5.22)

is the source of scalar perturbations. T is still the contracted energy-momentum
tensor given by T � gµνTµν. The quantity tµν is a function of quadratic and
higher order terms in θµν andϕ.
The reduced field equations can be solved in the far zone (where the dis-
tance from the source to the field point, R, is much larger than size of the
source, r) like we did in GR, and we find the retarded integral expressions

θµν � 4

R

8̧
m�0

p1{m!q� BBt


m »
τµνpt� R, r1qpn̂ � r1qm d3x1, (5.23)

ϕ � 4

R

8̧
m�0

p1{m!q� BBt


m »
Spt� R, r1qpn̂ � r1qm d3x1, (5.24)

where n̂ � r{|r|. Because of the conservation law, τµν,ν � 0, the spatial com-
ponents θi j can be re-expressed as second time-derivatives of quadrupole
moments, as in general relativity:

θi j � 4

R

»
τ i jd3x1 � 2

R

d2

dt2

»
τ00xi1x j1 d3x1. (5.25)
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We insert

τ00 � 1

2
p1�γqρ (5.26)

using the lowest quadrupole order, and get

θi j � p1�γqR�1 d2

dt2
a̧

maxi
ax

j
a, (5.27)

whereγ is a so-called PPN-parameter (PPN = parametrized post-Newtonian)
given by

γ � 1�ωBD

2�ωBD
.

This parameter comes into our equations from use of the post-Newtonian
metric outlined and given in [30]. We see then that θi j do not contribute
any dipole terms. Specialized to a two-body system, eq. (5.27) yields

θi j � 2µp1�γq
R

�
viv j � G12Mxix j

r3



, (5.28)

where (still in geometrized units)

G12 � 1�ξps1 � s2 � 2s1s2q, ξ � p2�ωBDq�1. (5.29)

The source of scalar perturbations, S, does lead to dipole terms. To the low-
est post-Newtonian order, S can be written as

S � � 1

6� 4ωBD
T

�
1� 1

2
θ�ϕ{φ0


� ρ

6� 4ωBD

�
1�Π� 3p

ρ
� 1� 2ωBD

2�ωBD
Φ

�
(5.30)

where Π is the specific energy density, i.e. the ratio of energy density to rest
mass density, and Φ is the Newtonian potential produced by a rest mass
density ρ,

Φpx, tq � » ρpx1, tq|x� x1|d3x1.
Substituted into the integral expression (5.24) we find, for a binary orbit
(more detailed outline given in [30])

ϕ � �p1�γqφ0
µ

R

�
v2 � pn � vq2 � M

r
� M

r3
pn � xq2 � 2Spn � vq� , (5.31)

where sa is defined by eq. (5.8). Substituting the final expressions for θi j

andϕ into the energy-flux formula

dE

dt
� �� R2

32π



φ0

» rθkl
TT,0θ

kl
TT,0 � p4ωBD � 6qφ�2

0 ϕ ,0ϕ ,0s dΩ (5.32)
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where the subscript TT denotes TT-gauge, we obtain the energy-loss for-
mula, eq. (5.16), with

κ � 12� 5

2�ωBD
,

κD � 2

2�ωBD
. (5.33)

Here we see the mentioned corrections of order Opω�1
BDq of the quadrupole

contribution.
We can now find the rate of change in orbital period by looking at the av-
erage over one orbit and using the Keplerian relations

E � �1

2

GµM

a
,

J � µrGMap1� e2qs1{2,

P{2π � �
a3

GM


1{2 � � M

m3
1m3

2



J3G�2p1� e2q�3{2, (5.34)

where we have replaced the orbital radius r with the semi-major axis a (i.e.
we generalize the orbit to be elliptical) and where J is the orbital angular
momentum and e the eccentricity of the orbit. The resulting rate of change
in orbital period ( 9P{P � � 3

2
9E{E) becomes9P

P
� �96

5

µM2

a4
Fpeq � G2µM

a3
κDS

2Gpeq, (5.35)

where

Fpeq � 1

12
p1� e2q�7{2�1� 7

2
e2 � 1

2
e4



,

Gpeq � p1� e2q�5{2�1� 1

2
e2



(5.36)

are geometric corrections.

5.3.2 Example: Period decay in neutron star-white dwarf system

Let us apply these formulas to a two-body system and find how much the
dipole contributes to the energy-loss and the period decay. However, it
is not favourable to use the Hulse-Taylor pulsar as an example here since
the dipole effect will be suppressed in a system where the masses of the
two bodies are nearly equal. Rather, we will consider the known pulsar-
white dwarf binary system PSR J1141-6545 [31]. Some important data of
the system:
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pulsar mass Mns � 1.27� 0.01 M� ,

companion mass Mwd � 1.02� 0.01 M� ,

semimajor axis a � 1 310 000 km, (5.37)

eccentricity e � 0.171884,

binary orbit period P � 0.19765 d.

The energy-loss formula in Brans-Dicke theory for a binary system in an
elliptical orbit is given by

dE

dt
� � 8

15

G3

c3

µ2 M2

a4

�
GM

c2a
κFpeq � 5

8
κDS

2Fpeq
 , (5.38)

whereκ and κD are given by (5.33) and where we have re-inserted c and let
G � G. From this we found the period decay,9P

P
� �96

5

G3

c5

µM2

a4
κFpeq � G2

c3

µM

a3
κDS

2Gpeq. (5.39)

As mentioned, the latest constraint on the Brans-Dicke coupling parameter
reads ωBD ¥ 40 000, which is the value we will use in these calculations.
Sensitivities of neutron stars are given in [28] for a range of masses. In
this example we get sns � 0.26, choosing the soft equation of state. We
assume further that the sensitivity of the white dwarf is sufficiently small
to let S � sns. Then we have the numbers we need and put them into our
equations. The results are

dE

dt
� �1.8� 1024 J{s,

dP

dt
� �4.1� 10�13 s{s.

Even more interesting would it be to look at the dipole contribution to these
numbers compared to the quadrupole contribution. The latter will be sim-
ilar to what is found in standard GR, since ωBD is relatively large. The
results are summarized in table 4.1.
So given the current bound on ωBD, the dipole contribution is of order
10 times smaller than the quadrupole, but the dipole effect should still be
measurable in a sufficiently asymmetric system. If we had usedωBD � 103,
the dipole contribution would have been at the same order of magnitude
as the quadrupole.
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Parameters Total Quadr. contrib. Dipole contrib.
Dipole
Quadr.

-dE/dt (J/s) 1.8 �1024 1.7 �1024 1.2 �1023 0.07
dP/dt (s/s) -4.1 �10�13 -3.9 �10�13 -2.3 �10�14 0.06

Table 5.1: Energy loss and period decay for the binary system PSR J1141-
6545 withωBD � 40 000.

5.4 Summary

It’s time again to give a summary of the chapter, and I will also give a short
discussion on the outlooks of the Brans-Dicke theory.

• Brans-Dicke theory was the first scalar-tensor theory. It was made in
order to be a gravitational theory which fully incorporated Mach’s
principle. To achieve this, an effective gravitational constant depend-
ent on a scalar fieldφ is introduced.

• The scalar field cause a modification of the effective mass of bodies, a
modification which is parametrized by a so-called sensitivity, defined
by eq. (5.8).

• Brans-Dicke theory, like all scalar-tensor theories, predicts dipole grav-
itational radiation. The dipole contribution arises from the reduced
scalar wave equation, and is given by��dE

dt



dipole

� G

3

M2µ2

r4
κDS

2

for a two-body system with total mass M and reduced mass µ in a
circular orbit with radius r.

• Neutron star-white dwarf systems are better testing grounds for Brans-
Dicke theory than the binary pulsar, since the former will give a larger
dipole contribtuion due to a larger difference in sensitivity.

As new tests of gravity in the solar system have raised the lower limit of
the Brans-Dicke coupling constant during the last decades, the difference
between Brans-Dicke theory and GR has become harder to measure. Thus
the BD-theory may seem to have become somewhat superfluous, and it
represents a minor viewpoint in physics today. Concerning Mach’s prin-
ciple, there are different interpretations of what the principle really means
and whether or not it is incorporated in GR (Brans and Dicke obviously
meant it was not).



Chapter 6

Gravitational waves in
chameleon field theory

As stated in the introduction of the thesis, we can interpret the chameleon
field theory as a scalar-tensor theory, since the chameleon is a scalar field
which couples (non-minimally) to matter. As we have discussed, the chameleon
field physically plays a different role than the scalar field of Brans-Dicke
theory, since it is supposed to be a model for dark energy.
In the last chapter we saw that scalar-tensor theories predict dipole gravit-
ational radiation. I will start this final chapter by showing that this is the
case by using a very simple classical approximation.

6.1 Newtonian approximation

Let us consider a scalar field, φ, that is coupled to matter and varying as a
function of space and time. Let the effective mass of a particle be given by

m � m0e�αφ, φ � φprq, (6.1)

where α is some coupling constant and where r is time dependent. We
start by taking a new look at the equations for dipole radiation that we
considered in section 4.5. We had that the gravitational dipole moment
was given by

d j �
A̧

mAxA
j .

Since the mass no longer is constant in time (because ofφ), the time deriv-
ative of the dipole moment will get some extra terms:9d j �

A̧

p 9mAxA
j �mA 9xA

j q, (6.2)

75
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where we recognize the last term as the momentum of the Ath particle, and
where we have that 9mA � �α 9φmA

0 e�αφ. (6.3)

Conservation of momentum will now give us

A̧

9pA
j �

A̧

p 9mA 9xA
j �mA:xA

j q � 0. (6.4)

Thus, the second time derivative of the dipole-moment is given by:d j �
A̧

p :mAxA
j � 9mA 9xA

j q. (6.5)

We see that since :d j is nonzero, we get a dipole contribution to the gravita-
tional radiation.
However, we can easily see that the “mass magnetic” dipole moment, which
is given by

µ � 1

c
A̧

xA � pmA 9xAq � 1

c
A̧

jA ,

will still be zero, as in the standard case.
We will later in this chapter argue that the quadrupole part of the energy-
loss formula will be equal to what we found in general relativity.
In analogy to the Larmor formula, we assume that the energy-loss from
dipole gravitational radiation is given by��dE

dt



dipole

� 2

3

G

c3
x :d j

:d jy. (6.6)

We will now try to find an approximate expression for the dipole energy-
loss from a binary system (independent of what we found in the last chapter).
Let us again consider the bodies as point masses in a circular orbit with ra-
dius r and rotating with an angular frequency Ω. The gravitational dipole
moment goes as

d � mr,

where m is some mass scale, it can be e.g., the reduced mass or the total
mass of the system. However, we will here just try to find a dimensional
approximation. Assuming the orbit to be in the xy-plane, the components
goes as

dx � mr cosΩt,

dy � mr sinΩt.

We assume the change in orbital radius dr{dt to be neglible compared to
the orbital velocity, so we keep r constant when taking the time derivative
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of the dipole moment. Thus, the masses of the bodies also will be constant.
We find :dx � �mrΩ2 cosΩt,:dy � �mrΩ2 sinΩt.

Inserting this into (6.6), taking the time average and using

Ω � �GM

r3


1{2
we get ��dE

dt



dipole

� 2

3

G3

c3

m2M2

r4
. (6.7)

From this crude approximation we see that we get something pretty sim-
ilar to the dipole formula in Brans-Dicke theory, except for the factor κDS

2.
If we take these factors out of consideration for now and compare the di-
pole formula to the quadrupole formula (4.52), we see that the latter is sup-

pressed by a factor GM
rc2 � v2

orb

c2 in comparison to the dipole formula. So if we
have no suppression-factors, we should actually expect the dipole contri-
bution to dominate over the quadrupole.

6.2 Derivation of energy-loss formula

In this section I was supposed to linearize Einstein’s field equations in the
presence of a chameleon field and further go on to solve it and find the
energy-loss formula for gravitational waves in chameleon theory. Unfortu-
nately, this proved to be too hard, and I had to find an easier approach (as
we will see in the next section).
However, I will here show how far I came doing it the “hard way”, and
leave the rest as a problem for you readers to solve!

6.2.1 Linearization

As always, to find the behaviour of gravitational waves, the first step is to
linearize the field equations. In chapter 3, we derived the field equations in
the presence of a chameleon field and found

Rµν � 1

2
gµνR � 8πG

�
Tµν �φ ,µφ ,ν � gµν

�
1

2
φ,µφ

,µ �Vpφq
� ,

where I have written out the full expression for T
pφq
µν .

We also need the chameleon equation of motion,

2φ � V,φpφq � β

MPl
ρ,
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where we have used that βφ{MPl ! 1.
For simplicity, we assume that perturbations in φ are neglible in the weak
field limit and thus we have thatϕ � δφ � 0. Thus, our only perturbations
are in the metric, i.e. gµν � ηµν � hµν.
By multiplying with ηαµ on both sides of the Einstein equation, the Einstein-
tensor and the ordinary energy-momentum tensor will get one of their in-
dices raised. Thus, we find

Gαν � 8πG

�
Tαν �φ ,αφ ,ν � δαν �1

2
φ,µφ

,µ �Vpφq
�� 8πGpTαν � T
αpφq
ν q. (6.8)

The derivation of the reduced field equations should then be no different
from the standard case outlined in chapter 4. We end up with

2h̄µν � �16πGpTµν � T
µpφq
ν q. (6.9)

So our reduced field equations are on the same form as in general relativity,
but with an additional source term for the scalar field. Our next step is to
try to find a solution of the chameleon equation of motion to insert forφ in

the expression for T
pφq
µν in the reduced field equation. To (hopefully) make

it easier to solve this equation, I tried concretize things a bit. I chose a
potential given by

Vpφq � φ�4 (6.10)

and rewrote

2 Ñ � B2Bt2
�∇2.

This gives �� B2Bt2
�∇2



φ � 4φ�5 � β

MPl
ρ. (6.11)

But, as it turned out, I was not able to solve this equation. I also saw that,
if I had found a solution (which would probably look very nasty) I would
still have a very long way to go to find the energy-loss formula. So, I ended
up using an easier approach, by looking back at the first section of this
chapter...



6.3. DERIVATION OF ENERGY LOSS FORMULA - SIMPLIFIED MODEL79

6.3 Derivation of energy loss formula - simplified model

6.3.1 Quadrupole gravitational radiation

So let us go back to our Newtonian model where we assumed that the mass
of a particle or a body was explicitly dependent of the scalar fieldφ:

mpφq � m0e�αφ.

From this, we will try to find an expression for the energy loss formula
for gravitational waves in chameleon theory. Which deviations from the
standard GR formula should we expect? As we saw in the first section of
this chapter, dipole gravitational radiation is a direct consequence of the
mass being dependent of a time-varying scalar field. But what about the
quadrupole contribution; will this be affected? The general formula for
quadrupole gravitational radiation is given by��dE

dt



quadrupole

� G

5c5
x ;Qi j

;Qi jy,
where we have re-inserted c. For a binary system, the components are
given by (3.105)-(3.107). We see that, as long as we assume that the factor
mir

2
i = const. (like we did in the derivation in chapter 4) there is no reason

that the quadrupole expression should be any different from the GR case,
and thus we assume that the quadrupole radiation for a binary system is
still given by ��dE

dt



quadrupole

� 32

5

G4

c5

M3µ2

r5
, (6.12)

assuming a circular orbit with radius r. We can then assume that the only
deviation from GR we will get is a dipole contribution, for which we de-
rived an expression, eq. (6.7), in the first section. Of course, this is a rather
crude expression, especially for two reasons: 1) We did not say anything
about the properties of our scalar field or its matter coupling α, and, 2)
according to the dipole-expression in Brans-Dicke theory, it should con-
tain a sensitivity-factor, representing a gravitational “charge”, such that
the dipole-contribution is exactly zero if the masses in the binary system
are equal.

6.3.2 Gravitational charge and EP-violation

Common for all scalar-tensor theories of gravity is that the (time varying)
scalar field works as an additional gravitational field (in addition to the
metric field) and leads to a gravitational “charge”. In Brans-Dicke theory
we saw that this charge caused a dipole contribution to the gravitational
radiation. I want to stress that the dipole contribution comes from the
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(reduced) scalar wave equation, while the quadrupole contribution comes
from the ordinary reduced field equations (in other words; the “quadru-
pole waves” are perturbations in the metric, while the “dipole waves” are
scalar perturbations). So, in order to have any dipole gravitational radi-
ation, there must exist a specific gravitational charge for each object. So,
in our model, we let the gravitational charge of a body be represented by
the product of its sensitivity and its mass. We then write the (scalar) dipole
moment as

dipsq �
a̧

masari
a, (6.13)

so according to the electric dipole moment, we have just replaced the elec-
tric charge qa with the gravitational charge masa (see [32]). As we remem-
ber, the sensitivity of body a can be written as

sa � �d ln mapφq
dφ

,

which will give us sa � α when ma is given by (6.1), so the sensitivity in
this case is equal to the coupling strength of the scalar field to matter.
Since we assume that the mass is dependent on the scalar field, we clearly
have a violation of the equivalence principle, since the mass then also de-
pends on location. We have also seen that dipole gravitational radiation
is a result of a field-dependent mass. So the dipole radiation should then
be a measure of EP-violations hence of deviations from GR. This reasoning
may give us an idea of how large dipole contribution we should expect in
chameleon field theory. Because of the thin shell effect, we have seen that
the chameleon force, and thus, EP-violations can be largely suppressed for
compact objects. Thus, we may anticipate a rather small dipole contribu-
tion to the gravitational radiation in chameleon theory, and thus expect a
total energy loss pretty close to that found in GR. So let us work out our
model further and then try to find an expression for the energy loss and
period decay of a binary system.

6.3.3 The effective coupling constant

First, let’s consider the coupling constant, α. Generally the coupling con-
stant represents the strength of the coupling of the scalar field to matter.
In chameleon theory it is given by β, which we have assumed is constant
and of order 1. But, since we are considering massive, compact objects, it is
convenient to replace β with the effective coupling (see [11]), βe f f , given by

βe f f � 3β

�
∆Ra

Ra



, (6.14)

where ∆Ra is the thickness of the thin shell of body a. This is reason-
able because these objects have thin shells which effectively suppress the
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chameleon force. We see that for bodies with no thin shell, βe f f will ap-
proach the ordinary coupling constant β. From chapter 3, we remember
that the thin shell condition was given by

∆Ra

Ra
� φb �φa

6βMPlΦa
! 1, (6.15)

where φb is the chameleon field value in the far background, φa is the in-
terior value (inside a compact body), and Φa is the gravitational potential
of the body.
This means that each body will have different effective chameleon-to-matter
couplings, and as we will see, this is required in our model in order to have
a non-zero dipole contribution to the energy loss formula. If this had not
been the case, each body would have equal sensitivities in our model, and
there would be no difference in the gravitational charge, and thus no di-
pole contribution (however, keep in mind that we still assume the ordinary
coupling β to be the same for all matter species).

6.3.4 Dipole gravitational radiation

Our next step is to derive the expression for the energy loss in form of
dipole gravitational radiation from a binary system. The general energy-
loss expression is already known to us;��dE

dt



dipole

� 2

3

G

c3
x :dipsq :dipsqy. (6.16)

The total dipole moment of a binary system with masses m1 and m2, sens-
itivities s1 and s2 with distances r1 and r2 to their common center of mass,
is given by

d � m1s1r1 �m2s2r2. (6.17)

Choosing the common center of mass as origin, the components of the di-
pole moment are given by

dx � pm1s1r1 �m2s2r2q cosΩt,

dy � pm1s1r1 �m2s2r2q sinΩt. (6.18)

Using the relation (4.46), we can write this in terms of the reduced mass µ:

dx � µrps1 � s2q cosΩt,

dy � µrps1 � s2q sinΩt, (6.19)

where r � r1 � r2 is the distance between the two bodies. Ω is still the
angular velocity of the system, given by

Ω � �GM

r3


1{2
,
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and M � m1 �m2 the total mass.
Then we calculate the second time derivatives of the dipole components.
Still assuming (for simplicity) the factor µr to be constant under derivation,
we get1 :dx � �µrps1 � s2qΩ2 cosΩt,:dy � �µrps1 � s2qΩ2 sinΩt. (6.20)

Taking the time averages, we findxp :dx
:dx � :dy

:dy � 2 :dx
:dyqy � µ2r2Ω4ps1 � s2q2. (6.21)

Inserting this into eq. (6.16) and rewriting Ω gives us��dE

dt



dipole

� 2

3

G3

c3

µ2M2

r4
ps1 � s2q2. (6.22)

Finally, we insert for the sensitivities, and we get the dipole energy-loss
formula in chameleon theory (at least in our model):��dE

dt



dipole

� 2β2 G3

c3

µ2 M2

r4

�
∆R1

R1
� ∆R2

R2


2

. (6.23)

Combining this with the quadrupole formula, eq. (6.12), we find the total
energy loss formula for a binary system in a circular orbit:��dE

dt



GW

� 2
G3

c3

µ2M2

r4

�
16

5

v2

c2
�β2

�
∆R1

R1
� ∆R2

R2


2
�

, (6.24)

where v2 � GM
r is the orbital velocity.

Then we can go on to find the period decay of the system by using the
Keplerian relations 9P

P
� �3

2

9E
E

, P � 2π

�
r3

GM


1{2
(6.25)

and remembering that the total energy of the system is given by

E � �1

2

GµM

r
.

This will give us9P
P
� �96

5

G3

c5

µM2

r4
� 6

G2

c3

µM

r3
β2

�
∆R1

R1
� ∆R2

R2


2

, (6.26)

1This should be a valid approximation since the orbital velocity is much larger than the
radial velocity. And, assuming a homogeneous background, we should get no change in
the field value of the chameleon field, and thus the effective mass remains constant.
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where the first and second term represents the quadrupole and the dipole
contribution respectively. Note that this equation is valid for circular orbits
only. Though, when we are working with systems like the binary pulsar
or e.g., a neutron star-white dwarf system, the orbits are often elliptical
and with high eccentricities (like the Hulse-Taylor binary). Thus we need
to multiply geometric corrections like we did in the GR- and in the Brans-
Dicke cases, and we have to replace the circular orbit r with the semi-major
axis a; 9P

P
� �96

5

G3

c5

µM2

a4
f peq � 6

G2

c3

µM

a3
β2

�
∆R1

R1
� ∆R2

R2


2

gpeq� �6
G2

c3

µM

a3

�
16

5

G

c2

M

a
f peq �β2

�
∆R1

R1
� ∆R2

R2


2

gpeq� . (6.27)

In the quadrupole term it should be reasonable to assume that the eccentricity-
factor f peq is the same as the Peters-Mathews result [20] which we used in
the Hulse-Taylor example,

f peq � 1� 73
24 e2 � 37

96 e4p1� e2q7{2 . (6.28)

We also let gpeq be the same as what is used in the Brans-Dicke case;

gpeq � 1� 1
2 e2p1� e2q5{2 . (6.29)

6.3.5 Results

Finally, let us apply these expressions on the binary systems we have con-
sidered earlier. Like in Brans-Dicke theory we anticipate to get larger dipole
contributions from more asymmetric systems. So we re-visit the binary sys-
tem PSR J1141-6545, consisting of a pulsar (neutron star) and a companion
white dwarf, which we studied in chapter 5. In Brans-Dicke theory we
found that the dipole contribution to the energy loss and the period decay
was of order 10 smaller than the quadrupole contribution when using the
most current constraint on the BD coupling parameter.
In chameleon theory we will as earlier operate with the coupling constant
β equal to unity. Then we need to find the relative thickness of the thin
shell of a neutron star and of a white dwarf to find the effective coupling
and thus, how much the dipole radiation is suppressed. The thin shell ex-
pression is given by (6.15). The scalar field values are given by the field
value in the minimum of the effective potential. Choosing the power-law
potential

Vpφq � M4�nφ�n
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we find

φc � �nM4�nMPl

βρc


 1
n�1

, (6.30)

with M � 1 mm�1 corresponding to the energy scale associated with dark
energy. However, we will see that it may not be necessary to calculate these
field values to find our thin shell constraints. In chapter 3 we considered
the thin shell condition for the Earth and found the constraint

∆RC
RC   10�7.

From (6.15) we see that ∆Rc{Rc 9 Φ�1
c . We have that the dimensionless

gravitational potential for a (spherical symmetric) body with mass Mc and
radius Rc is given by

Φc � GMc

Rcc2
, (6.31)

which for the Earth gives ΦC � 10�9. So by calculating the gravitational
potential for a typical white dwarf and for a neutron star, and compare this
with that of the Earth, we can find constraints on the thin shell thicknesses.
The neutron star in our system has a mass of Mns � 1.27 M� , while a
typical radius Rns of a neutron star is of order 10 km. This will then give us

Φns � 6.67� 10�11Nm2 kg�2 � 1.27 M�
104 m� p3.0� 108 ms�1q2

� 0.2 ,

which is of order 108 larger than the gravitational potential on Earth. Ac-
cording to (6.15) we should then assume a relative thickness of the thin
shell of

∆Rns{Rns   10�15.

For the white dwarf we have Mwd � 1.02 M� which should give a radius
of Rwd � 5000 km. The gravitational potential then becomes

Φwd � 3� 10�4.

This is of order 105 larger than ΦC which in turn should give

∆Rwd{Rwd   10�12.

But what about the chameleon field values? Neutron stars and white dwarfs
are very dense objects and since (according to (6.30)) the background field
value should be much larger than the interior field value, we can put
φb �φc � φb (the density inside a neutron star is of order 1035 � 1040 larger
than in the background, which for n � 4 will give a background field value
φb of order 107 to 108 larger than the field valueφc inside the neutron star).
Anyway, the main point is that this will not give us any lighter constraints
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on the thin shell thicknesses. So if we assume the background density to be
ρb � ρG � 10�21 kg/m3, i.e. the same as in our galactic neighbourhood (see
chapter 3), we can keep our approximations of the thin shell constraints for
the neutron star and the white dwarf that we found above.
Then, at last, we can go on to calculate the energy loss and the period decay
of our system. If we choose the lightest constraints that we found, we see
that ∆Rwd{Rwd � 10�12 is of order 103 larger than ∆Rns{Rns, and thus we
choose to neglect the latter term in our calculations. The energy loss and
the period decay is then given by��dE

dt
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� 2
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µ2 M2

a4

�
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G
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a
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gpeq� , (6.32)9P
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a
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gpeq� . (6.33)

The orbital eccentricity of our system is e � 0.17, which gives, when inser-
ted in (6.28) and (6.29), f peq � 1.2 and gpeq � 1.1. Then we insert the rest
of the numbers we need from the table (5.37) and compare the quadrupole
and the dipole contribution, that is, the two terms in the bracket paren-
theses in the energy loss- and the period decay expressions. We find that
the quadrupole contribution is

16

5

G

c2

M

a
f peq � 10�5,

while the dipole contribution becomes

β2

�
∆Rwd

Rwd


2

gpeq � 10�24,

that is, a factor 1019 smaller than the quadrupole contribution. Thus, we
can conclude that the period decay from this system will be essentially the
same in chameleon theory as in general relativity. The period decay due
to dipole radiation will be of order 10�32 s/s, which is of course neglible
compared to the quadrupole contribution of � 10�13 s/s.
For the Hulse-Taylor binary pulsar the effect will be even less (at least about
6 orders of magnitude) since it consists of two neutron stars with almost
equal masses. We have in any case mentioned earlier that this system is not
an ideal testing ground for alternative gravitational theories.

6.4 Discussion of method and results

Our final result, which tells us that the dipole contribution is more or less
neglible, should not be very surprising from a qualitative point of view.
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Knowing that the chameleon field is a scalar field “designed” to avoid EP-
violations (at least for large compact objects) and that dipole gravitational
radiation is a consequence of EP-violation, one should expect results sim-
ilar to what we have in GR. But how about the quantitative part; how re-
liable is our simplified model? Difficult to say exactly, since we after all
don’t have the more exact calculations from solutions of the reduced field
equations. But let us take a quick review of our model and the assumptions
we have made throughout.

• We started out by assuming that the mass of a particle or a body was
explicitly dependent of the scalar field; mpφq � m0e�αφ.

• Then we let the coupling constantα be equal to the effective coupling
in chameleon field theory,

α � βe f f � 3β

�
∆Rc

Rc



,

which is reasonable as long as we consider large, compact objects.

• Further, we introduced a sensitivity, which came out to be equal to
the effective coupling. It should be mentioned that the sensitivity has
various definitions, and in Brans-Dicke theory it is defined as self-
gravitational binding energy per rest mass unit (see chapter 4). It
is often expressed as the derivative of the mass with respect to the
(effective) gravitational constant [28]. Thus the sensitivity in Brans-
Dicke theory may not be exactly physically equivalent to the one we
use in our model.

• We went on and assumed the gravitational charge to be equal to the
mass times the sensitivity, and defined the scalar dipole moment by
(6.13). And here is a critical point which was not mentioned above;
We argued that the quadrupole gravitational radiation would be no
different from that in GR. But why did we not take the sensitivity
factor into account in the quadrupole moment? To this I have two ar-
guments. First: Remember that the quadrupole energy-loss formula
is concerning metric perturbations, and what I assume is simply that
the gravitational charge only concerns scalar perturbations. The grav-
itational charge is, as mentioned, an effect caused by the scalar field,
and thus I assume that it only affects the scalar dipole- and possibly,
other multipole moments.
The second argument is that this is (approximately) what is done in
Brans-Dicke theory!

• In the rest of the calculcations I have followed standard methods from
the examples given in chapters 4 and 5.
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But although, remember that I have not found my results within a relativ-
istic framework, i.e. I haven’t solved the reduced field equations and found
a more exact expression for the gravitational radiation. I have just taken a
short cut, used classical equations and made some assumptions based on
knowledge and reasonable guesses.
So, I don’t think we should lean too heavily on these results until one has
provided the more exact solutions of the reduced field equations.
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Chapter 7

Summary and conclusion

7.1 Summary

Starting out with a presentation of the major theoretical foundation stone
of this thesis, general relativity, I went on to discuss physical cosmology
and topics like the accelerated expansion of the universe and candidates
for dark energy. The main purpose of the cosmology-chapter was to ex-
plain how components like a cosmological constant or quintessence will
cause acceleration, and further, to motivate the chameleon field theory.
But as it turned out, the main focus of the thesis came to be on general
relativity versus alternative gravitational theories (i.e. scalar-tensor theor-
ies) and their description of gravitational waves. More precisely, we have
focused on gravitational waves from binary systems as a testing ground
for scalar-tensor theories. We first reviewed results from general relativity
after presenting the concept of gravitational waves and how they appear
from Einstein’s field equations. Then we reviewed the Brans-Dicke theory
and found that its scalar field caused an extra, non-neglible, dipole con-
tribution to the gravitational radiation. Finally we studied gravitational
waves in chameleon field theory, where we ended up using a simplified
(classical) model to make an estimate on how the field affects gravitational
radiation. From simple reasoning, we argued that we also here would get a
dipole contribution. After a discussion of chameleon field-to-matter coup-
lings and EP-violations, we predicted that the dipole effect would be rather
small. And the results, summarized in a table below, shows that this is also
the case. The dipole radiation, representing deviations from the GR results,
gives only a neglible contribution to the energy loss and the period decay
of a pulsar-white dwarf system.
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Quantity Chameleon Brans-Dicke General relativity

(-dE/dt)quadr (J/s) 2.0 �1024 1.8 �105 2.0 �1024

(-dE/dt)dipole (J/s) 2.0 �105 1.2 �1023 0

(dP/dt)quadr (s/s) -3.9 �10�13 -3.9 �10�13 -3.9 �10�13

(dP/dt)dipole (s/s) -4.3 �10�32 -2.3 �10�14 0

O(Dipole/Quadrupole) 10�19 10�1 0

Table 7.1: Overview of quadrupole and dipole contribution to the energy
loss and period decay for the binary system PSR J1141-6545 in chameleon
theory, Brans-Dicke theory and general relativity.

7.2 Conclusion and outlooks

On this background, we can at last draw a conclusion:

• The extremely small effect the chameleon field cause on gravitational
radiation from binary systems indicates that such systems are not able
to put any constraints on chameleon fields, that is, binary systems are
bad testing grounds for chameleon theories.

According to our model, the dipole effect caused by the chameleon field
is strongly suppressed by the thin shell. This, and possibly, the way the
chameleon field is coupled to matter may cause the field to play a more
passive role in gravitational radiation than the Brans-Dicke scalar field,
which is directly coupled to the Ricci scalar.
So given that dipole gravitational radiation is the only existing trace of the
chameleon when studying gravitational waves, we should rather consider
other testing grounds. This can in a sense be looked upon as unfortunate,
since gravitational waves cannot give us any further info or constraints on
chameleon theories. On the other hand, there are already many known fu-
ture tests of gravity that will give us more knowledge, among others the
mentioned experiments STEP and GG.
To state my own opinion, I think that of course it would have been a bit
funny if it had turned out that chameleon fields play a more significant role
in gravitational radiation. But, as I stated in the last chapter, I’m not very
surprised that the results turned out as they did. I would have been way
more sceptical if I had found the dipole contribution to be very large, not to
say dominant, on the background of what I have learned about the proper-
ties of chameleon fields and, in particular, the thin shell effect.
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Anyway, to get the final answer, two discoveries have to be made first;
chameleon fields and gravitational waves.
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