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Abstract

We consider a cash flow X(c)(t) modelled by the stochastic equation

dX(c)(t) = X(c)(t−)
[
µ(t)dt + σ(t)d−B(t)

+
∫
R

θ(t, z)Ñ(d−t, dz)
]
− c(t)dt; t ≥ 0

X(c)(0) = x > 0

where B(·) and Ñ(·, ·) is a Brownian motion and a Poissonian random
measure, respectively, and c(t) ≥ 0 is the consumption/dividend rate.
No assumptions are made on adaptedness of the coefficients µ, σ, θ
and c, and the (possibly anticipating) integrals are interpreted in the
forward integral sense. We solve the problem to find the consumption
rate c(·) which maximizes the expected discounted utility given by

J(c) = E
[ τ∫

0

e−δ(t) ln c(t)dt + γe−δ(τ) lnX(c)(τ)
]
.
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Here δ(t) ≥ 0 is a given measurable stochastic process representing a
discounting exponent and τ is a random time with values in (0,∞),
representing a terminal/default time, while γ ≥ 0 is a known constant.

1 Introduction

Suppose the cash flow at time t is modelled by a geometric Brownian motion
given by

(1.1) dX(t) = X(t)[µdt+ σ dB(t)]; X(0) = x > 0, t ≥ 0.

Here B(t) = B(t, ω) is a Brownian motion on a filtered probability space
(Ω,F ,Ft, P ), µ, σ and x are known constants and the differential dB(t) is
interpreted in the Itô sense, i.e. (1.1) is just a shorthand notation for the Itô
stochastic integral equation

(1.2) X(t) = x+

t∫
0

µX(s)ds+

t∫
0

σX(s)dB(s); t ≥ 0.

Suppose that at any time t we are free to take out consumption (or dividends)
at a rate c(t) = c(t, ω) ≥ 0. The corresponding cash flow equation is then

(1.3) dX(c)(t) = X(c)[µdt+ σdB(t)]− c(t)dt; X(c)(0) = x > 0

In the classical setup it is assumed that c(t) is adapted with respect to the
filtration Ft generated by B(s); s ≤ t. This ensures that (1.3) still makes
sense as an Itô stochastic differential equation. Moreover, this is a natural
assumption from a modelling point of view: The decision about the cosump-
tion rate at time t should only depend upon the information obtained by
observing the cash amount X(s); s ≤ t and not upon any future values of
X(r).

Now assume that the consumer has a logarithmic utility of her consump-
tion rate. The expected total discounted utility of a chosen consumption rate
c(·) is then

(1.4) J(c) = E
[ ∞∫

0

e−δt log c(t)dt
]
,
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where δ > 0 (constant) is a given discounting exponent. Let the set A of
admissible controls (consumption rates) be the set of Ft-adapted c(t) ≥ 0
such that X(c)(t) ≥ 0 for all t. Consider the following problem:

Problem 1.1 Find c∗ ∈ A such that

(1.5) J(c∗) = sup
c∈A

J(c)

Such a control c∗ (if it exists) is called an optimal control for Problem 1.1.

It is well-known, and easy to prove by using stochastic control theory,
that the optimal control c∗ for Problem 1.1 is given by (in feedback form)

(1.6) c∗(t) = δX(c∗)(t).

In other words, it is optimal to consume at a rate proportional to current
cash amount, with a constant of proportionality equal to the discounting
exponent.

This is a remarkably simple result. Note in particular that c∗ does not
depend on the parameters µ and σ. It is natural to ask if this result remains
valid in a more general setting. More precisely, we ask what happens if we
allow the following generalizations:

(i) We add a jump term (represented by a Poissonian random measure) in
(1.3).

(ii) We replace the constant coefficients by measurable stochastic processes:
δ = δ(t, ω), µ = µ(t, ω) etc.

(iii) We do not assume that these coefficient processes are Ft-adapted, but
we allow them to be arbitrary F∞-measurable processes.

(iv) We introduce a stochastic terminal time (or default time) τ , with values
in [0,∞]. This random time is not necessarily an Ft-stopping time, but
just assumed to be F∞-measurable.

(v) We assume that the consumption rate c(t) is adapted to some filtration
Ht, without any prior assumption about the relation betweeen Ft and
Ht.
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Two special cases in (v) are:

(v1) Ht ⊂ Ft for all t ≥ 0

In this case the consumer has less information than what is represented by
the filtration of the underlying driving process(es). This is often called a
partial observation control problem. We refer to [B] for more information
about this topic.

(v2) Ft ⊂ Ht for all t ≥ 0.

In this case the consumer has more information than what can be obtained by
observing the driving processes. Such information is called inside information
and in this case the consumer is called an insider. For example, in the original
model (1.3) the extra information available could be the future value B(T )
of the underlying Brownian motion at some time T > 0.

In the cases (iii), (iv) and (v2) it is clear that the corresponding equation
for the cash flow X(c)(t) is no longer an Itô stochastic differential equation,
because of the anticipating coefficients, the default time and the control. So
we must explain the meaning of stochastic integrals of the form

(1.7)

t∫
0

ϕ(s, ω)dB(s)

when ϕ(s, ω) = ϕ(s) = X(c)(s)σ(s) is not Fs-adapted. We choose to model
(1.7) by using forward integrals, which are defined as follows

Definition 1.2 ([RV1]) The forward integral of a stochastic process ψ(t)
(not necessarily Ft-adapted) with respect to B(t) is defined by

(1.8)

∞∫
0

ψ(t)d−B(t) := lim
ε→0

∞∫
0

ψ(t)
B(t+ ε)−B(t)

ε
dt

if the limit exists in probability.

We refer to [RV1] for more information about forward integrals.

Two reasons for modeling the anticipating situation above by using for-
ward integrals are
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(a) If the process ψ(t) is forward integrable and caglad (i.e. left continuous
with right limits) then, for all T > 0,

(1.9)

T∫
0

ψ(t)d−B(t) = lim
∆tj→0

∑
j

ψ(tj)∆B(tj)

where 0 = t0 < t1 < · · · < tN = T is a partition of [0, T ], ∆tj = tj+1−tj
and ∆B(tj) = B(tj+1)− B(tj). So the forward integral is nothing but
a special case of a Riemann integral, where the value of the integrand,
ψ(tj), is always chosen to be the value at the left end point of the
subinterval [tj, tj+1]. This makes it a natural model for the growth of
wealth in finance, where the integrand typically represents the portfolio
chosen and the integrator typically represents the stock price.

(b) Secondly, if the integrand ψ(t) is adapted to a filtration Gt and B(t)
is a semimartingale with respect to Gt, then the forward integral of ψ
coincides with the (extended) Itô integral in the semimartingale setting.

We refer to e.g. [BØ1] and [BØ2] for more information about (a) and (b)
above.

Recently there has been an increased interest in finance models which
also include jumps. See e.g. [S] and the references therein. Such models can
be represented in terms of Lévy processes. They are defined as

Definition 1.3 A (1-dimensional) Lévy process is an Ft-adapted process
η(t, ω) : [0,∞) × Ω → R (where as before (Ω,F ,Ft, P ) is a filtered proba-
bility space) with stationary, independent increments and cadlag paths (right
continuous with left limits) paths. We also assume that

η(0) = 0.

By the Lévy decomposition theorem every Lévy process η such that
E[η2(t)] <∞ for all t can be written on the form

(1.10) η(t) = at+ bB(t) +

t∫
0

∫
R

zÑ(ds, dz),
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where

(1.11) Ñ(ds, dz) := N(ds, dz)− dsν(dz)

is the compensated Poisson random (jump) measure of η(·). Here N(ds, dz)
is the jump measure of η(·) defined by, for t > 0 and Z ⊂ R \ {0},

N((0, t), Z) = the number of jumps ∆η(s) := η(s)− η(s−) ∈ Z
of η(s) of size ∆η(s) ∈ Z up to time t,(1.12)

and finally

(1.13) ν(Z) := E[N([0, 1], Z)]; Z ⊂ R \ {0}

is the Lévy measure of η(·).
An integration theory with Lévy processes η(·) as integrators was devel-

oped already by Itô [I]. See [P] for an account of this. It turns out that the
theory can be extended to forward integrals with respect to η(·) and – more
generally – with respect to the Poisson random measure Ñ(·, ·), as follows:

Definition 1.4 [DMØP1] The forward integral

J(θ) =

T∫
0

∫
R

θ(t, z)Ñ(d−t, dz)

of a caglad stochastic function θ(t, z) = θ(t, z, ω) is defined by

(1.14) J(θ) = lim
m→∞

T∫
0

∫
Um

θ(t, z)Ñ(dt, dz)

if the limit exists in L2(P ). Here Um; m = 1, 2, . . . is an increasing sequence

of compact sets with ν(Um) <∞ for all m and
∞⋃

m=1

Um = R \ {0}.

There is an Itô formula for forward integrals. This was first proved in
[RV2] in the Brownian motion case (Ñ = 0) and then extended to the general
case in [DMØP1]. The result is the following:
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Theorem 1.5 [DMØP1] (Itô formula for forward integrals with re-
spect to Lévy processes)
Let

(1.15) d−X(t) = α(t)dt+ β(t)d−B(t) +

∫
R

θ(t, z)Ñ(d−t, dz)

be a forward process with respect to B(·) and Ñ(·, ·), where α(·), β(·) and
θ(·, ·) are measurable processes such that β and θ are forward integrable and

(1.16)

t∫
0

(α2(s) + β2(s) +

∫
R

θ2(s, z)ν(dz))ds <∞ for all t,

and assume that θ(t, z) is locally bounded in z near z = 0 for a.a. t, ω.
Let f ∈ C2(R) and define

Y (t) = f(X(t)).

Then Y (t) is also a forward process and

d−Y (t) = f ′(X(t))[α(t)dt+ β(t)d−B(t)] + 1
2
f ′′(X(t))β2(t)dt

+

∫
R

{f(X(t−) + θ(t, z))− f(X(t−))− f ′(X(t−))θ(t, z)}ν(dz)dt

+

∫
R

{f(X(t−) + θ(t, z))− f(X(t−))}Ñ(d−t, dz).(1.17)

We now apply this forward stochastic calculus machinery to study the
extension of Problem 1.1 given in (i)–(v) above.

2 The general problem

We now consider a cash flow which, after being subject to a consump-
tion/dividend rate c(t) ≥ 0 is modelled by the equation

dX(c)(t) = X(c)(t−)
[
µ(t)dt+ σ(t)d−B(t) +

∫
R

θ(t, z)Ñ(d−t, dz)
]

− c(t)dt; t ≥ 0(2.1)

X(c) = x > 0.
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Here B(t) and η(t) =
t∫

0

∫
R
zÑ(ds, dz) is a Brownian motion and an (indepen-

dent) pure jump Lévy process, respectively, on a filtered probability space
(Ω,F , {Ft}t≥0, P ). As before we let ν denote the Lévy measure of η and we
let Ñ(·, ·) denote the compensated Poisson random measure of η(·), so that

Ñ(dt, dz) = N(dt, dz)− ν(dz)dt,

N(·, ·) being the Poisson random measure of η(·).
Let {Ht}t≥0 be another filtration, with no a priori relation to {Ft}t≥0.

The σ-algebra Ht represents the information available to the agent at time t.
We make no a priori adaptedness conditions on the given processes µ(t), σ(t)
and θ(t, z), except that they are F∞-measurable for all t, z. This allows us
to model the situation where the cash flow may be influenced by the actions
of other traders who are insiders.

The corresponding stochastic differential equation (2.1) is interpreted as
the forward stochastic integral equation

X(c)(t) = x+

t∫
0

X(c)(s)µ(s)ds+

t∫
0

X(c)(s)σ(s)d−B(s)

+

t∫
0

∫
R

X(c)(s−)θ(s, z)Ñ(d−s, dz)−
t∫

0

c(s)ds; t ≥ 0,(2.2)

where d−B(s) and Ñ(d−s, dz) indicate that forward integral interpretation is
being used (see Section 1).

Let δ(t) ≥ 0 be a given F∞-measurable process, modelling a discounting
exponent, and let τ : Ω → [0,∞] be a given F∞-measurable random vari-
able, representing a terminal or default time for the cash flow. We consider
the problem to maximize the sum of the expected total discounted logarith-
mic utility of the consumption rate c(t) up to the default time τ and the
logarithmic utility of the terminal cash amount X(c)(τ), given by

(2.3) J(c) = E
[ τ∫

0

e−δ(t) ln c(t)dt+ γe−δ(τ) lnX(c)(τ)
]
,

subject to the condition that X(c)(t) > 0 for all t < τ . Here γ ≥ 0 is a
constant and E denotes the expectation with respect to the probability law
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P of (B(·), η(·)). We assume that the choice of c(·) has no influence on
δ, µ, σ, θ or τ .

In the next section we show that, under some conditions, the optimal
consumption/dividend rate c∗(t) for (2.3) has the simple feedback form

(2.4) c∗(t) = λ∗(t)X(c∗)(t)

where

(2.5) λ∗(t) =
E[X[0,τ ](t)e

−δ(t)|Ht]

E[X[0,τ ](t)(
∫ τ

t
e−δ(s)ds+ γe−δ(τ))|Ht]

See Theorem 3.3.
Note that λ∗(t) does not depend on any of the coefficients µ(·), σ(·) and

θ(·).
The problem discussed in this paper is related to the optimal consumption

and portfolio problems associated with a random time horizon studied in
[BEJM], [BP] and [EJ]. However, our approach is different.

3 The main result

In this section we give a precise statement and a proof of the main result of
this paper.

We assume the following about the market:

µ(t), σ(t), θ(t, z), δ(t) and τ : Ω → [0,∞](3.1)

are F∞-measurable for all t, z

θ(t, z) > −1 for a.a. t, z with respect to dt× ν(dz)(3.2)

σ(s) and θ(s, z) are caglad (with respect to s)(3.3)

and the forward integrals
τ∫

0

σ(s)d−B(s) and

τ∫
0

∫
R

ln(1 + θ(s, z))Ñ(d−s, dz)

exist and belong to L1(P )

E
[ τ∫

0

e−δ(t)k(t)dt+ e−δ(τ)k(τ)
]
<∞, where(3.4)
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k(t) =

t∫
0

{
|µ(s)|+ σ2(s) +

∫
R

| ln(1 + θ(s, z))− θ(s, z)|ν(dz)
}
ds

+
∣∣∣ t∫

0

σ(s)d−B(s)
∣∣∣ +

∣∣∣ t∫
0

∫
R

ln(1 + θ(s, z))Ñ(d−s, dz)
∣∣∣.

We now represent the consumption rate c(t) by its fraction λ(t) of the total
wealth, i.e. we put

(3.5) λ(t) =
c(t)

X(c)(t)
.

We call λ(t) the relative consumption rate. If X(c)(τ) = 0, we put λ(τ) = 0.

If
t∫

0

λ(s)ds <∞ a.s., for all t < τ , then the solution X(t) = X(λ)(t) of the

corresponding wealth equation is, by the Itô formula for forward integrals,
given by

X(λ)(t) =x exp
[ t∫

0

{µ(s)− λ(s)− 1
2
σ2(s)

+

∫
R

(ln(1 + θ(s, z))− θ(s, z))ν(dz)}ds

+

t∫
0

σ(s)d−B(s) +

t∫
0

∫
R

ln(1 + θ(s, z))Ñ(d−s, dz)
]
.(3.6)

Definition 3.1 The set A of admissible controls is the set of Ht-adapted
processes λ(t) ≥ 0 such that

(3.7)

τ∫
0

λ(s)ds <∞ a.s.

and

(3.8) E
[ τ∫

0

e−δ(t)| lnλ(t)|dt+ e−δ(τ)| lnX(λ)(τ)|
]
<∞.
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To each λ ∈ A we associate the consumption/dividend rate

cλ(t) := λ(t)X(λ)(t).

The problem we study can now be formulated as follows:

Problem 3.2 Find λ∗ ∈ A such that

J(cλ∗) = sup
λ∈A

J(cλ)

where

J(cλ) = E
[ τ∫

0

e−δ(t) ln cλ(t)dt+ γe−δ(τ) lnX(λ)(τ)
]

Such λ∗ – if it exists – is called an optimal control for Problem 3.2.

We can now state and prove our main result:

Theorem 3.3 Define

(3.9) λ̂(t) =
E[X[0,τ ](t)e

−δ(t)|Ht]

E[X[0,τ ](t)(
τ∫
t

e−δ(s)ds+ γe−δ(τ))|Ht]

; t ≥ 0

If λ̂ ∈ A then λ̂ = λ∗ is the optimal control for Problem 3.2. If λ̂ 6∈ A then
an optimal control does not exist.

Proof. Choose λ ∈ A and put c(t) = λ(t)X(λ)(t). Then

J(c) = E
[ τ∫

0

e−δ(t) ln c(t)dt+ γe−δ(τ) lnX(λ)(τ)
]

= E
[ τ∫

0

e−δ(t)
(

lnλ(t)−
t∫

0

λ(s)ds
)
dt− γe−δ(τ)

τ∫
0

λ(t)dt
]

+K, where(3.10)

K = E
[ τ∫

0

e−δ(t)h(t)dt+ γe−δ(τ)(lnx+ h(τ))
]
,(3.11)
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with

h(t) =

t∫
0

{
µ(s)− 1

2
σ2(s) +

∫
R

(ln(1 + θ(s, z))− θ(s, z))ν(dz)
}
ds

+

t∫
0

σ(s)d−B(s) +

t∫
0

∫
R

ln(1 + θ(s, z))Ñ(d−s, dz).(3.12)

Note that K does not depend on λ. Now, by the Fubini theorem,

τ∫
0

e−δ(t)

t∫
0

λ(s)ds dt =

τ∫
0

( τ∫
t

e−δ(s)ds
)
λ(t)dt.

Substituting this into (3.10) we get

J(c)−K = E

[ τ∫
0

{
e−δ(t) lnλ(t)− λ(t)

τ∫
t

e−δ(s)ds− γe−δ(τ)λ(t)
}
dt

= E
[ ∞∫

0

X[0,τ ](t)
{
e−δ(t) lnλ(t)− λ(t)

τ∫
t

e−δ(s)ds− γe−δ(τ)λ(t)
}
dt

]

= E
[ ∞∫

0

E
[
X[0,τ ](t)

{
e−δ(t) lnλ(t)− λ(t)

τ∫
t

e−δ(s)ds− γe−δ(τ)λ(t)
}∣∣Ht

]
dt

]

= E
[ ∞∫

0

{
lnλ(t)E[X[0,τ ](t)e

−δ(t)
∣∣Ht]

− λ(t)E
[
X[0,τ ](t)

( τ∫
t

e−δ(s)ds+ γe−δ(τ)
)∣∣Ht

]}
dt

]
.

We can maximize this pointwise, for each t, ω: The concave function

f(λ) := lnλ · E
[
X[0,τ ](t)e

−δ(t)|Ht

]
− λE

[
X[0,τ ](t)

( τ∫
t

e−δ(s)ds+ γe−δ(τ)
)∣∣Ht

]
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is maximal when

0 = f ′(λ) = λ−1E
[
X[0,τ ](t)e

−δ(t)|Ht

]
− E

[
X[0,τ ](t)

( τ∫
t

e−δ(s)ds+ γe−δ(τ)
)∣∣Ht

]
This gives the only possible optimal dividend candidate

λ̂(t) =
E[X[0,τ ](t)e

−δ(t)|Ht]

E[X[0,τ ](t)(
τ∫
t

e−δ(s)ds+ γe−δ(τ))|Ht]

.

�

In particular, we get the following extension of the result (1.6) above:

Corollary 3.4 Suppose τ = ∞, γ = 0 and δ(t) = δ0t for some constant
δ0 > 0. Then the optimal relative consumption rate is

λ∗(t) = δ0.

4 Optimal consumption and portfolio

In this section we apply the result from Section 3 to study the problem of opti-
mal comsumption and portfolio for a trader (possibly with inside information)
in a market possibly influenced by other traders with inside information.

Suppose we have a financial market with the following two investment
possibilities:

(i) a bond, with price S0(t) at time t given by

(4.1) dS0(t) = ρ(t)S0(t)dt; S0(0) = 1

(ii) a stock, with price S1(t) at time t given by

dS1(t) = S1(t
−)

[
α(t)dt+ β(t)d−B(t) +

∫
R

ξ(t, z)Ñ(d−t, dz)
]
;(4.2)

S1(0) > 0
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In addition we assume as before that we are given a discounting exponent
process δ(t) ≥ 0 and a default (or bankruptcy) time τ : Ω → [0,∞].

We make the similar assumptions as we did for the cash flow in Section
3, i.e. we assume the following:

ρ(t), α(t), β(t), ξ(t, z), δ(t) and τ are F∞-measurable for all t, z(4.3)

ξ(t, z) > −1 for a.a. t, z with respect to dt× ν(dz)(4.4)

β(s) and ξ(s, z) are caglad (with respect to s) for all z(4.5)

and the forward integrals
τ∫

0

σ(s)d−B(s) and

τ∫
0

∫
R

ln(1 + ξ(s, z))Ñ(d−s, dz)

exist and belong to L1(P )

Now suppose that a trader is free to choose at any time t both the relative
consumption rate λ(t) = c(t)/X(t) ≥ 0 and the fraction π(t) of the current
total wealth X(t) to be invested in the stocks. The wealth process X(t) =
X(λ,π)(t) corresponding to the consumption-portfolio pair (λ, π) is given by

dX(t) = ρ(t)(1− π(t))X(t)dt− λ(t)X(t)dt

+ π(t)X(t−)
[
α(t)dt+ β(t)d−B(t) +

∫
R

ξ(t, z)Ñ(d−t, dz)
]

= X(t−)
[
{ρ(t) + (α(t)− ρ(t))π(t)− λ(t)}dt

+ π(t)β(t)d−B(t) +

∫
R

π(t)ξ(t, z)Ñ(d−t, dz)
]
,(4.6)

X(0) = x > 0.

As in Section 3 we assume that the information available to the trader at
time t is represented by a filtration Ht; t ≥ 0, with no a priori relation to Ft;
t ≥ 0.

Note that for each given portfolio choice π(t) the equation (4.6) has the
same form as the cash flow equation (2.2), with

µ(s) = ρ(s) + (α(s)− ρ(s))π(s)(4.7)

σ(s) = π(s)β(s)(4.8)

θ(s, z) = π(s)ξ(s, z)(4.9)
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In view of this the following definition is natural:

Definition 4.1 We say that a consumption-portfolio pair (λ, π) is admissi-
ble if

λ(s) and π(s) are Hs-measurable; s ≥ 0(4.10)

the processes µ(·), σ(·) and θ(·, ·) defined by (4.7)–(4.9)(4.11)

satisfy conditions (3.2), (3.3) and (3.4)

λ(s) ≥ 0 and

τ∫
0

λ(s)ds <∞ a.s.(4.12)

E
[ τ∫

0

e−δ(t)| ln(λ(t)X(λ,π)(t)|dt+ γe−δ(τ)| lnX(λ,π)(τ)|
]
<∞.(4.13)

The set of all admissible pairs (λ, π) is denoted by A.

We now consider the following problem:

Problem 4.2 Find (λ∗, π∗) ∈ A such that

(4.14) J(λ∗, π∗) = sup
(λ,π)∈A

J(λ, π),

where

(4.15) J(λ, π) = E
[ τ∫

0

e−δ(t) ln(λ(t)X(λ,π)(t))dt+ γe−δ(τ) lnX(λ,π)(τ)
]

with γ ≥ 0 a constant.

By applying Theorem 3.3 to the case when the coefficients µ, σ and θ are
given by (4.7), (4.8) and (4.9) for each given π. we obtain the following:

Theorem 4.3 Define λ̂(t) as in (3.9). Then λ̂(t) is an optimal relative
consumption rate independent of the portfolio chosen, in the sense that

J(λ̂, π) ≥ J(λ, π)

for all λ, π such that (λ̂, π) ∈ A and (λ.π) ∈ A.

15



Corollary 4.4 Suppose there exists an optimal pair (λ∗, π∗) ∈ A for Problem
4.2. Then

λ∗(t) = λ̂(t) for all t ≥ 0,

where λ̂(t) is given by (3.9).

Thus we see that the optimal consumption-portfolio problem splits into
an optimal consumption problem (with solution λ∗ = λ̂) and then – by
substituting λ = λ∗ into (4.6) – an optimal portfolio problem. For the
solution of optimal portfolio problems for an insider with logarithmic utility
and in this type of market we refer to [DMØP2].
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