DepT. OF MATH. UNIVERSITY OF OSLO
PURE MATHEMATICS No. 10
ISSN 08062439 MARCH 2005

Backward Stochastic Partial Differential Equations with Jumps
and Application to Optimal Control of Random Jump Fields

Bernt @ksendal'?, Frank Proske!, Tusheng Zhang'?

Revised June 7, 2005

Abstract
We prove an existence and uniqueness result for a general class of backward stochastic
partial differential equations with jumps. This is a type of equations which appear as adjoint
equations in the maximum principle approach to optimal control of systems described by
stochastic partial differential equations driven by Lévy processes.
AMS Subject Classification: Primary 60H15 Secondary 93E20, 35R60.

1 Introduction

Let Byt > 0 and () = [ [an zN(ds,dz); t > 0 be an m-dimensional Brownian motion
and a pure jump Lévy process, respectively, on a filtered probability space (2, F, Fy, P). Fix
T > 0 and let ¢(w) be an Fr-measurable random variable. Let

b:[0,T] x R" x R™™ — R"

be a given vector field. Consider the problem to find three Fi-adapted processes p(t) €
R™ q(t) € R™™ and r(t, z) € R™*™ such that

dp(t) = b(t,p(t),q(t))dt + q(t)dB; +/ r(t,2)N(ds,dz),t € (0,T)1.1 (1.1)

n

p(T) = ¢ a.s.1.2 (1.2)

This is a backward stochastic (ordinary) differential equation (BSDE). It is called backward
because it is the terminal value p(T') = ¢ that is given, not the initial value p(0). Still p(t) is
required to be Fi-adapted. In general this is only possible if we also are free to choose ¢(t)
and r(t, z) (in an Fi-adapted way).

The theory of BSDEs, when 1 = 0, is now well developed. See e.g. [EPQ], [MY], [PP1],
[PP2] and [YZ] and the references therein. In the jump case (n # 0) BSDE’s have been
studied. See [FOS], [NS], [S] and the references therein.

There are many applications of this theory. Examples include the following:
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(i) The problem of finding a replicating portfolio of a given contingent claim in a complete
financial market can be transformed into a problem of solving a BSDE.

(ii) The maximum principle method for solving a stochastic control problem involves a
BSDE for the adjoint processes p(t), q(t), r(t, z).

For more information about these and other applications of BSDEs we refer to [EPQ] and
[YZ] and references therein.

The purpose of this paper is to study backward stochastic partial differential equations
(BSPDEs) with jumps. They are defined in a similar way as BSDEs, but with the basic
equation being a stochastic partial differential equation rather than a stochastic ordinary
differential equation. More precisely, we will study a class of BSPDEs which includes the
following;:

Find adapted processes Y (¢, x), Z(t,x), Q(t,x, z) such that

dY(t,x) = AY (t,x)dt + b(t,z, Y (t,x), Z(t,x))dt

+ Z(t,x)dB; + | Q(t,z, 2)N(dt,dz), (t,z) € (0,T) x R" (1.3)
Rn

Y(T,z) = ¢(z,w) (1.4)

Here dY (t,z) denotes the It6 differential with respect to ¢, while A is a partial differen-
tial operator with respect to x and N(dt,dz) is the compensated Poisson random measure
associated with a Lévy process 7(-).

The function b : [0,7] x R" x R x R — R is given and so is the terminal value function
¢(z) = ¢p(xz,w). We assume that ¢(x) is Fr-measurable for all  and that

E| . ¢(z)%dx] < oo, (1.5)

where E denotes expectation with respect to P. We are seeking the processes Y (¢, x), Z(t, x)
and Q(t,z,z) such that (1.3) and (1.4) hold. The processes Y (t,x), Z(t,z) and Q(¢,x, z)
are required to be Fi-adapted, i.e., Y(t,x), Z(t,z) and Q(t,x,z) are Fi-measurable for all
z € R", z € R and we also require that

T

E {/ / {(Y(t,2)* + Z(t,2)* + Q(t, x, 2)*v(dz)}dt dz| < oo, (1.6)
R" J0O R

where v(-) is the Lévy measure of the underlying Lévy process. Equations of this type are

of interest because they appear as adjoint equations in a maximum principle approach to

optimal control of stochastic partial differential equations. See Section 2.

Example 1.1 Consider the following BSPDE:

dY (t,x) = =AY (¢, z)dt + Z(t,z)dB; + Q(t,x, 2)N(dt,dz), (t,x) € (0,T) x R" (1.7)
Rn

Y(T,z) = ¢(x) (1.8)
Here AY (t,x) =Y 1", 82?9/952,93) is the Laplacian with respect to x applied to Y (t,x), and ¢(x)

satisfies E| [pn ¢(x)*dx] < co.




In this simple case, we are able to find the solution explicitly:
We first use the It6 representation theorem to write, for almost all x,

6(x) :h(w)+/0Tg(s,x,w)dBS+/OT/nk(s,x,z,w)]V(ds,dz)

where
h(z) = El¢(z)],

g(s,x,-) and k(s,z, z) are Fs-measurable for all s,z and

E[/n /OT {gz(s,w,-) + /n k2(s,x,z)u(dz)} dsdz] < 0.

|z — gyl

Rif(e) = [ nt) E s 5 )y, >0

be the transition operator for Brownian motion defined for all measurable f : R — R such
that the integral converges. Then it is well known that

0

a(Rtf(l“)) = %A(Rtf(fﬂ)) (1.9)

Let

Now define
Y (t,2) :RT_t(/O g(s,-,w)st+/0 /nk(s,-,z,w)ﬁ(ds,dz)+h(-))(x)

_ / (Rr_1g(s, - ) (2)dBs + / / (Rpyki(s,, 2, 0)) (@) N (ds, dz) + (Ry_oh) ()
’ P (1.10)

Then

dY (t,x)

:[/ —1A(Rrg(s,w)) (2)dB, - } / A(Rr—ih(s,-,z,w))(@)N(ds, dz) — JARr_h(-)(x) | dt
0 0 JRrRn

+ (Rr_yg(t, -, w))(2)dBy + | Rp_y(k(t,-, z,w))(z)N(dt, dz)

RTL
= LAY (t,2)dt + Z(t,2)dB, + | Q(t,x,2)N(dt,dz),
Rn
where
Z(tv x) = (RT—tg(tv 7w))(x) (111>
and
Q(t,x,z) = (Rp—ik(t,-, 2))(x). (1.12)

Hence the processes Y (t,z), Z(t,z) and Q(¢,x,z) given by (1.10)—(1.12) solve the BSPDE
(1.7)—(1.8).



In the general case it is not possible to find explicit solutions of a BSPDE. However,
in Section 3 we will prove an existence and uniqueness result for a general class of such
equations. We will achieve this by regarding the BSPDE of type (1.3)—(1.4) as a special case
of a backward stochastic evolution equation for Hilbert space valued processes. This, in turn,
is studied by taking finite dimensional projections and then taking the limit. This is the
well known Galerkin approximation method which has been used by several authors in other
connections. See e.g. [B1], [B2] and [P]. We also refer readers to [PZ] for the general theory
of stochastic evolution equations on Hilbert spaces.

The rest of the paper is organized as follows: In Section 2 we prove a (sufficient) maximum
principle for optimal control of random jump fields, i.e. solutions of SPDE’s driven by Lévy
processes (Theorem 2.1). This principle involves a BSPDE of the form (1.3)-(1.4) in the
associated adjoint processes. In Section 3 we give the precise framework of our general
existence and uniqueness result. The existence and uniqueness result and its proof are given
in Section 4.

2 The stochastic maximum principle

In this section we prove a verification theorem for optimal control of a process described by
a stochastic partial differential equation (SPDE) driven by a Brownian motion B(¢) and a
Poisson random measure N (dt,dz). We call such a process a (controlled) random jump field.
The verification theorem has the form of a sufficient stochastic maximum principle and the
adjoint equation for this principle turns out to be a backward SPDE driven by B(-) and
N (-,-). This part of the paper is an extension of [(@] to the case including jumps and an
extension of [FOS] to SPDE control.

Let T'(t,z) = TW(t,z); t € [0,T], € R* be the solution of a (controlled) stochastic
reaction-diffusion equation of the form

dl'(t,x) = [(LT)(t,z) + b(t, z, ['(t, z), u(t,z))| dt + o(t,z,T'(t, ), u(t, z))dB(t)
/9 (t, 2, T(t, o), u(t, 2), /)N (dt, d2); (t,2) € [0,T] x G (2.1)
[(0,2) =¢(x);2 €@ (2.2)
L(t,x) = n(t,x); (t,x) € (0,T) x OG (2.3)

Here dI'(t,x) = diI'(t,x) is the differential with respect to ¢t and L = L, is a given partial
differential operator of order m acting on the variable z € R*. We assume that G ¢ R¥, U C
R! are given open and closed sets, respectively, and that b : 0,7T] x G x R x U — R,
o [0, TIxGXRXxU =R, 0:[0,T]xGXxRXxUxR—-R,{:G—Randn: (0,T)x0G — R
are given measurable functions. The process

uw:[0,T] xG—0
is called an admissible control if the equation (2.1)-(2.3) has a unique continuous solution
[(t, ) = TW(t, ) which satisfies
T
e[ ([ vewreaueepia)as [ e rmame] <e @
0 G G
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where f:[0,7] x G x Rx U — Rand g: G x R — R are given C! functions. The set of all
admissible controls is denoted by A. If u € A we define the performance of u, J(u), by

T
J(u)=FE {/ (/ f(t,x,F(t,w),u(t,a:))dw) dt+/ g(a;,F(T,w))dw] . (2.5)
0 G G
We consider the problem to find J* € R and u* € A such that

J* = sup J(u) = J(u¥). (2.6)
ucA

J* is called the value of the problem and u* € A (if it exists) is called an optimal control.
In the following we let L* denote the adjoint of the operator L, defined by

(L* ¢1,92) = (1, L) ; »1,92 € C57(G), (2.7)

where (¢,¢) = (¢,¥)12(q) = Jo o(@)(x)dr and C§°(G) is the set of infinitely many times
differentiable functions with compact support in G.
We now formulate a (sufficient) stochastic maximum principle for the problem (2.6):
Let R denote the set of functions 7 : [0,7] x G x R x Q@ — R.
Define the Hamiltonian

H:[0,T]xGXRxUxRXxRxR —R

H(ta z,7v,u,p,q, T(t, €, ))
= f(tz,v,u) +b(t,z, v, u)p+o(t,z,v,u)g+ / 0(t, z,v,u, 2)r(t, z, z)v(dz)2.8 (2.3)
R

For each u € A consider the following adjoint backward SPDE in the 3 unknown adapted
processes p(t,x), q(t,x) and r(t,z, z):

dp(t,z) = —{%ff(t, £, PO (1, 2),u(t, 2), plt, 7). q(t, ), (8, 7, )

+ L*p(t, z)Ydt + q(t, )dB(t) + / r(t,x, 2)N(dt,dz);t < T. (2.9)

R
p(T,x) = ((;gy(x,f‘(“)(t,x)); reqG (2.10)
p(t,x) =0; (t,x) € (0,T) x 0G. (2.11)

The following result may be regarded as a synthesis of Theorem 2.1 in [()] and Theorem 2.1
in [FOS]:

Theorem 2.1 (Sufficient SPDE maximum principle for optimal control of reaction-
diffusion jump fields)



Let i € A with corresponding solution T'(t,z) of (2.1)-(2.8) and let p(t, ), §(t, ), F(t, z, -)
be a solution of the associated adjoint backward SPDE (2.9)-(2.11). Suppose the following,
(2.12)-(2.15), holds:

(2.4)
u) ERx U

The functions2.12
("Y,’U,) = H(77 U) = H(t,a:,’y,u,ﬁ(t,x),fj(t,x),?(t,x, ))7 (77
and
v o= ogln); veR
are concave for all (t,z) € [0,7]x G.

H(t,z,T(t,z), at, 2), p(t, x), 4(t, ), F(t, z, -))2.13 (2.5)

= sup H(t,z,T(t,x),v,pt, 2),q(t, x),7(t, 2,"))
veV

for all (t,z) € [0,T] xG.

Forallue A

[/ / I(t :z:))2 {qA(t,a;)Q—i-/R?(t,x,zyy(dz)}dtdm} < o0 (2.14)
[// p(t, ) { (t,z,T(t, ), u /etxrtx u(t, z), )V(dz)}dtd:c}<oo

(2.15)

Then u(t, z) is an optimal control for the stochastic control problem (2.6).

Proof. Let u be an arbitrary admissible control with corresponding solution T'(t,x)
(¢, ) of (2.1)-(2.3). Then by (2.5)

T ~
J(ﬂ)—J(u):E[/O /G{f—f}d;cdt+/c{§—g}dx], (2.16)
where
F= ftw Ba), a0 a), f = f(tr (), 0t )
g g(x,T(T,z)) and g = g(z,T(T, x)).

Similarly we put
x,D(t,2),0(t, x)), b=0b(t,z,T(t z),ult,z))
o(t,z, T(t, ), 0t x)), 0 =o(t,z,T(t,z),u(t,z))

Q) o)

|
o
~

and R
=0(t,x,I'(t,x),u(t,x), z), 0 =0(t,z,T(t,x),ult,z), 2).

)



Moreover, we set

~

H = H(t,z,T(t,z),a(t, z),pt, x),§t z), 7t ,))
H = H(t,z,I'(t,x),ult,z),p(t,z),q(t,x),7(t, x,-)).

Combining this notation with (2.8) and (2.16) we get

J(@) — J(u) = I, + I, (2.17)
where
:E[/OT/G{E{—H—@—@ G- o) /R rudz}d:pdt] (2.18)
" n=£|[ @-ga. (2.19)
Since vy — g(z,7) is concave we have
-9 < gf]y(m, (T, z)) - (D(T, z) — T(T, z)).

Therefore, if we put B R
L(t,x) =T(t,x) — T'(t,x)

we get, by the It6 formula (or integration by parts formula) for jump diffusions ([0S, Ex.
1.7))

dg
a O

_ B /G 5T, z) - f(T,x)dx]

~ _E /G (ﬁ(o,x) T(0,z)
+ /T {N(t x)dp(t, x) —|—ﬁ(t,x)df(t,1‘) + (o0 —0)q(t, x)} dt

/ / (6 — BYF(t, 2, 2) (dt,dz))/\d:r}
- 5[ ( / {fe0) |- (52) - rateo)

5t 7) [LE(t ) + (b= )] + (0 = 7)a(t, 2)

/R (0 — O)F(t, z, 2)v (dz)} dt) dl} ,2.20 (2.6)

I

v
|
bj

—(z, F(T z)) - T(T, a:)da:]

where

<5H> :8613(757@«,f(uaz),ﬂ(t,:c),ﬁ(t,x),qA(t,:c),?(t,x, ).



Combining (2.17)-(2.20) we get
J@) —Jw > E [/OT </G {f‘L*ﬁ—ﬁLf} daz) dt}
+E [/G </0T {ﬁ —H+ <?£>A : f(t,:n)} dt> dm] 221 (2.7)

Since I'(t,z) = p(t,z) = 0 for all (¢,z) € (0,T) x G we get by an extension of (2.7) that
/ {fL*ﬁ— ﬁLf} dz = 0 for all t € (0,T).
G

Combining this with (2.21) we get

J(@) — J(u) > E [/G (/OT {ﬁ _H+ <%§>A - f(t,x)} dt) d:v} . (2.22)

From the concavity assumption in (2.12) we deduce that

H—HS;(F,ﬂ)-(F—F)#—%U(I‘,ﬂ)(u—ﬂ). (2.23)

From the maximality assumption in (2.13) we get that
o
ou

Combining (2.23) and (2.24) we get

T,3) - (u—1) < 0. (2.24)

which substituted in (2.22) gives
J@) — J(u) > 0.

Since u € A was arbitrary this proves Theorem 2.1. =

3 Framework

We now present the general setting in which we will prove our main existence and uniqueness
result for backward SPDE’s with jumps:

Let V', H be two separable Hilbert spaces such that V' is continuously, densely imbedded
in H. Identifying H with its dual we have

VCH=ZH" CV*, (3.1)

where V* stands for the topological dual of V. Let A be a bounded linear operator from V
to V* satisfying the following coercivity hypothesis: There exist constants @ > 0 and A > 0
such that

2(Au, u) + Nul% > aof|ul|? forall u € V, (3.2)



where (Au,u) = Au(u) denotes the action of Au € V* onu e V.

Remark that A is generally not bounded as an operator from H into H. Let K be another
separable Hilbert space. Let (2, F, P) be a probability space. Let {B;,t > 0} be a cylindrical
Brownian motion with covariance space K on the probability space (2, F, P), i.e., for any
k € K,(B k) is a real valued-Brownian motion with E[(By, k)?] = t|k|%. Let (X,B(X))
be a measurable space, where X is a topological vector space. Further let n(t) be a Lévy
process on X. Denote by v(dz) the Lévy measure of . Denote by L?(v) the L?-space of square
integrable H-valued measurable functions associated with v. Set p(t) = An(t) = n(t) —n(t—).
Then p = (p(t),t € D,) is a stationary Poisson point process on X with characteristic
measure v. See [IW] for details on Poisson point processes. Denote by N (dt, dz) the Poisson
counting measure associated with the Lévy process, i.e., N(t, A) = ZSEDp,SSt I4(p(s)). Let

N(dt,dz) := N(dt,dz) — dtv(dz) be the compensated Poisson mesasure. Define
Fi=0(Bs,N(s,A),A e B(X),s <t).

Recall that a linear operator S from K into H is called Hilbert-Schmidt if Y5 |Sk;|% < oo
for some orthonormal basis {k;,i > 1} of K. Lo(K,H) will denote the Hilbert space of
Hilbert-Schmidt operators from K into H equipped with the inner product (57, S2) Lo(K,H) =
> (Siki, Soki)m. Let b(t,y, z, ¢, w) be a measurable mapping from [0, T x H x Lo(K, H) x
L?(v) x Q into H such that b(t,y, z,q,w) is Fs-adapted,i.e., b(t,y, z,q,-) is F;-measurable
for all ¢,y, z,q. Suppose we are given an Fp -measurable, H-valued random variable ¢(w).
We are looking for Fi-adapted processes Y;, Z;, Q; with values in H, Lo(K, H) and L?(v)
respectively, such that the following backward stochastic evolution equation holds:

dY, = AY,dt+ b(t Yy, Zy, Qy)dt + Z1d By
+ / Q:(z)N(dt,dz),t € (0,7)3.3 (3.8)
Yr = a.s.3.4 (3.9)

From now on we assume that the following, (3.5) and (3.6), hold:
There exists a constant ¢ < oo such that

b(t, y1, 21, 1) (W) — b(t, y2, 22, @2) (W) |

<c(lyr —y2lm + |21 — 2|00 + |l — @2l20) (3.5)

for all t,y1, 21, q1, Y2, 22, Q2.

E[/OT b(t,0,0,0)|%dt] < oo (3.6)

4 Existence and Uniqueness

We now state and prove the main existence and uniqueness result of this paper.

Body Math Theorem 4.1 Assume that E[|¢|%] < co. Then there exists a unique H X
Lo(K, H) x L?(v)-valued progressively measurable process (Yz, Zy, Q) such that

(i) fo V3|2 dt] < oo, Efo ]Zt\LQKHdt] < 00, Efo Q7 (1dt] < o0.
(ii) ¢:Yt+ft AYds+ft (8,Ys, Zs,Qs) ds—l—ft Z,dB, +ft Jx Qs(x) (ds,dx), 0<t<T.
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As the proof is long, we split it into lemmas.

Body Math Lemma 4.2 Assume that E[|¢|%] < oo, and that b(t,y, z,q,w) = b(t,w) is

independent of y, z and q, and E[fOT b(t)|%dt] < oco.  Then there exists a unique H x
Lo(K, H) x L?(v)-valued progressively measurable process (Y;, Zy, Q) such that

. T T T
(i) fo |Ye[3dt] < o0, B[ [ ‘Ztﬁg (ki) dt] < 00, E o |Qt‘%2(u)dt] < 0.
(i) ¢=Yi+ [ AVsds + [ b(s)ds + [ ZedBs + [ [ Qs(x)N(ds,dx); 0<t<T.

Proof.
Ezistence of solution.
Set D(A) = {v;v € V,Av € H}. Then D(A) is a dense subspace of H. Thus we can
choose and fix an orthonormal basis {ei,...ep,...} of H such that e; € D(A). Set V,, =
span(ey,ea, ...,e,). Denote by P, the projection operator from H into V,,. Put A4, = P,A.
Then A, is a bounded linear operator from V,, to V,,. For the cylindrical Brownian motion
By, it is well known that the following decomposition holds:

o0
B, =) Biki (4.1)
=1
where {ki,ka,..., ki, ...} is an orthonormal basis of K, and ﬁ;,z = 1,2,3,... are indepen-

dent standard Brownian motions. Set B = (8},...,4"). Define Fi* = o(B? N(s,A), A €
B(X),s < t) completed by the probability measure P, and put ¢, = E[P,¢|F}] and
bn(t) = E[Pyb(t)|F']. Consider the following backward stochastic differential equation on
the finite dimensional space V,:

dY? = A,Ydt + by(t)dt + ZPdB!
+ / QMz)N(dt,dz);  t<T42 (4.10)
Y = ¢n(w) as.4.3 (4.11)

As A, is a bounded linear operator from V,, to V,,, it follows from the results of Situ [S]
that (4.2)—(4. 3) admits a unique F;'- adapted solution (Y;"*, Z*, Q}), where Y;* € V,,, Z}' €
Lo(Kp, Vi), K, = span(ky, ko, ...,k,) and QP € L%(v). We are going to show that the
sequence (Y;", Z1', Q) admits a convergent subsequence. Using It6’s formula, we find that

T
BV 3] = Ellgaf4] - 2] / (Y, Py AY™)ds]

T T T
‘QE[/t <sg",bn<s>>ds]—E[/t \erig(Kn,Vn>ds]—E[/t s /X Q@) Bv(da)], (4.4)

\(Nhe;e |Z;l‘%2(Kn,Vn) = Z:}fj:l(ZQ(i,j))2 stands for the Hilbert-Schmidt norm. It follows from
3.2) that

T T
E[IWI?{]SE[WI?{]—@E[[ |Y5”||%/ds]+AE[/t Y7 3ds]

10



T T T T
*E[/t IYS"I%dsHE[/t b(s)\%}ds}—E[/t |Z§\%2(Kn,vn>ds]—E[/t s /X Q7 (@) Br(d).

Hence,
2 r 2 r ~n |2 T 2
EnYt"rHHaE[/t HYS“HVdsHE[/t |Z;“‘\L2(K,H>ds]+E[/t ds /X QP () 3y(de)]

T T
SEWIH(AH)E% m%dsHE[/t 1b(s)[ds]

where Z" = Z"P,,, and P, is the projection from K into K,, = span(ki, ..., k). In particular,
2 2 r 2 T 2
EY/ 3] < E[6l3] + A+ 1)E] / Y73 ds] + E| / 1b(s)[3ds] (4.5)

Set Y,* = ftT |Y"2,ds. Then (4.5) implies that

d(e(A"'l)tY;”)

T
ST < o B gfy) + / b(s)[ds])

Hence,
T

T
/ E[IK”I%MSSC(E[WI%HE[/ [b(s) % ds]),
0 0

where C' is an appropriate constant. This further implies that

T
sup{ / BV []ds} < oo
n Jo

T

supl [ BV I}1ds) < o (1.6
T

supl [ BIZIE, s} < o (@7
T

supf [ Q2 s} < o (1.9

For a separable Hilbert space L, we denote by M?2([0,T], L) the Hilbert space of progres-
sively measurable, square integrable, L-valued processes equipped with the inner product
<a,b>y=E| fOT < at, by >, dt]. By the weak compactness of a Hilbert space, it follows from
(4.6),(4.7)and (4.8) that a subsequence {ng,k > 1} can be selected so that Y™ k > 1 con-
verges weakly to some limit Y in M2([0,T],V), Z™,k > 1 converges weakly to some limit Z
in M2([0,T], L2(K, H)) and Q™ , k > 1 converges weakly to some limit @ in M2([0, 7], L?(v)).
Let us prove that ( a version of )(Y, Z, Q) is a solution to the backward stochastic evolution
equation (3.3) and (3.4). For n > i > 1, we have that

AV, &) = (PyAY}", e5)dt + (by(t), e)dt + (Z]'dBy, e5) + /X (Q7(2), ;)N (dt, dz)
= (AY, e;)dt + (b(t), e:)dt + (Z'dBy, e;) + /X (Q7(x), ;)N (dt, dz) (4.9)
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Let h(t) be an absolutely continuous function from [0,7] to R with »/(-) € L?([0,7]) and
h(0) = 0. By the Ito6 formula,

T T
0 (D) = [ neavepde+ [ nop).ed

T t T _ T ,
—i—/o h(zt)d(/U Z! dBS,eZ->—|—/O /){h(t)(@t (z),e;)N(dt, dx)—i—/o (V" ei)h'(t)dt.  (4.10)
Replacing n by ny in (4.10) and letting £ — oo to obtain
(¢, €)h(T)
-/ L h)(AY et + / "RG0, et + / ' [ no1@i(a) ) Nt do)
0 7 0 ’ 0 Jx ’ 7
T t T
+ /O h(t)d( /0 Z.dBa,es) + /O (Y, e (1)dt.4.11 (4.12)

From (4.10) to (4.11), we have used the fact that the linear mapping G from M?([0,T], L2(K, H))
into L?(2) defined by

T t > T 4
G(Z) = / h(t)d</ ZdBy, e;) = Z/ h(t)(Zi(k;), e;)dB]
is continuous and also the linear mapping F' from M?2([0,T], L?(v)) into L?(f2) defined by

T ~
F(Q) = /0 /X h(0)(Qu(a). ) N (dt, do)

is continuous. So, the convergence of (4.10) to (4.11) takes place weakly in L?(f2). Fix
t € (0,T) and choose , for n > 1,

1, sZt—i—%,
ho(s)=q1—2(t+45 —s), t—5 <s<t+ 5,
0, s<t— o

With h(-) replaced by hy(-) in (4.11), it follows that

T T T
(gb,ei):/o hn(s)<AY5,ei>ds+/0 hn(s)<b(s),ei>d8+/0 /Xh(t)(Qt(a:),ei)N(dt,dx)

T s 1 [ttam
+/ hn(s)d</ ZydBy, €;) + / (Ys, ei)ds. (4.12)
0 0 nJi— L

Sending n to infinity in (4.12) we get that
T T
(6 = [ (Aeeds+ [ ). ei)ds
t t
T . T s
[ ] Qua)enFdsdn) + [l zdBue) + (Vi)
t X t 0

12



for almost all ¢ € [0,7] ( with respect to Lebesgue measure).
As i is arbitrary, this implies that

:/tTAYSds+/th( )ds+/ Z,dB +/ /Qs N(ds, dz) + Y. (4.13)

for almost all ¢ € [0, T] ( with respect to Lebesgue measure).
For t € [0,T1], define

Yt:qb—/tTAsts—/t b()ds—/t ZdBs — //Q N(ds, dz).

Then we see that (Y}, Zt,Q¢) also satisfies (ii) in the Theorem 4.1 with Y replaced by Y for
all ¢ € [0,T]. Hence, (Y%, Zt,Q)¢) is a solution to the equations (3.3) and (3.4).

Uniqueness:
Let (Y3, Zi, Qq) and (Yy, Zy, Q1) be two solutions of the equation (3.3). Then

T B T B B T B _
[ av-vaas+ [ -z -+ [ [ (@) - Qua) Rids,do) =0
t t t X
Applying 1t6’s formula, we get
— T —
0= ¥~ Tl +2 [ (V.- Vo,dd)
t
T ~
[ e =Y+ Qul) — Qula)y — Ve — Voo )N (dssdo)
t X
T T
—1-2/ (A(Y, —Y5),Ys — Y<d8—|—/ | Z —Zs|%2(K7H)dS
/ [ 10:(@) - Qu(@) () (4.14)

where M; = [(Zs — Z;)dBs. By (3.2),we get that

T T
ElYi - Vi3] = —2 / E(A(Y, — Y2, Yy — V)]ds — | / %y = Zuf2, e oy

/ ] 104(@) = Qul@) rdsva)

< a/ E[||Ys — Y||Vds—|—)\/ E|Ys — Y|H]
t
T —_
< [ EIY. - Vilylds
t

By a Gronwall type inequality, it follows that E[|Y; —Y;|%] = 0, which proves the uniqueness.
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Body Math Lemma 4.3 Assume that E[|¢|%;] < oo, and that b(t,y,z,q,w) = b(t, z,q,w)
is independent of y. Then there exists a unique H x Lo(K, H) x L*(v)-valued progressively
measurable process (Yi, Zy, Q) such that

. T T T
(i) Elf, Vi}dt] < oo, B[, ‘Zt|%2(K7H)dt] < o0, B[ |Qt|%i(,j)dt] < 0.
i) ¢=Yi+ [ AYsds+ [T (s, Zs,Qs)ds + [ ZsdBs + [* [« Qs(x)N(ds,dx); 0<t<T.
t t t t X

Proof.
Set Z = 0,QY = 0. Denote by (Y%, Z*, QF) the unique solution of the backward stochas-
tic evolution equation:

Ay, = AYj'dt +b(t, 2, QrY)dt + Z'dB; + / QP (x)N(dt,dz)4.15  (4.13)
Y9 = ¢(w).4.16 (4.14)

The existence of such a solution (Y}, Z*, Q}') has been proved in Lemma 4.2. Putting M]* =
fg Z"dBs, and by It6’s formula we get that

0= vy — Y7

T
— Y Y 42 / (AT - Y)Y, Yr - Yy ds
t
T
+2/ (b(t, Z, Q™) — b(t, Zz"1, Q" 1), Y — y")ds
t
T ~
4 / / (Y yn Qe - QU3 — Y - Y 3N (ds, dr)
t X
T
+ / / QU — QU2 )dsw(dr)
t X
T 1 1 T 1 2
1o / (Y YR M - M) + / 120 = Z02, gy
In virtue of (3.2), for £ > 0,
T T
B[V — Y] + B / 20— 2002, o ands] + B / /X QU — QU3 dsw(dx)]
t t
T
— 2p / (A - Y)Y - Yy
t
T
_oE / (b(t, 27, Q) — b(t, 201, QP 1), Y7+ — Y7)ds]
t

T T
< AE[ / Y Y ds) — o] / Yy 2 d

T 1 T
eB( [ bt 22,00) b, 2 @3 s + LB [ VI =Y (@
t t
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Choose £ < £, where c is the Lipschitz constant in (3.5). It follows from (4.17) that
T
BV = Y7+ B 120 = 221y
t
T T
vaB[[ Ve - vyIRas) + B[ [ 1@it - Qufldsy(do)
t t Jx
1 g n+1 n|2 1 ’ n n—1)2
< (>\+E)E[ t Y =Y gds] + 5 E| ) 1Z¢ = 28 11k, 1) 5]
T
E[/ / Q" — Q" Y% ]dsv(dx)]4.18 (4.15)
t Jx

Let 8 = A+ 1. Then we have from (4.18) that

d t T 1 2
= SB[ =

T

L / 12— 22 nvds]
T

LR / / QU — QU2 )dsw(de)]
t X

T
e [ = v
1 t T 1,2
<5 B[ 17 = 2]

T
5Bl [ 102 - @y dsv(da) (119)

From here, following a similar proof as in [PP1] we will show that (Y™, Z™, Q™) converges to
some limit (Y, Z, Q) in the product space of M?2([0,T],V),M?([0, T, L2(K, H)) and M?([0, T], L*(v)).
Integrating both sides in (4.19) we get that

T T T
B[ et = Pdsl+ [ B2 = 220l
T T
4 / O / / Q! — QU2 |dsv(da)]dt + o / £ / [V — Y72 dsle®dt

T T
1 n n—1 Pt Pt n—12
<t B[ 17z ety [ en [ [ e e ]dsy(daé)]dt)
4.20

In particular,

T T T T
| B 1z -z emdstear [ [ Qe - Qulldsy(doar
0 t 0 t X

T T T T
<t [ B[ 1z -z femasteta [ emr[ [ jor - @ rldseana

(4.21)
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This implies that

T T T T
/ Bl / |20V = Z002, o g dsle®idt + / BB / /X QU — QU3 )dsw(d)d
0 t 0 t

<@)rc
for some constant C. Thus, it follows from (4.20) that

T
1
B[V - vy < (5)C (422
0
Hence, we conclude from (4.18) that

T T
Bl /0 120 = 2002, e anyds] + B /0 /X QU — QU3 dsw(dx)d

T T
<@ros+ HE(| 12— 2 e + L [ 102 - Q7 dsvan)y (@429
Using the above inequality repeatedly gives
g 1 2 g 1 2
B[ 1257 = 22+ B[ [ 137 - Quldsu(do)

< (3)"nCp (4.24)
Combining (4.18) and (4.23) we have that

T 1
B[ / Y - YR Rds] < (2yr(n+ 1) (4.25)
0 2

It follows now from (4.24) and (4.25) that the the sequence (Y*,Z]",Q}),
n > 1 converges in M2([0,T],V) x M?([0,T], L2(K, H)) x M?([0,T], L?(v)) to some limit
(Y, Zt, Q). Letting n — oo in (4.14), we see that (Y, Zy, Q) satisfies

T T T T _
Y, + / AYids + / b(s, Zo)ds + / Z.dBs+ / / Qu(x)N(ds,dz) =& (4.26)
t t t t Jx
ie., (Yy, Zi, Q) is a solution to equation (3.3).

Uniqueness
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Let (Y3, Zi, Q:) , (Yi, Zt, Q¢) be two solutions. By It6’s formula , as in (4.14) we have

T
BIY: - Yt\HHE[/ 12~ Zi s

/ ] 104(@) = Qula) rdsva)

_2E[/ < A(Ys —Yy),Ys — Y, > ds]
t

T
9| / (b(t, Zo, Q) — b(t, Zs, Qs), Yy — Ta)ds]
t
T T
< AE[/t ¥, — Vi yds] — aE[[ 1Y, — Yil2ds]

T T
+38l[ 12.- 2, KHdchE[/t Y, ~ Yiffds]

3 [ 1) - Qua sy (127
Consequently, -
PV =Yilh) < -+ B[ [V, = Vil (4.28)

By Gronwall’s inequality |,
Y, =Y

which further implies Z; = Z; and Q; = Q; by (4.27).
Proof of Theorem 4.1.

Let Y,? = 0. Define , for n > 1, (th'l, Ztm'l, ?H) to be the solution of the equation:

dYtn+1 —_ Ayn-‘rldt + b(t }/tn? Zn+1 Qn+1)dt
+ ZMaB; + / QM ()N (dt, dx)4.29 (4.16)
Vit = ¢4.30 (4.17)

The existence of (YV;"*1, ZP+1 Q7t1) is contained in Lemma 4.3.
n+1

Using the similar arguments as in the proof of Lemma 4.3 it can be shown that (Y;”H, Zt"H, P
converges to some limit (Y}, Z;, Q¢), and moreover (Y, Z;, ;) is the unique solution to equa-
tion (3.3). We omit the details avoiding the repeating.

Body Math Example 4.2 Let H = L?>(R%), and set
V = H}(RY) = {u € L*(R?); Vu € L*(R? — RY)}

Denote by a(x) = (a;;(x)) a matriz-valued function on R® satisfing the uniform ellipticity
condition: )

—I;<a(x) <cly for some constant ¢ € (0, 00).

c
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Let f(x) be a vector field on R with f € LP(R?) for some p > d. Define

Au = —div(a(z)Vu(z)) + f(x) - Vu(z)

Then (3.2) is fulfilled for (H,V,A). Thus, for any choice of cylindrical Brownian motion B,
any drift coefficient b(t,y, z,w) satisfying (3.5) and (3.6) and terminal random variable ¢,
the main result in Section 4 applies.

Acknowledgement

This work was initiated when the first and the third author attended a workshop on SPDEs in
Warwick in May, 2001. We would like to thank the organizers Jo Kennedy, Roger Tribe and
Jerzy Zabczyk, as well as David Elworthy, for the invitation and hospitality. We also thank
the Mathematics Institute at University of Warwick for providing the stimulating research

environment.

References

[B1] A.Bensoussan: Maximum principle and dynamic programming approaches of the op-
timal control of partially observed diffusions. Stochastics 9 (1983), 169-222.

[B2]  A.Bensoussan: Stochastic maximum principle for systems with partial information and
application to the separation principle. In M.Davis and R.Elliott (editors): Applied
Stochastic Analysis. Gordon and Breach 1991, pp 157-172.

[EPQ] N. El Karoui, S. Peng and M.C. Queuez: Backward stochastic differential equations
in finance. Mathematical Finance 7 (1997), 1-71.

[FOS] N.C. Framstad, B. Qksendal and A. Sulem: Sufficient stochastic maximum principle
for the optimal control of jump diffusions and applications to finance. J. Optim. Theory
and Appl. 121 (2004), 77-98 and Vol. 124, No. 2 (2005) (Errata).

[MY] J. Ma and J. Yong: Forward-Backward Stochastic Differential Equations and Their
Applications. Springer LNM 1702, Springer-Verlag 1999.

[NS] D. Nualart and W. Schoutens: Backward stochastic differential equations and
Feynman-Kac formula for Lévy processes, with applications in finance. Bernoulli 7
(2001), 761-776.

(D] B. @ksendal: Optimal control of stochastic partial differential equations. Stoch. Anal.
and Appl. (to appear).

[@S] B. Oksendal, Sulem, A.: Applied Stochastic Control of Jump Diffusions. Springer-
Verlag 2004 (to appear).

[P]  E. Pardoux: Stochastic partial differential equations and filtering of diffussion pro-

cesses. Stochastics 3 (1979), 127-167.

18



[PP1]

[PP2]

[PZ]

[S]

[YZ]

E. Pardoux and S. Peng: Adapted solutions of backward stochastic differential equa-
tions. Systems and Control Letters 14 (1990), 55-61.

E. Pardoux and S. Peng: Backward doubly stochastic differential equations and sys-
tems of quasilinear stochastic partial differential equations, Probability Theory and
Related Fields 98 (1994), 209-227.

G.D. Prato and J. Zabczyk: Stochastic equations in infinite dimensions. Cambridge
University Press, 1992.

R. Situ: On solutions of backward stochastic differential equations with jumps and
applications. Stochastic Processes and their Applications 66(1997), 209-236.

J.Yong and X.Y.Zhou: Stochastic Controls. Springer-Verlag 1999.

19



