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CHAPTER 1

Introduction

The most widely used model for fluid flows under the influence of gravity is the
shallow water system

hy + (hu)y + (hv), =0,

1
(hu); + <hu2 + 29h2) + (huv), =0,
xr

(1.1)

1
(hv) + (huv), + (hv2 + 2ghQ> =0,
y

where h is the height of the water column, g is the gravitational constant and u and
v are velocity in the x- and y-directions, respectively. This system of equations has
applications in weather simulations, tidal waves, river and irrigation flows, tsunami
prediction and more [2, 25]. The system is an example of a hyperbolic conservation
law; others include the Buckley-Leverett equation of reservoir flow, the magneto-
hydrodynamic equations of plasma physics and the Euler equations of gas dynamics.
In most cases these are nonlinear and highly nontrivial to solve analytically, and as
such, numerical methods must be applied to obtain approximate solutions. Due to
the nonlinear nature of conservation laws, stability results of numerical methods are
hard to obtain. Much work was done to this end in the 1980’s by Osher, Harten,
Lax and Tadmor, among others. Of the most fundamental concepts developed
was that of entropy preservation and entropy stability. By asserting that schemes
satisfy certain entropy inequalities, one obtains stability estimates and convergence
towards the “correct” solution. In the case of the shallow water equations, the
relevant entropy is the energy of the solution.

The main part of this thesis focuses on energy preserving and energy stable
schemes for the shallow water equations. We develop a novel energy preserving,
second-order accurate scheme that is very simple to implement, is computationally
cheap and is stable compared to other existing energy preserving schemes [11]. To
allow for a correct dissipation of energy in the vicinity of shocks, a novel numerical
diffusion operator of the Roe type [31, 32] is designed. The energy preserving
scheme, together with this diffusion operator, gives an energy stable scheme for the
shallow water system. We apply a standard reconstruction procedure to obtain a
second-order accurate scheme.

In the presence of a varying bottom topography, appropriate source terms must
be added to the shallow water system. This gives the non-homogeneous set of
equations

he + (hu)y + (hv), =0,

(hu)¢ + (hu2 + ;gh2> + (huv),

x

- hba:v
(1.2) g

1
(hv)¢ + (huv), + (hv2 + 29h2> = —ghb,,
y

e
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where b = b(z,y) gives the elevation of the bottom from some absolute level. An
important point of study for non-homogeneous conservation laws such as the above
are steady states, solutions that are constant in time. The most natural steady state
for (1.2) is the lake at rest, where there is no flow at all. More general, moving
steady states also exist. As many interesting flows are merely perturbations of a
steady state, the ability of numerical methods for correctly computing steady states
is essential. Such schemes are called well-balanced, since the early works of LeRoux
and coworkers [16]. With a compatible discretization of the source term in (1.2), we
found that both our energy preserving and energy stable schemes are well-balanced
[12].

In addition to well-balanced energy preserving and energy stable schemes, we
consider a method for controlling vorticity errors in numerical approximations of
the shallow water equations. The new method shows promise in problems where
there is a strong interaction between the flow in the z— and y—directions [13]. A
similar approach has been considered earlier in the case of the Euler equations by
Ismail and Roe [20].

This thesis is organized as follows. In the rest of the present chapter we derive
the shallow water equations from basic principles. We review some theory on hy-
perbolic conservation laws, and in Section 1.3 we give a short introduction to finite
volume methods.

Chapter 2 details the construction of our new energy preserving and energy
stable schemes. These are compared with other schemes in a number of numerical
experiments. We also derive a second-order accurate version of the energy stable
scheme. In Chapter 3, we investigate the well-balancing properties of the new
schemes.

In Chapter 4, we derive a scheme for the correct prediction of flows with strong
vortical forces.

All numerical methods presented in this thesis have been implemented in C++
using the linear algebra library Blitz+4-. The source code can be downloaded from
http://folk.uio.no/ulriksf/solver.zip.
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1.1. The shallow water equations

We model the flow of a fluid for which the depth is relatively small compared
to the length scales, as is illustrated in Figure 1.1(b). If the variation in, say, the
y-direction is small, then the problem is essentially one-dimensional, as in Figure
1.1(a). First, we derive the one-dimensional shallow water equations, and then
provide the generalization to two spatial dimensions.

T
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(a) One-dimensional (b) Two-dimensional
FiGure 1.1. Intersection of fluid profile.

Since the height of the fluid is small, we may assume that the velocity of the
fluid is constant in the vertical direction, u(zx,z,t) = u(x,t). Furthermore, we
assume that the density p of the fluid is constant. The mass of the fluid over an
interval [z1, z2] is given by

To h(z,t) To
/ / p dzdx = / ph(z,t) dz.
x1 0 T

If there is no creation or destruction of mass, then this quantity can only change
due to fluid flow through the boundary of the interval. Denoting the rate of flow,
the fluz, over a point x by f(x,t), then this means that
d [*
(1.3) = ph(z,t) de = f(x1,t) — f(z2,t).
x1

Since the fluid is transported, or advected, along the velocity field, the flux over a
point z is given by the mass density times the velocity. Thus,

h(z,t)
flz,t) = /0 p dz - u(z,t) = ph(x, t)u(z,t).

If h and u are differentiable functions of x and ¢, then (1.3) can be written as

/;2 phy(x,t) do = — /gp2 p(hu)y(z,t) de.

1 1

(We use the notational convention h; = %, h, = %, etc.) Since z1 and x5 were

arbitrarily chosen, this implies that

which we refer to as conservation of mass. We say that h is a conserved variable.
Momentum is also advected by the velocity u, so the flux of momentum due to
advection is

(phu) - u = phu?.
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In addition to advection, momentum is affected by the pressure p in the fluid.
Therefore the flux of momentum past a point z is

f(a,t) = ph(z, hu(z, t)* + p(z, ).
By the assumption of hydrostatic balance, the pressure at a point (z, z) is simply the

force of gravity exerted upon the water above that point. Thus, the total amount
of pressure above z is

h(:mt) 1
p(z,1) :/ pg(h(z,t) = 2) dz = ipgh(:c,t)2~
0
Assuming differentiability as before, we get conservation of momentum
1
(hu); + (2gh2 + hu2> =0.

Combining this with (1.4), we obtain the one-dimensional shallow water equations
ht + (hu)z =0,

(hu)y + <;gh2 + hu2> =0.

T

(1.5)

We will always assume that h is positive, as negative height is meaningless. Actu-
ally, it may be shown that if h is nonnegative at the initial time, then it will stay
nonnegative at all times.

The derivation of (1.5) can be generalized to the two-dimensional setup seen in
Figure 1.1(b). We only give the derivation of conservation of mass. Let W C R? be
any open, connected set. Then the rate of change of mass over W exactly balances
the flux through the boundary OW. Thus, denoting the flux over a point x € R?
by f(x,t) = (f(x,t), g(x,t)), we have

%/th(xj) dX:—/ f(x,t) - v dS(x),

oW

where v = (v*,v¥) is the unit normal vector on OW. Integrating by parts, this
identity is equivalent to

d
G [oonoxtyax == [ fuxt) +g,6x,0) dS00).
dt Jw w
Since W was arbitrary, this implies that

phy + fo +9y=0.

As for the one-dimensional setup, mass is advected with the fluid, so writing u =
(u,v) for the velocity field, we have f = phu. Thus,

hi + (hu)y + (hv)y = 0.
Applying a similar argument to the momentum in each direction, we obtain the
two-dimensional shallow water system (1.1).
1.2. Conservation laws

The flux function of the one-dimensional shallow water equations (1.5) depends
on x and t only through h and u. Hence, the system can be written more compactly
as a conservation law [19], which in general is of the form

(1.6) Ui+ f(U), =0 for x € R and ¢t > 0.

The solution U = U(z,t) : Rx[0,00) — R™ is referred to as the conserved variables.
In the case of the shallow water equations (1.5), we have U = [h, hu] " and

hu
f(U) = [égh2 + hu2:| :
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Integrating the conservation law (1.6) over an interval (z1, z2), we see that the
total amount of quantity over the interval can only change due to the flux through
the endpoints:

d [*

1. —
(L.7) il

U(z,t) dov = f(U(z1,t)) — f(U(22,1)).
Thus, conservation laws model quantities — in this case mass and momentum — that
are preserved over time. Any change in the quantity in a domain is caused solely
by the flux through the boundary.

The conservation law (1.6) can be written in the quasi-linear form

(1.8) U+ f'(U)U, =0,

where f/(U) denotes the Jacobian of f. We say that the conservation law is
hyperbolic if f'(U) has n real distinct eigenvalues [19]. The shallow water system
is hyperbolic; indeed, f'(U) has eigenvalues

Alzu—\/gifL and A2:u+m,

which are real and distinct since h is positive. Other examples of hyperbolic con-
servation laws include the wave equation, the magneto-hydrodynamics equations,
the Einstein equation and the Euler equations [26].

The property of hyperbolicity implies a finite speed of propagation: Information
travels at a finite speed given by the eigenvalues of f/(U). This is a fundamental
property of these PDE. As a consequence of this property, the task of solving an
initial value problem can be tackled by dividing the spatial domain into smaller
domains, solving the resulting independent problems and then patching these to-
gether. This may be contrasted with parabolic equations such as the heat equation,
where information travels at an infinite speed. Hence, any local change in initial
data implies an immediate global change in the solution.

The two-dimensional shallow water system (1.1) can be written in the similar
form

(1.9) Ui+ f(U)z +9U), =0,

for U = [h,hu,hw]T. In one spatial dimension, the condition of hyperbolicity
of a conservation law is simply that f’(U) has real and distinct eigenvalues. For
multidimensional conservation laws such as (1.9), we require the same for f/(U) and
¢'(U), but in addition we require that all nontrivial linear combinations of f'(U)
and ¢’(U) have real and distinct eigenvalues. It is a straight-forward calculation to
show that (1.1) is hyperbolic in this sense [26]. Specifically, f/(U) and ¢'(U) have
eigenvalues

AIZU_@; A2:U7 )\SZUJ‘F\/QT%
/le’l)—\/g>h, H2 =V, /143:U+\/g>h“

We will first develop the theory for the one-dimensional conservation law and then
generalize it to the multi-dimensional case.

(1.10)

Of the most interesting properties of hyperbolic conservation laws is the appear-
ance of discontinuities or shocks in even the simplest of problems. To demonstrate
this, we will solve an initial value problem for the canonical scalar, hyperbolic
conservation law called Burgers’ equation [26]

an e () o
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(a) A selection of characteristics. (b) The solution at t = 1.

FIGURE 1.2. The solution of Burgers’ equation with initial data
uo(z) = sin(x).

with initial data u(z,0) = ug(z). Carrying out differentiation of f(u) in (1.11), we
obtain the equivalent PDE

(1.12) ug + uuy = 0.

We solve this equation by the method of characteristics [19]. Let u solve (1.12),
and for each xy € R, let the characteristic x(t) solve

(1.13) {x'(f) = f'(u(z(t),t)) = u(z(t),t) fort>0

Then %u(m(t), t) =0, so u is constant along characteristics. Hence information is
transported along the characteristics with speed equal to u(z(t),t) = uo(xo), the

eigenvalue of f/(ug(zo)). The solution of (1.13) is therefore
x(t) = tuo(xo) + 0.

Solving this equation for zy then gives a solution
u(z,t) = uo(zo(z,t))

of (1.12).

The main assumption of this derivation is that there is a unique characteristic
through each given point (z,t) in the z-t-plane. This is an incorrect assumption;
indeed, solving x(t) = Z(t) for two characteristics  and T gives a solution

1
" i (a)
Hence, if uj(z¢) < 0 for some zg, then there will be an intersection of characteristics.
At the point of intersection the solution is multi-valued; it is both equal to ug(z(0))
and ug(Z(0)). This is illustrated in the following example. We solve Burgers’
equation with initial data ug(zg) = sin(zg). A selection of characteristics is plotted
in Figure 1.2(a). Along each characteristic x(t), the solution is constant, equal to
up at the point z(0). At time ¢ = 1, there is an intersection of characteristics, and
at this point, the solution is both equal to 1 and —1.

The problem of multi-valuedness is resolved by the formation of a shock — a
discontinuity in the solution. This is illustrated in Figure 1.2(b), where the solution
of Burgers’ equation at ¢ = 1 is shown. To allow for discontinuous solutions of a
differential equation, one considers the equation in a weak sense.
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DEFINITION 1.1. A function U € L] (R x [0,00)) is a weak solution of (1.6) if

/ /U@tJrf )Pz dIdt+/ o(z,0)U(x,0) de =0
for all ¢ € C°(R x [0,00)).

While this formulation allows the presence of discontinuities, uniqueness of
solutions may not be possible without adding further admissibility criteria.

1.2.1. Existence and uniqueness. The mechanism that counters the for-
mation of large gradients in nature is wviscosity. Viscosity is taken into account in
the more fundamental equation

(1.14) Us + [(U), = <US,

for an € > 0 [14]. Under certain assumptions, this equation has a unique smooth
solution. Letting ¢ — 0 one may obtain, using a compactness argument, a solution
of (1.6). A solution that is the limit of such functions is called a vanishing viscosity
solution and is considered to be the physically relevant solution of the conservation
law [14].

It may be hard to verify that a given weak solution is the vanishing viscosity
solution. However, it is known that viscosity is closely related to the concept of
entropy, a measure of disorder in an isolated system. By the second law of thermo-
dynamics, entropy is nondecreasing in time; by a difference in sign, mathematical
entropy is nonincreasing in time. In the context of conservation laws, entropy
should be preserved in smooth regions of the solution and be dissipated (decrease)
around shocks. Thus, for a smooth solution, the entropy should be a conserved
variable. We formalize these ideas as follows.

Let some function E = E(U) : R™ — R be given as a measure of the entropy
present in a solution U of the conservation law. Under what conditions does E
satisfy its own conservation law

(1.15) EU)+QU),=0
for some entropy flux function Q? By left-multiplying the equivalent form of the
conservation law (1.8) by E'(U)T, we obtain

E(U),+E'(U)" f(U)U, = 0.
(E'(U)T denotes the transpose of the column vector E'(U), so left-multiplying by
E'(U)T is the same as taking the Euclidean inner product with E’(U).) Hence,
(1.15) may be satisfied if and only if there exists a @ such that
QU)" =E W) f(U).
DEFINITION 1.2. An entropy pair for the conservation law (1.6) is a pair (E, Q)
consisting of a convex function F : R™ — R and a function @) : R” — R such that
QU =FEWU)"f(U) forall UcR™

Recall that convexity of a function E : R™ — R means that the matrix E”(U),
the Hessian of F, is a positive matrix. The condition of convexity will soon be
justified.

If the conservation law is scalar, then any convex differentiable function £ : R — R
gives rise to an entropy pair; just let

U
QU) = / E/(s)f/(s) ds.

For instance, for the Burgers’ equation (1.11), the entropy E(u) = ”72 gives an

entropy flux Q(U fo s2 ds “?3 For systems, the process of finding entropy
pairs is more dlfﬁcult although many conservation laws are equipped with rather
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natural entropies. In the linear case f(U) = AU for a symmetric matrix A, one

entropy pair is the energy E(U) = %UTU, with entropy flux Q(U) = %UTAU.
For the shallow water equations, the entropy of interest is the total energy. This

is given by E(U) = % (hu® + gh?), and is the sum of kinetic and potential energy.

It is readily verified that
1 1
(1.16) E(h, hu) = §(hu2 +gh?) and  Q(h,hu) = 5hu3 + guh?

is an entropy pair for the shallow water equations (1.5).

The calculations carried out to obtain the entropy equality (1.15) are not valid
when discontinuities are present in the solution. To obtain a similar result for
weak solutions, we must realize the solution as the limit of solutions of the viscous
problem (1.14). Assume that an entropy pair (F,Q) of the conservation law is
given. By multiplying the equation (1.14) by E’'(U¢)T on both sides, we get

E(U®): + Q(U*), = eE'(U?) U,
=& (B(U%)aw — (U) T E"(U*)UE)
< eE(U*®)sa,

the inequality following from the positivity of E”(U¢). In the limit ¢ — 0, the
right-hand side vanishes (formally), and we obtain the entropy inequality

(1.17) EU); +Q(U), <0.

This is to be interpreted in the sense of distributions:

/ / E(U)p: + Q(U)p, dxdt + / E(z,0)p(x,0) de >0
0o Jr R
for all ¢ € C°(R x [0,00)) with ¢ > 0.

DEFINITION 1.3. We say that a weak solution U of the conservation law satisfies
the entropy condition for an entropy pair (F, Q) if (1.17) holds.

In domains where the solution is smooth, the entropy equality (1.15) must
necessarily hold. The entropy inequality (1.17) is only relevant near discontinuities
in U or its derivatives.

The concept of entropy has proven important for existence and uniqueness of
conservation laws. In [23], Kruzkov showed that for a scalar equation, even in sev-
eral dimensions, there is a unique weak solution that satisfies the entropy condition
for a specific class of entropy pairs. A more general result for systems of conser-
vation laws in one dimension was proved by Lax [24]. He showed that a solution
satisfies the entropy condition for a strictly convex entropy function whenever it
is the physically correct solution. More importantly, the entropy condition is a
sufficient condition whenever the initial data is “sufficiently small”.

1.3. Finite volume methods

As the task of solving a conservation law explicitly is tractable only in the
simplest of cases, we must employ numerical methods when solving more realistic
problems. Of the available approaches, the finite volume methods are the most
successful [26]. These methods rely on partitioning the computational domain into
a finite set of control volumes, over which the conserved variables are averaged.
This average form allows the presence of discontinuities in the solution — contrary
to finite difference schemes, which rely on a pointwise approximation of the PDE.

The domain is divided into intervals

I, = [$i_1/2, .’L’i+1/2) forieZ
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l.
I
U; +
Ii+1
U r
i-1
Ui
, , , , ,
Ti—1 Ti-1/2 T Tit1/2 Tit1

FiGURE 1.3. Division of R into control sets I;.

of length Ax; = x; 1/, —2;_1/,, and U(x, 1) is approximated by a piecewise constant
function

Us(t) = A:/I Ule,t) du

(see Figure 1.3). By (1.7), U; satisfies

d 1

%Ui(t) = —E(f(U(a:Hl/z,t)) — f(U(xi-1/2,1)))-

Integrating this equation from ¢ to ¢ + At for some time step At > 0, we find an
expression for U; at the next time step,

t+At
_ A% / (f(Uitsyzr9)) = F(U(i-172,5))) ds.

However, this expression relies explicitly on the exact solution U, and so must be
approximated appropriately.

The following algorithm is due to Godunov [15]. At the initial time ¢ = 0,
we average the initial data over each grid cell I;, obtaining a piecewise constant
approximation U;(0). At each cell interface 2;,1/, we solve the Riemann problem

(1.18)

Ui(t + At) = Us(t)

(1.19) URP(p 0y = Ui T < Tiv
Ui+1 lfl' > l’i+1/2,

This is a well-defined initial value problem that may be solved exactly. We obtain
an approximate solution at the next time

1 A
(1.20)  U;(At) = Ui (0) — E/o (f(URP(xiJrl/z,s)) — f(URP(xi,l/z,s))) ds.

The process described above is repeated iteratively until ¢ has reached some end
time tpax-

The solution of the Riemann problem consists of a set of at most n waves
emanating from x = x;,1/,. The speed of propagation of each of these waves in the
a-t-plane is bounded by the maximum eigenvalue of f/(U;) and f'(U;y1). To keep
waves from different Riemann problems from interacting with each other, we select
At so that the CFL condition

— <1
“Ag =
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where
¢ = max |\, (U(z,0))|,
zéR

is satisfied. The quantity c% is denoted as the CFL number in the remainder; the
CFL condition requires the CFL number to be less than 1.

In general, it is hard to solve the Riemann problem exactly. Instead, one
considers so-called approximate Riemann solvers. In the formula (1.20), we replace
SWURP (24415, 8)) by a numerical fluz function Fyi1, = F(U;,Uijy1). The semi-
discrete form of the scheme is then

d 1
(121) %Ul - 7A7[1,‘ (Fi+1/2 - Fi—l/z) .

Note that this updating formula only depends on U(-, ) in the cells I;_1, I; and
I;41; thus, the scheme is a 3-point scheme. More general (2p+1)-point schemes exist
[14], and will indeed be considered later when we increase the order of accuracy of
the scheme.

The specific form of the semi-discrete formula (1.21) is not incidental. A finite
volume method that may be written in this form is called conservative [26]. Con-
servation implies that the flow into a grid cell I;;; from the left exactly balances
the flow out of the cell I; to the right; they are both equal to Fj./,. Thus, a dis-
crete conservation of the quantity U is obtained. Indeed, by summing (1.21) over
i=k,..., [, we obtain

l
d Z
% (Ax i UZ) = Fk-+1/2 - F‘lfl/27
=

a discrete version of (1.7).

There lies great freedom in choosing the numerical flux Fji.,, but to ensure
that the scheme approximates the correct equation, a certain consistency criterion is
imposed. F' is termed consistent with the conservation law (1.6) if F(U,U) = f(U)
for all U € R™. Thus, when the solution in two neighboring grid cells are equal, the
flux through the cell interface should exactly equal the flux given by the conservation
law.

By integrating (1.21) over ¢ € (g, tp+At) and applying any numerical method
of integration, we find a solution U, (tx+1) at the next time step. This integral may
be discretized with a number of methods. Perhaps the simplest one is the first-order
accurate forward Euler method. Writing UF = U;(t) and L(UF) for the right-hand
side of (1.21), this method is given by

UF = UF + At L(UF).

In this thesis we also use the second- and third-order accurate, non-oscillatory
Runge-Kutta methods [17]

Ur = UF + At . L(UF),

(1.22) U™ = U + At L(UY),
1
oi = Lk v
and
U =UF + At L(UF),
)k 3 k 1 * At *
(1.23) Uit = Ui + Ui +T£(Ui)7

1 2 2At
Ukt = gUf + U+ LU
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1.3.1. Two-dimensional conservation laws. The numerical method out-
lined above may be generalized to conservation laws in two (and more) spatial
dimensions (1.9). The computational domain is divided into grid cells

]i’j = [xifl/mxﬁ»l/z) X [yj71/27yj+1/2)

with x4 1/, =21/, = Az and y; 11/, —y;—17, = Ay. The solution U is approximated
by the cell average
1

Uij = Azhy /1, U(z,y,t) drdy,

and the numerical method is written in the form

d 1 1
(124) @Ul,] - 7@ (Fi+1/2,j - Fi—1/2,j) - A7y (Gi7j+1/2 - Gi,j—1/2)

for numerical fluxes I 11/, ; = F'(U; j,Uit1,j) and G; j 11, = G(Us 5,U; j11). These
are approximate Riemann solvers of the problems

Ut+f(U)x:0

U(I 0) _ Ui7j if z < Tiy1/o
’ Ui+1,j if x> Tit1/o

and
Ut + g(U)y =0
U . if .
O
Ui’j+1 if y > Yj+1/2,

respectively. F' and G are said to be consistent with the conservation law (1.9) if
we have F(U,U) = f(U) and G(U,U) = g(U) for all U € R".

1.3.2. Two standard schemes. Two well-known finite volume fluxes are the
Rusanov and the Roe fluxes. We include them here for reference. See also [26].

Rusanov: The Rusanov (or Local Lax-Friedrichs) flux is
us 1 1
(1.25) Z-FL/Z =3 (fUi) + fUig1)) — §Ci+1/2(Ui+1 - U),

where
Cigrfs = max{ A (Ui)], [\ (Uit1)

}

is an estimate of the local wave speed.
Roe: The Roe flux relies on a linearization of the conservation law around a
point U. It is given by

1 1
(1.26) g, = 5 (fWU) + fUis1)) = §R|A|Rfl(Uz‘+1 - Ui),

where R is the matrix of eigenvectors of f/(U) and
[A] = diag (P71 ()], A(D)])

The state U suggested in Roe’s paper [32] called the Roe average ensures
that isolated single shocks are resolved exactly. For the shallow water
equations, this state is given by U = (h, ha) with

hi + hit1 ~ \/}TZ'U@ + Vhit1Uip1
= and u =

2 Vhi + \/hiv1

(1.27) h
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1.3.3. Further notation. For a grid function u; we define the difference and
average operators
_ Ui + Uiy
[[u]]H_lh = Uj+1 — U; and Ui+1/2 = %
The following identities are readily verified:

(1.28) [[uv]]i+1/2 = Ui/, [[U]]i+1/2 + Uit1/s [[U]]i+1/2,
’ WHJ/Q — WZ‘_VQ = ﬁi+1/2 [[U]]i+1/2 + ﬂi_l/z [[u]]i_l/z.

For a two-dimensional grid function u; ; we write
[uliyin; = i1 — wiy, [ul; jsre = wig+r — uiy,

_ Uy Ui _ Ui UGy
Uitrfej = — 5 Uijhrfp = — 5



CHAPTER 2

Energy preserving and energy stable schemes

2.1. Introduction

The two most fundamental questions for any numerical approximation is: Does
the scheme converge as the grid is refined, and if it does, is the limit the correct
solution? In our framework, those questions are: Does the solutions obtained by
a finite volume method (1.21) converge to a weak solution of the conservation law
(1.6), and furthermore, is that limit the physically relevant solution? The first
question was answered by Lax and Wendroff [14].

TuEOREM 2.1 (Lax-Wendroff). If a sequence {U®}y of solutions computed
by a consistent and conservative scheme with grid sizes At*) and Az®) converges
boundedly a.e. as At®), AxF) — 0, then the limit is a weak solution.

Thus consistency and conservation is essential to ensure that the limit is a
solution of the conservation law. Note that this theorem does not address the
question of whether the scheme will at all converge, only that if it does, then the
limit is a weak solution.

The second question is answered in the form of a discrete version of the entropy
condition. Given an entropy pair (E,Q), we look for numerical methods whose
solutions satisfy a discrete form of the entropy inequality (1.17),

4
dt
for a numerical entropy flux ©i+1/2 = @(Ui(t),Ui+1(t)) that is consistent with

1 /~ -
(2.1) E(Uz(t)) + F (Qi+1/2 — Qifl/Q) <0 forallieZ andt >0
x

Q. The numerical entropy flux @ is assumed to be continuous as a function
@ :R" x R® — R. The following theorem — whose idea and proof are very sim-
ilar to Lax’ and Wendroff’s — shows that the discrete entropy condition is sufficient
for the limit function to be the physically correct solution.

THEOREM 2.2 (Osher [31]). Let {Ui(k) (t)}k be a sequence of functions computed
by a consistent and conservative scheme that converges boundedly a.e. to a function
U. Assume that there is an entropy flux @, consistent with @, such that (2.1) is
satisfied for every UR). Then U is a weak solution of (1.6) that satisfies the entropy
condition for (E, Q).

ProOOF. The fact that the limit is a weak solution follows from the Lax-
Wendroff theorem.

Let £ € N; we write U; = Ui(k). Let ¢ € C(R x [0,00)) with ¢ > 0 and
denote ¢; = @;(t) = ¢(x;,t). By multiplying (2.1) by Azg;, summing over i € Z
and integrating over t € [0, 00), we obtain

00 ~ /4 N - R i
Az Z-_ZOO/O (th(Ui)‘Pi + Aia: (Qi+1/2 - Qi_l/Q) <pi> dt < 0.

Integrating and summing by parts, this becomes

e}

~ [ d_ = Di+1 — Pi
Ae Y B@ONEO+ a0 Y [ (B0 G5+ QT ) ez

1=—0Q 1=—00

19
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We may view U; and @; as step functions on R x [0,00), letting U(z) = U; and
¢(x) = @; for € I;. Then the above can be written as

- B oo d _
/RE(U(ZL’,O))QO(.T,O) der/R/O E(U(x,t))%cp(x,t) dtdx

+ /R /OOO Q (U(@),U(w+ Ax)) Plot AA”Q =) gtz > 0.

(2.2)

Both U and @ converge boundedly a.e. to U and ¢, respectively, so by Lebesgue’s
dominated convergence theorem, the first two terms converge to

AEW@@M@@M+A£ B(U (2, 8))gu(x, ) dida

as k — oo. Since @ is continuous and consistent with @, the third term converges
to

/R/OOO QU (1)) (w,t) dtda.

Thus the left-hand side of (2.2) converges to

[ "B + Q). dida + | BU0)p(.0) dz.
RJO

R

thus proving the inequality. O

This result gives a motivation for looking for schemes that satisfy the discrete
entropy inequality (2.1). However, the theorem is not a constructive one; it gives no
hint to how such a scheme may be designed. This problem was tackled by Tadmor
in 1984 for scalar equations and was generalized to systems in 1987 [34, 35]. Given
an entropy pair (E, @), a finite volume scheme was termed entropy preserving if it
satisfies the discrete entropy equality

d 1 /~ ~
(2.3) %E(Uz(t)) Az (Qi+1/2 - Qi—1/2> =0
for a numerical entropy flux @ consistent with Q. By summing over i = k,...,[ we
see that

d ! ~ ~
T <A$§E(Ui(t))> = Qpyro — Qs

for all choices of endpoints k,Il. Hence, if the energy flux through the boundary is
zero, then the right-hand side vanishes, and so the total amount of entropy in the
interval [z, x] is preserved over time.

A scheme was termed entropy stable if it satisfies the discrete entropy inequality
(2.1). It was found in [34, 35] that a scheme is entropy stable precisely when it
contains more numerical diffusion than an entropy preserving scheme. Moreover, an
explicit condition was found that ensures that a scheme is entropy preserving. Thus,
by designing an entropy preserving scheme, one may determine entropy stability in
a scheme by comparison.

These notions will be made more precise in the next few sections. In Section 2.3
we design a novel entropy preserving scheme for the shallow water system (1.5) and
study it through a series of numerical experiments. In Section 2.4 we add numerical
diffusion to obtain an entropy stable scheme. In Section 2.5 we generalize these ideas
to the full two-dimensional shallow water system (1.1).
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2.2. Entropy preserving schemes

A solution of the conservation law (1.6) should satisfy the entropy inequality
(1.17). Specifically, this implies the stability estimate

d
— | F <
dt/R (U) dz <0

on the solution. By requiring that numerical approximations satisfy the discrete
entropy inequality (2.1), we ensure that the solutions do not converge towards
entropy violating weak solutions. What is more, we get a stability estimate

% (Am?E(Uﬁ) <0

in the approximate solutions.
Recall that the entropy equality (1.15) was obtained by multiplying (1.6) by
E'(U)T on both sides. Doing this to the semi-discrete scheme (1.21), we obtain
d 1

(2.4) %E(Ui(t)) = —EE’(Ui(t))T (Figrje — Fimvps) -

If the right-hand side were equal to —ﬁ(@i_,_l/g — @i_lﬁ) for some éﬂ_lh =
@(Ui, Ui-i—l) that is consistent with @, then (2.4) would indeed be an entropy equal-
ity, and the scheme would be entropy preserving.

Given the importance of the quantity E’'(U), it is termed the vector of entropy
variables and is denoted by V = E'(U) [34]. As E is strictly convex, we have
E"(U) = 0yV > 0, and so the mapping V = V(U) from conserved variables to
entropy variables is differentiable and injective. As a consequence, we may work
with conserved variables and entropy variables interchangeably.

Given U;, we write V; = E'(U;). We wish to find a more direct criterion on F
for the identity

V;'T (Fi+1/2 - Fifl/z) = CFjiJrl/z - @ifl/z
to hold. The next theorem gives precisely this. The entropy potential is defined as
Y(U) =V(U)" f(U) - Q).
THEOREM 2.3 (Tadmor [35]). Assume that a consistent numerical fluz Fi .,
satisfies

(25) [[V]];:-l/QFi-ﬁ-l/? = [[d]]]i—&-l/z'

Then solutions computed by the scheme with numerical flur F; 1/, satisfy the dis-
crete entropy equality (2.1) with numerical entropy fluz

~ =T
(26) QiJrl/z - Vi+1/2Fi+1/2 - wi+1/2'
Hence, é is consistent with Q.
PROOF. Taking the inner product of (1.21) with V; = E'(U;), we get
d 1

—E(U;) =

7 (Vi'Fyprpo — V' Fy_i))

AV
(adding and subtracting)

1 —T 1 T
= — E ((Vi+1/2F'L+1/2 - 5[[V]]i+l/2Fi+1/2)

T 1
— (Vi71/2Fi_1/2 + 2[[V]];-r_1/2F1'—1/2)>
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(by (2.5) and the definition of Q)

1/~ _ 1 ~ _ 1
=" Az (Qi+1/z Vi = 5 Wlisre = Qicrp = Yica — Q[M]il/z)

] A )

For consistency of @, we see that if U; = U;11, then

~ —T —
Qi+1/2 = V1'+1/2Fi+1/2 - ¢i+1/2
=V, fi —(V," fi — Qi)

= Q.
(]
In the scalar case n = 1, the equation (2.5) has the unique solution
[[¢H¢+1/2
Fiiyy = ———.
+ /2 HV:”ZJ’-l/Z

As mentioned earlier, Burgers’ equation has an entropy pair E(u) = u?/2, Q(u) = u?/3.
The corresponding entropy variables and potential are V(u) = u and (u) = u3/6,
so the entropy preserving flux for Burgers’ equation is

1 [[US]]i+1/2 uf + w1 + “12+1

Fi+1/2 = = - .
6 Huﬂi+1/2 6
The more general case of a system of conservation laws (1.6) is harder, but

some existence results exist. The flux originally proposed in [35] is in the form of
a path integral,

1
(27) Fiprs = / FV(E) de,

where V(§) = V; + £[V],;1/,- It is a straight-forward calculation that I is con-
sistent and satisfies (2.5); see [35]. To see how this numerical flux is applied, we
consider the conservation law with flux f(U) = AU for a symmetric matrix A. As
previously mentioned, an entropy pair for this conservation law is E(U) = %U U,
Q(U) = 1UT AU, with entropy variables V = E'(U) = U. Inserting into (2.7) and

evaluating the integral gives the entropy preserving flux

Fiows = 5 (FU) + [WUisn)).

However, for more general, nonlinear flux functions, the integral (2.7) might be
hard to calculate explicitly.

2.3. Energy preservation

Our aim is to design energy stable schemes for the shallow water equations.

These are schemes whose solutions satisfy the discrete entropy inequality
3 BU0) + 3 (D~ Qi) <0

with F = %(hu2 + gh?) the energy of the shallow water system and @ any numeri-
cal entropy flux function that is consistent with @ = 2hu® + guh?. The first step
towards designing energy stable schemes will be to design an energy preserving
scheme — a scheme satisfying the discrete entropy equality (2.3) for the energy.
Preservation of energy in the shallow water equations has been studied extensively
by, among others, Arakawa et. al [1, 2, 3], and has been deemed important espe-
cially in long-term meteorological simulations. We go on to present three energy
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preserving schemes: The average flux (2.7), the PEC scheme presented in [36], and
a novel, much simpler flux.

2.3.1. The AEC scheme. The integral (2.7) can be evaluated explicitly [11]

to obtain the energy preserving flux Fj ./, = [Fl(j_)1 Jo> Fz(f_)l /2] T, with

o hivi | higauivy | hitign | higau
a3 3 6 6
_ Ui’ _ U?H n “iuzzﬂ Uiy 107
24 24 24 24
1 1 1 1
(2.8) Fi(i)l/z = Ehiuf + ﬁhiJrlu?Jrl + 6hiU?+1 + ghiﬂuf
1 1 7 7
+ Zhiuz‘uiﬂ + Zhi+luiui+1 + ﬁhf + ?thﬂ

g Loy Ly Loy
— g ltilitn + et getin — et i

We denote this as the AEC (Averaged Energy Conservative) scheme. It is readily

shown that the AEC flux is consistent with the shallow water system.

2.3.2. The PEC scheme. An explicit solution of (2.5) was found by Tadmor
in [36]. In this flux, the path integral in (2.7) is replaced by a piecewise linear path
along orthogonal directions in R™. Let {l;, 7% }}_, be an orthogonal eigensystem in
R™. Define

vl = v and VI = k-1 ([[V]];l/zlk) Th fork=1,...,n.
Note that VI = V. Let
VI — o (VIE=1]
(2.9) F[k]:¢( ) Tw( )zk fork=1,...,n.
[[V]]i+1/2lk

The entropy preserving flux is given by

(2.10) Fipap =Y FIM.
k=1
To see that this flux satisfies (2.5), multiply by [[V}]Ll/z to get

[[V]]:+1/2Fi+1/2 = Zn:¢ (V[k]> - ¢ (V[k71]> = [[w]]z”rl/z'
k=1

In the flux (2.10), we follow Tadmor and Zhong [37] and choose the system
of eigenvectors as that of the Jacobian of the flux function f, evaluated at the
Roe average (1.27). We denote the resulting scheme as the PEC (Pathwise Energy
Conservative) scheme.

2.3.3. The EEC scheme. The AEC and PEC schemes have several disad-
vantages. Both fluxes contain complex expressions that require a large number of
floating point operations at each flux evaluation. Moreover, the PEC has some
numerical stability issues, most notably that a division by zero may occur in the
expression for FI* (2.9). The third scheme that we will consider avoids these prob-
lems by applying (2.5) in a more direct manner. To separate this flux from the
others, we denote it by F.

The entropy variables and entropy potential of the energy of the shallow water
equations are

_u? 1
2.11 V_EW)=|%""% and ¥ = =guh?.
U 2
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An energy preserving scheme with numerical flux E+1/2 = [ﬁl(i)l /20 ﬁl(i)l /o

satisfy (2.5), which in this case is
. 0 ~o 1
th]]Fi(+)1/2 - [[u2/2]]i+1/2Fi(+)1/2 + Huﬂi+1/2Fi(+)l/2 = §9HUh2ﬂ¢+1/2-
By the first identity in (1.28), this can be written as
(1) - (1) ()
9o Fisy = Tipypalluli g By + [l i

_ B 1 —
= gﬂh]]i+1/zhi+1/2ui+1/2 + §9h2i+1/2[[u]]¢+1/2'

By equating jumps in the same variable we get the set of equations

~(1 N _
Fi(+)1/2 = hi+1/2ui+1/27

—(2) _ 1) 1 —
Fi(—i-l/g - ui+1/2Fi(+1/2 = 59h2i+1/2,

which have solution

_ Pig1/2Uisrss
2.12 Fivrp = |1 72 hiis Wy |
( ) i+1/2 [%gh2i+1/2 + hi+1/2u22+1/2

The resulting finite volume scheme is then

d 1
(213) %Uz == —E (Fi+1/2 - Fi71/2> 9

which we denote as the EEC (Explicit Energy Conserving) scheme.

THEOREM 2.4. The EEC scheme (2.13) is consistent with (1.5) and is second-
order accurate. Furthermore, it is energy preserving, i.e. it satisfies the energy
quality (2.3) with numerical entropy flux

(214) éi+1/2 = gﬁi+1/2

which is consistent with Q.

i1 + wjp1h;  1— _
% + §hi+1/2ui+1/2uiui+1,

PrOOF. Consistency of the EEC scheme follows immediately from the defini-
tion. A simple truncation error analysis shows that the scheme is of second order.
The scheme satisfies the energy preservation criterion (2.5) by construction, and

so satisfies the discrete energy equality with @ as in (2.6), which in this case is
(2.14). O

2.3.4. Numerical experiment. We test the energy preserving properties of
the AEC, PEC and EEC schemes. To measure the change in energy over time, we
will consider the relative change in energy over time,

1E(t) — EO)]|
[EO)
where E(t) = Y, E(U;(t)). By the discussion in the beginning of this chapter, E(t)
should be constant as long as the entropy flux through the boundary is zero. The
energy flux @ is zero exactly when v = 0. Therefore we stop the simulation before

any waves hit the boundary.
We consider a standard dam-break problem,

2 ifx<0
2.15 h(xz,0) = u(x,0) = 0.
(2.15) (,0) {1.5 ifzx>0 (,0)
The correct solution consists of a left-going rarefaction wave and a right-going shock.
We compute with the energy preserving schemes on a mesh of 100 grid points up to
time ¢ = 0.4 using the second-order accurate Runge-Kutta (RK2) method (1.22) for



2.3. ENERGY PRESERVATION 25

temporal discretization. Figure 2.1(a)-(c) show the computed solutions. There is
little discernible difference between the solutions, and all three schemes resolve the
shock and the rarefaction wave correctly. However, in the wake of the shock there
are unphysical oscillations with period of the order of Az. This is to be expected
from an energy preserving scheme. With the lack of any diffusive mechanism,
nonlinear dispersive effects redistribute energy into higher wave numbers. As the
highest wave number on a discrete mesh is ﬁ, the oscillations will have period
precisely of order Az. This is verified in Figure 2.2, where we repeat the experiment
with the EEC scheme on a sequence of grid sizes. In all four solutions the period of
the oscillations are of the order of Az. Note that the amplitude of the oscillations in
all experiment are of the order of the initial jump in h. To get rid of the oscillations,
numerical dissipation must be added to allow a diffusion of energy.

2.2 2.2
2 2
1.8¢ 1 1.8f
1.67 1 1.6f
1.4¢ 1 1.4¢
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
(a) Height with EEC. (b) Height with PEC.
4
29 12X 10
EEC
+ PEC
- --aeC
0.8f o
0.6 iy
0.4f 7
0.2t ,/’
1.4 o ’ ‘ ‘ ‘
‘ ‘ ‘ 0 0.1 02 03 0.4
-1 -0.5 0 0.5 1

(c) Height with AEC. (d) Relative energy vs. time.

FIGURE 2.1. Height h at t = 0.4 computed with the three energy
preserving schemes.

In Figure 2.1(d) we see the relative energy of the solution as a function of
time. There is a certain increase in energy over time, although we have proved that
energy should be preserved. We claim that this increase is solely due to the error
in the discretization (1.22) of the time integral. To demonstrate this, we repeat the
experiment with the EEC scheme using a smaller CFL number; hence, At is lowered
accordingly. In addition, we compute with the Runge-Kutta (RK3) method (1.23),
which is more accurate than RK2. The effect can be seen in Figure 2.3. There is a
drastic decrease in the amount of energy diffusion for both methods. Furthermore,
the RK3 method is less diffusive than the RK2 method.

We remark that lowering the CFL number or changing the method of integra-
tion has no visible effect on the solution variables. This shows just how small the
scales we are dealing with are.
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2.2 ‘ ‘ ‘ 2.2
2 2
1.8¢ 1 1.8f
1.6 1 1.6¢
1.47 1 Ll.4f
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
(a) 100 points (b) 400 points
2.2 2.2

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
(c) 800 points (d) 1600 points

FIGURE 2.2. Height h at time ¢ = 0.4 computed with the EEC scheme.

2.3.5. Numerical experiment: Computational cost. Next, we compare
the computational efficiency of the schemes. As the error in energy decreases with
the CFL number, it is interesting to see how the CFL number must be chosen to
get a certain bound on this error. For each scheme we find the CFL number that
ensures that the energy dissipation error is less than 1073, 10~ and 107°. The
runtime of each scheme is shown in Table 2.1. Clearly the EEC scheme is the fastest
of the three, with runtimes almost three times lower than the PEC scheme. The
AEC scheme is not far behind, but for some reason, we were unable to reduce errors
to 107° with this scheme.

Energy error | 1073 10=4 107°

EEC 1 1.69 3.49
PEC 2.61 4.68 1047
AEC 1.14 191 -

TABLE 2.1. Normalized runtimes for the three energy preserving
schemes on the one-dimensional dam break problem with three
different levels of error in energy.

In conclusion, we have designed a novel scheme that preserves the energy of the
shallow water system exactly — modulo temporal discretization errors. The scheme
is very simple to implement, and as it requires only a few floating point operations,
is computationally very efficient. However, the presence of a shock resulted in the
production of unphysical oscillations. This will be resolved in the next section.
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(c) RK3, CFL = 0.45 (d) RK3, CFL = 0.05
FIGURE 2.3. Relative energy of solutions computed with the EEC

scheme on 100 mesh points for two different RK schemes at two
different CFL numbers.

2.4. Numerical diffusion

The EEC scheme was designed to preserve energy. However, energy should
be dissipated at shocks. As we saw in the previous section, the scheme produces
a cascade of energy into higher wave numbers, which results in oscillations in the
trail of the shock. To amend this, numerical diffusion must be added to the scheme
to obtain an energy stable scheme. To quantify this numerical diffusion, we write
the numerical flux in the wviscous form [35]

Froos = 5 (FU) + {(Uc1)) = 3 PeelV gy

The construction of the viscosity coefficient matrix P is given in the following
lemma.

(2.16)

LEMMA 2.5. Assume that the numerical flur i/, = F(U;,Usy1) is Lipschitz
in each parameter and is consistent with the conservation law. Then there exists a
matriz P; 1/, such that Fii ./, can be written as (2.16).

PROOF. (2.16) can be rewritten as
(2.17)

PivipV]i, = fi + fir1 — 2Fiqay

= (F(Ui41,Uiy1) — F(Us,Uiy1)) — (F(Ui, Uigr) — F(U3, Uy))

by the consistency of F. As previously remarked, the mapping from conserved
variables U to entropy variables V is injective and differentiable, so we might as
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well consider F' as a function of V. Letting V(§) =V, + f[ﬂ/}]i_p/2 for £ € [0,1], we
have

Ly
F(Vi,Via) — F(Vi, Vi) = /0 PV V()

1
:/0 R F(Vi, V(E)dE[V],41/ns

where 0> F is the partial derivative of F' with respect to its second argument. Ap-
plying this to (2.17) then gives

1 1
Pas = [ OF(WV©). Vi)t = [ 0P Vi)
[l

The condition that will be imposed to obtain entropy stability will be one of
comparison; an entropy stable scheme will be one that contains more diffusion
than an entropy preserving scheme. To formalize this, let F be a numerical flux
satisfying the requirement of Theorem 2.3, so that the corresponding scheme is
entropy preserving, and let F' be any other numerical flux consistent with (1.6).
We denote their numerical viscosity matrices by P and P, respectively, and we let
Diyryy = Piyay — ﬁiJrl/Q be their difference.

THEOREM 2.6 (Tadmor [35]). Assume that

T
(2.18) [[V]]i+1/2Di+1/2 [[V]]i+1/2 =0
for all V; and Vi 1. Then the scheme with numerical flux F' satisfies the entropy
dissipation estimate

d

%E(Ui) + é (@i+1/2 - @\171/2)

2.19 1 T T
(2.19) =~ 1Az ([[V]]i+1/2Di+1/2 V1 + [[V]]ifl/zDifl/Q[[V]]z;lh)

<0,
where
A~ ~ 1—71
Qiti/z = Qitrs = 5VigrppDityo V1
is consistent with Q and Q is as in (2.6).
PROOF. As in the proof of theorem 2.6, we left-multiply (1.21) by V" on both
sides. Adding and subtracting F' from F' then gives

d B 1 o~ .
o L (e )
1 T _ . N
Az (Vl (Fi+1/2 B Fi+1/2) -V (Fi—1/2 - Fq‘,—1/2))

1/~ ~
T Az (QW/Q - Qi—l/z)
1
+ 2Az (V;—I—Di'*'l/2 [[V]]i+1/2 - ViTDi—1/2[[V]]i71/2) .
The second part of the right-hand side can be rewritten as

1
2Ax (‘GTDHV? [[V]]iJrl/z - ViTDiJ/z [[V]]ifl/z)
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1 /T .
T 2Az (V”‘l/zD”l/2 [[V]]iJrl/z = VisiDicays [[V]]z;lh)
1 T -
 4Ax (HV}]HI/?D”V2 [[VHHl/z + [[V]]ifl/zDifl/z [[V]]ifl/z)

1 /=7 =T
S 9AL (V¢+1/2Di+1/z V0isre = VieypDioyye [[V]]z;lp) ;
as IIV]];r:tl/zDi:tl/Q [[V]]iil/2 > 0. This gives the entropy dissipation estimate.
Q is consistent with @ since, if U; = U;11, then [V]]Hl/2 =0, and so @Z‘+1/2 =
Qi+1/2 +0= Qi. O

REMARK 2.7. A sufficient condition for (2.18) is that the symmetric part of the
matrix D; 1/, is positive for all V;, Vi1 1. Since D; 1/, in general depends nonlinearly
on V; and V44, this is only a necessary condition when we are in the scalar case,
in which case (2.18) means that the number D;, 1/, is nonnegative.

In general it is hard to directly design entropy stable diffusion operators. Our
approach will be to modify the diffusion operator of the Roe flux (1.26) to obtain
an entropy stable diffusion operator. The Roe flux is selected specifically for its
simplicity and good accuracy, and other fluxes might indeed be chosen.

We will replace the flux average term 1 (f(U;)+ f(Ui41)) in (1.26) by the energy
preserving EEC flux (2.13), and the diffusion operator R|A|]~2*1[[U]]i+1/2 by a term
of the form A; 1/, Hvﬂi+1/2 for a positive matrix A;,1/,. A similar approach has been
considered by Roe in [33] for the Euler equations. The construction of the matrix
A1/, relies on the following result, a special case of a more general result of Barth
[5].

LEMMA 2.8. Let U, U; and U;41 be given states. We define the symmetric
positive definite change-of-variables matriz at U = [h, hu]" as

111 u
Uv_g[u u2+gh]'
(i) Define the following scaled version of the eigenvector matriz R of f'(U):

1 1 1
1 v
Then we have
RR" =Uy.
(i) We have
[[U]]Hl/z = (UV)i+1/2 IIV]]iJ,-l/Q?

where
]. 1 ﬂi_;’_l/z
Uy)igi=— |- _ -
( V)H—l/z g {ui+1/2 u?+1/2 +9hi+1/2}
is Uy evaluated at the arithmetic averages
(220) h = Ei+1/2, and u = ﬂi+1/2.
PROOF. The results follow simply by insertion. O

Now, given left and right states U; and U;yi, we evaluate the Roe matrix
R‘A|R71 at the state giVCI’l in lemma 2.8 (ll), Ui+1/2 = [Ei_l’_l/z, Ei_i_l/«_;ﬂi_p/z]T. We
are free to evaluate the matrix wherever we want, although by using states other
than the Roe average we will lose the property of exact resolution of single shocks.

By inserting this state we get

R‘A|R71 [[U]]i+1/2 = R|A|R71 (UV)i+1/2 [[V]]i+1/2
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= R|IA|[RT'RR"[V]

i+1/2
= RIAIRT[V];,,
We define the numerical flux
~ 1
(2.21) R0 = Fiiap — §R|A|RT[[V]]H1/27

and we denote the corresponding scheme as the ERoe (entropy stable Roe) scheme.
The following theorem is a result of theorem 2.6.

THEOREM 2.9. The ERoe scheme is consistent with the shallow water system
(1.5), it is first-order accurate and is energy stable, i.e. it satisfies the energy
dissipation estimate

d 1 /A ~
%E(UJ + A (Q¢+1/2 - Qz;l/z)
1 T T
= — 5 (VI RIMET) o lVT e + VI o (RIMRT) s lVI )
<0,
where

~ ~ 1—71
Qivia = Qivpe = Vi RIAIRT VI,
is consistent with Q. Here, C~2 is the energy flux (2.14) of the EEC scheme.

ProoF. Comparing the numerical viscosity matrices of the energy preserving
EEC scheme and the ERoe scheme, we find that their difference is

Dji1yy = Py, — ﬁiJrl/z = R|AIRT,

which is a positive symmetric matrix, an hence satisfies the stability criterion (2.18)
for all V; and V;11. The energy dissipation estimate then follows from theorem
2.6. O

2.4.1. Numerical experiments. We test the energy stability of the ERoe
scheme in the dam break problem of the previous section. The results are computed
and compared with the Rusanov scheme (1.25) and the Roe scheme (1.26), along
with a reference solution computed with the Rusanov scheme on a fine mesh of
3200 grid points. Plots of height at ¢ = 0.4 can be seen in Figure 2.4(a). While
the shock and rarefaction wave are more smeared out than for the EEC scheme, we
see that all unphysical oscillations have been cleared out. Thus, adding numerical
diffusion to the EEC scheme has had the desired effect.

21 [0}
—Reference \ — Reference
b ——ERoe H \\ —+—ERoe
i) Roe -0.5F %, -+ Rusanov |
19 *\‘ - _Rusanov || ‘t\ Roe H
18 5 1 1
- g
e e,
17 v.t* 1 -15 : .'f.:._:._r“ |
L e,
1.6 s B “»?Tf*n'
| % 2 .,.,fffﬁ*w ]
15 T — T
14 . . . o5 . . .
-1 -0.5 0 0.5 1 0 0.1 0.2 0.3 0.4
(a) Height at ¢t = 0.4. (b) Energy vs. time.

FIGURE 2.4. Solutions computed with the Roe, Rusanov and
ERoe schemes for the one-dimensional dam break problem with
100 mesh points.
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In Figure 2.4(b) we display the relative energy in the solution over time. The
energy is clearly not preserved. Instead, a dissipation of energy is taking place — as
it should, since there is a shock in the solution. Comparing the three schemes, the
Rusanov scheme dissipates slightly more energy than the other two. It is well-known
that the Rusanov scheme is more dissipative than many other schemes.

We see that all three schemes dissipate more energy than the reference solution
does. We can conclude that, in this experiment, there is too much numerical
diffusion in all three schemes. However, finding the correct amount of diffusion
can be very difficult, and a smaller amount of diffusion may come at the cost of
unwanted oscillations.

Numerical experiment: Large dam break. In the previous experiment, the so-
lutions computed with the three schemes were almost indistinguishable. We now
consider an experiment that emphasizes the differences between the Roe and the
ERoe scheme.

The initial data is given by

15 ifx <0
2.22 h(x,0) = 0)=0.
(222 (+,0) {1 o ul@o)

The correct solution consists of a left-going rarefaction wave and a right-going shock.
We compute on a mesh of 100 grid points up to ¢t = 0.4, using a CFL number of
0.45, as before. A reference solution is computed with the Rusanov scheme on a
mesh of 3200 grid points. The result can be viewed in Figure 2.5.

16 T T ;i

Reference
14r -+ -ERoe
Roe

12r

10r

FIGURE 2.5. Height at time ¢ = 0.4 computed with the Roe and
ERoe schemes for the large dam break problem with 100 mesh
points.

While the solutions are close away from the origin, there is a large discrepancy at
x = 0. Here, the Roe scheme immediately produces an unphysical steady shock,
whereas the ERoe scheme computes the rarefaction wave as it should. It is well-
known that the Roe scheme is not entropy (energy) stable, and that it may produce
steady shocks were there should be none (see e.g. [36]).

Numerical experiment: Near-zero heights. This experiment will illustrate how
well the ERoe scheme preserves positivity. Recall that the height variable h is
positive in exact solutions of the shallow water system, and a negative value of
h would be meaningless. Hence, we should require that approximate solutions
preserve the positivity of h.

The initial data is given by

—ug fax<0
Ug ifx>0

(2.23) h(z,0) =1, u(x,0) = {
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for a up > 0. Depending on how large ug is, the solution will create a gap in the
water around the origin, with depths close to zero.

We let ug = 4, and we try to compute up to time ¢ = 0.1 on the same mesh
as before. The results are shown in Figure 2.6. The Roe scheme broke positivity

— Reference
- Roe

—Reference
- ERoe

0.8
0.6
0.4

0.2

0 0.5 1 -1 -05 0 0.5 1

(a) Height with ERoe at t = 0.1 (b) Height with Roe at ¢ = 0.0056

FIGURE 2.6. Solutions computed with the Roe, and ERoe schemes
for the expansion problem with 100 mesh points.

at around ¢t = 0.0056, and the simulation was halted. The ERoe scheme, on the
other hand, computed the solution correctly, albeit somewhat more diffused than
the reference solution.

We do not claim that the ERoe scheme is positivity preserving. In fact, the
scheme broke positivity when we increased ug to 8. Still, this and the previous
experiment show that the ERoe scheme is more stable than the Roe scheme in the
presence of large shocks and close-to-zero heights.

Numerical experiment: Computational efficiency. With the apparent advan-
tages of the ERoe scheme over the Roe and Rusanov schemes, it is natural to ask
whether these advantages come at the price of an increase in runtime. As a measure
of accuracy we will see how close the computed height lies to the correct solution.
We compute a reference solution of the dam break problem of Section 2.4.1 with the
Rusanov scheme on a mesh of 3200 grid points, and for each of the three schemes,
we find the mesh at which the relative error in height in the L! norm is less than 1,
0.5 and 0.1 per cent. The runtime of each scheme is presented in Table 2.2. Clearly,
the ERoe scheme gives the best performance, and dissipates less energy than the
other schemes. Surprisingly, the Rusanov scheme performs better than the Roe
scheme, dissipating less energy at the same runtime.

Relative height error ‘ 1 0.5 0.1

Rusanov 1.05 8.24 203.41
Roe 1.15 8.43 208.29
ERoe 1 7.36 171.7

TABLE 2.2. Normalized run-times for the Rusanov, Roe and ERoe
schemes on the one-dimensional dam break problem with three
different levels of relative error in height

2.4.2. Increasing the order of accuracy. While the ERoe scheme is energy
stable and has several attractive features, it is only first-order accurate. Conse-
quently, sharp features such as shocks are diffused out, as seen in the dam break
experiment in Section 2.4.1. In this section we apply a standard procedure to in-
crease the order of accuracy of the scheme to obtain a second-order accurate scheme
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FIGURE 2.7. Original value U (solid line) and reconstructed values
U (dashed line)

which we denote as the FRoe2 scheme. This scheme will resolve shocks much more
accurately, at the cost of a slight increase in runtime.

The method that we will employ relies on a reconstruction of the solution at
each time step. Recall that in the finite volume framework, we solve for the average
U, = A%c i} I, U(x,t) dx over a grid cell I;. Thus, the approximate solution is constant
in each grid cell. By applying a first-order interpolation or reconstruction of U in
the neighboring grid cells, we obtain a linear (in each grid cell) function

ﬁ(m):Ui—l—ai(a:—xi) for x € I,

where o; € R” is the slope. Given a scheme

d 1
%Ui = _E(F(Ui’ Uip1) — F(Ui—1, Uy)),
we replace U in the flux terms by the reconstructed variables:
d 1 E 11w E w
ZUi = - (F (UF,U,) - F (UE,,U)),
where
A
UiW =U; + Ui(xi,1/2 — m,) =U; — Txai
and
Ax

UZE =U;, + Ui(xi+1/2 — (El) =U;, + 701'

are the left and right states of the reconstructed variables in the grid cell I;. See
Figure 2.7 for an illustration. This procedure formally increases the order of accu-
racy of the scheme to two [26]. Higher order schemes may be obtained by using
e.g. a quadratic or cubic reconstruction of U, but we will not consider this here.

There are several choices available for selecting the slope ;. Three candidates
are the forward, backward and central differences

U1 = Ui Ui — U1 Uis1 — Ui
Az Az 2Ax ’
In each grid cell I; and for each component of U;, we will select the one of the three
that gives the least oscillatory solution. In Figure 2.7, we see that the reconstructed

value in grid cell I; increases the gap at the cell interface x; 1/,. This may lead to
unwanted oscillations in the solution, particularly near shocks. To avoid oscillations,
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we use a so-called slope limiter in the construction of the slopes o;. We employ the
minmod limiter

k k k k k k
224) o =mm (U% Ul U U5 Ul Uf—)1>

Az ’ Az ’ 2Ax
where

(2.25) mm(z, g, 2) i {max{ac|, lyl, |z|} if sign (x) = sign (y) = sign (z)
0 otherwise,

and agk) is the kth component of o;. See LeVeque [26] for more information on

slope limiters.

Instead of performing reconstruction in the conserved variables, we will recon-
struct the energy variables. Given states {U;} at time ¢, we let V; = V(U;), and
perform a linear reconstruction of V, obtaining left and right states V;¥ and V;"V.
Let UF = U(V;F) and UY = U(VW). The second-order accurate ERoe2 scheme
then has flux

~ 1
,»313}752 =F(U;,Ui+1) — §R|A‘RT (Vi‘fl - ViE) )

where R and A are evaluated at the average state

E w E w
_ hi* + hiy Uy Uy

h

2 YT T

(compare to (2.20)). We do not use the reconstructed values in the EEC flux F, as
it is already second-order accurate.
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FIGURE 2.8. Solutions computed with the first and second-order
accurate versions of the ERoe scheme with 100 mesh points.

2.4.3. Numerical experiment. To witness the gain in accuracy with the
ERoe2 scheme, we repeat the dam break problem of Section 2.4.1. As is clearly
seen in Figure 2.8(a), the solution is now much less diffused out. Both the shock
and the rarefaction wave are more accurately reproduced, and the shock spans only
a few grid cells. Figure 2.8(b) displays the energy over time. The amount of energy
diffusion is more than halved, and the profile lies much closer to the reference
solution.
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2.5. Two-dimensional energy preserving and stable schemes

Next, we generalize the schemes of the preceding sections to the two-dimensional
shallow water system (1.1). As so much is similar to the one-dimensional case, the
exposition will be brief and without proofs. First, we introduce the two-dimensional
equivalent of an entropy pair.

DEFINITION 2.10. A triple (E, Q%,QY) is an entropy triple for the conservation
law (1.9) if E: R™ — R is strictly convex and

@) =E'WTf(U) and (QV)(U)T =EU) ¢U)
for all U € R™.

It is readily verified that the energy

(2.26) EU) = % (hu® + hv® + gh® + ghb)

of the shallow water system gives rise to an entropy triple (E, Q%, QY) with
QF = % (hu® + huv®) + guh? and QYU) = % (huv + h?®) + guh?.

The energy variables are now

gh . u242rv2
(2.27) V=EU)= u ;

v

and the energy potentials in each direction are

YT = %guh2 and Py = %gvhz.

Theorem 2.3, which gives a condition for schemes to be entropy preserving, is
easily generalized to the two-dimensional case. By the same argument as for the
one-dimensional EEC scheme, we find that the two-dimensional EEC scheme has
numerical fluxes

- Ewl/z,j Uiy1/z , o
(2.28a) Fipippg = | hivrpej@ivipe)® + $(0%)ivr2y | -
Ritryaj Uitajaj Uiy, |

and

hijyips Uijyass

(22813) Gi,j+1/2 = Ei,j.l'_l/g Hi,j_i'_l/z 5i,j+1/27
Riir2 (i) + §(h2)i gy |
LEMMA 2.11. The two-dimensional EEC scheme is consistent with the two-
dimensional shallow water equations and is energy preserving, i.e. it satisfies the
energy equality
d 1 /=, ~. 1 /=, =~y
HEWU) + (Qw/z,j - Qi—l/z,j) Ay (Qmwz - Qm'—l/z) =0

where

o~ vl 5 x
(2.29a) Q" = Vi+1/2,jFi+1/z,j — [ ]]i+1/z,j
and

o~ 7T ~
(2.29b) QY =V Gigrys = W iy

Note that the two-dimensional EEC scheme reduces to its one-dimensional
counterpart whenever there is no variation in the y-direction.
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2.5.1. Numerical experiments. We test the EEC scheme on a two-dimensional
equivalent of a dam break problem. The initial data is given by

2 if /22 + 142 < 0.5 (@ 0) =0

1 otherwise

(2.30) h(z,y,0) = {

The exact solution is an expanding shock wave with an inwards-going rarefaction
wave. We compute on a uniform mesh of 100 x 100 grid points in the domain
(z,y) € [0,1] x [0,1] up to time ¢t = 0.2. We use g = 1 as before. As seen in Figure
2.9(a), the shock and the rarefaction wave are computed correctly, but there are
unphysical oscillations in the wake of the shock. As before, these are caused by a
lack of numerical diffusion, and will be dampened when adding a diffusion operator
in the next section.

x10™*

6
——CFL=04
- CFL=02
2 Sil---cFL=01
== CFL=0.05
4
15 ,
2
1
1 - 1
1 q
0 / 05 e
\\/_0_5 0 o e s nmm 2z
A 0 0.05 01 0.15 0.2
(a) Height at t = 0.2. (b) Energy for four different CFL numbers.

FIGURE 2.9. Solution of the cylindrical dam break problem com-
puted on a uniform 100 x 100 mesh with the EEC scheme.

Figure 2.9(b) shows the relative change in energy over time for four different
choices of CFL numbers. Clearly, the increase in energy is dampened with smaller
time steps, and in the limit At — 0, the scheme preserves energy exactly.

Numerical experiment: Computational cost. Next, we perform a test of the
computational efficiency of the EEC and PEC schemes, similar to the one-dimensional
dam break problem. We run the problem (2.30) on a 50 x 50 mesh and we find
the CFL numbers that give a relative energy error of 1072, 10=* and 107°. The
runtimes are displayed in Table 2.3. Clearly, the EEC scheme gives the smallest
energy error for the same runtime, with differences in runtime of the order of 5 or
6.

Relative energy error | 1072 107* 107°

EEC 1 2.18 5.07

PEC 4.79 11.5 30.47
TABLE 2.3. Normalized run-times for the two energy preserving
schemes on the two-dimensional cylindrical dam-break problem
with three different levels of error in energy.

2.6. Two-dimensional ERoe

The generalization of the ERoe scheme to the two-dimensional shallow water
system is straight-forward. If R*, A", RY and AY are the eigenvector and eigenvalue
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matrices of f/(U) and ¢'(U), respectively, then the numerical fluxes FFR¢ and
GFRoe will be of the form

oe I 1 L)AL T
E}/QJ =Fiyyp; — iR |A|(R )T[[V]]iJrl/z,j
and

oe ~ 1
D8y = Gijays — 5 RYINY(R)T[V]

To obtain the specific states at which the eigenmatrices are evaluated, we apply the
following lemma, a straight-forward generalization of lemma 2.8.

ij+1/2

LeMMA 2.12. Let U, U;;, Uip1; and U; j11 be given states. We define the
symmetric positive definite change-of-variables matriz at U = [h, hu, hv]" as
1 1 U v
Uy =0vU == |u u?2+gh uv
9 v uY v2 + gh

1) Define the following scaled version of the eigenvector matrices R* and RY
g g

of f'(U) and ¢'(U), respectively:

1 0 1
1
Rx:T u—+/gh 0 u—++/ghl|,
V29 v V2gh v
(2.31) -
1 1 0 1
RY = — U —V2gh u .
V29 lv —Vgh 0 v+ +/gh

Then we have
R*(R")" =RY(RY)" =Uy.
(i) We have
[ULis1n = OV )itryajIV]igas 5
and
IIU]]iJ'-{-l/Q = (UV)z',j+1/2 [[V]]i,j+1/2
where (Uv )it1/.,; and (Uy); j41/, are Uy, evaluated at the arithmetic av-

erages

(2.32a) h= E-Jrl/z’j, U= Uigasy 5, V= TViqys
and

(2.32b) h= qu_l/m U= U j 11/, V=T 41/
respectively.

By the same technique as before, we end up with eigenvector matrices R* and
RY (2.31), evaluated at the average states (2.32). We have the following energy
stability result.

PROPOSITION 2.13. The two-dimensional ERoe scheme is consistent with the
shallow water system (1.1). Furthermore, it is energy stable, i.e. it satisfies the
energy dissipation estimate

d 1 /A ~ 1/~ ~
B+ 57 (@ = Oys) + 75 (@ = Q) <0

where )
Az AT >l T AT z\ T
it1/25 = Qi = Vi s BOIANERT) [V, 5

and )
Dt = Qi ~ §Vi7j+1/2Ry|Ay‘(Ry) V1t
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are consistent with Q% and QY, respectively. Here, @m and @y are the energy fluzes
(2.29) of the two-dimensional EEC scheme.

2.6.1. Two-dimensional ERoe2. We perform a two-dimensional reconstruc-
tion in the energy variables to obtain a two-dimensional, second-order accurate
version of the ERoe scheme. A standard piecewise linear reconstruction gives re-
constructed values

Viz,y) =Vij+oijl@—x)+7,y—y;)  for(z,y) €L,
with o;; and <;; determined by a slope limiter, similar to the one-dimensional

ERoe2 scheme. The numerical fluxes of the two-dimensional ERoe2 scheme are

then )
ey = FUig, Uipry) — 5 RIAT(RY) T (VL = Vi5)

and

1
Tt = G, Ui ) — §Ry|/\y|(Ry)T (V5 = Vi),
and F and G are as in (2.28).

THEOREM 2.14. The two-dimensional ERoe2 scheme is second-order accurate
and is consistent with (1.1).

2.6.2. Numerical experiments. We repeat the cylindrical dam break prob-
lem of Section 2.5.1. As shown in Figure 2.10, the oscillations have been cleared out.
The shock and rarefaction wave are slightly more diffused out. The ERoe2 scheme
resolves the expanding shock more accurately than the Roe and ERoe schemes.

(c) ERoe2

FIGURE 2.10. Approximate heights for the cylindrical dam break
problem at time ¢t = 0.2 computed on a 100 x 100 mesh with the
Roe, ERoe and ERoe2 schemes.
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FI1GURE 2.11. Setup of the physical dam break.

Numerical experiment: Physical dam break. We test the two-dimensional EEC,
ERoe and ERoe2 schemes in a slightly more realistic problem that was first studied
in [10] and was also considered in [8, 38]. We compute in a basin of 1400 x 1400
meters with a dam along the y-axis. At t = 0, a 280 meter long section of the dam
fails, and water flows through the breach. The initial data is given by

h(m,y,O):{lo %fx>0 and u=v=0.
9.5 ifzx<0

The setup is displayed in Figure 2.11. Along the boundary of the domain we impose
Neumann boundary conditions, and along the dam we set a reflective boundary.
The acceleration due to gravity is set to g = 9.812. We compute on a mesh of 100 x
100 grid points up to ¢t = 50, and show the solution computed by the EEC, ERoe
and ERoe2 schemes in Figure 2.12. The EEC scheme solves the resulting shock and
rarefaction waves quite accurately, but with unphysical oscillations due to a lack
of energy dissipation. The diffusion operator of the ERoe scheme corrects these,
but at the cost of a less accurate resolution of the shock wave. The second-order
accurate ERoe2 scheme gives a sharper resolution of the shock and the rarefaction
waves.

2.7. Conclusion

We have designed novel energy preserving and energy stable finite volume
schemes for the shallow water system in both one and two space dimensions. The
energy preserving scheme is easy to implement, has a low computational cost and
is second order accurate. The energy stable ERoe scheme clears out the oscillations
of the EEC scheme and is more stable and accurate than comparable schemes,
but is only first-order accurate. A reconstruction in the energy variables gives a
second-order accurate method.
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Height Height

(a) EEC (b) ERoe

Height

(c) ERoe2

FIGURE 2.12. Height computed with the EEC, ERoe and ERoe2
schemes in the physical dam break problem.



CHAPTER 3

Well-balanced schemes

3.1. Introduction

Until now we have only considered the case of a flat bottom topography. This
is unrealistic in practice; when computing flows in rivers, near shores or across
ridges, bottom topography can have a large influence on the flow. The usual way
of introducing a variable topography to the shallow water system (1.1) is to add
a source term to the equations, obtaining (1.2). Figure 3.1 illustrates the one-
dimensional setup.

Equation (1.2) is a balance law [26] — a conservation law with an additional
source term:

(3.1) U+ f(U) +g(U), =-B(U,x) forx=(z,y) € R%.

A crucial point of study for balance laws is that of steady states. A steady state is
a solution of (3.1) that is constant in time. Inserting the ansatz U; = 0 in (3.1),
we see that for such a state, the flux terms must exactly balance with the source
term. Conversely, if these terms balance, then the solution is a steady state.

In the case of the full two-dimensional shallow water system with bottom to-
pography, there is no simple criteria that ensures that a solution is a steady state.
However, one very simple steady state is available, the so-called lake at rest

(3.2) h + b = constant, u=uv=0.

This represents a solution that is completely at equilibrium. The lake at rest
appears in several contexts. For instance, the world’s oceans are at large at rest,
with relatively small perturbations on top of that.

When simulating flows with a variable topography, a crucial question is whether
the numerical method will preserve steady states. It is well-known that most stan-
dard schemes such as the Roe and Rusanov schemes do not preserve even the lake

1
4
0.8/— u
0.6
z
h
0.4
0.2} v .-k 1
Lo Ib ----------
0 L L L L
0 0.2 0.4 0.6 0.8 1

FIGURE 3.1. Height (solid line) and bottom (dashed line) in shal-
low water with a variable bottom topography.

41
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at rest. Given initial data satisfying (3.2), these schemes will produce incorrect
waves and oscillations that are of the order of discretization error. On the other
hand, if a scheme does compute the lake at rest steady state correctly, then we may
expect that slight perturbations of that state will also be correctly computed, and
does not contain unphysical oscillations. Thus, the preservation of the lake at rest
is essential for long-time simulations of near-steady flows.

The decisive step in designing finite volume schemes for the balance law (1.2)
is the discretization of the source term. The general scheme is of the form

d 1 1

33)  ZUsy=—3z (Fipyey = Fiovag) = Ay (Gigryz = Gij-y2) — Bij,

where B; ; is a discrete version of the source term. In the presence of a steady
state, the right-hand side should vanish, thus producing a solution that is constant
in time.
DEFINITION 3.1. A scheme of the form (3.3) is well-balanced if it preserves the
lake at rest. In other words, given initial data
(3.4) hi j + b;,; = constant, Ui 5 =v;5 =0 for all 1, 7,
the solution computed by the scheme should satisfy
d
dt
REMARK 3.2. The lake at rest is far from being the only steady state of inter-
est for (1.2). For instance, in the one-dimensional case, a general steady state is

identified by

Ui’j =0 for all ’L,j

2
hu = constant, g(h+b) — % = constant.

We refer to [12] for well-balanced schemes for this steady state.

3.1.1. Energy preservation and stability. The theory of entropies for bal-
ance laws is similar to that of conservation laws. An entropy triple (E, Q%, QY) for
(3.1) consists of a convex E : R" x R? — R such that

EU.x)+Q*(U,x), + QY(U,x), =0 for all x = (z,y) € R?

whenever U is a smooth solution of (3.1). Similar to before, this entropy equality
is replaced by an inequality for weak solutions.
The relevant entropy for (1.2) is the total energy

1
(3.5) B(U,x) = 3 (hu® + hv® + gh® + ghb(x)) ,
which is the sum of potential and kinetic energy. We obtain an entropy triple
(E,Q",QY) by letting
1 .

Q°(U,x) = 3 (hu‘3 + huv2) + guh?® + ghub(x)
and )

QY(U,x) = 3 (huv + h®) + guh? + ghvb(x).

Note that these reduce to the energy (2.26) of the shallow water system with flat
topography whenever b = 0. As before, we define the entropy variables V (U, x) =
Ey(U,x), which for the energy (3.5) is

g(h+b(x)) — L2
(3.6) V= u ;

(compare to (2.27)).
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We study finite volume schemes for (1.2) that satisfy discrete entropy equalities
and -inequalities for the energy (3.5). As for the homogeneous equation (1.1), such
schemes cannot converge towards entropy violating solutions. What is more, energy
preservation and -stability will imply stability for the approximations by bounding
the total energy

/E(U(x, y,t)) dxdy

uniformly.
We will first consider the one-dimensional version of (1.2),
ht + (hu)aj =0
(3.7)

1
(hu): + <2gh2 + huQ) = —ghb,.

xr
In Sections 3.2 through 3.4, we modify the energy preserving and energy stable
schemes developed in the previous chapter to obtain well-balanced schemes. The
schemes are generalized to two dimensions in Section 3.5.

3.2. A well-balanced energy preserving scheme

The main challenge when designing schemes for (3.7) lies in the discretization
of the source term. We will employ the discretization
g 0
3.8 B, == |- b — b
(35 2 [hi+1/z AT+ hisags® Al’;l}
(we denote b; = b(x;)). The EEC scheme with bottom topography is then
d 1 /=~ ~
(39) %Ul = —E (Fi+1/2 - Fifl/z) - Bia

where E—_,_l/Q is given by (2.13). We refer to this scheme as the EEC scheme in the
remainder, as it reduces to the original EEC scheme in the case b; = constant.

THEOREM 3.3. The EEC scheme has the following properties.

(i) It is consistent with (3.7) and is second-order accurate.
(ii) It is energy preserving, i.e. it satisfies the discrete entropy equality

d 1 /=~ ~
ZE+ (HHI/Q — Hi_l/Q) —0,
where
bitit1 + biy1w
2
and Q is as in (2.14). H is consistent with Q.
(iii) It is well-balanced.

ﬁiJrl/z = @i+1/2 + QEiJrl/z

PROOF. Consistency in this case simply means that F(U,U) = f(U), which is
satisfied as the EEC scheme without bottom topography is consistent. By a simple
Taylor expansion, the discretization (3.8) is of second order.

For (ii), we left-multiply (3.9) by V" and get

d 1 ([ghi —u2/2]  [gbi]\ ' (= ~ -

%E(Uz) = Az ([ u; ' + 0 (Fi+1/2 - Fi—1/2> - Vz B;

(directly from the proof of Theorem 2.3)

1/~ ~ 1 [gb]" /= ~ T
=- Ax (Qi+1/2 - Qi*1/2) ~ Ax [ 0 } (Fi+1/2 - Fi*1/2) Vi B

1 /~ 1 _ —
= - E (Qi+1/2 - Qi71/2> - Egbz (hi+1/2ﬂi+1/2 - hifl/zﬂifl/z)
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1 1-— 1
— ngul <2hi+1/2[[b]]i+1/2 + 2hi—1/2ﬂb]]i_1/2)
(after some cancellations)

1 = = b + iy
=T Ar ( <Qi+1/2 + ghiyys +2+)

= - biciui 4+ biu—
- (Qi—l/z + ghi—v 121> )

1 ~

Lastly, assume that the lake at rest conditions u; = 0 and (h + b); = constant
are satisfied. Then the first term on the right-hand side of (3.9) is

oo
2Az h2i+1/2 - h2i—1/2

Using the second identity in (1.28), we get that
d . g | 0 ]

U =— -2 |— _
dt 2Ax _hi+1/2 ﬂh]]i_l,_l/g + hi—1/2 [[h]]i_l/Q

g [ 0
QAJ? _hi—i-l/z [[b]]i—i-l/z —|— hi—l/z [[b]]i—l/2:|

9 |_ 0 B
2Az |hiyalh + b]]Hl/2 + hi_ip[h + b]]il/z]

since [k +b];,./, = 0. O

3.2.1. Numerical experiments. We test the EEC scheme on a problem that
has been featured in [4, 18, 25], among others. The bottom topography is given
by

4—(z—10)% . .
(3.10) ba)={ B if |z — 10| < 2
0 else,

and we impose the lake at rest initial condition h; + b; = 1, u; = 0. We compute
on a mesh of 200 grid points up to time ¢ = 100, and we use g = 9.812 as the
gravitational constant. The result is displayed in Figure 3.2. There is no visible
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(a) Water level h+b (solid line) and bottom  (b) Relative change in energy over time
topography (dotted line)

FIGURE 3.2. Lake at rest at ¢ = 100 using 200 grid points
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change in the solution over time. Indeed, the relative change in energy is of the
order of only 10712, as seen in Figure 3.2(b). This tiny error is solely due to floating
point and temporal discretization errors.

Numerical experiment: Perturbed lake at rest. With the success of the EEC
scheme in computing the lake at rest problem, we can expect that small perturba-
tions on top of this steady state will also be computed correctly. We perturb the
initial height by +0.01 in the region |z — 6] < 1/4. The perturbation should break
up into two smaller waves, one left- and one right-going. As seen in Figure 3.3,
this is exactly what happens. However, in between the waves there are unphysical
oscillations that are due to a lack of numerical viscosity.

x10°

0.8f
0.6f
0.4F

0.2¢ L~
.

N
v

G0 g lb * 145 20 0 é 1‘0 1‘5 20
(a) Water level h+b (solid line) and bottom (b) Deviation from the steady state.
topography (dotted line).

Ficure 3.3. Lake at rest with perturbation at ¢t = 1.5.

3.3. A well-balanced energy stable scheme
Recall that the ERoe scheme has numerical flux

oe - 1
(3.11) T = Fipp — §R|A|RT Vi

where R and A are evaluated at the average state
h = EZ‘+1/2, U = ﬂi+1/27

and V is the vector of energy variables (2.11). To generalize this scheme to the
shallow water system with bottom topography, we replace the energy variables V'
with the energy variables for (3.7),

(3.12) v [o(h+ b)) - %

We refer to the resulting scheme as the ERoe scheme, as it reduces to (2.21) when-
ever b = constant. We have the following result for ERoe.
THEOREM 3.4. The ERoe scheme satisfies the following properties.

(i) It is consistent with (3.7) and is first-order accurate.
(i) It satisfies the discrete energy dissipation estimate

d 1 /- ~
%EZ + E <Hi+1/2 - Hi,l/z)
1 T
(3.13) == gaz Vv Bivvalbical R V],

1 T
~ aa Ve RicaalAicapl R IV,
<0

)
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where the numerical energy flux H is

(3.14) Hipy = Vi Figryy — Vit — Zhi+1/2 [[“]]i+1/2 [[b]]i+1/2

3.14
171

+ §Vi+1/2Ri+1/z\Ai+1/z|RiT+1/z [Vitrpe]-

(i4i) It is well-balanced.

PROOF. The proof of (i) is straightforward. The proof of (3.13) follows the
proof of the corresponding result in Theorem 2.9 and we omit the details here. To
prove (iii), we assume that the data satisfies u; = 0 and h; + b; = constant. Then
we have

[ul;yr, =0 and [n+0];4.,=0 for all 7.
Consequently, by the definition of the energy variables,
[V]i41, =0  foralli.

Hence the diffusion operator in (3.11) drops out, and the scheme reduces to the
EEC scheme. Thus, by Theorem 3.3 (iii), we have

d d )
%hi =0 and %(hlul) =0 for all 1.

3.4. A well-balanced, second-order accurate scheme

We continue with the second-order accurate ERoe2 scheme. Recall from Chap-
ter 2 that this scheme uses a linear reconstruction of the energy variables to obtain
left and right states V;V and V;F in each grid cell. The resulting flux is then

1
(3.15) Tt = F(U, Uiga) — 5R|A\RT (Vi = vif).

The motivation for performing reconstruction in the energy variables rather than
the conserved variables has been postponed until now: By reconstructing in the
energy variables (3.12), the ERoe2 scheme is well-balanced.

THEOREM 3.5. The ERoe2 scheme (3.15) is consistent with (3.7), second-order
accurate and well-balanced.

PRrROOF. Consistency is trivial. Using a Taylor expansion proves the second-
order accurate local truncation error.

To prove that the ERoe2 scheme preserves the lake at rest, we observe that
when the data satisfies u; = 0 and h; + b; = constant, we have

u; =0 and [h+0];44, =0,
whence [V], 41 = 0. Therefore, by the non-oscillatory property of the slope limiter,
we obtain o; = 0, so
V.E =vVW =V, = constant for all i.

As a consequence, the term (Vz‘fl - VE ) in the diffusion operator in (3.15) vanishes,
and we follow the argument in the proof of (iii) in Theorem 3.3 to conclude that

d d )
%hi =0 and ﬁ(hiui) =0 for all 4.

Hence, the discrete lake at rest is preserved. O
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N Roe EEC ERoe ERoe2

50 | 2.76e-2 6.27e-14 1.92e-18 3.17e-16

100 | 7.60e-3 1.62e-13 2.14e-18 4.48e-17

200 | 2.02e-3 6.74e-13  3.35e-18 2.34e-16

400 | 5.15e-4  1.76e-12 2.22e-17 1.04e-15
TABLE 3.1. The L! error in height for the lake at rest with different
schemes on a sequence of meshes at time ¢t = 10.

3.4.1. Numerical experiments. We repeat the lake at rest problem of Sec-
tion 3.2.1 and compare the Roe, EEC, ERoe and ERoe2 schemes on a sequence of
meshes. As we have proved that the latter three schemes are well-balanced, they
should preserve the steady state exactly. We display the difference at ¢ = 10 from
the initial data in the L! norm in Table 3.1. The error in the well-balanced schemes
are of the order of machine precision, as expected. The Roe scheme has errors of
the order of truncation error, due to its lack of well-balancing.

Numerical experiment: Perturbed lake at rest. In the perturbed lake at rest
problem, the EEC scheme produced an unacceptable amount of oscillations. These
were caused by a lack of numerical diffusion. We repeat the experiment with the
ERoe and ERoe2 schemes to see the effect that the well-balanced diffusion opera-
tors have on the EEC scheme. The result is displayed in Figure 3.4(a). Comparing
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: " [
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! ~0.001]
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.
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(a) ERoe and ERoe2 (b) Roe

FIGURE 3.4. Deviation from the lake at rest steady state at t = 1.5
on a mesh of 200 mesh points.

to Figure 3.3(a), we see that all oscillations are gone. The second-order accurate
ERoe2 scheme resolves the two waves much more sharply than the ERoe scheme.
Due to the well-balancing of both schemes, the small-scale perturbation is resolved
correctly without any disturbance from spurious waves. Contrast this with the un-
balanced Roe scheme (Figure 3.4(b)), for which unphysical waves ruin the solution.

3.5. Generalization to two spatial dimensions

Next we generalize the ideas of the previous sections to obtain well-balanced,
energy preserving and energy stable schemes for the full two-dimensional shallow
water equations (1.2). The two-dimensional counterparts of the EEC, ERoe and
ERoe2 schemes are very similar to the one-dimensional schemes, and so the discus-
sion will be brief.
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The natural generalization of the source term discretization (3.8) is

0
(316) B,L,] = g Ez+1/277 bit1, ] bij + hl—1/2 j bij Ab; 1,5
I v

Nothing is altered in the flux of the two-dimensional EEC scheme. In the ERoe and
ERoe2 schemes we replace the vector of energy variables V' by (3.6). The schemes
are then of the form (3.3), with either the EEC, ERoe or ERoe2 numerical fluxes
in place of F' and G. Two-dimensional counterparts of theorems 3.3, 3.4 and 3.5
are easily obtained.

THEOREM 3.6. The two-dimensional EEC scheme has the following properties.

(i) It is consistent with (1.2) and is second-order accurate.
(i) It is energy preserving, i.e. it satisfies the discrete entropy equality

d 1 ~ ~ 1 ~ ~
ZE T A ( i+1/25 ~ Hifl/m) Ay (Hi,j+1/2 - Hi,j—l/z) =0,
where
S Ao - bijUit1,; + biv1,jUij
Hf i = Qi+ ghiviys 5
and

bij i1+ bij1tiy
2 )
and Q% and QY are as in (2.29). H?® and HY are consistent with Q% and
QY, respectively.
(iii) It is well-balanced.

Hiy,j+1/z - QZj+1/2 + 9hi

THEOREM 3.7. The two-dimensional ERoe scheme satisfies the following prop-
erties.

(i) It is consistent with (1.2) and is first-order accurate.
(i) It satisfies the discrete energy dissipation estimate

d 1 /- . 1 /A~ .
x T Y Yy
B+ ( E o — Hi_l/m) tay (Hi’j“h - Hi,jfl/Q) <o,

where H® and HY are consistent with Q" and QY, respectively
(iii) It is well-balanced.

THEOREM 3.8. The two-dimensional ERoe2 scheme is consistent with (1.2),
second-order accurate and well-balanced.

3.5.1. Numerical experiments. We test the well-balancing of the three
schemes in a two-dimensional lake at rest problem that has been featured in [25, 30].
The bottom topography is given by

b(z,y) = 0.8 exp (—5(z — 0.9)*> — 50(y — 0.5)?)
and we use the lake at rest initial data
hi,j + b@j =1, Ui 5 = V55 = 0 for all 4, j.

This setup is illustrated in Figure 3.5. We set g = 9.812 and compute in the domain
(z,y) € [0,2] x [0,1], using standard Neumann boundary conditions. We compute
with the Roe, EEC, ERoe and ERoe2 schemes on a sequence of meshes up to time
t = 1. The deviation from the steady state is displayed in Table 3.2. Clearly the
three well-balanced schemes preserve the initial data to machine precision, whereas
the Roe scheme produces spurious waves in the solution.
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FiGURE 3.5. Water level and bottom topography for the two-
dimensional lake at rest.

N ‘ Roe EEC ERoe ERoe2

50 [1.71-1071 2.30-107" 2.95.10"° 3.53-107T°

100 | 8.73-1072 3.50-107'* 3.48-10~% 5.76-10"1°

200 | 5.81-1072 2.06-10"'" 3.95-107'5 4.70-10"1°
TABLE 3.2. The L' error in height for the two-dimensional lake
at rest with different schemes on a sequence of 2N x N meshes at
time ¢t = 1.

Numerical experiment: Perturbed lake at rest. Lastly, we compute a perturbed
version of the lake at rest. We add +0.01 to the initial height in the region z €
[0.1,0.2]. This perturbation should break up into two smaller waves moving in
either direction. The left-going wave hits the boundary at approximately ¢t = 0.03;
this will test how well the schemes handle the boundary condition. The right-going
wave will go over the bump in the bottom topography, creating a complex wave
pattern.

Figure 3.6 shows the computed height with the ERoe and ERoe2 schemes on a
mesh of 600 x 300 mesh points. At ¢ = 0.12, the left-going wave has cleanly left the
domain without any trace of bounce-back waves. In the remaining snapshots, the
ERoe2 scheme clearly gives the sharpest resolution of the flow. The results coincide
well with the results of [25] and [30].

3.6. Conclusion

We have designed novel well-balanced, energy preserving and energy stable
finite volume schemes for the shallow water equations with bottom topography
in one and two space dimensions. The only difference from their homogeneous
counterparts is a simple discretization of the source term, and so they inherit many
of the properties of the schemes of Chapter 2, including simplicity and accuracy.
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FIGURE 3.6. A simulation of the two-dimensional lake at rest with
perturbation using the ERoe and ERoe2 scheme with 600 x 300
mesh points. Left column: ERoe, right column: ERoe2. (Note
that the scales in the figures at each point in time are different.)



CHAPTER 4

Vorticity preservation

4.1. Introduction

When numerically approximating physical models, order of convergence is im-
portant. However, just as important is the path of convergence. Approximate
solutions may lie near the correct solution in some LP norm, but still may lie in
an entirely physically incorrect part of the phase space. Thus, it is desirable that
the scheme converges along a path over which the properties of the approxima-
tions resemble the true solution. This is especially important in simulations of non-
deterministic systems such as weather systems. In short-range simulations, grid size
and order of convergence are the key factors in the accurate resolution of the flow
field. However, in simulations over longer periods of time it is the overall statistical
properties of the flow that are important [2]. We have already considered consis-
tency of numerical methods with respect to the correct preservation/dissipation of
energy. In this chapter we consider the correct resolution of vorticity in the flow.

Recall that the essence of the finite volume method is a partition of the compu-
tational domain into polygonal control volumes. By approximating the solution of
the differential equation by an average over each control volume, the focus is shifted
towards computing the correct flux through the edges of the control volume. This
decoupling into normal directions may lead to a poor resolution of tangential flows
or forces. As a result, or perhaps as a cause, the vorticity, which satisfies its own
evolution equation, is not resolved correctly.

Of the more recent approaches to resolving vortical flows are the projection
methods [20]. These were originally developed by Chorin [9] and Bell, Colella and
Glaz [6] to impose the divergence constraint in the incompressible Navier-Stokes
equations, but have also been studied by Brackbill and Barnes [7] and Toth [39] in
the context of the MHD equations. The projection method introduces a correction
term to a finite volume scheme to control the unphysical generation of vorticity.
At each time step we solve simultaneously for the flow field and the vorticity. By
applying a projection of the flow field in the form of an elliptic operator, we obtain
— to within a discretization error — a solution with a correct vorticity field.

Denoting the vorticity of (1.1) by w = v, — u,, one may readily calculate that
smooth solutions of the shallow water equations satisfy

(4.1) wi + (uw)y + (vw), = 0.

Standard finite volume schemes might not respect this relation, which might lead
to an accumulation of errors over time [20]. However, the relation (4.1) is hard
to impose numerically, so instead we aim to control the pseudo-vorticity of the
shallow water equations. The pseudo-vorticity of a flow field is defined as the
curl of the momentum, in contrast to vorticity, which is the curl of velocity. As
momentum, and not velocity, is a conserved variable, it will be easier to control
errors in pseudo-vorticity, rather than vorticity. For the rest of this chapter we refer
to pseudo-vorticity simply as vorticity. We denote vorticity by Q = (mz), — (m1)y,
where m; = hu and me = hv are the momentum in the z— and y—directions,

51
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respectively. Then, the change of vorticity over time is

Q= (m2)ar — (M1)ye = ((M2))e — ((M1)t)y,

and inserting (m1); and (mz); from (1.1) and rearranging, we find that the vorticity
of the shallow water equations satisfies the evolution equation

Q + (U)o + (0Q)y + (M2 (e +vy)), — (M1 (U +vy)),

Before presenting the projection method for the shallow water equations, we will
consider a simpler, linearized version of the equations, the system wave equation.
This system exhibits a particularly simple evolution equation for vorticity. Thus,
the exposition will be as transparent as possible.

If the solution of a conservation law (or any other differential equation) consists
of relatively small perturbations on top of a steady state, then the flow is mainly
governed by linear effects; see LeVeque [26]. By linearizing the equations around
the underlying steady state, we obtain a much simpler, linear conservation law
that is still a good approximation of the original problem. Thus, assume that the
solution of (1.9) is of the form U = U® + U, where U is a constant, steady state

and U(x,t) = [E,T?Ll,’fflg]-r is small. Inserting U into (1.9) and removing terms of

order ||U]|2 gives the conservation law
U+ f' (U, + ¢ (U°)U, = 0.

Assuming that the velocity of the background flow is zero, we have

0 10 0 0 1
(U = |gh® 0 0f, JgUH=10 0 0
0 0 0 gh® 0 0

Denote the wave speed in the fluid by ¢ = 1/gh®, and let ( = cﬁ, my1 = my and
mg = my. Then [¢,m1,my]" solves the (equivalent) conservation law

¢ 0 ¢ O ¢ 0 0 ¢ ¢
(4.3) mi| +|c 0 O] |[my| +1[0 0 0| |my| =0.
ma], 0 0 0] [ma], c 0 0] |mq v

This is the system wave equation. The connection between this and the wave
equation

Ut = 62 (uza: + uyy)
is seen by letting ¢ = us, m1 = —cu, and my = —cu,; this gives precisely (4.3).
The Jacobians of the flux functions of (4.3) both have eigenvalues

)\1 = —¢C, )\2 = 0, /\3 = C,

so the equation is hyperbolic. In the remainder, we drop mention of the back-
ground flow U° and consider (4.3) as a conservation law in itself with solution
U= [(,mhmg]—r

The system wave equation has a very simple expression for vorticity. Writing
Q= (ma)y — (m1), as before, we have

Q= —((c€y)z = (cCa)y) =0,

and so ( is constant in time.
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4.1.1. Vorticity of the Rusanov scheme. As the wave equation is hyper-
bolic, all the theory of finite volume schemes from Section 1.3 apply to this system.
We will use the Roe and the Rusanov schemes. Recall that the Rusanov scheme
uses a (rather coarse) approximation of the local wave speed, the maximum of the
neighboring eigenvalues. For the wave equation the maximum eigenvalue is always
¢, and so the Rusanov flux in each direction is

us 1 c
T, = §(f(Ui,j) + f(Uis1,5)) — i(UH—l,j —Uijy)

and )
, c
iy = 5(9(Ui,j) +9(Uij41)) — 5 Wig+1 = Uiy)-
We investigate the vorticity preserving properties of the Rusanov scheme. For

discretizing vorticity we use the second-order approximation

(4.4) Qij = Da(mz)i; — Dy(ma)i;,
where D, and D, are the central differences
1 Ui - Ui
(453) DiEU’L,] = ExﬂzézUz,g = T
and
1 Uijr1— Ui j1

and 0,0y, o and i, are the difference and average operators

Opligi/aj = Uit1,j — Uiy, Oyl jyrfa = Wij+1 = Ui
_ UigtUit1 _ Uiy Ui
Palliprfej = — 5 fylijpr/s = =5

Central differences are used to avoid the need to stagger variables. With this dis-
cretization of vorticity, we have the following dissipation estimate for the Rusanov
scheme.

LEMMA 4.1. Solutions of (4.3) computed by the Rusanov scheme satisfy

d c 1 4 1 4
(4.6) 8% =3 (AI%QM + Ay%ﬂi’j)
in the interior of the domain. In particular, if the initial vorticity is zero, then it
stays zero at all times. Moreover, if Q; j = 0 at the boundary, then the energy of Q
1S NoN-increasing,

d
T AzAyd 07| =—c) (Ay Qg1 — Qij)* + Az (Qjar — Qi,j)z)
4.3 1,7

<0,
with equality only when Q = 0.

PROOF. Inserting the definition of FR®" and GR" into the finite volume scheme
(1.21) and rearranging, we find that

d c 1 1
%(ml)i,j =3 <A$59¢ <5ac(m1)i,j - 2ﬂsz‘,j> + Aydj(ml)i,j) ;
d c 1 1
%(Tﬁa)i,j =3 (Ayéy (5y(m2)i,j - 2/@(@;‘) + Mﬁ(mz)i,j) .

Inserting this into £ ; = 4 (Dz(m2)i; — Dy(m); ;) and using the fact that &
and p commute, we get (4.6). If Q; ;(0) = 0, then (4.6) reads £-Q = 0, so we get
Q=0.
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For the energy dissipation estimate, we remark that for a one-dimensional grid
function u; we have

N-1

N
(4.7) Zui52ui =— Z (i1 — wi)?* Fun(unsr —un) —ug(ug — uo).
i=1 i=1

This implies that

d d
- AzlAy> 07, :2A$Ay§:ng#LJ
i irj
1, 1,
= chAyZ Qi j Aixdxﬂi’j + Ky§y9i,j
irj

(by (4.7); the boundary terms drop out)
= *CZ (Ay (QiJrLj — Qi’j)z + AIE (Qi)jJrl - Qiyj)Q) .
i,j

O

The vorticity of the wave equation should be constant in time, and by the
above lemma, the Rusanov scheme respects this whenever the initial vorticity is
zero. However, if it is nonzero at the initial time, then the scheme will incorrectly
dissipate vorticity. What is more, the energy dissipation estimate relies on having
zero vorticity at the boundary. If this is not the case, then in many cases there will
be an excessive amount of vorticity production at the border. A prime example is
when using Neumann boundary conditions, simply copying the conserved variables
onto the boundary. As we will see later, the Rusanov scheme will produce a large
amount of vorticity along the boundary. In the case of a periodic boundary, the
boundary terms in (4.7) vanish and vorticity will be dissipated. In either case,
vorticity is not kept constant, as it should be. The projection method, which we
describe next, will correct this.

4.2. Vorticity projection for the wave equation

We motivate the discrete projection method by first considering the continuous
problem. Let Q = Q(x,t) be the vorticity at the initial time step. Given a solution
. . L ~ _ T
U™ = [h™, mT},m5]" at time t,,, we compute a candidate solution U™ = [h, my, M|
at the next time step t,,1 with any method available — not necessarily numerical.
We project the momentum field m = (m,m2) onto the space of functions with

curl equal to 2 as follows. Let ¢ be the solution of the Poisson equation
AP =Q—Q,
where A is the Laplace operator and Q = (fg), — (m1)y is the vorticity of U.
Define Ut = [h,my,ma) " as
C=5, my = my — Py, My = My + Py

Observe that this makes 1 the stream function of the field m — m. In other words,
streamlines of m — m coincide with level curves of . The vorticity of U"*! is then

(m2)m - (ml)y = ﬁ + Aw — Q’

and so U™ is an approximate solution at the next time step with correct vorticity.
This process is repeated at each time step.

At the boundary of the computational domain we set U+ = U. As 1 is the
stream function of m — m, this makes the boundary of the domain a level curve of
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1. Hence, by adding a constant if necessary, we may assume that ¢ vanishes at the
boundary.

4.2.1. Discrete projection method. We discretize the projection method
so that the discretized vorticity (4.4) will be preserved exactly. As €; ; should be
constant in time, we need only make sure that the vorticity is equal to €2; ; = Q; ;(0)
at all times. Given a solution at time t,,, the solution at time ¢, is computed as
follows.

e Compute a candidate solution ('j/f;rl at time ¢,, 1 with any consistent finite

volume scheme. Let ﬁ?jl be its vorticity, computed with the formula

(4.4).
e Find the solution 1 = (¢; ;) of the discrete Poisson problem
(4.8) — (D2 +D}) iy = ﬁf;rl —Q;; in the interior,
¥i; =0 at the boundary,

where D, and D, are the discrete derivatives (4.5).
e Define the solution at the next time step Ui’fj‘-"l = (G5, (M1)ij, (mg)i,j]—r
as

Gij = Gij> (m1)i; = (Ma)ij — Dyti 5, (m2)i; = (Ma2)i; + Dati ;.

PROPOSITION 4.2. The solution U = ({,m1,ms) computed by the projection
method satisfies

Dm(mg)iﬂ‘ — Dy(ml)i,j = Qi’j.

Hence, the solution has the correct amount of vorticity.

PrOOF. Simply inserting the definition of m; and my gives
Dy(ma)ij — Dy(ma)i; = Do(a2)i; — Dy(ma)ij + (D + D) ¥i
= Qi,j.
O

We denote the projection method using the Rusanov scheme in the prediction
step as the VPRus scheme, and similarly for VPRoe.

Recall from Section 2.2 that the energy F = %U TU is an entropy for conserva-
tion laws with linear and symmetric fluxes. As the wave equation (4.3) is precisely
this, we have an energy for the wave equation. Next, we show the stability result
that in the case of zero initial vorticity, the projection step of the VP methods does
not introduce additional energy to the solution.

ProproOSITION 4.3. Let E = % (C2 +m?2 + m%) be the energy of a solution com-

puted by the projection method, and let E= %(62 +m7 + 1%2) be the energy of the
solution obtained in the prediction step. Then

Y Eig <Y Eig—2) Qv
) ) )
In particular, if the initial vorticity is zero, then

Z Ei,j < Z Ei,j~
.3 .3

PrOOF. We use summation by parts extensively. As ¢ = 0 at the boundary,
all boundary terms will drop out. For notational convenience, we leave out variable
indexes. Then

STE =37 (2 + (i — Dy)? + (i + Dyt)?)

1,J ,J
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—ZE 22 (M1 Dytp — maDyp) +Z (Dy¥)?) .

The second term is

—2) " (M1 Dytp — Mo Dyth) = 221/1 Dy — Dyiig)

) :—221/1 — (D2 + D}yy)
:—2291/;—22 (Dy)?) .
Hence,
2P= > E- 22, 9= (D=v) + (D))
<ZE QZQ¢
If ©; ; = 0, then the last term drops out. O

4.2.2. Solving for the stream function. The discrete Poisson equation
(4.8) must be solved at every time step, so a fast solver is essential to the compu-
tational efficiency of the scheme. Assume we are computing on an N x M uniform
Cartesian grid. If we write C; ; = ﬁ;‘jl — ;. 4, then the problem can be rewritten
as

1 1
4. ——TNV + ——= VT =
(4.9) 1Az N F R Ve =6
where ¥ = (¢; ;)i ; and T is the N X N symmetric, positive definite matrix
[ 2 0o -1 i
0o 2 0 -1
-1 0 2 0 -1
(4.10) Tn =
-1 0 2 0 -1
-1 0 2 0
-1 0 2

We solve this equation with a method from [28] that requires O(N?) floating point
operations. Let Ry be the matrix of eigenvectors and Dy = diag(\Y;,...,AY) the
matrix of eigenvalues of Ty. Ry may be chosen such that R3; = Iy, the identity
matrix in RV*N. Multiplying (4.9) by Ry on the left and Ry on the right, we
find that

DnyX + ——=XDy = RNCRyy,

1
4Ax? 4A 2
where X = RNyUR);. The (4, j) entry of the left-hand side of this equation is

Ay )\J
1AL 2X,j—l- X

4Ay?
Hence, X = (RnyCRyy)./S, where

Al X
S‘ e N M
T 4Ax? + 4 A2
and ./ denotes component-wise division. The solution of (4.9) is therefore

¥ =RNXRyuy.
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4.2.3. Periodic boundary conditions. The above discussion did not rely
on the specifics of the boundary condition on U. In the special case of a periodic
boundary,

Uoj =Unj,  U-1;=Un-1
etc., we can improve the method by applying the same condition on 1. This will
result in the matrix equation

1 1
4.11 ——PyU 4+ —— TP =
(4.11) A2 N + 4 A2 m =0,
with
M2 0 -1 0 -1 07
0 2 0 -1 0o -1
-1 0
(4.12) Pv=1¢9 -1 -1 0
D 0 -1
-1 0 -1 0 2 0
|0 -1 0O -1 0 2 |

We were unable to find the general expression of the eigenvectors and eigenvalues of
Py, so instead of using the method described in the previous section, we will employ
the conjugate gradient method [28]. The conjugate gradient method searches for
the solution of a matrix equation Az = b along orthogonal search paths s, € RNVM
and it finds the exact solution after at most N M iterations. As this number grows
large quadratically, we will use the method as an iterative method, halting the
process when |[si||e2 is less than some € > 0. Given a right-hand side b, we set
€ = a|bl|g2 for an o > 0, so that the allowed error in the solution is proportional
to b. We chose o = 107 in this thesis.

The matrix-matrix equation (4.11) can be rewritten as a matrix-vector equation
Az = b, with

- 1 1

and = mPN ® Ing + m
® denoting the Kroenecker product and vec(¥) the column-first vectorized version

of ¥ [28]. Contrary to T, the matrix Py is only positive semidefinite; its kernel
is spanned by the vectors

z=vec(V¥), b=vec(C) In @ P,

1 0
0 1
1 _ |1 2 _ |0 N
N = , TN = eR
Yo M h
if NV is even, and by
1
1
rhv = 1 e RN

if NV is odd. Hence, the matrix A will be positive semidefinite with a kernel spanned
by the vector(s)

7‘?\, ® rﬁw.
As a consequence, the equation Az = b does not have a solution whenever b has a
nonzero component in ker A. However, the equation Az = E, where

b= Proj(er 4y (0) (= Projuma(b))
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does have a unique solution in (ker A)~. What is more, the conjugate gradient
method is well-defined and converges for this modified equation. Therefore, we
propose using the solution ¥ of this modified equation.

Note that this is a sort of preconditioning of the problem: We have modified
the ill-conditioned problem Az = b by multiplying on both sides by the projection
matrix of (ker A), thus obtaining Az = b.

4.2.4. Numerical experiments. In this section we test the VP schemes for
the wave equation (4.3) in two numerical experiments. The main emphasis will
be on how well the schemes preserve vorticity. Also considered is the runtime of
the VP schemes, compared to the runtime of the underlying predictor scheme.
Furthermore, we compare the accuracy in the conserved variables (¢, mi,ms). In
both experiments we use ¢ = 1 and a CFL number of 0.45.

Numerical experiment: Periodic waves. The first experiment features a peri-
odic boundary and a nonzero initial vorticity. The periodic boundary condition
will rid us of any unwanted production of vorticity along the boundary. The initial
conditions are given by

¢=0, m1 = mg = cos(m(x + y)) — cos(m(x — y)).
It is readily checked that
C(z,y,t) = V2sin(r(z 4 y)) sin(v/27t),

ma(@,9,8) = ma (2, y,t) = cos(n(z + y)) cos(V2rt) — cos(m(x — )

is the solution of this initial value problem. The corresponding vorticity is
Qz,y,t) = (m2)z — (M1)y = 2wsin(w(z — y)).

As expected, the expression for € is constant in time. The initial data is plotted in
Figure 4.2(a).

We compute for (z,y) € [—2,2] x [—2,2] up to time ¢ = 2. The solution at
the final time step computed with the Rusanov, VPRus, Roe and VPRoe schemes
are plotted in Figure 4.2, along with the exact solution. While ( is left untouched
by the VP schemes, the vorticity field is resolved much more sharply than in the

predictor schemes. This is verified in Table 4.1 and 4.2, where we show relative

errors
I — Qexact|| 2

||[Qexact|| 2
for  and ¢ on a sequence of meshes. The VP schemes preserve vorticity up to
machine precision, while the Rusanov and Roe schemes have errors in vorticity of
the order of discretization error. The L? dissipation estimate of the Rusanov scheme
is verified in Figure 4.1. The VPRus (and VPRoe, not shown) scheme preserves
vorticity exactly, while the Roe and Rusanov dissipate it excessively.

Momentum is shown in the third column of Figure 4.2. Clearly, the projection
methods have a positive effect on the accuracy, preventing too much diffusion in m.
Indeed, as shown in Table 4.3, the error in momentum is about 20 — 40 per cent
lower than in the prediction solvers.

The conjugate gradient method used in the elliptic solver converges rapidly,
with only 5 to 10 iterations needed to get below the error threshold. Thus, the
overhead is low, and the VP schemes takes only about 1.5 times more time to run
than the predictor schemes.

Numerical experiment: Expanding wave. This experiment features a smooth
solution with an open (Neumann) boundary condition The initial data is given by

(4.13) ¢ =cexp (—15(z® + y2)) , my =mg = 0.

As the initial vorticity is zero, it should stay zero at all later times. The exact
solution is plotted in Figure 4.3.
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FIGURE 4.1. L? norm of vorticity over time on a mesh of 160 x 160

grid points.

H Rusanov \ VPRus \ Roe \ VPRoe
40 [[8.45-1071[2.97-107™ [6.14-10°T [2.73- 10~
80 |[6.24-1071|1.69-10713 | 3.87-10"1 | 2.60- 1013
160 || 3.89-10"' | 2.30-10713 | 2.18-10"! | 3.44. 1014
320 || 2.19-1071 | 1.59-10~ | 1.16-10~! | 5.16 - 10~ 1®
TABLE 4.1. Relative error in €.
H Rusanov ‘ VPRus ‘ Roe ‘ VPRoe
40 [[8.43-107T[843-10"1]7.36-10"1]7.36-10"1
80 |/ 6.14-10"1|6.14-10"! | 5.03-10* | 5.03-10"!
160 || 3.84-10"! | 3.84-10~1 | 3.02-10"! | 3.02- 10!
320 || 2.17-1071 | 2.17-10"* | 1.67-10"1 | 1.67- 1071
TABLE 4.2. Relative error in (.
| Rusanov | VPRus | Roe | VPRoe
40 [[864-1071[5.67-10"T]7.03-10°1]5.20-10°1
80 |1 6.29-1071|4.12-10"1 | 4.59-10"1 | 3.51-10"1!
160 || 3.90-1071 | 2.55-10"1 | 2.65-10"1 | 2.07- 101
320 | 2.19-107* | 1.43-10"* | 1.43-10~' | 1.13- 107!

TABLE 4.3. Relative

error in m, the momentum.

59

We solve for (z,y) € [—2,2] X [~2,2] up to time ¢ = 2. The spatial domain
was discretized with N = M = 50,100, 150 and 200 grid points in each direction.
Vorticity at the final time step is shown in Figure 4.4. The Rusanov scheme pre-
serves the initial vorticity exactly in the middle of the domain, but there is a large
amount of vorticity production along the border. This vorticity propagates into the
domain at a speed of one grid cell per time step. As the ratio ﬁ—i is kept constant,
this speed is invariant with respect to grid size. This is clear in Table 4.4, where
we show vorticity errors for the four schemes. The error for the Rusanov scheme
is about 3 - 1072, irrespective of grid size. The VPRus scheme clears out these
errors, and only noise of the order of machine precision is left (note the scaling of

the figures).
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The vorticity of the Roe scheme is shown in Figure 4.4(c). The figure shows
that the initial constant vorticity is not at all preserved. Again, the projection
method clears out these errors completely.

The projection method gives no gain in accuracy for the conserved variables
in this experiment. As the runtime of the method lies between 2 and 4 times that
of the predictor solver, there is little use in vorticity projection when the main
interest is in an accurate solution of conserved variables. However, the success of
the method in clearing out vorticity errors gives a motivation for applying it to the
shallow water equations, where nonlinearity creates a close interconnection between
flow in the x— and y—directions.

H Rusanov ‘ VPRus ‘ Roe ‘ VPRoe

50 || 2.43-1072]3.64-10716]8.10-1072 | 2.61-1071'6
100 || 2.83-1072 | 7.96-10716 | 5.83-1072 | 6.71- 1016
150 || 2.88-1072 | 1.54-1071° | 4.68-1072 | 1.18 - 10~ 1°
200 || 2.84-1072 | 1.75-1071% | 3.94-1072 | 1.54- 10~ 1°
TABLE 4.4. ||Q]|z: in the expanding wave problem.

4.3. Vorticity projection for the shallow water system

Next we extend the projection method to the shallow water system (1.1). In-
stead of having constant vorticity, solutions of this system satisfy the more complex
evolution equation (4.2). This complicates the method somewhat.

Given a solution U™ at time t,, we compute a candidate solution Untl at
time t,41 with any consistent finite volume scheme. Let Q™ and Q"+ be their
respective vorticity. Now, solve the equation (4.2) with Q" as initial data by using
any standard finite volume scheme. This gives the correct vorticity Q"' at time
tn+1. Let ¢ be the solution of

e A Vi
Then, letting B
h=h, my =mi — y, me = My + g,

we get a solution U"*! = [h,my,ma] " that satisfies the correct equation for vor-
ticity.

To obtain Q"1 we employ the Nessyahu-Tadmor (NT) scheme [22, 29]. This
is a second-order version of the Lax-Friedrichs scheme that solves for Q?_ﬁ}m Iy
an approximation of the staggered cell average

1
AI’Ay /Jlj Q($7yat) d(Edy for JiJ‘ = [$i7$i+1) X [ijijrl)-

Write the vorticity flux as f(Q,U) = uQ+dmsg+sh, and g(Q,U) = vQ—dmq —shy,

where d = u; + v, and s = “2‘5”2 (compare with (4.2)). The expression for
+1
;L+1/27j+1/2

1
n+1 _ n
Qi+1/2,j+1/2 - ALUAy /J Q (Iay) d.dey

1
AzAy

is

tn+1
/ (9,0 + g(,U), dudydt
tn J’i,j

1
4

%

(QF; + Q4 + 9500 + Q)

_ Afiy /J” f (Q"*‘I/?’ U"+1/2)w +g (Qn-&-l/?’ Un+1/2>y dady,
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where we have used the quadrature rule for the time integral. Q"+7/> and U"+">
are approximations of Q) and U at time t,,,1/,. We select U"+"/? = L(U™ + U™HY)

and Q"2 = Qn — %(fﬁ + gy), where f7 and g, are the gradients of the flux at

time t¢,,. To go from staggered values Qﬁ'l}” 1/
n+1

i+1/2,5+1/2

to mesh values QZ;H, we apply a

piecewise linear reconstruction of €2
Qn+1(gj7 y) = Q?_’il/zj_i_l/z +oi(x — xi+1/2) + 5 (y — yj+1/2) for (m, y) € Ji;
and average over I; ; to get

1
n+1 n+1
Q= Ay /1” Q" (x,y) dxdy.

All derivatives used in this method are obtained using the maxmod slope limiter
Qij Qi1 i1y — iy iy — Ry

Az ’ Az ’ 2Azx ’
with mm as in (2.25). This slope limiter gives a better resolution of discontinuities
than the minmod limiter (2.24); see [29].

Qi,j = min <2

4.3.1. Numerical experiment: Vorticity advection. We test the projec-
tion method on a problem where the exact solution is known. It is readily checked
that

C% 2f
(xayv ) Lco e

u(z,y,t) = M cos(a) + c1(y — yo — Mtsin(a))el
v(z,y,t) = Msin(a) — ¢y (@ — xg — Mt cos(a))e’
where
f=Ff2,y.t)=—c2 ((x — wo — Mteos(a))® + (y — yo — Mtsin(a))?),

gives a smooth solution U = [h, hu,hv]" of (1.1) for any choice of constants
M, cy1,ca, a, Tg and yg. The solution consists of a vortex traveling at a constant
velocity M in a direction specified by the angle a. We let M = 1/2, g = 1,
(c1,c2) = (—0.04,0.02) and (zo,y0) = (—20,—10). To test the schemes’ ability of
resolving flows that are not aligned with the computational grid, we let o = §. We
compute for (x,y) € [-50,50] x [—50, 50] up to time ¢ = 100. The exact solution is
shown in Figure 4.5.

The computed solutions are plotted in Figure 4.7. The Rusanov scheme dis-
sipates the solution by a large amount, and the vortex is barely visible in the
plot. The VPRus scheme, on the other hand, preserves both the magnitude and
the symmetry of the vorticity well, and the solution resembles the exact solution
closely. The Roe scheme solves the vortex advection problem poorly; the solution
looks malformed and unsymmetric. The projection method corrects this to a good
extent.

The VP schemes take about twice as long to run as the prediction solver on the
same grid, and as such, a comparison of error versus grid size between the schemes
would be unfair. Instead, we compute error versus runtime over a sequence of
meshes, from 50 x 50 to 250 x 250 grid points. These are plotted in Figure 4.6.
Clearly, the VPRus scheme gives the best error per runtime ratio of the schemes
considered. The VPRoe scheme also performs well, but it seems like the non-
symmetry of the Roe scheme pollutes the solution of the height variable and makes
the solution look unsymmetric.

As a final remark, we note that using second-order versions of the Rusanov
and Roe schemes gives similar results: Vorticity projection greatly enhances the
accuracy of both schemes.
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4.4. Conclusion

The method of vorticity projection was designed to reduce or eliminate errors
in variables other than the conserved variables. We have demonstrated that with
an efficient implementation of the method, the resolution of the conserved variables
may actually be better, at the same computational cost, than when using more
traditional schemes. At the same time, a significant improvement in the resolution
of vorticity is achieved.

The efficiency and accuracy of the method for solving the equation for vorticity
is vital to the projection method. In the case of the wave equation, this was an
easy task since vorticity is constant in time. For the shallow water equations, we
restricted ourselves to a second-order scheme for vorticity. Using other schemes
than the NT scheme may give a more computationally efficient scheme.
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FIGURE 4.2. Solutions at ¢t = 2 computed by the four schemes on
a mesh of 160 x 160 grid points.
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(a)t=0

FIGURE 4.3. Exact solution of the expanding wave problem at the
initial and final time steps.
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FIGURE 4.4. Vorticity at ¢ = 2 for the four schemes, computed on
a mesh of 150 x 150 grid points. Note the scaling of each figure.
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FIGURE 4.5. Exact solution of the vorticity advection problem at

t =0 and t = 100.
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FIGURE 4.6. Runtime (x-axis) versus relative L' errors in height,

momentum and vorticity (y-axis).
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FIGURE 4.7. Height and vorticity at ¢ = 100 computed by the four
schemes on a mesh of 200 x 200 grid points.
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