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Introduction

For essentially all investors and financial institutions it is vital to measure levels
of risk. History gives enough examples on the consequenses of ignoring or miscal-
culating the risky part of investments. As time and fluctuations taught investors
costly lessons, VaR (Value at Risk) came forth as the preferred risk measure.
Practitioners quickly embraced VaR as it has advantages like wide applicability
and universality. Convex risk measures could not compete with the simplicity of
VaR, and was written off as something describing an ideal fantasy world. This
contributed to an increasing gap between practitioners and researchers, as VaR
failed to fulfill one or more properties defining a convex risk measure. These
properties were set to define what we want a risk measure to tell us. Violating
these properties can therefore lead to strange conclusions, e.g. diversification
gives higher risk, as in the example in Chapter 3. So when banks, regulators and
others with huge impact on a nations financial health uses non-convex measures
of risk this is a cause to worry.

Generalizations from the contiuous setting to the non-continuous setting is a
very popular subject in todays stochastic analysis. Articles written before the
millennium changed is in general restricting themselves to the continuous setting.
In more recent studies that involves stochastic processes, the Ito-Lévy setting is
a popular generalization from the setting with only the Brownian Motion, since
these processes seem to elicit more of the same behavior as real world prices. As
the title reveales, this thesis is no exception, since we will work in the It6-Lévy
setting.

The primary target of this thesis is to familiarize the different types of risk mea-
sures, with a more in depth view on convex risk measures. The secondary target
is to represent, and give applications to, the stochastic games arising from risk
minimization. The teriary target is to generalize theory on risk measures in the
contiuous setting, to the non-continuous setting. To meet these goals we will
refer to a selection of articles by others, give comments and examples, and lastly
generalize some of these results.

This thesis is organized as follows. In the first chapter we give a short recap
on Lévy measures and Poisson random measures. In the second chapter we look
at the families of risk measures arising from the axioms stated for risk measures
in general. In the third chapter we give an example that excludes Value at Risk
from the class of convex risk measures. In the fourth chapter we give a more
detailed look at convex risk measures. In the fifth chapter we minimize the risk
of a stochastic variable, dependent of the choice of portifolio. This is given in
the context where our random variable is represented as the end point of a value
process. This problem will be formulated as an HJBI problem, and the problem



is solved by the results represented in [20]. In the sixth chapter we give a short
introduction to pricing of contingent claims in incomplete markets, and look at
an example of risk indifference pricing based on the work in [18]. In the seventh
chapter we look at g-expectations, and their relation to convex risk measures.

This thesis will often give reference to results or statements given by other au-
thors. This will be done by inserting a square parenthesis on each side of a
number, for instance [1]. When this is written in bold text behind a definition or
proposition, it means that the definition or proposition is taken from the article
or book this reference leads to. Sometimes a footnote connected to the reference
will give a further explanation of how the referred article or book translates to
the given setting. All such refrences are listed on the last page.
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1 Lévy measures and Poisson random measures

As stated in the introduction and in the title of this thesis, we will work in
the non-continuous setting. Whilst the Brownian Motion setting is thoroughly
treated in many articles and graduate courses, the generalization to the jump
setting is lacking the same level of attention. Therefore we start this thesis by
a short introduction to the fundamentals of Lévy measures and Poisson random
measures.

Let (Q, Fr,{Fi}i>0, P) be a filtered probability space. An Fi-adapted process
{n:}+>0 C R is called a Lévy process if

(i) m =0
(ii) n; is continuous in probability, i.e.

Im P{w e Q:|ns—m| >€}) =0

s—t

(iii) 7; has stationary increments, i.e. for some suitable ¢;,t; and s

dist
Ma+s — My = Mhots — Mo

(iv) m has independent increments, i.e. for A, B C R

P(tys — 1 € AN Nigys — My € B) = Py s — Ny € A)P(Niyrs — Mty € B)

If X;,Y,; are stochastic processes, we say that X; us a version of Y, if
P{weQ: Xiy(w) =Yi(w)}) =1 for all t € [0, T
which is a weaker assumption than X; and Y; being ndistinguishable, i.e.
P{w e Q: Xy(w) =Yi(w), forall t € [0,T]}) = 1.

It is well known that a Lévy process has a cadlag version (right continuous with
left limits), which is also a Lévy process. In the remainder any Lévy process will
be assumed to be cadlag. Now define the jump of 7, at time ¢ > 0 by

Any = — -
and let

By ={U CR:U is a Borel set, 0 ¢ U}.
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Then, for U € By, define the Poisson random variable

N(t,U) = Z XU(AUs>

0<s<t

called the Poisson random measure of m;. It is shown in [15] remark 1.3, that
N(t,U) is finite for all U € By, hence the function U — N(t,U) is o-finite on
By. Then the Lévy measure v of n;, defined by

v(U) = E[N(1,U)]

also becomes a o-finite measure on By. If 7, is a Lévy process it is common to
assume

Elln] <oo  forallt>0

which ensures that n; has the decomposition

n = ot +oB(t) + / zN(t,dz); Ro = R\{0}

Ro

for some constants a, o € R, and where

N(dt,dz) = N(dt,dz) — v(dz)dt.
This points us in the direction of stochastic integrals on the form!

X(t)=X(0)+ /Ota(s)ds + /Otﬂ(s)dB(s) + /Ot /Ro v(s,2)N(ds,dz)  (1.1)

where a(t) = a(t,w), o(t) = o(t,w) and y(t, z) = (¢, z,w) are adapted processes.
We call such processes Ito-Lévy processes.

As in the Brownian motion setting, a central result for 1to-Lévy processes is the
[t6 Formula, which is used several times in this thesis. It states that if X (¢) is an
[t6-Lévy process on the form (1.1), f € C?(R?) and we define Y (t) = f(¢, X (t)),
then (in the 1-dimensional case)

In the appendix we simulate X(t) to give a graphic example of the behavior of such
processes.
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av (1) = zf (4, X(0)dt + 926, X (1) o(t,w)dt + (1, )dB(0)]
T LA
+ / L7, 5() +9(8.2)) = (2. X))
of

- (X () z)}u(dz)dt
+ {F(t, X () +y(t,2)) — f(t, X (t7))}N(dt, dz).

If «, o and v are time homogeneous, X (t) is called a jump diffusion or a Lévy
diffusion. Then, for f € C3(R"), the generator Af(z) of X(t) € R™ is given by

= 0
Af(a:) = Z + Z ﬁﬁT Z] 81318];]( )

zgl

/R S 0w + 480, 9) - )~ V1) 29, )il

0 k=1

For a more detailed introduction to It6-Lévy processes see [15] or [1].
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2 Introduction to the axiomatic theory of risk
measures

We view a financial position as a P-a.e. bounded and Fr-measurable function
X : Q — R where Q is a fixed set of scenarios. The set of all such functions is
denoted by X, where X = L*(Q, Fr, P). From here we define three families of

risk measures to assess the risk of a financial position.

2.1 Three families of risk measures

Definition 2.1[3] A coherent risk measure is a map p : X — R which has the
following properties:

(1) Subadditivity: p(X +Y) < p(X) + p(Y)

- This property gives that the risk of an aggregate position is bounded
by the sum of the risk of each position.

(2) Positive Homogenity: If X\ > 0, then p(AX) = Ap(X)

- This property suggest linear growth in risk with the size of the position.
We deduce that p(0) = 0.

(3) Monotonicity: If X <Y, then p(X) > p(Y)
- This property states that the risk decreases if the payoff increases.
(4) Translation Invariance: If m € R, then p(Y +m) = p(Y) —m

- This property gives that if we add the amount m to the position in
a risk free manner, the capital requirement decreases with the same
amount m. We deduce that p(X + p(X)) = 0.

Property (2) suggest a linear growth in risk with the size of the position, which
in many situations can be too restrictive. Therefore we may relax some of these
properties and define a convex risk measure.

Definition 2.2a|21] A ’strong’ convex risk measure is a map p : X — R
which has the following properties:

(3) Monotonicity: If X <Y, then p(X) > p(Y)

(4) Translation Invariance: If m € R, then p(Y +m) = p(Y) —m

10
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(5) Convezity: p(AX + (1 —=N)Y) < Ap(X) + (1 = AN)p(Y) for A € [0,1]

- This property ensures that the risk of a diversified investemt is
bounded by the weighted average of each position’s risk?.

Definition 2.2b[19] A "weak’ convex risk measure is a map p : X — R which
has the following properties:

(3) Monotonicity: If X <Y, then p(X) > p(Y)

(5) Convezity: p(AX + (1 =N)Y) < Ap(X) + (1 = N)p(Y) for X € [0,1]

In light of definitions 2.1, 2.2a and 2.2b we can see that any coherent risk mea-
sure is also a convex risk measure, but that the converse is not true. The set of
convex risk measures is the most important set of risk measures in this thesis.
In the remainder of this thesis, a ’strong’ convex risk measure will be refferd to
as just a convex risk measure. The third definition on risk measures that will be
represented here, is the one on monetary risk measures.

Definition 2.3[3] A monetary risk measure is a map p : X — R which has
the following properties:

(3) Monotonicity: If X <Y, then p(X) > p(Y)

(4) Translation Invariance: If m € R, then p(Y +m) = p(Y) —m

2.2 The acceptance set of risk measures

We will call a financial position X € X acceptable if p(X) < 0. If we let p(0) = 0,
we can interpret p(X) as the amount that should be added to X in a risk free
manner to make it acceptable under the given risk measure p. It is then natural
to define the set

A, = {X € X | p(X) <0} (2.1)

2For more information on the interpretation of axioms (1)-(5) see e.g. [3].

11
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which we call the acceptance set of p, i.e. the set of all positions that do not
need additional investments to pass as acceptable. Conversely, if we start with a
acceptance set 4, C X, the risk measure

pa,(X)=inflmeR|m+X e A}

fulfills p4,(X) = p(X). This last statement is true because

inflmeR|m+XeA} = infflmeR|pm+X) <0}
inf{m e R | p(X) <m}
= p(X).

We also see that all constant functions are in &X', and if p fulfills translation in-
variance, all non-negative constant functions are in A,,.

Proposition 2.1 A monetary risk measure py is convex if and only if A is
conver.

Proof. Let p4 be convex, and A € [0,1]. Then
X, Y e A= 02> A X))+ (1-XN)pa(Y) > paAX + (1-N)Y) = AX + (1-N)Y) € A

Conversely, let A be convex and X, Y € X. If pa(X) = m and ps(Y) = n then
m + X and n+ Y are both in A, and by convexity A(m + X) + (1 —A)(n+Y)
are also in A. So

0> paAm+X)+ (1 =Nn+Y))=psAX + (1= NY) = (Am+ (1= Nn).

Hence,
paOX + (1= N)Y) < Apa(X) + (1= A)pa(Y)

12
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3 VaR in light of the axiomatic properties of risk
measures

In computing VaR (Value at Risk), we basically compute the quantile corre-
sponding to the distribution of X, given a probability measure P. One definition
among many equivalent definitions is the following.

Definition 3.1 Let o € (0,1). We define VaR(X) with level o as
VaR,(X) :=inf{ m | P(X +m < 0) < a}.

Next we look at an example that rules out VaR as an convex risk measure.

3.1 Example

Let the risk free rate of return be r > 0. Our investment options is two
independent defaultable bonds, both with equal probability of default p, rate
of return 7 which staisfies » < 7 <1+ 2r, and cost w. For bond 7 we then have
that the discounted net gain is

X — { —w in case of default

w(F—r)

T otherwise.

We then get

w(F —r) B B

Hence, if @« = 0.1 and p = 0.09

w(r —r)

VaRo.l(XZ') = — 1 T

< 0.

The interpretation of this is that the position do not need additional risk free
investments to pass as acceptable. This is without concern for the size of the
potential loss. If we now choose to diversify our investment by investing w/2 in
each of the two bonds, the discounted net gain becomes Y = (X; + X»)/2, i.e.

—w in case of both default

Y={ —% (1 — %) in case only one default
w(T—r) :
= otherwise.

13
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Then the probability that Y is negative is the same as the probability that one
or two of the bonds default: P(one or two bonds default) = p(2 — p).
Since we have p(2 — p) > «

VaRo,(Y) = g (1 - (71::)> > 0.

We conclude that

1 1
VCLROJ(Y) > §VGRO_1(X1) + §VCLR0_1(X2).

This example contradicts property (5) from the definition of convex risk mea-
sures, and hence VaR is not a convex risk measure. VaR gives the minimal loss
that can occur within the a-quantile. By other words VaR will compute the best
scenario among all bad scenarios, but it does not answer "how bad is bad’. If risk
is measured with respect to VaR, this example shows that one might be inclined
to concentrate the investment in one single asset, without regard to the expected
loss in case of default. When, as in this example, VaR discourage diverification
it clearly works against what we want from a risk measure.

When constructing such an example it is not needed much creativity. One only
need to exploit the fact that VaR fails to recognice the severity of ’bad’ scenarios.
In general, VaR fails to fulfill convexity when dealing with small probabilities of
default. Consequently, the worst deployment of VaR is in the case where we deal
with small probabilities and big losses.

14
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4 A characterization of a convex risk measure

To assess the risk of a financial position one could simply look at the 'worst case
scenario’ measure.

Pwes(X) = — inf X (w).

weN

It is readily seen that pycs is a coherent, and therefore also convex, risk measure.

e X >V gives that inf,cq X(w) > inf,cq Y (w) i.€. pyes(X) < pyes(Y)

m € R gives that pyes(X +m) = pyes(X) —m

Pues(X +Y) < pyes(X) + pwes(Y)

A > 0 gives that pues(AX) = Apwes(X)

Here, the acceptance set A, . is given by all non-negative functions in X’. Since
this measure does not take into account the probability of such a 'worst case
scenario’ it is very conservative. It may even not be interesting when dealing
with big losses on a set of measure zero. In fact, it is the most conservative of all
coherent risk measures on A, . This is seen by letting p be any coherent risk
measure on A, . then by properties (2), (3) and (4) from Definition 2.1

Pwes ?

p(X) 2 plinf X(w))

weN

inf X(w)p(1)

we

= inf X(w)[p(0) —1]

weN

= Pwes (X)

—~
)
~—

—
N2

If we let M be the set of all probability measures on (£2, F) we see that pycs has
the alternative representation

pWCS(X) = sup EQ[_X]
QeM

To define a less conservative measure we let @ C M and v : Q — [—00, 00), with
SUPgeo V(@) < 0o, where v(Q) will represent some "lower bound’ relative to the
probability measure (). Now let the set of acceptable financial positions be

15
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A ={X eX | EgX]>~(Q) forall Q € Q}.

Observe that if X,Y € A then v(Q) < Eg[X], and v(Q) < Eg[Y] for all Q.
Then we have that

(@) = EqAX + (1 = \)Y]

Q) = AEQ[X] — (1 = A) Eq[Y]

Q
Q) = M (Q) = (1= )(Q)
0.

IN

So the acceptance set A’ is convex. By Definition 2.3 and Proposition 2.1 we see
that the corresponding risk measure is convex. From the form of A" we deduce
that the corresponding risk measure gets the form

pa(X) = sup (7(Q) — Eq[X]).
QREQ

From this point on p and py4 will have the same meaning.

An equivalent form of p is

p(X) = sup (Eq[—X] —((@Q)) (4.1)
QeQ
where ((Q) = —v(Q). We will call ¢ a ’penalty’ function, and say that p is

represented by (.

In (4.1) we have taken Q to be some arbitrary subset of M. A more specific
characterization of Q may be given when noted that it is natural to restrict our
class of convex risk measures to those who have the following property on X.

p(X)=p(Y) if X=Y P-as. (4.2)

This assumption on p is not only useful in the study of Q. It also has the practical
interpertation that two financial positions with the same payoff will be regarded
as equally risky. If this assumption is violated one could have unexpected results,
e.g. an option being more risky than its replicating portifolio.

16
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Proposition 4.1,[10] Let p be a convex risk measure given by (4.1) with
property (4.2). Furthermore, let ¢ be as in (4.1). Then ((Q) = oo for all Q not
absolutely continous with respect to P.

Proof. Let

p(X) = sup (Eq[-X] - ((Q))
QeQ

then
((Q) = Eq[=X] — p(X)
for all ) and X. Hence

((X) > )s(gg((EQ[—X}—p(X))
> sup (Eq[—X] — p(X))
> sup (Eq[-X]).

XeA,

Here, A, is as in (2.1). Now let A € Fr be such that P(A) = 0. Then if X € A,
and X,, = X —nly then X = X, P-ae., so p(X) = p(X,,). Hence X,, € A,.
Now let @Q(A) > 0, then

Q) > Sup Eq[—X] > Eq[—Xn] = Eq[—X] +nQ(A) — o0

when n — oo. O

By Proposition 4.1 we see that there is nothing to gain by including probability
measures not absolutely continuous with respect to P in Q.

Proposition 4.2, [8],[9] Every convex risk measure p : X — R is of the
form

p(X) = sup (Eq[-X] —¢(Q))
QEP

for some family P of probability measures absolutely continuous with respect to
P, and some ’penalty’ function ¢ : P — (—o0, ).

By the form of p we see that ((Q) > inf,ep{((p)} = —sup,ep{—((1)} = —p(0)
for all ) € P. And in retrospect, we see that the existence of the alternative

representation of pwcg follows from Proposition 4.2.

17
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The following is another important result on convex risk measures, which says
that choosing a convex risk mesaure is equivalent to choosing a family of mea-
sures P, and a penalty function (.

Proposition 4.3, [8],[9] A map p: X — R is a convexr risk measure if and
only if there exists a family P of measures Q) < P on Fr and a convex ‘penalty’
function ¢ : P — RU {400} with infgep ((Q) = 0 such that

p(X) = sup (Eq[-X] —¢(Q))
QEP

In Proposition 4.3, we see that the assumtption infgep ((Q) = 0 ensures that
p(0) =0, i.e. the risk p(X) can be interpered as the amount needed to make the
investment X acceptable. Thanks to Proposition 4.3, the interpretation of the
acceptance set of p in Chapter 2.2 now holds for all convex risk measures. As
Proposition 4.2 and Proposition 4.3 does not single out one spesific risk measure,
one can to some degree let the final choice of risk measure allow economic consid-
erations and risk aversion to come into play. For instance, since not all investors
has the same level of risk aversion, or even the same regulating framework, the
choice of ¢ may differ to suit the situation at hand.

Example A well known family of measures absolutely continuous with respect
to P is the family arising from Girsanov transformations, i.e. on the form

dQ = Zy(T)dP.

Example One choice of ¢ is the relative entropy® of Q with respect to P

(@) = B | Ghresp| = i)

where the expectation is taken with respect to P, and ‘;—g denotes the Radon-
Nikodym derivative of () with respect to P.

Example To illustrate the ideas of convex risk measures and the relative entropy,
we introduce this simple example. Consider a given measure space (2, F, P),
where Q = {w;,wy, w3} and F is the powerset of Q. We define P = {P,Q},
where the distribution of P and () is given by

3See e.g. [4]

18
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P Q
wp| 02 0.2
we| 0.5 0.6
Ws 0.3 0.2

The random variable X (w) (e.g some financial option) will have payoff

w1 03] w3
X] 02 —01 —0.05

The penalty function of p is in this example the relative entropy, so p(X) will
have the form

p(X) = mas {EQ[—X] Y0 o (@W) }

QeP — P(w;)

First we compute this expression with resptect to P, then the relative entropy
will be 0, and

Ep[—X]=-02x0.240.1 x 0.5+ 0.05 x 0.3 = 0.025

If we use @ we will get

3
Eol-X] - Q(wi)log (Qwi)) = —02x0.2+06x01+0.2x0.05
i=1 =0.03
— (0.2 x1og1+4 0.6 x log 1.2 4+ 0.2 x log 0.67)
~ 0.0017

Here we see that the most 'pessimistic’ expectation of X (‘optimistic’ expectation
of —X) is achieved with . However, if the expectation is computed with
respect to ), we recive a penalty for the distance* from @Q to P. In this case,
this penalty assures that the maximum is attained when P is used. From an
intuitional point, p (represented by the relative entropy) makes sense as the most
pessimistic expectation of X, given that we do not stray too far away from the
‘true’ probablility measure P.

4The relative entropy, also called the ’Kullback-Leibler divergence’, measures the distance
(in some sense) from one probability distribution to another. It is non-cummutative, i.e.

H(Q; P) # H(P;Q)

19
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5 Risk minimizing portfolios

In this chapter we will look at what happens when our payoff is affected by
the choice of portfolio. The Fp-measurable, P-a.e bounded random variable
X : Q x Il — R will represent this payoff, where II is a given set of allowed
portifolios. In this setting it will be of interest to find the portifolio 7 € II that
minimizes the risk, where the risk measure is as in Proposition 4.2. This leads to
a min-max problem on the form

inf sup (Eo[-X™] - ((Q)) (5.1)
mell gep

This problem can be reformulated by introducing the concave function U(X) :=
—p(X), where p is a given convex risk measure as in Definition 2.2a. This func-
tion U(X) is an example of a monetary utility function, which is defined in the
following way.

Definition 5.1 A monetary utility function is a map U : X — R with the
following properties:

(3)" Monotonicity: If X <Y, then U(X) <U(Y)
(4)’ Translation Invariance: If m € R, then U(Y +m) =U(Y) +m
(5)” Concavity: UNX + (1= N)Y) > ANU(X) + (1 = NU(Y) for X € [0,1]

We can now reformulate (5.1) in the following manner.

Problem 5.1 Find

D(x) = sup inf (E5IX™+¢(Q))

and find 7* and Q* such that

®(z) = B [X™] +¢(Q").

In view of the original problem in (5.1) we see that —®(z) will give the solu-
tion we set out to find. If {(Q) = E[f(Q)] for some suitable f, this reformulation
of (5.1) has the advantage of being easy to translate into the existing theroy on
HJBI equations. More on this will follow in the sections below.

20
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5.1 The market model

In our jump diffution market there will be two investment possibilities:

e A non-risky asset with price Sy(t) given by

dSo(t) = r(t)Se(t)dt;  Sp(0) =1 (5.2)
o A risky asset with price S(t) given by

dS,(t) :51(t)[a(t)dt—i—ﬁ(t)dB(t)—|—/fy(t,z)N(dt,d2)]; S1(0) >0 (5.3)

where r, «, § and v are F;-adapted processes satisfying

B[ A+l + 556 + [ 11081+ 5(5.) = (s, 2)ed=is}] < .

Ro

The solution for Sy(t) is straight forward

=

So(t> _ ef(f r(s)ds

By It6’s formula we find the solution for Si(¢) by taking the derivative of log S;(t)

108 5:(0) = 51 (Ofa(0)dt + HOAB0)] ~ 3= SO F ()
+ / [1og Y+ S 2 >>—1ogsl<t->—ﬁ&(t-w(t,z) v(dz)dt
—|—/R log(S1(t7) + S1(t7)y(t, 2)) — log S1(t7)] N(dt, dz)

1t -+ B(OAB(D) — 35 (1)t + / log(L + (t, 2)) — (¢, 2)] v(dz)dt

R

+/log(1+7(t,z))N(dt,dz)

log 51 () = log 51(0) + / [( )~ 557 + / log(1 + (s, 2)) — (s, 2)] v(dz) | dt

/ﬁ )dB(s //log 14 (s, 2))N(ds, dz)
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Si(t) = 51(0) exp{/ { (s )——52( )+ /R[log(lJr’V(S’Z))—’V(S’Z)] v(dz) | dt

/ﬁ )dB(s //1og1+ysz)N(ds,dz)}

We see that this solution is well defined for (¢, z) > —1 for a.a. t,z, P-a.s. Here,
the random variable X (™ = V™(T) will be a linear combination of the risky asset
and the non-risky asset. The function 7 : [0,7] x Q@ — R will represent the
proportion of wealth invested in the risky asset. Let 1y and 1; be number of units
held in asset 0 and 1 respectively. The wealth process then becomes

AV (8) = 1o(£)dSo(t) + 7 (1)dSy ()
= no(t)r(t)So(t)dt

+(E)Si () [ty + G(1)AB(E) + /R
= (1 —7(@®)V™(t)r(t)dt
+ (V) [a(t)dt + B()dB() + /

+(t, 2)N(dt, dz)]

+(t, 2)N(dt, dz)]

— V() [((1 — w()r(t) + m(t)a(t))dt
+ () B(t)dB(t) + n(t7) /Rw(t, z)N(t,z)} (4.4)

By the same method used to find S;(t) we get

1

V(E) = V(0 exp { | [0=mor(s) + ms)ats) = 575

N /R log(1 + 7(s)y(s, 2)) — m(s)(s, 2)] V(dz)] dt

# [ w)306380) + [ [ 01+ (512 (5,2 Vs, dz>}

where we assume 7(t)y(t,z) > —1 for a.a. t,z, P-a.s.
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5.2 An HJBI equation for zero-sum differential games for
jump diffusions

Consider the controlled jump diffusion Y (t) = Y*(¢), where

dY (t) = b(Y (), uo(t))dt + o (Y (1), uo(t))dB(t)

+ /Rk Wl(Y(t_),ul(t_,z),z)N(dt,dz); Y(0) =y € R (5.5)

Here, u(t, z) = (uo(t),ui(t, 2)), where ug(t), ui(t, z) € K C RP represent the con-
trol (e.g. m and @ as in Problem 4.1), and it is assumed to be cadlag and adapted
to the filtration F, generated by B(-) and N(-,-). Furthermore, b : R¥ x K — R,
o REXK — RM* and 4, : RFx K xR¥ — R¥** are given, B(t) is a k-dimensional
Brownian motion, and N (+,-) are k independent compensated Poisson random
measures.

Now let S be a open subset of R* where Y (¢) is 'solvent’, and define the stopping
time

s =1inf{t > 0;Y(t) ¢ S}.
Let K be the set of admissible controls satisfying integrability conditions, and

such that (5.5) has a unique strong solution. For u € K define the performance
functional

S
7 =B | [ 5@, o)t + o1 ()
0
where f:RF x K — R, and g : R*¥ — R are given.
If we let ug(t) = (6o(t), mo(t)), and ui(t,z) = (61(t,2),m(t,2)) we can view
O(t,z) = (6o(t),0,(t,z)) € K; as the control for player 1, and =(t,z) =
(mo(t), m1(t,2)) € Ko as the control for player 2, for suitable sets K; and Ko.

Denote the set of such controls by © and II, respectively. We then formulate the
following problem.

Problem 5.2 Find ®(y) and (0*,7*) € © x II such that

®(y) = sup (inf Je’”(y)) = J" " (y)

rell \9€O
where (0%, 7%) is called an optimal control if it exist.

We will not look at the general family of adapted controls, but focus on Markov
controls. This may not be a big loss of generality, since in many cases a Markov
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control gives the same performance as the more general family of adapted con-
trols®. This means that our control will only depend on the current state of the
system, and not e.g. the starting point.

Before stating Proposition 5.1 we need some notes of nomenclature. The gen-
erator of a process Y (t) € R”, with Y(0) =y = (s,v1, -, yn) Will be denoted
A% p(y), and let T = {7 : 7 is a F;-stopping time, 7 < 75}.

Proposition 5.1,[20] Suppose there exist a function ¢ € C*(S) N C(S) and
a Markov control (0(y),7(y)) € © x II such that

(1) A" Wp(y) + f(y,0,7(y)) >0 forall 0 € K;,y €S

(11 Aé(y)”rcp(y) + f(y, é(y), ) <0 foralme Ky, yeS

(v

)
)

(ii) A’DFWp(y) + fy,0(y),7(y)) =0 forall y €S
)

Y97 (15) € OS a.s. on {1s < 0o} and
lim, - (Y7 (t)) = g(Y*7(75))X{rs<o0}
a.s. for all (0,7) e ©®@ xIl,ye S

(v) The family of { (Y™ (7)) }rer is uniformly integrable,
forallye S, (0,7) € © x 1L

Then
_ _ : 0,m — 0,m
ely) = @y) = Sup (;g(g J (y)) Inf (i‘éﬁ J (y))
= sup J"(y) = inf J*7(y) = J*7(y)
well USS)
and

(6,7) is an optimal (Markov) control.
For proof of Proposition 5.1 see [20].

5.3 Examples

One way to start the process of constructing an example regarding risk minimiz-
ing portifolios, is to look at more or less trivial situations. However, this may not
give the desired results, as the following example will show.

5 As proven for the case without jumps in [17].
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Trivial case with constant coefficients

Let us study the problem (5.1) in the context where II = R, © = {0}, and { = 0.
Then (5.1) gets the form

inf E[-V™(T)].

mell

Let 7 be the number of assets held in the risky asset S(t), defined as in (5.3) by

dS(t) = S(t7)[adt + BdB(t) + / YN (dt,dz)]

Ro

for some given constants «,  and «y. If we let the risk free asset Sy(t) = 1, i.e.
r(t) = 0, our value process V(™ (t) from (4.4) becomes

dV ™ (t) = 7(t7)S(t7)[adt + BdB(t) + / YN (dt, dz)].

Ro

Thanks to Theorem 5.3.5 (Martingale representation 2) in [1], our problem can
be written as

inf E[—(x +/0 7(t)S(t)adt)] = —x — acsup E[/O 7(t)S(t)dt].

well mell

which is degenerate, in the sense that

sup E[/O 7(t)S(t)dt] = oo.

mell

This example shows that even close to trivial cases may not have a solution.

An example with constant coefficients and no Brownian motion

In this example we will look at the following version of Problem 5.1.

sup inf Eq, [V ™(T)]

well 0€©

where I = R and © = {0 : E[Zy(T)] = 1}, with Zy(t) given by

dZy(t) = —Zy(t™) / O(t, )N (dt,dz)
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and
dQy(w) = Zy(T)dP(w), on Fr.

In this case we consider the process

dYy(t) dt 1 0
AY ()= [avi(t)| = | dZy(t) | = 0 dt + / —0(t,2) Zo(t™) | N(dt,dz)
dYs(t) dV ™ (t) () St ) Ro | 7(t)S(t7)y

with Y(0) = (s,y1,y2). Then, the generator of Y (¢) has the form

Ao (y) = os(y) + Tyaipa(y) + / [o(s,y1 — Oy1, Y2 + Tyay) — @(y)
Ro

+ 01101 (y) — Ty 02 (y) | v(d2)

In light of (iv) from Proposition 5.1, we guess

©(y) = h(s)y1y2

for some h : [0,7] — R with hA(T) = 1. This gives that the generator can be
written as

A p(y) = H(s)yrye + Tah(s)ynys — / h(s)Byrmyar o (d2).

Ro

If we now maximize A™9p(y) over all = € II we get the following first order
condition for 7.

ah(s)ylyg—/ [h(5)0ury2y]v(dz) = 0, ie.

Ro

o= /R Pwe)

By this, we see that the market will choose a 0 that corresponds to (Jy being a
'risk-free’ measure, as in Girsanov Theorem II in [15]. Also, we note that 6 will be
independent of t. The first order condition obtained when minimizing A™%p(y)
over all § € O is

/R (h(s)yyl(dz) = 0

which leads to @ = 0, as the optimal choice for the agent. By condition (ii7)
in Proposition 5.1, the differential equation for the deterministic function h(s)
becomes

h,(S)ylm =0,
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So
h(s)=1for t € [0,T].
We conclude that the solution to the problem in this example is

(1) = 132

An example with constant coefficients

As a deployment of Proposition 5.1 we will study Problem 5.1 in the case where
a, 8 and v are constants, and r(t) = 0.

Let P from Proposition 4.2 be the set of all probability measures on the form

dQy(w) = Zyp(T)dP(w) on Fr

where
Zo(t) = exp | —/Oteo(s)B(s)—%/Otﬁg(s)ds—l—/ot /R log(1 — 61 (s, 2)) N (ds, d=)
4 /Ot /R log(1 — 01(s. 2)) + 01 (s, 2)]v(d=)ds }.

By Ito‘s formula we get

dZs(t) = —Zy(t) [90@)(13(15) + [ 0t 2)N(dt, dz))|.
Next, we let

6= {9 L E[Zy(T)] = 1}.

In this case, our process will be given by

AYe(t) dt 1 0
v = lan)| = lazw| = | 0 |dt+ |02 | dB)
dYs(t) dv(t) TV (1) TV (t)s
0
+ / 0,1 Zo(t) | N(dt, d)

Fo | m@V (¢ )y
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with Y(0) = y = (s,y1,92). The penalty function will be assumed to have the

form
dQy\>
dP

We see that Problem 5.1 can be written in the HJBI context as

((Qo) = E = E[Zy(T)".

®(y) =sup { inf {EY [Vi(T — s)Ya(T — s) + Yao(T — 5)*] } }.

Here, v from (5.5) becomes
0

0 0
Vl(y(t_)vul(t_az)vz) =10 _y191<t72> 0
0 7(t)yxy O

If we denote the i‘th column of ~; by fyfi), the generator of Y(-) becomes

APT(y) = ps(y) + Tyaapa(y) + %Gﬁyfwaz(y) — Ooyrmya P12 (y) + %WQySﬁszz(y)
+ /R [sO(y +97) = p(y) — Ve(y) - 752)]
= 6u(y) + Taa(y) + 3Ry enly) — SnmaBion(y) + 5T en(y)
+ /R [90(8, y1 — Y11, 92 + yermy) — (5,91, 2) + iy (y) — Wyszz(y)] v(dz).

Now that we have the form of A%™¢(y) we see from Proposition 5.1 (4ii) and (iv)
that the equation to be solved is

{ SUpren (infoce A7 (y)) =0 (5.6)
o(T,y1,y2) = Y1y2 + Y3

From the form of (5.6), one possible choice of ¢ is

e(y) = h(s)y1y2 + yi

for some h : [0,7] — R with A(T) = 1. Then
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AO’WSD(?J) = h'(8)y1ys + mysah(s)y; + 98?;? — Ooyamy2Bh(s)

+ /R [h(s)(yl = 1101)(y2 + 12m) + (1 — 161)°

— h(s)y1y2 — Y7 + O1y1(h(s)ys + 2u1) — Tyovh(s)yr |v(d2)
= h'(8)y1ys + mysah(s)y; + 989% — Ooyr Y2 Bh(s)

+/ [9%9% — h(s)y1bhyamy|v(dz).
Ro

If we now maximize Aé’”go(y) over all 7, we get the following first order condition
for the minimum point 7.

veah(S) — Gunuh(s) = [ hs)mbumv(dz) =0
Ro
or equivalently
aTYy — éoﬂygﬁ — [élﬂygv]y(dz) =0
Ro

which gives that the optimal choice for the market is to choose 6 such that @y is
an equivalent martingale measure (or risk-free measure) for X (t). Since «, 5 and
~ are constants, we note that 0 is deterministic. To find the optimal choice for
the agent, we note that A%™p(y) is linear in 7, and can be written on the form

AlTp(y) = <yzah(5)yl — Ooy1y28h(s) — /]R [h(s)ywﬁﬂ]?/(dz))

WS+ 6ot + [ 6w(d)

Ro
which gives that the optimal choice for the agent is
0o, if positive coefficient

—o0, if negative coefficient
remiss, if the coefficient is 0

=1
I

~

For instance, we can let 7(f) = 0. Then we have our candidate for the optimal

A

control (6, 7), and the solution of

{ AP p(y) = 0
o(T,y1,y2) = 1Yz + U3
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will be our candidate for ®(y) in Problem 5.2. It remains to determine A(s). By
(77¢) in Proposition 5.1, and that the market will choose an equivalent martingale
measure, we have

A o(y) = B (s)yrys + O3y3 + / 02yiv(dz) = 0.
Ro

This equation has a unknown solution, if any, since h(s) is assumed to be a
deterministic function of s alone.
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6 Pricing of contingent claims

6.1 Pricing in complete and incomplete markets

In a complete market we have one and only one equivalent martingale measure.
If we find ourselves in the complete market setting we can also always find an
x € R and a self-financing portifolio 7 such that for any contingent claim F' with
maturity 7" > 0

Vi(T)=F P-as.

and the ’fair’ price is given by

p(F) = e Jo 704 g [F)

for some risk free rate r : [0, 7] — R* (see e.g. [6]).

In general, markets driven by jump processes such as in this thesis are not com-
plete. This leads to problems when trying to give a ’fair’ price to a contingent
claim for two reasons. Firstly there is infinitely many equivalent martingale mea-
sures, and secondly there may not exist a replicating portifolio. When using the
replicating portifolio argument the seller will not settle for less than

pup = inf {x | 3 self-financing 7 such that V(T > F}

and the buyer will not pay more than

Piow = sup {z | 3 self-financing 7 such that V(T < F}.

In a complete market we will have p,, = pjow, but in our setting there may be
a big gap between the acceptable prices for the two partisipants. Other prices
in incomplete markets are arising from utility indifference arguments and risk
indifference arguments, where the latter will be dicussed here.

Our market, equipped with a fixed terminal time 7' > 0, will consist of two
investment possibilities.

(7) A risk free investment, with discounted unit price Sy(t) =1, t € [0, T].

(74) A risky investment, with discounted unit price S(t), given by

{ dS(t) = S(t™)[a(t)dt + B(t)dB(t) + [, V(t,2)N(dt,dz)]; t€[0,T]
S0) =s>0
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A portfolio will in this chapter represent the number of units held in asset (i).
Then the discounted wealth process V (t) = V(™ (t) becomes

{ dV(t) =m(t)dS(t) = 7(t7)S(t7) [a(t)dt + B(t)dB(t) + [o ~(t, 2)N(dt, dz)]
V() =x>0
6.2 Risk indifference pricing

A seller can either agree to sell a contingent claim F' € X, or not. If the seller
has the amount = and agree to sell the contingent claim F' for some price p, the
minimal risk involved is

Op(z+p) = ;ggp(%(@(T) ~F) (6.1)
whereas the minimal risk if no sale is made is

Do(x) = inf p(VI(T)) (6.2

mell

where II is some subset of all admissible portifolios. We recall that a self-financing
portfolio 7 is called admissible if

/0 {a@Ix(0)1S() + B0 5(0) + 7*(1)5*(1) /]R Pt 2(d2) Jat < oo

and
V™) >0 fort€[0,T] as.

seller

Definition 6.1,[18] The seller’s risk indifference price p of the claim

F € X 1s the solution p of the equation
Pr(z +p) = Po(2). (6.3)

So one way to solve this problem would be to solve the stochastic games (6.1)
and (6.2). If we let

qYs(t) dt |
v = |avm| = lacm| = | o |a
a0 | asa) | |s@E)aw
0 0
+ K000 | dB() + / Kot (1, 2) | N(dt, dz)
S(t7)B() Bo | St )v(t, 2)
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it is shown in [18] that we can view the the sellers risk indifference price p*e!e" of
a contingent claim F' = g(S(7T)), as

e (F) = sup {Eq,[F]—¢(Qo)} — SUGPE{ —¢(Qo)} (6.4)

QoeL

and the buyers risk indifference price p”¥¢" becomes

P (F) = inf {Eq,[F] +((Qn)} — inf, {<(Q0)}- (6.5)

Here £ denotes the set of equivalent martingale measures for Y'(t).

6.3 Prelude to example

As Proposition 5.1 assumes ¢ € C?(S), we see that for A = {K — yo > 0}

o(s,y1,y2,y3) = h(s)y1(ys — (K — y2)xa) + 1 log

will not meet this assumption. However, if we let

fay(y2) = C§ + Clya + Chys + Crys + Clys + Coys

and determine (for each n) the constants C',--- ,C? by the equations
1 1 1
(K +—)=0, (K —=)=—
fon (B + ) foo (K = —) = —
1 1
C (K +-)=0 LK - 2) =1
fin( +n) ; fin( n)

1 1
" (K +=)=0 'K — =) =0

we can define, for y = (s, v1, Y2, y3)

]
]

py), iy ¢ [K— 0 K+
LK+

@(n)(y) = { h(S)yl(y?, _ f(n)(y2)> + 11 log Y1, if Yo € [K _

3|3 |~

)

to approximate ¢(y). Since ¢, (y) € C?*(S), our problem can be contained to
an arbitrary small interval around K. Also, the singularity is not severe, so this
problem is omitted in the following example.
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6.4 Example: Sellers risk indifference price

In this example we will solve (6.3) in the case where ' = (K — S(t))x{x—s(t)>0}
and

L[4, dQ
(@ - |

called the relative entropy, as in Chapter 4. Further we assume that «, 5 and
are constants, I = R, and that

O = {0: EZ,(T)| =1}

where

dZg(t) = —Zg(t7) [Go(t) + /

Ro

01(t, 2) N (dt, dz)] .

First we try to solve the stochastic differential game (6.1). From Chapter 5, we
can study the problem

V(o +p) = s ot B [Zem (VD) = (K = SD)xa) + Zo(T) ot zm]

where A = {K — S(T') > 0}. The process needed to solve this problem is given
by

dYy(t) dt

_ |an(t) dZ(t)

WO = v (2) aS(t)

| dY;(t) dv (t)
- . 0

_ 0 —00(t)Zo(t™) —01(t,2) Zo(t7) | <

~ | aS@t) dt + BS(t) dB(t) + /R 0 VS N(dt, dz)
larS(t7) BrS(t7) yrS(t7)

with Y(O) = (3>y17927y3)-

If we guess
o(y) = h(s)y(ys — (K — y2)xa) + y1logys,

we get that the partial derivatives of ¢ is

ps(y) = 1 (s)y1(ys — (K —ya)xa); ©3(y) = h(s)n
p1(y) = h(s)(ys — (K —y2)xa) +logys +1; @s3(y) =0
o1(y) = i% ©12(y) = h(s)xa
©2(y) = h(s)y1xa; ©13(y) = h(s)
p2(y) = 0; pa3(y) =0
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and the generator becomes

AP o(y) = B (s)yr(ys — (K — ya)xa) + yaah(s)y1xa + Tyach(s)y
1
+ 59(2)91 - eoylyzﬂh(5>XA - 90y1wy26h(8)
+ / {h(S)(yl —y1601)(ys + 7y2y — (K — y2 — ¥277)Xx4)
Ro
+ (1 — 1101) log(yr — y101) — h(s)y1(ys — (KX — y2)x )
—y1logyr + y161[h(s)(ys — (K — y2)xa) + logys + 1]
— yoyh(s)y1xa — ﬂywh(S)yl}V(dZ)
=N (8)y1(ys — (K — ya)xa) + y2th(8)y1xa + myacth(s)y1

1
+ §9§y1 — Ooy1y28h(s)xa — Ooyamy2Bh(s)
+ / {91y1 — O1y1h(s)y2vxa + y1log(1l — 61)
Ro

— by; log(1 — 6;) — ylﬁlﬂyﬂh(s)}y(dz).
To maximize Aé7”g0(y) for all m we obtain the first order condition

cyrh(s) — BoByyah(s)— / Bryyryah(s)]v(dz) = 0, ie.

Ro

Yz — éoﬁm—/ [é17y2]y(dz) =0, and

Ro

o — foByam— / 61y (dz) = 0

Ro

We see that the market will choose a ’risk-free” measure, as in the last example
in Chapter 5. Also A%™p(y) is linear in 7, so the optimal choice for the agent is
again dependent on the coefficient for 7, i.e.

0o, if positive coefficient
—oo, if negative coefficient
remiss, if the coefficient is 0

>
I
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To determine h(s) we use (ii7) from Proposition 5.1, and write

N , 1
0=A"p(y) =K (s)yi(ys — (K — y2)xa) + §9§y1
+ / {91y1 + y1 log(1 — 61) — b1y log(1 — 91)}y(dz)
Ro
, 1
= 1(5)(ys = (K = y2)x4) + 505

n {91 +log(1— 61) — 6 log(1 — 01)}y(dz).

Ro

So

! _ —1 12 0 — — o) — viaz
h(5>_yg—(K—yz)xA[29°+/Ro {61 +1log(1 — 61) — 6 log(1 — 6;) }v(d )]

Again, this equation has no known solution. The case where ' = 0 is somewhat
similar to the above and the last example of Chapter 5. The stochastic differential
game (6.2) can be formulated as

U(r) = sup inf F {ZQ(T)V(”) (T) + Zy(T) log Zg(T)] :

rell €0

The process used will be

[dYy(t) dt
dY (t) = |dYi(t)| = [dZy(t)
ava(t)) LAV
[ 1 0 0
= 0 dt + | —0o(t) Zg(t™) dB(t)+/ —01(t,2)Zo(t™) | N(dt,dz)
lamS(t7) prS(t7) Ro A S(t7)

Here, we guess ¢(y) = h(s)y1y2 + y1logy;. Then the corresponding generator
gets the form

1
APTo(y) = B (s)y1y2 + Tyryach(s) + 593?/1 — Ooy1y2mBh(s)

+ {91y1 — h(s)ylygﬁﬂw + Y1 lOg(l — 91) — y191 10g<1 — 01)}V(d2)

As before, the maximization of AP for all m, gives the first order condition

QYo — éoﬂyﬂ - / [él’yyzﬂ]’/(dz) =0,

Ro
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and since A%7 is linear in 7 we get

oo, if positive coefficient
—o0, if negative coefficient
remiss, if the coefficient is 0

>
I

To find h(s) we use as before

5~ 1
0=A"p(y) =K (s)yys + 59(2)%
+ / {91y1 + y1log(1 — 01) — Oy log(1 — 91)}”(d2)
Ro
So
- —1

B (s) = " [%03 + i {6; +log(1 — 6;) — 6 log(1 — 91)}V(d2)]

Similar problem as before comes to light here, as h(s) is a deterministic function
of s.
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7 Convex risk measures and g-expectation

In this section we will look at another representation of convex risk measures.
This will be in terms of g-expectaion and backward stochastic differential
equations (BSDEs). Let FF € X and g : R®> — R be a convex function. Also, let
X(t), Y(t) and K(t, z) be square-integrable, F;-predictable processes, such that
the BSDE

(7.1)

dX(t) =—g(X(t),Y(t),K(t,-))dt +dM(t)
{ X(T) =F

where

dM(t) =Y (t)dB(t) + | K(t,z)N(dt,dz)

Ro

has a unique solution. By [1], M (t) is a martingale, and hence

X(1) + /0 9(X(5),Y (). K (s.))ds = E[X(0) + /0 Y (s)dB(s)

—i—/OT : K(s,2)N(ds,dz) Ft]

=F {X(T) +/0 9(X(s),Y(s), K(s,-))ds

]

Since fg 9(X(s),Y(s), K(s,-))ds is F-measurable we can rearrange the terms and
get

X(t) = E {F + /Tg(X(s),Y(s),K(s, 3)ds ]—“t} L 0<t<T. (12

From this last argument we deduce that M () can be written on the form

M(t)=FE {F—i—/o 9(X(s),Y(s), K(s,-))ds

;ﬂ} 0<t<T.
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In some arguments in this chapter we will use that

X(t)=E {F+/t 9(X(s),Y (s), K(s,-))ds

d
= ot [ X6 (), Koy s+ M)

~F [ ) K s s

=t [ gOK Y0, K s + MO - D). (79

So (7.1), (7.2) and (7.3) are all representations of the same BSDE.

7.1 A static convex risk measure induced by g-expectation

Definition 7.1, [21] The risk py(F) (associated to the convez function g) of a
financial position F' € X 1is defined by

pg(F) i= E[—F] = X_F(O) € R,

g

where X7 (0) is the value at t = 0 of the solution X (t) of the BSDE (7.1) with
terminal value —F'.

Inspired by Theorem 2.3 in [16], we now state the following fundamental propo-

sition for this chapter.

Proposition 7.1 Let

dX;(t) = —gi(Xi(t), Yi(t), Ki(t,-))dt + Yi(t)dB(t) + [ Ki(t,2)N(dt,dz), i=1,2.

Ro

and

{Xl(T) —F
Xo(T) =G

where X;(t), Y;(t) and K;(t,2) is asin (6.1). If F > G, g1 > g2 P-a.s., then

Xi(t) > Xo(t) P-a.s. for all t €[0,T].
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Proof. Since

Xi(t) - Xa(t)=F -G +/t 91(X1(s), Yi(s), Ki(s,+)) — g2(Xa(s), Ya(s), Ka(s,-))ds
+ (My(t) — Ma(t)) — (My(T) — Ma(T))

the result follows. O

Note that g1 < go imply pg, (F') < pg,(F') by Proposition 7.1. So a plausible inter-
pertation of g is that it represents some measure of risk aversion. From the form
(7.2), the solution X (t) of (7.1) has the intuitive interpretation of being the con-
ditional expectation of the payoff, added to a measure ¢ of risk aversion. Another
interpretation is that for p(F') < 0, —p(F) represents the ’certainty equivalent’,
i.e. the price that makes an agent indifferent in regards to keeping or selling the
risky asset F. In the remainder, g will be assumed to be independent of X (t)°.
This assumption is in compliance with the interpretation of g being a measure of
risk aversion, since it is only affected by the scaling of the Brownian Motion and
the scaling of the Poisson Random Measure, and not by the state of X ().

Proposition 7.2 (i) p, is a convex risk measure as in Definition 2.2a. (ii)
If g(y, k) is sublinear in (y, k), then p, is a coherent risk measure.

Proof. (i) The monotonicity property is a direct consequense of Proposition 7.1.
To show translation invariance we use that g is independent of X (¢), and define
X'(t) = X(t) + a, for some a € R. Then we have

Pg(F+a) =& [—(F + a)]

=F —F+/0 g(Y(s), K(s, ))ds] —a
=& [-F]—a
= py(F) —a

6As assumed in e.g. [14].
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To show convexity, let

dX;(t) = —g(Yi(t), Ki(t,))dt + Yi(t)dB(t) + | K;(t,z)N(dt,dz), i=1,2,3.
Xo(T) =-G
{ X3(T) =—=(AF+(1-XG)
where X;(t), Y;(t) and K;(t, z) satisfy the same assumptions as X (t), Y (t) and
K(t,z) in (7.1) respectively. Then define
AW (t) = d(AX1(t) 4+ (1 — M) X,(1))
= (MR, Ka(t,) + (1= Ng(Ya(t), Kalt, ) ) dt
+ (m(t) (1— \)Yalt )dB
/R (AKl(t 2+ (1= N EKs(t, )) (dt, dz).

Now let Y3(t) = AY1(t) + (1 — N\)Ya2(t), and K3(t, z) = AK (¢, 2) + (1 — N\ Ks(t, 2).
Since g is convex in (y, k) we have

g(YZ’i(t>>K3(ta Z)) < )‘g(ifl(t)v Kl(tVZ)) + (1 - A)Q(YZ(t>>K2(t7 Z))

Then, again by Proposition 7.1, X3(t) < W(t) P-a.s. for all t € [0,7]. For t =0
we get

Py + (1= N)G) = X4(0) < W(0) = Mo(F) + (1 \)p,(G)  Pras.
(ii) Now let g be sublinear, and X;(¢) and X5(¢) be as in (i). Also let

{ dXs(t) = —g(Ys(t), Ks(t, ))dt + Ys(t)dB(t) + [o Ks(t,z)N(dt,dz)
X3(T) =—-(F+G)

with Y3(t) = Yi(¢) + Ya(t) and K3(t,2) = Ki(t, 2) + Ky(t,z). Define W'(t) =
Xl(t> +X2(t) Then
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aw' (1) = = (g(Vi(t), Ki(1,1)) + g (Va(t), Kat, ) )t + (Y(t) + Ya(t) ) dB(1)

n /R (Kit,2) + Koalt, ) ) N (dt, d2).

Since g is sublinear we have that
g(Ya(t), Ks(t, 2)) < g(Va(t), Ku(t, 2)) + g(Ya(t), Ka(t, 2))-

By Proposition 7.1 we then have that X3(¢t) < W'(t) P-a.s. for all t € [0,T]. For
t =0 we get

palF +G) = X5(0) < W/(0) = p,(F) + p,(G)  P-aus.

To show positive homogenity we let A > 0, and then by the positive homogenity
of g

p,(A\F) = E [_AF + /0 ' gAY (), K (s, -))ds]

Monotonicity is established in the same way as in (i). Since g is sublinear it is
also convex, and by (i) p, is translation invariant. Hence p, is a coherent risk
measure. O

From Proposition 4.3, we know that since p, is a convex risk measure, there exists
a family P of measures absolutely continuous with respect to P, and a convex
penalty function ¢ : P — RU {+o0} such that

pg(F) = sup (Eq[—F] - ¢(Q)).
QEP

To find P and ( in this case, we recall from the beginning of this chapter that

ptF) = B[+ [ o0, K0)is] = BR8] [ —gv. 0]
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So the convex risk measure induced by g-expectation is represented by P = { P},
and

T
Q) = Fol [ —a(v(. K0, i,
where ( trivially becomes a constant function on P.

In the case without jumps, it is assumed that g-expectations fulfill the strict
monotonicity property’, which is explained in more detail below. We will gen-
eralize this result to include the case with jumps. The following result will be
instrumental in this regard.

Proposition 7.3 Let

dX;(t) = —g:(Yi(t), K;(t,))dt + Y;(t)dB(t) + | Ki(t,z)N(dt,dz), i=1,2.

Ro

and

{le —F
Xo(T) =G

where X;(t), Yi(t) and K;(t,z) is as in (7.1). If F > G, g1 > g2 P-a.s. and
Xl(O) = Xg(()), then

Xi(t) = Xo(t) P-a.s. for all t €[0,T].

Proof. Let

Xt = B[+ [ 7). kG 0s] 7]

where F' > 0 and §(y, k) > 0. If X(0) = 0, then F'+ [, §(Y(s), K(s,-)ds = 0
P-as. Since F' > 0 and § > 0, we have by Corallary 4.10 in [5] that F =0 P-as.
and g = 0 dt x P-a.s. This gives that X (t) =0, t € [0, T]. Define

W) = X.(t) - Xa(t)
where F'— G >0, and g; — g2 > 0. Now let W (0) = 0, then

W(t) = X,(t) — Xa(t) = 0 for t € [0, ).

"See e.g. [11] for an explanation in the continuous setting.
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Proposition 7.4 p, has the strict monotonicity property, i.e.

(I) If F > G P-a.s. then py(F) < p,(G)

(II) If > G P-a.s. then py(F) = py(G) <= F =G P-a.s.

Proof. (I) This is a special case of Proposition 7.1.
(IT) Sufficiency: This is a special case of Proposition 7.3. Necessity: Since F'= G
P-as., F <G and F' > G. By (I) ps(F) = py(G) O

The following uniqueness result is an example of results deriving from strict mono-
tonicity.

Proposition 7.5, [11]° Let F,G € X. If p,(Fxa) = py(Gxa) for all A € Fr,
then F = G.

Proof. Let A= {F <G} € Fp. Then Fyxa < Gxa. Since py(Fxa) = py(Gxa),
we have by strict monotonicity F'xs = Gxa. Similarly, let B = {G < F} e Fr.
Then Gxp < Fxp. Again, since p,(Fxg) = pys(Gx ), and by strict monotonicity,
Fxp = Gxp. Hence F =G. [

In the case without jumps, there are made some assumptions on g (see e.g. [13]).
A generalization to the setting with jumps will be

(A) Ja,b > 0 such that V y1, 99, k1, ko € R
9(y1, k1) — g(y2, k)| < alyr — ya| + blk1 — ko
(B) g(y.k) € L*(Q, Fr,P)Vy,2 €R
(C) 9(0,-)=0
Proposition 7.6, [7]° Let g be a given function which fulfills (A), (B) and
(C). Then for every F € X and € € (0, 1], there ezist a constant C, such that
1g(F)| < Cell Fll14¢

where

1Pl ( [ 1Frare)” ooz
Q

8In [11], strict monotonicity is assumed in the continuous setting.
%In [7], a shorter proof is given in the continuous setting.

44



Risk measures in jump diffusion markets

Proof. Let

{ dX(t) = —g(Y (), K(t,-)dt + Y(£)dB(t) + [y, K(t,2)N(dt,dz)

X(T) =-F
and
u(s) = —% (where we use the convention 3 = 0)
0(s,z) =0

Then define the measure () on Fr by

dQ(w) = Z(T)dP(w)

where
t 1 '
Z(t) = exp {—/ u(s)dB(s) — _/ U2(8)d$}
0 2 Jo
Since
t 1 . t t
= [utoane) L [ v (=1 [eas, [e)
0 2 /o 0 0
and
v~ N, 0°) implies B[e?] = e+
we see that

E[Z(T)] = 1.

By the Girsanov Theorem III in [15] we get that

dBo(t) = u(t)dt + dB(t)

is a Brownian Motion with respect to ), and

No(dt,dz) = 0(t, 2)v(dz)dt + N(dt,dz) = N(dt, dz)

is the ()-compensated Poisson random measure of N(dt,dz). Consequently
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X(t)—X(O)—/tg(Y(s),K( dt+/ Y (s)dB(s / K(s, 2)N(ds, d)
:X(0)+/0 Y (s)dBg(s) / s K(s,2)Nq(ds,dz)

= B, {X(O) +/OTY( )dBq(s) / K #)Na(ds, dz)m}
= FEq |[-F|F].

Since ¢ is Lipschitz in (y, k) we have that Z(T") € LP(Q), Fr, P) for all p € [1, c0).
So, by Holder

0o (F)| = [Eq [-F]

!E [Z(T)(=F)]|
ENlZ(T)(=F)]]
< HZ(T)!|1+ —Fl14e
= [12(T) ]| st | Fllr+e

7.2 A dynamic convex risk measure induced by conditional
g-expectation

In Definition 7.1 p, is an example of a static risk measure, i.e. not dependent
on t. A natural question in this setting would be how to view the risk of a Fp-
measurable random variable at a general time ¢ € [0,7]. This introduces the
notion of dynamic risk measures, defined in the continuous case in [14] as the
following. For t € [0, T1, pg is a dynamic risk measure if

° pg : X — LA, F, P), vtelo,T).
e p) is a static risk measure.
¢ pl(F)=—F P-as. Y FeX.

We see that this definition is in compliance with our definition of a risk measure,
induced by g-expectation in the jump diffusion setting.
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Definition 7.2 The dynamic risk p'(F) (associated to the convexr function
g) of a financial position F € X is defined by

po(F) = E[—F | 7] == X7 (t) € L*(Q, F, P) (7.4)

where X7 (t) is the value at time t € [0,T] of the solution X (t) of the BSDE
(7.1) with terminal value —F.

Proposition 7.7 (i) p, is a conver risk measure as in Definition 2.2a. (ii)
If g(y, k) is sublinear in (y, k), then p! is a coherent risk measure.

The proof of Proposition 7.7 is similar to, and to a large degree contained in,
the proof of Proposition 7.2.

7.3 Further generalizations to the Ito-Lévy setting

In the continuous setting, conditional g-exptectations are known to have some of
the same properties as conditional expectations. This chapter will generalize some
of these properties to the setting with jumps. In [12], conditional g-expectation
of F is defined as the unique (P-a.s.) random variable n € L*(Q,F;, P) that
fulfills

EjxaF ) =&;lxan] forall Ae F (7.5)

and 7 is denoted by &;[F|F;]. The uniqueness is shown by letting n, 7, €
L2(Q, F,, P) fulfill (7.5). Then

E,xam] = E[xaF) = &E,[xans] forall Ae F,
In particular
gg[X{mSnz}nl] = 59[X{n1§n2}772]~
Since

X{m<n23"h < X{m<n2}112,

we have by strict monotonicity that x(,, <n.}m = X{n<ne}72- Similarly we obtain
X{m>n}h = X{m>n}72, hence

m =712 as.
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Existence comes from the fact that X['(t) € L*(Q, F;, P), i.e. Fr-measurable,
and that

Eglxa X[ (1)] = Ej[xaF).
So far we see that the same holds true in the non-continuous case. It is further
shown that
(i) If F'is Fi-measurable, then & [F|F] = F.
(ii) For each t and r, E)[E,[F|F]|Fr] = E[F|Fevr)-
(ili) If F' < G, then &[F|F] < &,[G|F.
(iv) For each A € Fy, & [xaF|Fi] = xa&[F|F].

Statement (i) follows immediately from (7.5).

Statement (ii) is a consequence of (i) when r > ¢. When r <t let A € F,. C F,
hence

EgXa&[E[F | F|Frl] = Eg[xaF] = Eg[xa&y[FIF2]].
Consequently, by uniqueness
EglEG[F|FIF:] = & F|Fr).

Statement (iii) is shown by letting n, = &,[F|F], 1o = &,[G|F:]. Since, by
Proposition 7.1, for each A € F;, E)[xaF] < &,[xaG] it follows from (7.5) that
Elxam] < &Eylxane]. In particular

59 [X{m 2772}771] < 59 [X{m 2772}772] )

yet clearly

X{m>n2}M = X{m>n2}"2-

By the strict monotonicity of &£,[-] we deduce that

gg [X{m 2772}771] = gg [X{m 2772}772] )
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and
X{m=>n2}3T = X{m>n2}"12,
so m < 12.
Statement (iv) will follow from letting A, B € F;. Then

EgIxa&xBF|F]] = ExaxsF] = Exa{xs&FIF}],

so by uniqueness
EgIxpF|F] = xBE[F|F.

So thanks to Proposition 7.1 and the strict monotonicity property (Proposition
7.4) in the non-continuous case, statements (i)-(iv) holds in our Ito-Lévy setting.
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8 Closing comments

The primary target of this thesis has been to give a synopsis of risk measures.
This has been done by introducing the axiomatic properties of risk measures, and
describing the different representations of (in particular) convex risk measures.
This has been done through chapters 2, 4 and 7. In these chapters, the most
interesting result is in my opinion Proposition 7.2 and the comments given in
context to this. To my knowledge, an explicit proof of Proposition 7.2 has not
been given previously.

The secondary target of this thesis has been to describe and find solutions of
stochastic games regarding risk minimization. After having described these prob-
lems in chapters 5 and 6, we found that solutions are not easy to find, given that
we do not reproduce examples of others. A solution was only found in a case with
constant coefficients and no Brownian Motion. However, the reason why these
solutions are hard to find has been thoroughly shown by examples.

The tertiary target of this thesis has been to generalize statements given in the
continuous setting, to the non-continuous setting. In this regard, Chapter 7 is of
most interest.

When we discuss risk indifference pricing, it is my opinion that the case where our
financial position is some common option, e.g. a put or call, is the most interest-
ing since it is a major improvement from the Black & Scholes way of pricing. It is
to my knowledge no solution to be found in this case, even when some conditions
for Proposition 5.1 are relaxed. If such a solution were to present itself, I would
be very happy to learn about it, since the search of such a solution has taken a
lot of my time during the work with this thesis.

Throughout this thesis I have tried to mention the intuitional thinking behind the
theory presented. The intention behind this was to make it easier to follow the
red thread between the capters. My priority in this regard has been comments
and examples. On this thought, I finish my thesis with a simulation of a simple
[to-Lévy process.

To build on this thesis, one might continue to generalize results given for g-
extectations to the non-continuous setting. Another way to build further is to
continue the search for a solution to the problems in chapters 5 and 6. The max-
imum principle has not been applied here, so a deployment of this would be my
first priority. Nevertheless, this thesis has been a contribution to the actualiza-
tion of convex risk measures, and a further mapping of how the It6-Lévy setting
translates to risk minimization problems.
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9 Appendix

As stated in the first chapter, we will look at a graphic example of how the pro-
cesses in this thesis behave. This is given as an intuitional supplementary to
the first chapter. In short terms, we will look at the case where the drift and
volatility are constants, and the jumpsizes are normally distributed.

If we use the same notation as in the MatLab code below, the process without
jumps, called X (t), is on the form

X(t) = at + sB(t).

Here, a (drift) and s (volatility) are constants, in this case 0.03 and 1 respectively,
and B(t) is a Brownian Motion. Next we define a pure jump process Z(t), given
by

N(t)

Z(t) =Y _J;

where N(t) ~ Poisson(At) for some X\ > 0, and J; ~ N(0,0) for i = 1,..., N(t).
Lastly, we make a process with jumps, called Y (), which is given the form

Y(t) = X(t)+ Z(t).

9.1 Simulation

In the first graph we have simulated a process without jumps and made a plot of
this process, then added jumps and included the 'new’ process with jumps to the
plot. In this plot the blue and red line represents X (t) and Y (¢), respectively.

R L L L L L L L L
] 100 200 300 400 500 600 700 800 500 1000
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In the next graph we include the pure jump process Z(t), represented by the
green line.

01

-0.02 -

-0.04

L L L 1 L L L L L
1] 100 200 300 400 500 e0O0 7O 800 900 1000

The code used to obtain this graph is partially a result of the theory expained in
[2], and mainly a result of general knowledge of such processes.
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9.2 MatLab code

% $$$$$$ Ito and Ito-Levy process, starting values.
T =1; % Maturization.

n = 1000; % Number of timesteps.
t = linspace(0,T,n); % Discretization of [0,T] in n pieces.
E = 7; % Expected number of jumps between 0 and T.

si = 0.02; 7% Standard deviation of the jump sizes.

% $3$$%$ Coefficients.
a = 0.03; % Drift.
s = 1; % Volatility.

R Continuous process -----------—-----

% $$$$$$ Draw n normally distributed variables, representing BM.
F = normrnd(0,s,1,n)*(T/n);

% $$$$$$ Cummulative sum of F.
FC = cumsum(F);
X = axt + FC; % The process without jumps.

R Non-continuous process ------------

% $$$8$$ Draw a Piosson random variable representing number of jumps.
N = poissrnd(E,1);

% $$$$$$ Draw N waiting times.
U = unifrnd(0,1,1,N);

% $$$8$$ Sort the uniform variables, representing waiting times.
US = sort(U);

% $$$$$$ Draw N jumpsizes.
J = normrnd(0,si,1,N);

% $$$$$$ Implementing jumps.
Oxlinspace(l,n,n); % Jump vector starting at (0,...,0).
j = 1; % Count.

(@]
Il
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for i = 1:n
while N > j
if US(j) < (i/n)
c(i) = c(i) + J(J);

Y = X + c¢; % The process with jumps.

Z = c; % Only the jumps.

plot(X,’b’)
hold on
plot(Y,’r’)
plot(Z,’g’)
hold off
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