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CONVERGENT DIFFERENCE SCHEMES FOR THE
HUNTER-SAXTON EQUATION

H. HOLDEN, K. H. KARLSEN, AND N. H. RISEBRO

ABSTRACT. We propose and analyze several finite difference schemes for the
Hunter—Saxton equation

1 x
Ut + Uty = 5/ (uz)? de, z>0,¢t>0. (HS)
0

This equation has been suggested as a simple model for nematic liquid crystals.
‘We prove that the numerical approximations converge to the unique dissipative
solution of (HS), as identified by Zhang and Zheng. A main aspect of the
analysis, in addition to the derivation of several a priori estimates that yield
some basic convergence results, is to prove strong convergence of the discrete
spatial derivative of the numerical approximations of u, which is achieved
by analyzing various renormalizations (in the sense of DiPerna and Lions) of
the numerical schemes. Finally, we demonstrate through several numerical
examples the proposed schemes as well as some other schemes for which we
have no rigorous convergence results.
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1. INTRODUCTION

Liquid crystals are mesophases, i.e., intermediate states of matter between the
liquid and the crystal phase [13]. They exhibit characteristics of fluid flow and
have optical properties typically associated with crystals. Liquid crystals consist
of strongly elongated molecules, typical sizes are 5 — 10A, that can be considered
invariant under rotation by an angle of 7. Nematic liquid crystals are commonly
described by two linearly independent vector fields; one describing the fluid flow and
one describing the orientation of the so-called director field that gives the orientation
of the rod-like molecule. In this paper we will specialize to stationary flow, and
hence focus exclusively on the dynamics of the director field, a map n: R? — §3
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from the Euclidean space to the unit ball, see Saxton [12]. It is common to consider
the Oseen—Franck expression for the internal energy (see [12], [13], [4])

W(n,Vn) =anx (Vxn)>+4(V-n)?+7n-V xn)?

where «, 0 and «y are constants. Physically, « correlates with “splay”; 3 correlates
with “twist”; and v with “bend” (see, e.g., [13] for an extensive discussion). The
dynamics of n is governed by the action principle

0
o //(nf — W(n,Vn)) dx dt. (1.1)
We here further specialize to consider planar director fields given by
n = n(z,t) = cos(¢(z,1))e, + sin(¢(z,1))ey,

where e, and e, are orthonormal vectors in the x and y direction, respectively.
Inserting this into (1.1) we find the Lagrangian

e [[ W= ) dmai
with
c(1)? = acos®1p + Bsin? e,
which yields the Euler-Lagrange equation
Vi = c(¥)(e(P) )

We now consider the equation satisfied by expansions around the constant state.
More precisely, assume [4]

Y(x,t,e) = o +er(0,7) + O(e?)
with 0 = x — ¢(1g)t (assuming ¢’ (¢bg) # 0) and 7 = et. Introduce u = ¢/ (1g)1)1 and
redefine & by x = sign (¢/(0))0. Then

1
(ut + 'U/U/a:)x = 5(”9:)27 U|t:0 = Uo,

or
1 €T
U + Uy = 5/ (ugc)2 dz, uli=o = uo, (1.2)
0
which is the Hunter—Saxton equation [4]. By introducing
V= Uy,
we may write this as
1
v+ UV = 751)2, V= Uy (1.3)
or
Lo
v+ (wv), = iv ;U= Uy,

The equation possesses many intriguing properties: It is completely integrable [5];
indeed, let

1 1
Then
1
L =L, 4] is formally equivalent to (gt + Ulgy + =u2)y = 0.

2

Equation (1.3) also has infinitely many conservation laws (see [5]); the first few
reading
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(uv?); — (2uvug +u?), = 0.

Furthermore, it is bivariational and bi-Hamiltonian (see [5]). Characteristics are
given by
d
a‘b(x,t) =u(®(xz,t),t), D(z,0)=x.
We consider the half-line problem and assume u(0,¢) = 0 and v(z,0) = vg. If

v > 0, then

waw=lﬂugm@ﬁf@,
wﬂmmw=l7uém@m%@m%

2ug(x)
0(®(2,1),t) = —
(®(,1),%) 2 4 vo(x)t
In contrast to hyperbolic conservation laws where characteristics in general will
collide, the characteristics for the Hunter—Saxton equation will only focus, that is,
approach the same tangent.
Smooth solutions of (1.3) can be expressed as the solution of a system (see [6])

u = uo (&) +tg(§) + 1 (6),
v = €+ tuo(€) + 519(€) + h(E),

where h is any function with h(0) = #’(0) = 0, and ¢'(£) = Fu((€)?. However, the
Hunter—Saxton equation will not in general enjoy classical solutions. More precisely,
if ug is not monotone increasing, then

inf(u,) — —oo as t T t* =2/ sup(—uy). (1.4)

The concept of a weak solution is more complicated. Two different solution
concepts can be found in the literature, namely that of a conservative solution and
that of a dissipative solution (see Hunter and Zheng [6, 7] and Zhang and Zheng
[16]). Before we recall these definitions and for later reference, let us state the
problem that we intend to study in this paper, i.e., the Hunter—Saxton equation
augmented with appropriate initial and boundary conditions:

1
Vi + UVy = _51]27 Uy =V, ('r7t) € QT,
o(,0) = vo(z), @€ R, (15)

u(0,t) =0, tel0,T),

where T' > 0 is a fixed final time (T' = oo is possible) and Q7 denotes the space-time
cylinder R* x (0,7), where RT = (0,00). Sometimes we also use the notation Qr
for the set Ry x [0,7], where R{ is short-hand for the half-closed interval [0, cc).
Conservative solutions of (1.5) are defined as triplets (v, u, ®) satisfying
ve L*((0,T); L*(RY)), ueC@r), @, ¢€C(@Qr)
2

v+ (uv), = $0°,
(v + (w?), =0
0P (z,t) = u(®(x,t),t), Po(z)=ux,

<I>($2,t) <I)(z270)
/ v(y,t)? dy =/ v(y,0)%dy, 1 < .
q:‘(rlvt) @(11,0)

Uy =V
in the sense of distributions on Qr,

Moreover, the function u(zx,t) is zero at * = 0 as a continuous function in z for
each t € [0, 7], while the function v(x,t) takes on the initial data vg(x) at t =0 in
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the sense of C(R*, L'(RT)). Since we are not interested in conservative solutions
in this paper, we refer to the papers [6, 7, 14, 15, 16] by Hunter, Zhang, and Zheng
for more information about them and their properties.

However, in this paper we are going to work with dissipative solutions, so we
choose to state this notion of solution explicitly in a definition. It is convenient first
to define a weak solution.

Definition 1.1. A pair of functions (v, u) is a weak solution of (1.5) provided
v e L¥((0,T); L*(RY)), ue C(Qr),

1
v+ (uv), = 51)2 and u, = v in the sense of distributions on Qr,

/ v(x,t)? dr < / vo(x)?dr  for almost all ¢ € (0,T),
0 0

u(z,t) — 0 as z — 0 for each ¢ € [0, T,
v(x,t) — vo(x) in C([0,T]; LY (R)) as t — 04.

Definition 1.2. A pair of functions
the pair (v,u) is a weak solution of

v, u) is a dissipative solution of (1.5) provided
1.5) and

TN N

v <

| N

a.e. on Q.

Dissipative solutions of the Hunter—Saxton equation are well understood, and
we refer to a long series of papers by Hunter, Zhang, and Zheng [6, 7, 14, 15, 16]
for various types of results. This series culminated with the paper [16] by Zhang
and Zheng, which established the existence and uniqueness of dissipative solutions
for the (natural) case of pure L? initial data v.

Thus the Hunter-Saxton equation is well studied from a mathematical point of
view. However, there has been no rigorous analysis of numerical schemes for (1.5).
For general initial data, there are no closed-form solutions to the Hunter—Saxton
equation, and therefore the study of numerical schemes is important. It is the
chief purpose of this paper to propose and analyze some numerical schemes of finite
difference type for the Hunter—Saxton equation.

The numerical schemes that we propose are deliberately based on discretizing
the non-conservative form (1.3) and not the conservative form (1.2). One might
expect the latter form to be natural since it can be viewed as a perturbation of
Burgers’ equation, where the perturbation takes the form of a non-local integro
operator. For Burgers’ equation and other nonlinear conservation laws there exist
a rich literature on several types of numerical schemes. Many of the schemes devel-
oped for conservation laws are also accompanied by a sound theoretical foundation,
sometimes using rather sophisticated analytical tools like, for example, compen-
sated compactness. However, we have not be able to prove that any “reasonable”
finite difference scheme based on the conservation law form (1.2) converges to a dis-
sipative solution. For this reason we will focus exclusively on the form (1.3), which
is a linear transport equation with a quadratic right-hand side plus an additional
side constraint relating the derivative of the “velocity” w to the unknown wv.

Let us be a bit more precise about our achievements in this paper. In the
case where the initial data vy is a non-negative function in L' N LY with ¢ > 2,
we describe semi-discrete, implicit, and explicit upwind finite difference schemes,
and for all these schemes we show that the corresponding approximate solutions
converge to the unique dissipative solution of the Hunter—Saxton equation (1.5).
Then we consider the more complicated case where vy does not have a definite
sign and merely belongs to L' N L?. Here we define a semi-discrete upwind scheme
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and again we show that the suggested scheme converges to the unique dissipative
solution of the Hunter—Saxton equation.

The fact that our numerical schemes are of upwind type means that the finite
differencing of the transport part uv, is biased in the direction of incoming waves,
making it possible to resolve discontinuities without excessive smearing. We stress
that the use of upwind schemes is quite natural, as one would expect them to
dissipate the energy and as such generate dissipative solutions in the limit as the
discretization parameters tend to zero. Our analysis confirms this intuition.

Regarding the convergence analysis, we derive several a priori estimates in Lebesgue
and Sobolev spaces, which yield some basic convergence results. An interesting
mathematical issue is that we need to prove that the spatial derivative of the nu-
merical solutions, i.e., Ay = (uAg)s, Which only is weakly compact a priori, in fact
converges strongly. Strong convergence of va, is necessary if we want to recover
the Hunter—Saxton equation when we take the limit in the finite difference schemes.
Strong convergence of va, is obtained by analyzing various renormalizations (in the
sense of DiPerna and Lions [2, 10, 11]) of the numerical schemes and correspond-
ing defect measures. In addition, to prevent v3, from exhibiting concentrations as
Az — 0, we need to derive higher (than L?) integrability estimates for va,. Our
arguments can be viewed as discrete counterparts of those employed by Zhang and
Zheng [14, 15, 16] to prove existence of a dissipative solution.

The organization of this paper goes as follows: In Section 2 we introduce some
(finite difference) notation and recall a few well known mathematical results useful
for the subsequent analysis. In Section 3 we present and analyze the semi-discrete
scheme. The particular form of the scheme and the analysis rely on the assumption
that the initial data are nonnegative and belongs to L' NL? for some ¢ > 2. Sections
4 and 5 are devoted to similar analyses for implicit and explcit upwind schemes. In
Section 6 we extend our analysis to the case of initial data in L' N L?. Finally, in
Section 7 we present several numerical examples, which demonstrate the proposed
numerical schemes as well as some other schemes which do not have a theoretical
foundation.

2. SOME PRELIMINARIES

We start by introducing some notation needed to define the finite difference
schemes. Throughout this paper we reserve Az and At to denote two small pos-
itive numbers that represent the spatial and temporal discretization parameters,
respectively, of the numerical schemes. Given Az, At > 0, let D1 denote the dis-
crete forward and backward differences, respectively, in the spatial direction, i.e.,

Dagle) = 45 (oo % Av) — g(2)

for any function g: R — R admitting pointvalues. Similarly, we let DY, denote the
forward and backward differences, respectively, in the time direction, i.e.,

DY h(z,t) = iﬁ (h(z,t £ At) — bz, 1))

for any function h: Q7 — R admitting pointvalues.

For j € Ng = NU{0} we set 2; = jAxz, and forn =0,1,..., N, where NAt =T
for some fixed time horizon T > 0, we set t,, = nAt.

For any function ¢ = g¢(x) admitting pointvalues we write g; = g¢(x;), and
similarly for any function h = h(z,t) admitting pointvalues we write h7 = h(z;,t5).
Furthermore, let us introduce the spatial and temporal grid cells

I = [x;_1/2,Tj41/2), I3 =I; X [tn, tny1),
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where 21, /o = x; & Az /2. Thus in this notation, Dig; = (gj+1 —g;)/Ax. Also,
a discrete Leibniz rule holds
Dy (gjh;) = gjD+hj + hjr1D+g;. (2.1)
If we extend a sequence {g; }j en, U0 a piecewise constant function defined on Rg
(actually on [—Az/2,00)) by
gAL(‘r) = Z gj]‘Ij (3?), (22)
J€No
where 14 denotes the characteristic function of the set A, viz.

1, forz € A,

Lale) = {O forxz ¢ A

then clearly
»\ /P
lgael oy = (A2 D lgsl”)
j€No
Let f be a C? function. By using a Taylor expansion we find

f@) = fa) + f'(a)(b—a) + %f”(if)(b—a)2 (2.3)

for some £ between a and b. Let {vj}j en, e @ given sequence. Using the Taylor
expansion (2.3) on the sequence {f(v;)},cy, We obtain

A
D f(v;) = f'(v)Davy & - f"(65)(Dvy)* (2.4)

for some £ji between v;+1 and v;. We will make frequent use of (2.4), which states
that a discrete chain rule holds up to an error term of order Ax(Dyv;)?.

In this paper we will exploit some well-known results related to weak convergence
and convex functions. For the convenience of the reader we collect these results in
a lemma (for proofs, see, for example, [3]).

Lemma 2.1. Let O be a bounded open subset of RM | with M > 1.
Let {vn},~, be a sequence of measurable functions on O for which

sup [ (o)) dy < .
n>1J0O

for some continuous function ® : [0,00) — [0,00). Then there exists a subsequence
(which is not relabeled) such that

9(va) = g(v) in L'(O)
for all continuous functions g : R — R satisfying

lg()| _

1m =
|v|—o00 (I)(|’U|)

Let g: R — (—00,00] be a lower semicontinuous convex function and {v,},~, a
sequence of measurable functions on O, for which

v, — v in LNO), g(v,) € L*(O) for each n, g(v,) — g(v) in L*(O).
Then

g(v) < g(v) a.e. on O.
Moreover, g(v) € L*(O) and

/mwwwgmm/amww.
O O

n—oo
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If, in addition, g is strictly convex on an open interval (a,b) C R and

g(v) = g(v) a.e. on O,
then, passing to a subsequence if necessary,
vnly) = v(y) for a.e. y € {y € O | o(y) € (a,b)}.
Occasionally we will use the following standard interpolation inequality.

Lemma 2.2. Let O be an open subset of RM, with M > 1. Let 1 < py < pg <
p1 < o0, 0 €(0,1), and
1 0 1-46
+ .

Then, for any v € LP°(O) N LP*(0),

0 1-6
HU”LPe(O) < ||UHLpo(0) ||U||Lm(0) < ||U||Lvo(0) + ||U||Lz>1(0)-

Finally, let us recall the definition of a standard mollifier, which will be used
several times in this paper. Let w(xz) be a smooth non-negative function with
support inside [—1,1], w(—z) = w(x), and [wdz = 1. Then a standard mollifier
we = we(x), € > 0, is defined by

3. THE SEMI-DISCRETE UPWIND SCHEME

In this section we present and analyze the semi-discrete scheme, relying on the
notation introduced in Section 2.
For the analysis in this section we assume that the initial function satisfies

vo > 0 and vo € L*(RT) N LYR™) for some ¢ > 2. (3.1)

By interpolation the function vg belongs to LP(R™) for any 1 < p < ¢q. The general
case where vg belongs merely to L? and may change sign is more involved and
will be treated in Section 6. The L' requirement is a natural replacement of the
compact support condition on vy used by Zhang and Zheng [14, 15, 16].

Let {U?}jeNo be sequence of discrete initial data chosen such that

WRale) = 3 01, () (32)

J€Ng

converges to the initial data vy in L2(RT) as Az — 0. We make the approximation
such that v§ > 0 and v = 0 for j > Ja, := 1/(Az?). Tt is not hard to construct
such a sequence. For example, we may take

0 1

V.

]Ax/ljvo(z)dx, i=12,...,J Az,

and set vy = vf and v) = 0 for all j > Ja,. For t > 0, let {(v;(t),u;(t))}
satisfy the finite system of ordinary differential equations

j€No

. 1 . .

U +u;D_v; = —E(vj)z, J €10, Jazl], v; =0, Jj>Jas,

D+Uj = Vj, 7 € Np, U()(t) =0, (33)
vjli=o = v}, j €0, Jazl,
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where ¥; denotes differentiation of v; with respect to t. Whenever it is convenient
we also extend v; and u; to be zero for j < 0. Observe that it follows from (3.3)
that

Jj—1
ui(t) = AIZvi(t) for j € N.
i=0

Using the discrete Leibniz rule (2.1), we have
D_ (ujvj) = ujD_vj + vj1D_uj = u;D_v; + (v;-1)*,

and hence we may write the scheme (3.3) in conservative form
. 1 1
05+ Do (uj05) = 5 (05)* + (v-1)? = (v))* = 5(v)* = AwD_(v;)*. (34)

For positive Az, equation (3.3) is a finite dimensional system of ordinary differential
equations, which has a C! solution at least until some blowup time. Below (see
Lemma 3.2) we shall show that blowup does not happen. For the convergence
analysis, we need to introduce the two pointwise defined functions

xr
vaz(z,t) = Z vj(t)1,(z) and  wuag(z,t) :/ vaz(y,t) dy, (3.5)
j€No 0

which are piecewise constant and piecewise linear and continuous, respectively.
Before we continue we need to establish that the numerical solution (uaz,vAz)
remains nonnegative if it initially started so. We also prove that va, is bounded
from above, independently of Az, as soon as ¢ > 0. This latter estimate is a
consequence of an Oleinik type (one-sided Lipschitz) estimate for ua,. Besides
ensuring uniqueness of the dissipative solution, the Oleinik type estimate is not used
directly in the convergence proof in this and the next two sections. It will however
play an important role in the convergence proof in Section 6, where we allow vy (and
thus the solution) to change sign. We emphasize that for the arguments in this and
the next two sections it is important that the functions uaz, vA, are nonnegative.

Lemma 3.1. Fort >0 and j € Ny we have

2
0<ult<? (3.6)
Proof. We have that vo(0) = v§ > 0. Since
. 1
Vo = _7(1]0)2’

2
it trivially follows that vg(t) > 0 for all ¢. Let to > 0 and & > 0 be such that
vg(to) = 0, and v;(tg) > 0 for all j < k. Then D_vy(to) < 0 and ug(ty) > 0, and
hence
’l'}k(to) = —ukD_Uk(to) > 0.

Hence v;(t) > 0 and u;(t) > 0 for all j and ¢.

Set

k(t) = sup{k | vg(t) > v;(t) for all j}

and DAz (t) = vg(y)(t). Since Da,(t) is the maximum of a finite number of continu-
ously differentiable functions, it is continuous and differentiable almost everywhere.
At every differentiable point, we know that

d 1 ,
Z5 < __5
dt VAz (t) =~ 2UA:E (t) )

since if & > 0, then D_vj(t) > 0, while if & = 0 the above inequality is an equality.
Now the comparison principle for ordinary differential equations yields the last
inequality of the lemma. O
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Let f: R — R be a twice continuously differentiable function. Multiplying the
scheme (3.3) by f’(v;) and using the discrete chain rule (2.4), we find that

d Ax " 2 _ L, N(ar.)2
21/ (03) F D f(v5) + == f1(€) (D-vy)” = =5 f(v5) (v3)" (3.7)

This is our main tool for proving the next lemma, which collects some uniform a
priori estimates satisfied by the numerical approximations.

Lemma 3.2. Suppose (3.1) holds. Then for any t > 0 we have
HUAI("t)HLP(R+) < ||UAm('a0)||Lp(R+) <C, pel2,4] (3.8)
Furthermore, there holds
2
||UA1:||Lq+1(QT) < m [vas( "O)HLG(IRH) <C.

For any t > 0 there holds

[vaz (s Dl r ey < llvaa(-, )HL1<R+)+ [vaz (-5 0)ll L2 ry < C(0)-

For any t > 0 there holds
t
[wae( Ol Lo gty < llvac(, Ol rgey + 5 lvas(, 0)l 2+ < CF)-

Remark 3.3. The first estimate (3.8) also states that the approximate solutions
remain inside some ball in “R72+” and thus do not blow up. Therefore the solution
of the system of ordinary differential equations (3.3) exists for all ¢ > 0.

Proof. Choosing f(v) = v in (3.7), we obtain

d plp—1)  p- 2 p

7 ()" +u D (03)" + =—5—u;€j 2 (D_v;)* Az = —§(Uj)p+l (3.9)
with £ = {{;};en, being a sequence of nonnegative numbers. Multiplying (3.9)

with Az and summing over j, yields (using that u; and v; are non-negative) the
fundamental identity

d (
@ ||vgz('7t)||L1(R+ Aﬂ? Zujfp D ’Uj)
p 1
:—szujp,(vj)p et ’t)’uam)
J (3.10)
p 1
= sz (D) ()" =5 ‘ vRe (- )‘ i
p+1
( ) HUA:” ’ ’Ll(uw)'
Integrating (3.10) from 0 to ¢ we end up with
p
oA, (- Ol p1 ey + (AT) )? fp 2 (D_ UJ)
(R*)
(3.11)

=z p+1 '
( ) H LY(Qr) + HUA;E( ’0)||L1(R+) < C’

for some constant C independent of Az. As the second term of the left-hand side is
nonnegative and the first term on the right-hand side is nonpositive, (3.11) implies
that the first and second claims of the lemma hold.

Next, we set p =1 in (3.10) and (3.8) with p = 2 to obtain

d 1 )
i lvaz(- )l @) = 3 lvaa(-, )||L2 ®+) < ||UAz( Oty 5
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which proves the third claim. The fourth claim follows from the third one, since

[uas(@,t)| < lvaz(-5 Ol g1 @

t 2
< llvae(- Ollipr @) + 5 10ae(- 0)llz2 gy -

Using the estimates above we can prove some useful convergence results.

Lemma 3.4. Suppose v satisfies the conditions in (3.1). Extracting subsequences
if necessary, we have the following basic convergence results as Ax — 0:

uaz — u uniformly in [0, R] x [0, T] for each R > 0 and pointwise in Qr

and the limit u belongs to Wt (Qr); (3.12)
Vag = OgpUpag — OgU =: 0 in L‘”‘l(QT)

and vay = Opups — Opu =: v in L=((0,T); LY (RY) N LY(RT)); (3.13)
(vaa)* = w in LT (Qr)

and (vag)? = w in L2((0,T); L*(RT) N L3 (R1)); (3.14)
UazvAz = wv in LN (Qr)

and upzvA, = wv in L°((0,T); L*(RY) N LY(R™T)). (3.15)

Proof. The second part of Lemma 3.2 shows that d,ua, = va, is bounded in
LiY(Qr) independently of Az. Next, we bound O;ua,. Recalling that u_; =
v_1 = 0, we find that

d =
%uj = AZ‘Z”U,
i=0

j—1

1
= AJJZ |:—D_ (Uz’l)z) + 5(%’)2 - AID_U1-2:|
=0
Az i~
= —Uj—-1Vj—-1 — Ail?’l/?_l + 7 Z’Uzz
=0

Thus, using (3.8), we find
"
Fix any R > 0 and let J be an integer such that JAz < R. Then it follows that

J
Ax Z
j=0

where C; and Cy depend on R but are independent of Axz. Consequently, ua, is
uniformly bounded in W9+1(]0, R] x [0, T]), a space which is compactly embedded
into the Holder space C%([0, R] x [0,T]), where £ = 1 —2/(q+ 1). In other words,
there exists a continuous function u: Q7 — R such that the following convergence
holds, extracting a subsequence if necessary,

< HUA:r”Loo(QT) [vj—1] + lvaz(- »0)||L2(R+) :

q+1 .
<Ci+ ”UAIHZFH(QT) < Oy,

LI
dt

uaz — u uniformly on [0, R] x [0, 7] and pointwise in Q7 as Az — 0.

Now the claim (3.12) follows from this and a standard diagonal argument on a
sequence Ry, — oo.

The claims (3.13) and (3.14) are consequences of the uniform L?*! bound on
vaz, while (3.15) holds thanks to (3.12) and (3.13). O



NUMERICAL SCHEMES FOR THE HUNTER-SAXTON EQUATION 11

Remark 3.5. By the weak lower semicontinuity property of norms, the limits u, v
inherit the a priori bounds in Lemma 3.2, that is, Lemma 3.2 holds with uaz, vAz
replaced by u, v, respectively.

We are going to prove strong convergence of {vaz } o, by analyzing a particular
renormalization (in the sense of DiPerna—Lions) of the numerical scheme and its
limit. As mentioned before, strong convergence is needed if we want to prove that
the weak limit v solves the Hunter-Saxton equation.

Lemma 3.6. The limit triplet (v,u,w) from Lemma 3.4 satisfies

1
vt (w)e = gw, up =0 (3.16)
in the sense of distributions on Qr, and
v e CO.TELP®Y),  lim o+ 1) — voll yogas, = 0. (3.17)
for any p € [1,q]. Moreover,
wi + (uw), <0 (3.18)
in the sense of distributions on Qr and
. o 2 _
221(1) ; (w(z,t) — vo(x)?) dx = 0. (3.19)

Proof. Set
1

00 = 57 [ elant)da,

where ¢ is a non-negative test function, that is, 0 < ¢ € C°(Qr). We multiply
(3.4) with Axz;, integrate from 0 to T and sum over j, obtaining

T T
—/ Ax Z v} dt —/ Ax Z w;v; Dy dt
0

j€No 0 j€No
T 1 T
:/ Az Z =(vj)%¢; dt+/ Az Z(vj)QA:rD+<pj dt, (3.20)
0 jEN 2 0 iEN
0 J€No

Ey
after a partial integration in ¢ and a partial summation in j. Due to the choice of
©j, we can rewrite this as

1
— // {UM% + UAz VAP + 2UZAI<P] dtdz
T

T
=F +/ Z [Axujij+g0j —/ VAZUAZ P dx} dt.
0 I

JENo J

E>
To establish (3.16), we must show that lima,—.o(E1 + E2) = 0. Observe

T 0o
By < Al [ vhatant)dod

T e’}
< Az [|@all oo (g /0 /0 vi,(2,0) dz dt
= Az [zl g gy T llvaz (-5 0)ll 2@ty »
and thus E; vanishes with Az. Regarding Ey we have that the integrand equals

Z vj/l [u;Dig; — unspy | de.
i Y

J€No
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We split the integrand A above by writing
A= (uj —uaz) Dyoj +uns (D1oj — ¢z).-

For x € I; we have

uj(t) - uA:r(xat) = (-’17]‘71/2 — .’17)’1}]',

and
1 oy + Az, t) — o(y,t)
Diwi(t) — o, _ e
+2i(0) ~ealm1) = 17 /,j { A @2, t)| dy
1 y+Azx
- (Am)Q/I / [sﬁz(z,t) - ‘Pm(x,t)] dzdy
iJy
1 y+Ax  pz
- (Af)Q/f/ / Oz (W, t) dw dz dy.
ivy x
Therefore

1D+ (t) = pa(@, )] < [|@aall Lo (gr) A2
Collecting this we find that

T
Bl < [0 [ (@i =0) s lealimian + A2 Il o) dode
j€Np J

1 T
< (3 10sllmian + Ioselliman ) A0 [ 3 vidad

J€No
1
< a2 (S leulliman * 1orslliman ) T loacliman

From this we see that also Fy vanishes when Az becomes small, and the first part
of (3.16) holds. The second part of (3.16) follows from (3.13).

To prove the time continuity/initial data statements (3.17) we can apply stan-
dard renormalization arguments, see for example [14, 15].

To prove that (3.18) holds, we recall that we have a scheme for (v;)? using (3.9)
with p = 2:
d
a(vj)z + ujD_(vj)2 + u; (D_Uj)2 Ax = —(Uj)g.
Using the Leibniz identity (2.1), we can rewrite this as

%(vj)Q + D_ (uj(v))?) + uy (D_v;)* Ax = —AzD_(v;)>. (3.21)

The third term above is certainly non-negative, so after multiplying with Ax ¢,
summing over j and integrating over ¢, we find that

_// [VAL0t + UnsVALPs]| dadt
T

T
< AmHSOwHLoo(QT) //Q in dx—i—/o [ Z Amuj(vj)QDJrapj —/ qusz@w dx] dt .
T

j€No 1

E3

Since va, € L?(Qr) with an L3 norm that is independent of Az, the first term on
the right-hand side vanishes with Axz. The second term Fj3 is similar to Es, the
only difference being that we have v%, instead of va,. Hence we can bound Fj as

1 T 2
8ol < (5 hoellimian + loeslimn ) A7 [ Toasl- Ol
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1 2
< Az <2 ||<Px||Loo(QT) + |<Pa:x||Loo(QT)> T [lvaa( 'aO)HLQ(RJr) .

Consequently, lima, .o F5 = 0 and (3.18) holds.
Finally, let us prove (3.19), which also follows from standard arguments. Thanks
to (3.13), we have that

v2(z,t) < w(z,t) for a.e. in (z,t) € Qr, (3.22)

so that by the energy estimate (the first part of Lemma 3.2 with p = 2, cf. also
Remark 3.5) we obtain

o0

lim v(x,t)? dx < 1iminf/ w(z,t) dz
t—0 /o t—0 0

Slimsup/ w(x,t)dzﬁ/ vo(x)? de.

t—0 0 0

On the other hand, (3.17) yields

oo

o
lim v(m,t)2dx:/ vo(x)? de,
t—0 Jo 0

which finishes the proof of (3.19). O

We state and prove the next lemma in a form that is slightly more general than
what we actually need in this section to conclude that the sequence {vaz} 5 18
strongly convergent.

Lemma 3.7. Suppose u is bounded and continuous in Qr with u(0,t) =0 fort €
0.7], v € L((0,T): LR )AL (Qr). v > 0 a.c. inQr, w € L=((0, T); LL(&*)N
L%(QT), and w > v? a.e. in Q. Assume that

oo

lim ; (w—2%) (-, t)dz =0 (3.23)

and that the triplet (v, u,w) satisfies the system

1
v+ (uv), = W, (3.24)
wt + (uw), <0, (3.25)
Uy =0 (3.26)

in the sense of distributions on Qr. Then

w =12 a.e in Qr.
Proof. The proof is a standard exercise in the theory of renormalized solutions, so
we include it only for the sake of completeness. Set v° = v * w., W® = W * w,
where w, is a standard mollifier acting on the spatial variable. Then according to
the DiPerna-Lions folklore lemma [2], as well as (3.24) and (3.26), v° solves

1
vg + uvs = iwg — ()2 +r°, (3.27)

2 _v2 xw, and

where 7€ = uvs — (uvy) * we + (v°)
r® — 0in LP(Qr) for any p € [1,3/2].

Multiplying this equation by v¢ we get
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or, thanks to (3.26),
£)2 £)2 1 €)2
<(U2) >t 4 (U(v2) )I — i’LUEUE _ (,Ue)S +’U(v ) —|—T’E’UE.
Sending ¢ | 0, we obtain
(vz)t + (qu)I =wov—1v3= (wf’uz)v >0,

where we have used (3.22) to derive the last inequality. Comparing this inequality
with (3.25), keeping in mind that w > v? a.e. in Qr, we find

(w=v"), + (u(w=2?)), <0

in the sense of distributions on Q7. In particular, this implies that

/ / (2,4)0) dz dt > 0

for any non-negative 1 € C°((0,7)). Hence, for any two Lebesgue points t1,t2 €
(0,T), t; < to, of the L* function

(0, T)>t+— /00 (w —v?) (z,t) da,
we obtain 0
/OO (w —v?) (z,t2) da < /OO (w —v?) (z,t1) da,
and combining thi(; with (3.23) we have proi)/ed the lemma. O
We summarize our findings in the following main theorem.

Theorem 3.8. Let vy be a function satisfying (3.1). Define the semi-discrete finite
difference approzimation (Vaz,uaz) for Az positive using (3.5), (3.2), and (3.3).
Then {(vaz, Uaz)fagsg COnverges to a dissipative solution (v,u) of (1.5) in the
sense of Definition 1.2. More precisely, as Ax — 0

luas — u”LOO(QT) — 0, lvaz — UHLp(QT) —0 foranype[l,g+1). (3.28)

Proof. In view of Lemmas 3.6, 3.7, and 2.1 we conclude that w = v? a.e. in Qr

and that there exists a subsequence of {vaz} .~ that converges to v a.e. in Qr,
where v is the (weak) limit from Lemma 3.4. Moreover, Lemma 3.4 implies that

v e L((0,T); LP(RY)) N LITH(Qr) N C([0,T]; LP(RT)), p € [1,4],

which clearly proves the second part of (3.28). The first part follows from (3.12).

The fact that the limit (v,u) solves the Hunter—Saxton equation (1.5) in the
sense of distributions (i.e., the second requirement in Definition 1.2) follows from
Lemma, 3.6 and the identification w = v? a.e. in Q7.

The remaining requirements in Definition 1.2 are straightforward consequences
of the subsequent strong convergence of {vaz} o and Lemmas 3.1-3.6.

For any given sequence we have proved that we can find a subsequence Az; — 0
for which all statements hold. However, Zhang and Zheng [16] have proved that
the Hunter—Saxton equation has a unique global dissipative solution. Hence the
limit exists for all subsequences, which concludes the proof of the theorem. O

Remark 3.9. In addition to the properties stated in Theorem 3.8, the proof also
shows that the limits u, v possess the following properties:

uwe WHHQr),
v e L=((0,7); LP(R) N L H(Qr), p € [1,4],
ve C([0,T]; LP(R)), pe[l,q].
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Moreover, since vg € LY(RT) with ¢ > 2, which implies v € L9"1(Qr) and in
particular v € L3([0, R] x [0, T]) for any R > 0, the dissipative solution constructed
in Theorem 3.8 is energy conservative, that is, for any ¢ > 0

/OOO o(, 1) do = /OOO vo(x)? da.

Formally this is obtained by multiplying the equation for v by v, which gives

2 2
8, (g) +0, <u”2> —0,

from which the claim follows. To make this argument rigorous one appeals to the
DiPerna-Lions folklore lemma [2] and the local L? estimate on v.

4. THE IMPLICIT UPWIND SCHEME

In this section we show how to extend the convergence analysis from the previous
section to an implicit upwind difference scheme, where we still work under the
initial data assumption (3.1). Since many of the arguments are very similar, we
have attempted to make this section brief.

Refering to Section 2 for the notation, the implicit finite difference solution

{(v},u})|jeNy, n=0,1,2,...,N}

is defined by
1

t . n n+1 n+l _ _ — n+1 2 n+l _  n+l
Divi +ui™ D v = 5 (vj ), Diui™ =0, (4.1)

for 0 <j<Jar,andn=0,...,N — 1, where we have set v =0 for j > Ja, and

set v_1 = 0. The final step N is chosen such that NA¢t = T. The initial values

{v?}jeN are defined as in Section 3 and boundary values as specified as ug = 0
p 0

forn =0,1,...,N. Based on { vy, ] } we define the functions va, and ua, as
in Section 3 by

vaz (T, t) = Z vilpm, and um;(x,t):/ vaz(y, t) dy. (4.2)
J€No 0
n=0,...,N

As for the semi-implicit scheme, we can derive a conservative form of (4.1):

! o2 — AxD_ (v "“) (4.3)

Dt U7L+D ( n+1vn+1) 2( !

J

We can solve (4.1) “upwards from left to right”, by rewriting it as

up™ =0, (4.4)
u?“ "+1—|—Axv 0<j<Jaz, 0<n
1 (4.5)
1 1 1, n+l 1
UJ"+ AL {\/(1 + /\u;-L‘|r ) + 2A¢ (vF + At j"+1 )—(1+ )\ugH' )

where (the constant) A = At/Az. We have chosen the plus sign in front of the
square root, since otherwise v"+1 would be negative.

Lemma 4.1. Assume that the initial approximations are chosen so that

Al}:IEO At max {UO} =0.

Then forn € N and j € Ny we have

n
0<vi <

: (4.6)
At

where t, = nAt and {Ka:} is a bounded sequence such that limas—o Kap = 1.
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Proof. From (4.4) and (4.5) it is straightforward to see that if v} > 0, then also
v > 0 and u} > 0. In order to show the upper bound, note ﬁrst that if U”H >
v”+1 then u”HD v”+1 > 0, and hence, using (4.1),

Jj=1>
At 1
U;L-H <wvj — - (U;L‘H)Q , or U;H_l < — A7 [, /1+ 2Atv ]

n+1

ntl > v”+1 if o”
j

Set v, = max; {v } Since vj = Up+1, we deduce that

. 1 _ 20,
’Un+1 —U]+1 S Kt [\/ 1 +2Atvn - 1] = m

Thus in particular we see that v,, < ¥y, and we can use this to deduce that

1 1 25,
AN 1 _77. - an S AN L T . _77.
A (Tntt ) S I <\/1+2At17n+1 Y >
B, (1— 11200,
At \1+ 1+ 2At0,

=2
2v;;

(1+ V14 2At0,)?2
2 (rowe )

-2 Un 14 V14 2Atyg
1

= —ivnKAt (47)

Applying (2.4) with f(v) = 1/v we find
1 At 2 1
D! — 58 (D! vy) §K

Multiplying by At and summing over the time variable yields

where

3

Rearranging we finally get

By < < .
= Sotn K ar + 2+ 200P — Kagtn

Using that
Attvg — 0 as At — 0,

i.e., Kan¢y — 1, we conclude the proof. O
Similarly to (3.7), if we multiply the scheme (4.1) by f/(v ”H) we get
Dif( 7)+ul D f (vt (4.8)
1 2
n+1 n+1 n+1 n+1
+3 {Atf”(n?) (DY) + Aaf(gr+h) (D_vj+h)?] = =57 W) ()7

"1 and v, and 7' between v7 and v’ ;. With this we can

where 77 is between v;
show the following result.

Lemma 4.2. Lemma 3.2 holds also for va,; and ua, defined by (4.2) and (4.1).
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Proof. Choosing f(v) = v in (4.8) yields
(D% ()" +u D (o)) (4.9)
$ PO (et (072 (D) A ()7 (DY) )
_bp (Un+1)P+1 .

9 \7J
Therefore, we can proceed as in the semi-discrete case, cf. (3.9)—(3.10), to find
Dj’ HUpAz('ﬂtn)||L1(R+) (4.10)
p(pf]-) n+1l (gn4+1\P—2 n+1 n+1 n)2
+ PP an 3w () (Dot A () T (D) )
J€No

= (1= [t

Multiplying by At and summing over the time variable yields
p
R (o tns)l ey + P = (1 - 5) ‘ v R0l e+ (410

where

LY(R*)

p+1
Ax

LY(Qr)

P= AtApr; OB {uy“ (€ (DoY) Aa
J€ENg
n=0,...,\N

+ (njn+1)p*2 (Dt_U;L+1)2 At}.

Recall that p € [2,¢], hence the first term on the right-hand side of (4.11) is non-
positive, similarly P is non-negative, hence (3.8) holds. The proof of the rest of the
lemma is identical to the proof of Lemma 3.2. O

We continue as in the previous section to prove the following result.

Lemma 4.3. The conclusions of Lemma 3.4 hold for the sequences {va,} and
{uaz} defined by (4.2) and (4.1).

Proof. The proof is almost identical to the proof of Lemma 3.4. We estimate D! Juy,

j—1
Dz_u? = Az Z Div

1=0

"L n 1 n n
= A:cz (uf ol ) + 3 (0" — AzD_ (vPT1)7]
n n Am ]71 n
_ u3+11 j+11 Af( 2 Z +1
=0

Next define tiaz(z,t) as by

UAI(]" t) At (( n+1 = t)UAI(Z‘,tn) + (t - tn)qu(xvtn-i-l))

for t € [tn,tnt1). Then Oiin, = Diu for (z,t) € I7. Furthermore, Oyta, is
a convex combination of v} and U"H. Therefore @ia, is uniformly bounded in
Whatl([o, R] x [0,T]), and thls space is compactly embedded in C%¢([0, R] x [0, T7)
with £ =1 —2/(q¢+ 1). Thus there is a continuous function v : @7 — R such that

(if necessary for a subsequence)

finz — u uniformly on [0, R] x [0,7] and pointwise in Q7 as Ax — 0.
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Furthermore, by the definition of @, we also have
|ﬂ’A£L‘(I7t) - UAx(xvtﬂ < At |3tUA£(x7t)| < Atca

for some constant not depending on Az. Hence also ua, converges uniformly to u.
This concludes the proof of Lemma 4.3. O

Lemma 4.4. Lemma 3.6 holds for the triplet (v,u,w) from Lemma 4.3.
Proof. First we claim that (3.16) holds, i.e.,

1
— // [vtpt + uvp, + §w<p] dz dt = 0. (4.12)

To show this, we choose a test function ¢ € C°(Qr) and set

n_ 1
¥ = AoAg //IJ" o(x,t) dedt.

Next we multiply the scheme with Aa:Atgp?'H, sum over n = 0,..., N — 1, where
NAt =T and j € Ny to find that
N-1
—AzALY Y wiDh gy (4.13)
n=1 j€Ny
N-1
— AzALY > uivi Dy gy (4.14)
n=1 jeNy
N-1 1 ,
—AxAty D S (0)) ¢ (4.15)
n=1 j€Ny
N-1 )
— AtAzx Z ujyvij+ga§V + AzAt Z Z (U;H'l) D, piAx (4.16)
J€No n=1 j€Ny

=0.
The first term in (4.16) can be bounded as
(4.16); < At ||UAxHLoo(QT) ||90:r||Loo(QT) lvaz(-, T — At)HLl(R+) —0
as At — 0. Similarly, the second term in (4.16) can be bounded as
(4.16), < AzT [luas(-,0)ll L2 r+) l0all Lo @y -

which also vanishes when Az becomes small. Hence the whole line (4.16) will
vanish in the limit. We compare the remaining expressions (4.13)—(4.16) with their
expected limits. To this end first note that for (z,¢) € I3 we have that

|e(@,t) — D1@h| < C(Az 4+ At), and  |oi(z,t) — DY@} < C(Az + At),

for some constant C' depending on ¢ but not on Az or At. Now

| / / vaspr dadt — AzALS wr Dot
Qr n.j

< 0@+ 80 [ s Dlles
< C(Az + At) (T lvaz(, 0l L1y + T; lvaz( ',O)iz(R+)> )
We also find that
Z‘A.Z‘At uivi Dyl — //I" UAZVAL P drdt
j i

n,J
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< Z//In |U;L _UAx(J/’,t)‘ VAz ‘DJr(p?’ drdt
J

n,j

+ Z// UALVAL |D+<p§l - @m‘ dxdt
n,j 117'1
< Z//In Vi, |x — xj,1/2| |D+<p§-1| dxdt
n,j il

T
+ C(Afﬂ + At) ||UAZHL°C(QT) /0 HvAm( : 7t)||L1(R+) dt

2
< AzT [lvax( 'a0)||L2(R+) ||<PzHLw(QT)

+ C(Az + At) ||UA93HLOO(QT) (T lvaa (-, O)HLl(R+)
T? 2
T ona 0 aga)

Collecting all these results, and noting that
1
(4.15) = — // 5”2&# dzdt,
T

we end up with

1 o0
_ // [vAwgot + UAZVAL Pz + fviwgo] dx dt —|—/ VAzP |§ dr = O (Ax + At).
T 0

2
(4.17)
Hence (4.12) is proved.
Next, we claim that also (3.18) holds, i.e.,
wy + (uw), <0, (4.18)

weakly in Q. To demonstrate this we consider (4.9) with p = 2, giving

DL ™) D (s (5 +)7) + [ (D) A (D) ]
=—-AzD_ (U;H'l)?’.

The terms in the square brackets above are non-negative, hence

N-1
—AtAzx Z Z [(v;’)Z Dz_cp? +uj (v?)2 D+50;-L] + AtAzx Z uév (vjv)2 Dy}

n=1 jeN, j€Ng
(4.19)
N-1 X
< AtAt Z Z Dy} (U;H'l) Az.
n=1 jeNy

In the same manner as proving (4.17) this can be used to verify (4.18), the details
are left to the reader. The only additional ingredient is that we use that va, is
uniformly bounded in L3(Qr) in order to prove that the right-hand side of the
above inequality vanishes with Ax. O

Theorem 4.5. Theorem 3.8 remains valid if va, and ua, are defined by the im-
plicit difference scheme (4.2) and (4.1).

Proof. The proof is identical to the proof of Theorem 3.8. In order to conclude that

w = v? a.e. in Q7 we appeal to Lemma 3.7 and note that the limit triplet (v, u,w)

satisfies all the assumptions of that lemma. O
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5. THE EXPLICIT UPWIND SCHEME

In this section we analyze an explicit version of the scheme from the previous
section. This presents some additional technical difficulties, but the analysis has
many similarities with what we have already done.

We assume that the initial data (3.1) is nonnegative, bounded with compact
support, specifically,

0<w <M, and supp(vo)C [0,X], (5.1)

for positive constants M and X. The explicit scheme we shall study is similar to
the implicit scheme. It is defined by
1
Dj_v;-l +uiD v} = —3 (v;»‘)2
ug =0

n €Ny, 0<j<Jag, (5.2)
Diuf =7,
with the initial data {09} given by (3.2), and Ja, = X/Az. For convenience we
define u™; = v™; = 0. We define the functions va, and ua, as

vag(z,t) = Z v, (5.3)

J€No
n=0,...,N
waslot) = [ vas(o0)d. (5.4)
0
On conservative form the scheme reads
n n,n 1 n n
DY + D_ (ujv}) = §(vj )2 —AxD_ (v] )2, (5.5)
Fix T > 0 and let N = T/At. The scheme has finite speed of propagation and if
Supp(UAm( : 7T)) c [O» XT]v (56)
then T
XT§X+NAx:X+X.
Choosing
Az = ACMXAt, (5.7)
where M is given by (5.1), or
1
A= Tex
where C' > 1 is a constant to be decided later, cf. (5.23), we find that
Xr <X +4MCXT. (5.8)

Thus we can without loss of generality assume that X is so large that v} = 0 for
alln < N and all j < Ja,.
For convenience we will use the notation

At
b=v}, c= U;H_l and o= A—xu;’ (5.9)

_.n
a=vj_q,

In this notation, the difference scheme (5.2) reads

At
c= (1—04— 2b> b+ aa. (5.10)
Lemma 5.1. Let At < 1/(2M) and assume that
0<v)<M (5.11)
for all j € Ng. Then
0< v;’ <M,

for allm < N and all j € Ny.
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Proof. Assume that the lemma holds for some n. Then we get

j—1
0< u? = Ava? < AzxJa.M < XM.
i=0
Hence 0 < a < AMX < 1/(4C) < 1/4. Observe next that we have
At 1
X — < — 12
At 2~ 2M’ (5.12)
from our assumptions At < 1/(2M) and (5.7). The condition (5.12) implies
a+ gb < E
2~ 2
in the notation (5.9), and thus
b
c> 5 + aa.

From this it follows that if v} > 0, then also U;H_l > 0. Hence ’U,;H_l >0 for all n
and j. Therefore we also get the bound

c<(1-a)b+ aa,
which trivially yields, since 0 < o < 1/4, that

max v" ! < maxwv
R J

n< M. (5.13)

O

We will from now on tacitly assume that the initial approximation satisfies (5.11).
Now we proceed as before, similarly to (4.8), by multiplying the scheme (5.2)
with f/(v}), we get

DY f (v}) +ujD_f (v}) (5.14)
1 1
+ 5 [—At ) (D) + Aaf”(§) (D-v})*| = =5 F () (o)
where 77 is between U?H and v?, and ' between v7' and vj'_;.

Lemma 5.2. Suppose (5.1) and (5.7) hold, and that At satisfies

1
At < —. 5.15
< L (515)
Then
lvazl7a(gr) < MT [vas(-,0)|[7s - (5.16)
For any 0 <t <T we have
At
2 4
vae (72 @y < llvas(0) 7@ + 5 lvacllzagq - (5.17)
t 2
[vas(, Ol L ey < lvac(, 0 gy + 3 lvaz (-5 0)||p2@+) (5.18)

tAt A
+ 4 ||vAr||L4(QT) )

and
luas( s Ol oo ®ey < Nvaz(- )l L1 gs) - (5.19)

Proof. Observe first that (5.19) follows if we can establish the other bounds. Choos-
ing f(v) =v? in (5.14) yields

DAY (08) + Ay @ (€)™ ur (D_v})? Az (5.20)
J J
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(1—7)&{: D Lant _1sz "P72 (Do) At

The reason for the inconvenient extra term on the right-hand side is that we had
to expand the Taylor series about v} rather than UJ"H. By the definition of the
scheme

t n 2 n 2 n 2 1 n 4
(DLvf)” <2(uf)” (D—vf)" + 5 (v]) -
We group the first part of this with the second term on the left-hand side of (5.20),
in order to make this approach work we must then ensure that

(&) (D-vp) Aw =2 ()" ()" ()" (D_vf) AL 2 0. (5.21)
This will hold if we can choose At so small that
Ar —2X7uj At >0, (5.22)

n\ P2
’[7,
Xr=|2 .
! (51' >
Since uj < M X, this can easily be achieved for p = 2. We need to be able to do

this also for p > 2, so we investigate X7 further. In terms of a, b and ¢ from (5.9),
we have that

where

P =b" +pbPHc—b)+ w(c — b)? (77]”)1)72 ,

a? =W +pb" " (a—b) + Lp; D2 ().

This gives
B (P +bP(p—1) — pb?~'c) (a — b)?
7 (aP +bP(p—1) — pbP~ta) (c — b)?
_w—put(p-1) (y—1)°
o (w12 oy epyt(p- 1)

where w = ¢/a and y = a/b. Now we have that

P
2P —pz+(p— z—lQZ k— 1)k,
k=2
Thus we arrive at
P iC)
J 9
a(y)
where ¢ is the polynomial
P
DRI
k=2

For z > 0, the function ¢ is clearly increasing, ¢’(z) > 0, and satisfies ¢(z) > p — 1.
By the bounds on ¢, we have that

1
§+ozy§w§(1—oz)+ay,

where « is defined in (5.9), and therefore

1Groy) _yn all=a)tay o a((=a)tay)

q(y) - q(y) a€[0,1],y€R q(y)
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The constant C', which we may assume is greater than one, is the one appearing in
(5.7). Now At is so small that
At 1

—CMX < - .24
Axc -4’ (5.24)

and therefore (5.21) holds for any p > 1. Consequently

DL|ar 3 ()]

< (1-5) 8wy ot B A S )" ()

Next, (5.15) also implies that njAt < 1/4. Using this we can derive a number of
useful estimates from (5.25). First we set p = 3 to find that

DL [a0 S (7)) £ 580 Y () + 580 Y (o) (aer)

J J

J
1/3 a4
<2(4—1>Ax2(vj) <0.

j

(5.25)

Hence

HUAOC('?tn)Hiff(]RJr) < HUAx('aO)||?23(R+)~ (5.26)
This also implies that (5.16) holds by using v} < M. Now we are ready to tackle
p = 2, which yields in (5.25)

n\2 At n\4
D [sz (o7)?] < S Ay ()" (5.27)
J J
Summing (5.27) over n after multiplying with At gives
2 2 (At)? 4
AmZ (vj)” < sz (’U?) + TAJ:Z (v})", (5.28)
J J J

which implies (5.17). Finally, setting p =1 in (5.25) we find, using (5.28), that
1 2
t n n
D+[Avaj} < §sz (vj)
J J

1 At
§A$Z (©9)° + T lvacllzagr) »
7

which gives the L! bound (5.18). O

IN

Lemma 5.3. Suppose vy satisfies the condition (5.1), and that Az, At satisfy
(5.7) and (5.15). Then, extracting subsequences if necessary, we have the following
convergence results:

unz — u uniformly in [0, X] x [0,T] for each X > 0 and pointwise in Qr,

and the limit u belongs to Wh*(Qr); (5.29)
Az = Opting — Opu = v in L3(Qr),

and vay = Opting = Opu = v in L°°((0,T); L*(RT) N L3(RT)); (5.30)
(vaz)® = w in L*(Qr),

and (vaz)? = w in L((0,T); L*(RY) N L¥2(RT)); (5.31)

UAzVAz — wv in LP(Qr),

and upzVAL — wv in L°°((0,T); L*(RT) N L2(RT)). (5.32)
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Proof. We can bound Diuy as for the implicit scheme, the only difference is that
the terms on the right-hand side are evaluated at t = t,, instead of ¢,11. We end
up with
t,n n n n 2 Az - ny2
Diuj = —uj jvj ,; — Az (vj_l) + 5 Z ()"
i=0

Via the bilinear interpolant @, we conclude that ua, is uniformly bounded in
Wh4([0, X] [0, T]), and this space is compactly embedded in C%/2([0, X]x [0, T7).
The rest of the proof is identical to the proof of Lemma 3.4. (|

Lemma 5.4. Lemma 3.6 holds for the triplet (v,u,w) from Lemma 5.3.

Proof. Repeating the arguments from the implicit case, it is straightforward to
show that

1

in the sense of distributions in Q7. To show (3.18) we consider the explicit scheme

for (v7)?
J )

v + (w), =

DY ()" + D (uf (v7)*) + Awug (D-v7)?

J
= —AzD_ (v})* + At (Dho?)?
After the same type of manipulations that we have carried out so far we find that
Di (vy)z +D_ (u? (v?)2) + uf (D,v?)2 (Ax — Qu?At)
w3 At 4
< —AzD_ (v})" + 5 (v})".
Since uf < M X and we have (5.7), the last term on the left is positive. Therefore
this term can be dropped, and with the LP bounds that va, satisfies it is not
difficult establish that
wy + (uw), < 0.
O

Theorem 5.5. Let vy be a function satisfying (5.1). Define the explicit difference
approzimations (Vaz, uaz) by (5.2)~(5.4). Assume that Az, At satisfy (5.7) and
(5.15). Then {(vaz,urz)} converges to a weak dissipative solution (v,u) of (1.5)
in the sense of Definition 1.1. Precisely, we have that

[uae = ullpo(gmy — 0, and  [[vae =Vl 1o(g,) — 0, for any p € [1,4].

Proof. The proof consists only in noting that the assumptions of Lemma 3.7 hold
for the limit triplet (v, u,w). O

6. THE CASE vo € L' N L?

In this section we treat the pure L' N L? case. We make no assumption about
the sign of the initial data vy and assume simply that

vo € LY(RT) N L2(RT). (6.1)

The space L? is the natural one for the Hunter-Saxton equation, whereas L' is as
before a convenient replacement of the compact support condition used in [15, 16].

To handle sign changing solutions, we need to modify the numerical schemes. In
addition, the convergence analysis becomes more complicated. The modification of
the schemes concerns the discretization of the transport term wv, in (1.5), which
must account for a “velocity” u that may be both positive and negative. Moreover,
this discretization must be “compatible” with the equation v = u, in (1.5).
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Instead of giving the details for all the numerical schemes, we have chosen to
focus on the modification of the semi-discrete scheme from Section 3.

We begin by stating the modified version of the semi-discrete scheme. Let
{(v;(t),u; (%))} ey, satisty the system of ordinary differential equations

. 1

b5 + (uj V 0) D_v; + (441 A 0) Dyv; = *g(vj)Q, Dyuj = vy, (6.2)
Uj|t:0 = ’U;-), Uo(t) = O,

where we have used the notation (a A b) = min{a,b}, (aVb) = max{a,b}. The

scheme (6.2) holds for j = 0,...,Ja, = J/(Az?) for some large constant J. As

for the other schemes, for convenience we define u_; = v_; = 0. Moreover, by the
definition of the scheme,

Jj—1
ui(t) = Az wvi(t) forj=1,2,...,
=0

and vg(t) = u1(t)/Ax for any ¢t > 0.
Regarding the compatibility mentioned above, the variable sign scheme (6.2) is
set up such that the following identity always holds:
D+ (’U,j V 0) +D_ (Uj+1 A 0) = D+’U,j = vy,

which is important for the convergence analysis.
As in Section 3, we let {UJQ}jENo be sequence of discrete initial data chosen such

that

@) = 3 01y, (2) (6.3)

Jj€No
converges to the initial function vy in L?(RT) as Az — 0, and as before we introduce
the pointwise defined functions

vae(mt) = S w015 (2),  uan(a,t) = /0 Comady. (6.4)

Jj€Ng

For later use, let us write our scheme (6.2) on conservative form. To this end, first
note that

u;D_v; = (u; VO)D_v; + (u; A0)D_v,
= (u; VO)D_v; + (u; ANO) Dyvj_y.
Using this and the discrete Leibniz rule (2.1) we find that
(uj VO)D_vj + (uj41 AN0) Dyvj = u;D_v; + D_ [(uj+1 A0) Dyvj] Az
= D_ (ujv;) — (vj—1)* + D— [(wj1 A 0) Dyvj] Az

Hence, the conservative version of the scheme (6.2) reads

: 1
05 + D (u505) = (vj1)* = 5(v)* = AzD_[(4j11 A 0) Dyvj]

_ %(Ujf ~ AzD_ (v;)* — AzD_ [(ujsr AO) Dyvj].
In Lemma 6.2 we show that va,(-,t) is bounded in L?(R"). As for the scheme in
Section 3, this implies that we do not only have local (in time) existence of a C!
solution to the ordinary differential equation (6.2), but that a C! solution exist for
any positive t.
We now prove an Oleinik type (one-sided Lipschitz) estimate. In this section the
Oleinik type estimate will be of crucial importance for the convergence analysis.

(6.5)
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Lemma 6.1. Set 0a,(t) = maxjen, vj(t). Then fort >0 and j € Ny we have
208:(0) 2
T toaL(0)+2 Tt
Proof. If vi(s) > vg+1(s) for some k and s, then
D_vi(s) >0, and Diug(s) <0.
Using this in (6.2) for k and s, we find that

(6.6)

) 1
n(s) < —503(5).
The function va.(t) is continuous and differentiable almost everywhere, since dif-
ferentiability fails at most at a countable number of times. At all points of differ-
entiability v, satisfies
- 1 —
baelt) < —37R,(0).
By the Gronwall inequality we have that

277Ax( )

Oan(t) < ——2
vaa(t) S 50 o

<

% (6.7)

O

Let f be a twice continuously differentiable function. Using the scheme (6.2)
and the discrete chain rule (2.4) we find

d 1

gf(vj)ﬂuj V0) D_ f(vj)+(uj+1 A0) Dy f(vj)+1nq;(f) = _i(vj)Qf/(Uj)a (6.8)
where Ia, ;(f) is the numerical dissipation associated with the upwind nature of
the scheme, which takes the form

Lo (1) = 25 (0 V0) £ () (D) — (wyn A0) F (€]) (Ds0)*) . (69)

with §i being a number between v; and v;41.
Startlng off from (6.8), we derive some basic a priori estimates for vaz, uaz,
most notably a uniform L? estimate for va,.

Lemma 6.2. Suppose (6.1) holds. For any t > 0 there holds
[vae (5 D)l p2@+y < llvaz(-50)l| 2@+

2
[vaz (- Ol 1@y < llvas(-, )||L1(JR+)+ ||”Ax( Ozt »

2
||uAI('vt)HL°°(R+) < fvas(-, )||L1 ®H T35 HUM( ) )HL2(R+)-

Proof. Multiplying (6.8) by Az and summing over j ylelds, after doing summation
by parts on the “transport terms”,

1
Lar Y fog) + Ialf) = Aa 3 wy(F(og) — oaf (), (6.10)
J€Ng j€Ny
where we have assumed that f(0) = 0 and Iaz(f) := Az Y ;54 Las,;(f). If fissuch

that f” > 0, then Ia,(f) > 0. In particular, for f(v) = v? we find, by integrating
from 0 to ¢

[vaz (- Dl 2 @ey < lvaz(- 0l 2@+ (6.11)
which proves the L? estimate, but also shows that

t
0< / In,(v)dt < C (6.12)
0
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for a constant C' independent of Az. Next we choose f(v) = |v] in (6.10), then, via
an approximation argument that we omit, (6.10) yields

Az 2
L pe S Il < A2 Y sim ol < 52 3 sl
Jj€Ng Jj€Noy JENo
which proves the L' estimate. The L> estimate can established as in the proof of

Lemma 3.2. O

The next lemma contains an improved integrability estimate showing that va,
is uniformly bounded in L? for any p € [1,3). This estimate is important as it
prevents v, from exhibiting concentrations as Az — 0. Our proof makes use of
the one-sided Lipschitz bound in Lemma 6.1 and the L' N L? bound in Lemma 6.2.

Lemma 6.3. Suppose (6.1) holds. Then there exists a finite constant C such that
lvazllpem <C PE2,3). (6.13)
The constant C depends on T, p, and the L' N L? norm of vy, but not on Ax.

Proof. Fix any k € [0,1). For any ¢ € [0,7], let N(t) denote the set of indices
J € Ng such that v;(t) < 0 and P(t) denote the set of indices j € Ny such that
v;(t) > 0. We start by writing

T
loaslfuan = | A 3 o de =1y L,
Jj€Ng

where
T T
L= / Ar S fyfFran 1= / A ST P dt.
¢ ero O deNe
In view of Lemmas 6.1 and 6.2,
T K 1—
5 (2 ) orl—r
Ls [ ae Sl () ds ot Ol s 60
O jer
It remains to estimate 7_. Choosing f(v) = [o/"*" in (6.10) yields
1+n — K . 2+k
7A:U Z lvj] 5 — Az Z sign (v;) |v;|7" .
J€No J€No
We have
T
/ Ax Z sign (v;) v |7 dt = I, —1_.
0 €N
Therefore
2 "
L < Ly = [lloae (- O = foae(- DI

oRTI=k 2 Lir
< lvae( Olzzesy 7= + 77 lvas (-, 0)llzass

where (6.14) was used to derive the second inequality.
From the bounds just obtained for I, we conclude that
r 21 Y L 2 2 14x
| Az Z v 7T dt <2 T lvae (-, Ol pe ey + T lvaz(-, 0)|| i -
j€No
(6.15)
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Since vy belongs to L'T* by interpolation, we deduce that there is a finite constant
C, depending on T, k and the L' N L? norm of vy but not Az, such that

T
/ Az Y o de < Ct,
0 7€No
which concludes the proof of the lemma. O
Using the three previous lemmas we can prove some basic convergence results.

Lemma 6.4. Suppose (6.1) holds. Extracting subsequences if necessary, we have
the following convergence results as Ax — 0:

uaz — u uniformly in [0, R] x [0, T] for each R > 0, pointwise in Qr,

and the limit u belongs to W P(Qr) for any p € [1,3); (6.16)
VAz = Opting — Opu =: v in LP(Qr) for any p € [1,3)

and vay = Oping = Opu =: v in L>=((0,T); LY(RT) N L*(RT)); (6.17)
(vaz)? — 02 in LP(Qr) for any p € [1,3/2); (6.18)
UAzVAz — wv in LP(Qr) for any p € [1,3)

and up,vAz = wv in L2((0,T); LY(RT) N L2(RY)). (6.19)

Proof. By Lemma 6.3, the function d,ua, = va, is uniformly bounded in L*+%(Qr).
Next, we bound Q;ua, as follows:

d =
%Uj = Az Z ’Uz
i=0

j—1

=Azy {D_ (uiv;) + %(W)Z — AzD_(v;)? — AzD_ [(uis1 A0) Divg]
1=0
2 Ax - 2
= *Uj—lvj—l — Al"l)j_l — (’U,j A O) (Uj — ’Uj_l) + 7 ZO(’Ul) .

Hence, thanks to Lemma 6.2, we can find a constant C7, independent of Az, such
that |%uj| < Ci(|vj—1]+v;j|+1). Fix any R > 0 and let J be an integer such that
JAxz < R. Then

J

sz

=0

24k

- U < O + |lvaq(- vt)Hi—gfn(Rﬂ < Cs,

dt

where Cs, C3 depend on R but not on Az, and thus ua, is uniformly bounded in
Wh2+5([0, R] x [0, T]), which is compactly embedded into C%*(]0, R] x[0,T1), with

¢=1-2/(2+ k). Consequently, there is a continuous function u: Q7 — R such
that, up to extracting a subsequence if necessary,

uaz — u uniformly on [0, R] x [0, 7] and pointwise in Qr as Az — 0.

Now (6.16) follows from a standard diagonal argument as R — oo.
Finally, (6.17) and (6.18) are consequences of (6.13), while (6.19) is a consequence
of (6.16) and (6.17). O

In the remaining part of this section the aim is to improve the weak convergence
of {UAw}Ax>0 to strong convergence. As in the previous sections, the idea is to
derive a transport equation for the evolution of the nonnegative defect measure
2 — 02, thus if it is zero at time ¢ = 0, then it will continue to be zero at later
times ¢ > 0. The proof is, however, complicated by the fact that we do not have
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a uniform bound on va, from below but merely (6.6), and that we only have
uniform LP bounds on va, for p < 3. For these reasons we decompose the function
f(v) = v? into its increasing part fT and its decreasing part f~, and then work with
appropriate truncations f}% of the functions f*. This strategy was implemented
first by Zhang and Zheng [16] in their proof of existence of a dissipative solution,
and we will herein adapt this stategy to our numerical scheme. We commence by
defining;:

1
fw 5(0 V +0)?, v ER,
0, for v < 0,
;vg, for v € [0, R],
Rv — %RQ, for v > R,
—Rv — %Rz, for v < —R,
fr ) =4 0% for v € [-R, 0],

0, for v > 0,

fr() = fr(v) + f£(v).
In the next lemma, we derive the system of equations satisfied by the limit triplet
(v,u,v?), as well as certain renormalizations of this system.

Lemma 6.5. The limit triplet (v, u,v v2) from Lemma 6.4 satisfies
v + (wv), = %ﬁ, Uy =V (6.20)
in the sense of distributions on Qr and
v e C0.TELP®Y),  lim o+ 1) — vl yogas, = 0. (6.21)
for any p € [1,2). Moreover,
v € CL([0, T L*(RY)), T [v(-,t) = voll 2y = 0, (6.22)
where C([0,T]; L2(R™)) denotes the set of functions in L>((0,T); L2(RT)) that

are right-continuous in time on [0, T] with values in L?*(RT). In addition,

lim v2(z,t) dx :/ vo(z)? d. (6.23)
t—0 Jp+ R+

For any R > 0, the renormalized equations

(F5 @), + (), = () () (57 ~0?) +ofi ) (6.24)

hold in the sense of distributions on Qr. Moreover, (6.21) and (6.22) hold with
v, vg replaced by f;%(v) f;%(vo) respectively.

Proof. Set ;(t) = o f] (x,t) dx for ¢ € C°(Qr). Using the scheme (6.5), we
find

T
1
|8 Y [neg +unDaes + 5002 @

Jj€Ng
T
S R SN

J€Ng

T
- / Ax Z (Uj+1 A\ O) D+’UjD+(pj dt
0 j€No
=: E2 + EQ.
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We have that
2
|Er| < A2T |lgall oo (gpy lvollz2@ey =0 as Az — 0.
For the second term we write

\E2|—Ax/ ™ VAT~ (01 A 0) Dy | VAT~ (w551 A 0) Doy dt

J€No
< VAz ||UAz||Loo(QT) ||<PmHL2(QT) Viaa(v?),

where we have used the Cauchy—Schwarz inequality and the notation
T
Iane?) = [ 80 3 [0y v0) (D))’ = (w1 A0) (Dsv?] <.
0 :
J€No

cf. (6.8) and (6.9). The bound comes from (6.12). Hence E; — 0 as Az — 0.
Now we have

T
1
/ Az Z |:’Uj(p;~ +uv; Dy — 2(’Uj)2(pj:| dt

0 j€No

1
= // VAzPt + UAZ VAP — iviw@dm dt
T

/ Z/ ujvj (Dyp; — pg) drdt

J€Ng

/ Z/ uAa: VP dt.
7>0
4
Clearly,
// VA dx dt — // vy dx dt,
QT T
// UAZVAz Py dx dt — // uvp, dx dt,
Qr QT
and

1 1—
// —v%,odrdt — // —v2pduxdt.
Qr 2 v 2

It remains to show that terms E3, and E4 tend to zero as Az — 0. Regarding Fs,
B3| < Az luall oo (gry 1080l L1 (@) 1922l Lo (@r) < C(T)AZ

where we have used the L! estimate in Lemma 6.2. Consequently, F3 — 0 as
Az — 0. Regarding Ejy, for x € I; we have

Uj — UAx = (.’L'j+1/2 — {L') Uj,
and therefore

|E4|</ Z/ & — 23] (03)2 |pa] daxdt

J€No
2
< Az [l@allpe(@qpy Vollz2@sy T < C(T)Az,
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where we have also used the L? estimate in Lemma 6.2. Hence I, — 0 as Az — 0.
This concludes the proof of the first part of (6.20). The second part is already
contained in (6.17).

The two statements in (6.21) follow from arguments that are standard in the
theory of renormalized solutions, see, for example, [16], and also from the defini-
tion of the numerical scheme. Let us now prove (6.22) and (6.23). Also here the
arguments are rather standard, but we include them for completeness. By (6.20)
and [10, Appendix C] it is not hard to see that v(-,t) — v in L*(R) as t — 0, so
that by the weak lower semicontinuity of norms we have on one hand

/ vo(x)? dx < lim inf/ v(z,t)* dx. (6.25)
R+ R+

—

On the other hand, by the L? estimate in Lemma 6.2,

/ v2(z,t) dx < / vo(z)? du, for any ¢t > 0,
R+t Rt

so that

t—0
Clearly, (6.25) and (6.26) imply (6.23) and the second part of (6.22). To prove the
first part of (6.22) apply the above argument for any ¢ € [0,7] (not just ¢ = 0).
Let us prove (6.24). Since u, = v, we also have that

limsup/ vﬁ(m,t)dxg/ vo(x)? da. (6.26)
R+ R+t

1
U+ U = W — v? (6.27)

holds in the sense of distributions, where we have reverted to the notation w = v2.
Set v, = v *w., w. = V2 % w,, where w, is a standard mollifier. Then according to
the DiPerna—Lions folklore lemma v¢ solves

1
v§ + vl = §w5 — () 47,

where 7 — 0 in LP(Qr) for all p € [1,3/2). This equation can now be multiplied
by (f7)(v°) to yield
1

(i (), +u(f7 09), = () (o) g = (F7) () )" + (fF) (o) "
Now since ‘(fﬁ)’ (v%)| < R, we infer that

(fl%)l (v°)r® — 0 in L*(Qr) as € — 0.

Therefore, (6.24) will follow by first using u, = v and then sending ¢ to zero. The
final claim of the lemma is obvious since |( fﬁ)' | is bounded by R. O

Let f*(v) denote the weak limits of {f*(vas)}a,so- Hence, up to extracting
subsequences if necessary, as Az — 0

F(var) = FE@) in LP(Qr) for any p € [1,3/2),

and f¥(v) < f£(v) ae. in Qp. Similarly let fi(v) denote the weak limits of
{ fﬁ (UAw)} Azso- Hence, up to extracting subsequences if necessary, as Az — 0

fi(vag) = f&(v) in LP(Qr) for any p € [1,3)
and f7 (vaz) = fz (v) in L2([0,T]; L*(RY)),

where the same extracted subsequences work for any R > 0, Moreover, there holds
the inequality f;(v) < flif(v) a.e. in Q.
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In the next next lemma we derive transport equations for f;% (v). Below we
denote by

VW)~ SRR ()

the weak limits in LP(Qr) for any p € [1,3/2) of the sequences

{onntitonn - 503 a0

For later use, let us collect some useful formulas.

Az>0

Remark 6.6. For each v € R, the following formulas hold:

1 1
Fr(v) = 5% = S(R = ) *L(coo - R)u(R.00) (V);
f]l%(v> =v+ (R - ‘Ul) Slgnvl(foo,fR)U(R,oo)(U)a
1 1
frlw) = §(U+)2 - §(R = 0)"1(R,00) (V)
(f2) (v) = vs + (R = v)1(R,00)(0),
_ 1 1
fl) = 5(0)? = SR+ )1 o 0],
(fr)'(v) =v— = (R+ )L, —p)(v)
Introducing the notation v— = (0 Av) and vy = (0 V) for v € R, the following
formulas are obvious:
V=V4 + V- =V +02
2 _ 2 2
07 = (v4)” + (v a.e. on Qr
# = o)+ o)

Lemma 6.7. For any R > 0, the equations

(F0@) + (WFE@W) = o) - 32 UEV @), w=v  (628)

hold in the sense of distributions on Qr and

ti [ [FE@) w0 - Fi o)) do =0, (6.29)

Proof. Similarly to the derivation of (6.5), we can prove that a conservative version
of the scheme (6.8) for any twice differentiable function f(v;) reads

& F03) + D (i (1) + Lo () (6.30)
= 0 (07) = 5 ()21 (23) = Az o;D_f(0;) = Az D_ (a1 A0) D f(23)

where the numerical dissipation term Ia, ;(f) is defined in (6.9). Choosing f = f}%
in (6.30) and using the convexity of fﬁ, it follows that

d 1
D i)+ D (w5 (0) < vy S ) — 30U () (6:31)
— Azv;D_ fE(vj) — Az D_ ((uj41 AO) D+f§(vj)) .
When we sending Az — 0 in (6.31) we can proceed as in the proof of Lemma 6.5,
since
[z @) < Rlvjl, [Defr(v;)] < RIDsvy).
This concludes the proof of (6.28).
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Next we prove (6.29). By Lemma 6.5, and specifically (6.21), it is sufficient to
establish

lim /}R @@ - @) ds =0 (6.32)
Then observe that

Fal) — f(0) = 5 (7 —27) - (; - fnl0) = | 372~ fnlo )D

Since fr and 1v? — fr(v) are convex functions,

—_— 1
0< fr(v) = fr(v) < 5( v? —0?),
which, combined with (6.22) and (6.23), yields

lim [fR(v)(x,t) - fR(v(x,t))} dx = 0.
R+

t—0

Since fR( v) — fi(v) < fr(v) — fr(v), we conclude that (6.32) holds. O

Remark 6.8. Observe that because of the dissipation in our numerical scheme, we

cannot claim any continuity of [0, 7] 3 t + f7 (v)(-,t) as an object taking values
in some Lebesgue space, not even when the Lebesgue space is equipped with the
weak topology. However, it possesses a right-continuity property that can be used
to make sense to the initial data, cf. (6.29).

The purpose of the next three lemmas is to deduce that v2 = v? a.e., which
will imply the desired strong convergence. Since we do not have a lower bound
on va,, we decompose into positive and negative parts, and use truncations of
the negative part. The main step is to derive transport equations for the defect

measures fT(v) — fT(v) and fg (v) — fg (v).
Lemma 6.9. For a.e. t € (0,T), there holds

/]R<+ [W(x,t) - f+(u(x,t))} dz < 0. (6.33)

Proof. From Lemma 6.5, equations (6.24) and (6.20), we deduce for each R > 0
the transport inequality

(@) = ) + (u[fE@) - rEw)])
< [oFa @) —vif@)] - 5 [PUD @) - U5V @)] (630
5 (F-) (),

which holds in the sense of distributions on Q7. As fg is increasing,
1

—5( =) () <0. (6.35)

Moreover, for each v € R we have the identity

0 (0) = 50 (1) = —S0(R — )1 (0),

which implies

VFE0) — 3 R () = ~ 5 00ROy (0)

and hence

0 (0) ~ SR () = o) - 5 (TR) (o) =0, (6.36)
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in Qrr = RT x (%,7T) (i.e., whenever R > 2). In view of (6.34)~(6.36), the

following transport inequality holds in the sense of distributions on Qg 7:
(FF@ - @), + (u [Fe) - 1)) <o, (6.37)

for t > 2/R. Along the same lines as in the proof of Lemma 3.7, we conclude from
(6.37) that

[ [T - £ ula.0)] e
BT (6.38)
< [ [0 3 - £ (ol 2)] do.

R+
for a.e. t > %. Now, by appropriately sending R — oo in (6.38) and using (6.29)
or (6.32), we obtain the desired result (6.33). O

Lemma 6.10. Fiz any R > 0. For a.e. t € (0,7,

/R+ [fﬁ(“)(%t) - fﬁ(“(xat))] dr < %2 /Ot /]R+ (R+v)1(—,—p)(v) drds
- 122/0 /R+(R+U)1(_Oo’_R)(U) dx ds

+R/Ot/R+ [m_fg(v)] dz ds
+§“/Ot/R[(U+)2(v+)2} deds.  (6.39)

Proof. From Lemma 6.5, equations (6.24) and (6.20), we deduce the transport
inequality

(Fa@) = £z @), + (e [fz @) - 170)])
< [0Fal@) —vfz )] ~ 3 [PURV W)~ () @)]  (6.40)
-5 (=) Uy ),
which holds in the sense of distributions on Q. Since —R < (fz)’ <0,
— (V=) (f2) () < g (v7-?). (6.41)
One can easily check that
0 (0) ~ 50 () (0) = ~ 5 (R4 o)1 oy (0);

. - (6.42)
07 () = 32(TR) (W) = —5 0RO o ) (0).

Inserting (6.41) and (6.42) into (6.40) yields the transport inequality
(20 = f2 ), + (u[f20) - fz@)])

R R /—
— SR o () + 5 (7 =0?),

R
< 5U(R + )1 (Coo,—r) (V)
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which holds in the sense of distributions on Q1. As in proof of Lemma 3.7, we
conclude from this that for a.e. ¢ € (0,7) the inequality

/R+ | T @) (@)~ 5 (v(a. 1)) | da
= };/ot /W V(R +0)1(oo,—pg)(v) dr ds

¢
—E// V(R +v)1(_oo,—pr)(v)drds
2 Jo Jr+

+12%/0t/m+ [ﬁ—vﬂdmds

2

(6.43)

holds. One can check that

Fa ()~ F7 () = 5

1
5(”—)2

1
(R4 0)*1(_oo,—R)(v) — 5(3 +0)21(_oe,—p) (V).

o)
1
2

Hence, by (6.43),

| [ = fr ] dr < -5 /Ot | e dads

R [t

+5/O /R+ V(R + )1 (_oo,—pr)(v) dzds
+R/O /]R+ {f};(v)—fg(v) dz ds

— ];/Ot /ﬂ§+(R+v)21(_oo,_R)(v) dx ds

t
—l—E// (R+v)?*1(_oo,—g)(v) dzdt
2 Jo Jr+

+ g/@t /1R+ {(v+)2 - (v+)2] dz ds.

Finally, applying the identity g(R + )2 — gv(R +v) = %Q(R + v) twice yields
(6.39). O

Lemma 6.11. There holds the equality

02 = 02

a.e. in Q. (6.44)
Proof. Adding (6.33) and (6.39) gives for a.e. t € (0,7")

3 [ L@ = @) + (70 - fr )] da

A R ——
_1;2/; /ﬂ§+(R+v)1(_w7_R)(v) deds  (6.45)
+R/Ot/m+ ()~ fr ()] d ds
w2 [ [wr- o] asds
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By the formulas

vy + (fr) (v) =v = (R+0)1 (Lo, —r)(v),
Ty + (fr) (v) = v = (R4 v)X(—00,—Rr) (V)

and the convexity of the map R 3 v — vy + (fz)(v), we infer

0< o7 —vil + [(fR) () - (F2) ()]
= (R+0)1coo—p)(v) = (R+0)1(coo—p) (V).

Since R > v — (R4 v)1(_s0,—p)(v) is concave,

(R+v)1(—oo,—r)(v) = (R+ V)L (Loo,—p)(v) <0 a.e. in Qr.

Inserting this into (6.45) yields for a.e. t € (0,T)

0< [ [GERP = 500+ (Tl - fr ()] do
<r [ [ [GEF - e+ G - 7] s

so that by Gronwall’s inequality we conclude that

/ (G — 5002 + (@)~ Fr@)] de=0 forae.teQr
R+

By Fatou’s lemma we can send R — oo, with the result that

/ [ﬁ(x,t) - (v(a:,t))Q] dz =0 forae. te (0,T).
R+
This concludes the proof of (6.44). O

Let us summarize our findings in the main convergence theorem.

Theorem 6.12. Let vy be a function satisfying (6.1). Define the semi-discrete
finite difference approzimation (Vaz,unaz) for Ax positive using (6.4), (6.3), and
(6.2). Then {(vaz, Uaz)} agso cOnverges to a dissipative solution (v,u) of (1.5) in
the sense of Definition 1.2. More precisely, as Ax — 0

luaz — U”Loc(QT) -0, [vae — U”LP(QT) — 0 foranyp€[L,3).

Proof. Equipped with Lemmas 6.1, 6.2, 6.3, 6.4, 6.5, and in particular 6.11, the
proof is similar to that of Theorem 3.8. O

Remark 6.13. In addition to the properties stated in Theorem 3.8, the proof also
shows that the limits u, v possess the following properties:

u € WHP(Qr) for all p € [1,3),

v e L®((0,T); L*(R")) and v € LP(Qr) for all p € [1,3),

v e C([0,T); LP(R™)) for all p € [1,2),

v € C4 ([0, T L*(RT)).
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7. NUMERICAL EXAMPLES

In order to test our schemes in practice, we compared them with two other
schemes, the first order Engquist—Osher scheme proposed in [4] and a central scheme
which is an adaptation of schemes presented in [8]. We have no convergence proofs
for these schemes. The Engquist—Osher scheme is a scheme that works directly
with the u variable, that is, the scheme is based on discretizing (1.2), and is given
by

t EO 1 ! n n 2
DYul 4+ D_f*° (uf,uf}) = QAxZ(ui —uf ), (7.1)
=0
where we have set u”; = u? = 0, and fF© denotes the Engquist-Osher flux

75 (ur,2) = 5 [((wn A 0))? + (w2 v 0))7].
Of course, if v > 0, then f¥O(uy,us) = u2/2. To calculate the v variable, we set
=D_uj, j=0,1,...
The central scheme we use is formally second order and is defined as
MMG( Uj— 1’uj’uj+1)

n n 1 7K 2 i) ] 0

5j = Si-1 Tt AL [(“;4) + () } » J>0 50 =0, (7.2)
n+1/2 n A n~n At n
i Uy =%t T s

where MMy denotes the limiter

MM (a, b, ¢) = MM (c —b, %,b _ a)

with
min,{a,}, if a; > 0 for all 7,
MM(ay,az,...) = { max;{a;} if a; <0 for all 7,
0 otherwise.
Next let
~n+1/2 n+1/2 n+1/2 n+1/2
uj / MM(_/,j /7j+1/>7
n+1/2  n+t1/2 1 n+1/2 n+1/2) 2 . n+1/2
= () ()] a0
and set
1 n 1 ~T
Auj = 3 (ufy —ufoy) = g (@7 — 207 + @)

)\ n+1/2 n+1/2 2 n+1/2 2 n+1/2 n+1/2
(Y o o ) ).
ﬂj+1/2 :MM(AujaAuj+l)a j=0,1,2,...

Finally we can define u;”l by

n [ ~
uj+1 ( 1+ 2uf + “J+1) ~ 16 (U;LH - unil)
A n+1/2 n+1/2 1 nt1/2 (7.3)
v (“j+1 ) _( Uj—1 ) 3 (@172 = Uj-1/2) + Ats;
For completeness we define
ot = Lgn (7.4)

J Az 7
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As a test case we consider the problem with the exact solution given by

2 2
o= {F EOSTS@D?

. (7.5)
0 otherwise,

where ¢t > 0. We use the initial value v(x,0) and calculate the approximations at
t=1.

We have calculated the approximations for z in the interval [0,5], where nec-
essary, we have defined v”; by linear interpolation, and set uj = 0. For the
semi-discrete scheme we used a standard fourth order Runge-Kutta schemes to
integrate in time. Figure 1 shows the approximations to v(x, 1) calculated by the
various schemes with Az = 5/64. In each figure the exact solution is indicated
by a broken line. At this level of discretization, it seems that the explicit scheme

—&- Semi-discret
— - Exact

08

0.6

0.2F

08

04

02

—&- Central
— - Exact

08 08l

06

0.6

0.4

02r 02k

FIGURE 1. The approximations to (7.5) for ¢t = 1.

performs “best”. However, we tested the convergence of all the schemes, and this
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produced Table 1, which shows the L? errors, or more precisely
2
Zj (U(xj, 1) — UJN)
v, )2 7

where ¢ty = 1. We use a discretization Az = 5-27% where k = 4,5,...,11.
Indeed it seems that the explicit scheme produces the smallest errors, but both the

100 -

k| Semi Implicit Explicit EO Central
4 29.3 304 416 422 37.0
5 22.9 28.0 224 278 22.3
6 20.6 26.2 9.5 21.0 18.5
7 16.8 214 8.4 15.8 14.1
8 13.8 17.6 8.6 124 114
9 11.8 15.1 5.7 9.9 9.1
10 10.3 12.9 4.7 8.3 7.8
11 8.6 10.8 3.9 6.7 6.2

TABLE 1. The relative L? errors in the v variable for the various schemes.

Engquist—Osher and the central scheme work with the u variable, and then use a
first-order differentiation to find v. If we measure the L*> error in the u variable
instead, i.e.,

max; [u(z;,1) — u§V|

100 -

max; [u(z;, )|

we get Table 2. From Table 2 we see that for the u variable the results produced by

k| Semi Implicit Explicit EO Central
4 6.5 11.3 175 18.7 15.0
5 7.4 12.3 6.8 6.7 5.4
6 8.1 12.1 2.1 3.0 2.0
7 5.5 8.6 1.1 2.1 1.3
8 3.8 6.1 0.8 1.5 1.2
9 3.0 4.7 0.5 14 0.5
10 2.3 3.5 0.5 1.2 0.3
11 1.6 2.5 0.3 0.8 0.2

TABLE 2. The relative L*° errors in the u variable for the various schemes.

the explicit scheme and the central scheme are comparable, a somewhat surprising
result.

If we solve (6.2) numerically by the forward Euler scheme, we get the following
numerical scheme:

At
o= 0f — A ((uf v 0) Do+ (g A0) Dovf) + - (o)

j—1 (76)
u?“ = Ax Z vf“,
=1

with the boundary condition uff = 0. We call this the variable sign scheme. Note
that this amounts to an explicit version of the scheme analyzed in Section 6, and
we have not been able to show any convergence properties of the scheme defined by
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(7.6). Nevertheless, it seems to work well in practice. As a test example we used
the exact solution defined by

’U($,t) = 27_2]51{w<(27t)2}~ (77)
This solution is called a negative kink-wave. For t > 2 it formally continues as a
positive kink wave. In this case the L? norm of v is constant, so that this is the
conservative solution. We may however also continue the solution past ¢ = 0 by
setting v(x,t) = 0 for ¢ > 2. This would then be the dissipative solution. We
have tested the Engquist—Osher scheme, the second order central scheme and our
scheme defined in Section 6 for this example. In all the computations we have
used Az = 1.1 x 107°. In Figure 2 we show a contour plot of the computed
v(z,t) for (z,t) € [0,1.1] x [0, 3]. We see that the Engquist—Osher scheme produces
an approximation which does not seem close either to the conservative or to the
dissipative solution. The central scheme and the variable sign scheme produce
approximations that seem close to the dissipative solution.

FIGURE 2. The approximations to (7.7) for (z,t) € [0, 1.1] x [0, 3].
Left: The Engquist—Osher scheme; middle: the central scheme;
right: the variable sign scheme.

It is also interesting to plot the L? norm of the approximate solutions as functions
of time. We show this in Figure 3. Here we have plotted the L? norm of the three
approximations as functions of ¢ for ¢ € [0, 3]. We see that the variable sign scheme
is the only scheme that gives a nonincreasing L? norm in this case. Based on this
experiment, we guess that of the three schemes considered, the variable sign scheme
would be easiest to analyze, since the analysis in the case where the L? norm can
increase is probably much more difficult.

3
5 Engquist-Osher
3

Central

Variable sign

FIGURE 3. The L? norm of the approximate solution as a function
of time.
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