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Abstract

In this paper we consider the problem of risk indifference pricing
on an incomplete market, namely on a jump diffusion market
where the controller has limited access to market information.
We use the maximum principle for stochastic differential games
to derive a formula for the risk indifference price pifﬁf’”(G, &) of
an European-type claim G.

1 Introduction
Suppose the value of a portfolio (7(t), So(t)) is given by

X (t) = @ +m(t)S(t) + So(t),

where z is the initial capital, S(¢) is a semimartingle price process of a risky
asset, m(t) is the number of risky assets held at time ¢ and Sy(t) is the
amount invested in the risk free asset at time t. Then the cumulative cost
at time ¢ is given by

P(t) = X™(1) - /0 r(u™)dS (). (1)
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If P(t) = p—constant for all ¢, then the portfolio strategies (m(t), So(t))
is called self-financing. A contingent claim with expiration date T is a
nonnegative Fpr-measurable random variable G that represents the time T
payoff from seller to buyer. Suppose that for a contingent claim G there
exists a self-financing strategy such that Xg(cﬂ) (T) = G, that is,

T
P +/ m(u)dS(u) = G. (2)
0
Then p is the price of GG in the complete market, i.e.,

p = EQlG], (3)

where @) is any martingale measure equivalent to P on the probability space
(Q, Fi, P).

In an incomplete market, an exact replication of a contingent claim is
not always possible. One of the approaches to solve the replicating problems
in an incomplete market is the utility indifference pricing. See e.g. Grasselli
and Hurd [8] for the case of stochastic volatility model, Hodges and Neu-
berger [9] for the financial model with constraints, Takino [13] for model
with incomplete information. The utility indifference price p of a claim G
is the initial payment that makes the seller of the contract utility indiffer-
ent to the following two alternatives: either selling the contract with initial
payment p and with the obligation to pay out G at time T or not selling
the contract and hence receiving no initial payment..

Recently several papers discuss risk measure pricing rather than utility
pricing in incomplete markets. Some papers related to risk measure pricing
are the following: Xu [14] propose risk measure pricing and hedging in
incomplete markets, Barrieu and El Karoui [3] study a minimization problem
for risk measures subject to dynamic hedging, Kloppel and Schweizer [10]
study the indifference pricing of a payoff with a minus dynamic convex risk
measure. See also the references in these papers.

In our paper we study a pricing formula based on the risk indifference
principle in a jump diffusion market. The same problem was studied by
(Oksendal and Sulem [12] with the restriction to Markov controls. So the
problem is solved by using the Hamilton-Jacobi-Bellman equation. In our
paper, the control process is required to be adapted to a given sub-filtration
of the filtration generated by the underlying Lévy processes. This makes
the control problem non-Markovian. Within the non-Markovian setting, the
dynamic programming cannot be used. Here we use the maximum principle
approach to find the solution for our problem.



The paper is organized as follows: In Section 2 we will implement the
option pricing method in an incomplete market. In Section 3 we present
our problem in a jump diffusion market. In Section 4 we use a maximum
principle for a stochastic differential game to find the relation between the
optimal controls of the stochastic differential game and of a corresponding
stochastic control problem. Using this result we derive the relationship
between the two value functions of the two problems above, and then find
the formulas for the risk indifference prices for the seller and the buyer.

2 Statement of the problem

Assume that a filtered probability space (2, F, {Ft}o<;<p, P) is given.

Definition 2.1. A non-negative random variable G on (2, F, P) is called
a Furopean contingent claim.

From now on we consider a European type option whose payoff at time ¢
is some nonnegative random variable G = ¢g(S(t)). In the rest of the paper,
we shall identify a contingent claim with its payoff function g.

Let F be the space of all equivalence classes of real-valued random vari-
ables defined on (2.

Definition 2.2. ([6], [7]) A convez risk measure p : F — R U {oco} is a
mapping satisfying the following properties, for X, Y € F,

(i) (convexity) p(AX 4+ (1 = N)Y) < Ap(X) + (1 = N)p(Y), A€ (0,1);
(ii) (monotonicity) If X <Y then p(X) > p(Y);

If an investor sells a liability to pay out the amount g(S(7')) at time T
and receives an initial payment p for such a contract, then the minimal risk
involved for the seller is

a(z+p) = inf p(X,7,(T) — g(S(T)), (4)

where P is the set of self-financing strategies such that X é’r) (t) > ¢, for some
finite constant ¢ and for 0 <t <T.

If the investor has not issued a claim (and hence no initial payment is
received), then the minimal risk for the investor is

@(2) = inf p(X{(T)). (5)



seller

e, of the claim

Definition 2.3. The seller’s risk indifference price, p = p
G is the solution p of the equation:

P (x+p) = Po(x). (6)

Thus pﬁfﬁfr is the initial payment p that makes an investor risk indiffer-

ent between selling the contract with liability payoff G and not selling the
contract.

In view of the general representation formula for convex risk measures
(see [5]), we will assume that the risk measure p, that we consider, is of the
following type:

Theorem 2.4. (Representation Theorem [6], [7]) A map p: F — R
s a convex risk measure if and only if there exists a family L of measures
Q < P on Fr and a conver “penalty” function ¢ : L — (—o0,+00) with
infoer ((Q) = 0 such that

p(X) = sup{Eg[-X] - ((Q)}, X €F. (7)
QeL

By this representation we see that choosing a risk measure p is equivalent
to choosing the family £ of measures and the penalty function (.
Using the representation (7) we can write (4) and (5) as follows:

Pa(e+p) = inf (sup{Eol-X:Ty(T) +g(S(W)) - C@)}).,  ®

and
@o(2) = inf ( sup{Eg[-X{7(T)] - C(Q)}) (9)
TEP QeL

for a given penalty function (.

Thus the problem of finding the risk indifference price p = piféfr given by
(6) has turned into two stochastic differential game problems (8) and (9). In
the complete information, Markovian setting this problem was solved in [12]
where the authors use Hamilton-Jacobi-Bellman-Isaacs (HJBI) equations
and PDEs to find the solution. In our paper the corresponding partial
information problem is considered by means of a maximum principle of
differential games for SDE’s.

3 The setup model

Suppose in a financial market, there are two investment possibilities:



e A bond with unit price So(t) = 1; ¢t € [0, T].

e A stock with price dynamics, for ¢ € [0, T,

ds(t) = S(t)|a(t)dt + o(t)dB, + / +(t, 2)N(dt, dz)], (10)
Ro
S0) = s>0,

Here B, is a Brownian motion and N(dt,dz) = N(dt,dz) — v(dz)dt is a
compensated Poisson random measure with Lévy measure v. The processes
a(t), o(t), v(t, z) are F;— predictable processes such that (¢, z) > —1, for
a.s. t,z, and

E[/OT {]a(s)\ + o%(s) —i—/R | log(1 —i—’y(s,z))]Ql/(dz)}ds] < oo as., (11)

for all T > 0.

Let & C F; be a given sub-filtration. Denote by 7(¢), ¢ > 0, the fraction
of wealth invested in S(¢) based on the partial market information & C F;
being available at time ¢. Thus we impose on 7(t) to be &— predictable.
Then the total wealth X (™) (t) with initial wealth 2 is given by the SDE

dX™ (1) = w(t*)S(r)[a(t)dt+a(t)d3t+ /

At 2N (dt, d2)], (12)
Ro

X™0) = z>0.

In the sequel we shall call a portfolio # € P admissible if w is &-
predictable, permits a strong solution of the equation (12) and satisfies

T
[ {lawlixisi) + orwsio
+r2(8)S2(8) /

72(15, z)u(dz)}ds < 00,
Ro

as well as
m(t)S(t)y(t) > —1 (w,t,z) — a.s.

The class of admissible portfolios is denoted by II.
Now we define the measures QQy parameterized by given Fi-predictable
processes 6 = (0y(t),0:1(t, z)) such that

dQp(w) = Ky(T)dP(w) on Fr, (13)



where

dKy(t) = Ko(t7)|0o(t)dB(t) + [y, 01(t,2)N(dt,dz)|; t € [0, T,
K@(O) = k>0,

(14)
We assume that
01(t,z) > —1 for a.a. t, z, (15)

and -
/ {98(3) —|—/ (log(1 + Gl(s,z)))zu(dz)}ds < 0 a.s. (16)
0 Ro
Then by the It6 formula the solution of (14) is given by
t 1 t
Kot) =kesp [ - / o(s)dB(s) — / 02(s)ds
0 0
t ~
+ / / In(1 — 0y (s, 2))N (dt, d=)
0 JRo
t

+/ {In(1 — 01(s,2)) + 01(s, 2) }v(dz)ds|. (17)
0 JRo

We say that the control § = (6p,0;) is admissible and write § € © if 0 is
adapted to the sub-filtration &, satisfies (15)—(16) and

E[K@(T)] = KQ(O) =k>0.

We set
dYi(t) dKy(t) 0
dAY(t)= | dYa(t) | = | dS@t) | =| St )al) ]dt
dYs(t) dX ™ (t) St )m(t)a(t)
Ko(t™)0o(t) Ko(t7)01(t,2) | _
+ | Se)e) | dB@) + / St )yt z) | N(dt,dz),
St7)m(t)o(t) Bo | St )m(t)(t)
(18)
Y(0) =y = (y1,92,93) = (k,s,7),
and
<. [avi) ] [ dKy(t)
0= oo | = [ s | )
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Y(0) =7 = (y1,92) = (k,s).

We now define two sets £, M of measures as follows:

L ={Qq; 0 €O} (20)
M = {Qp; 0 €M}, (21)
where
M={6€0; E[MI(t,g)|&] =0 for all ¢, 3}, (22)
and

MO(t,g) = MO(t,k,s) = a(t) + o(t)by(t) +/1R v(t,2)01(t, 2)v(dz). (23)

In particular, by the Girsanov theorem, all the measures @y € M with
E[Ky(T)] = 1 are equivalent martingale measures for the &-conditioned
market (So(t), S1(t)) where

asi(t) = Si(t7)|[Ela(v)|&ildt + Elo(t)|&) B,
+ E[fy(t,z)wt]ﬁ(dt,dz)],
Ro

51(0) = s>0.

(see e.g. [11], Ch. 1).
We assume that the penalty function ¢ has the form

T ~ ~ ~ ~
Q) =E[ [ [ Mt0u(t.T(0).0:0.F (0. 2).F (0 2w(de)ie + h(T (D).
(24)

for some convex functions A € C1(R? x Ry), h € C*(R), such that
T ~ ~ ~ ~
L[] 00t 700067 (0., ¥ (@), lwd)it + T (D)] <
0o Jro

for all (6, 7) € © x IL
Using the Y (¢)-notation problem (8) can be written as follows:

Problem A Find ®%(t,y) and (§*,7*) € © x II such that

®E,(t,y) := inf JOm(t,y)) = T (¢, ), 25
(ty) = inf (sup 17 (1,0) (t.y) (25)



where

T ~ ~
J(””(t, y) =EY [ —/t AO(u,Y (u)))du — h(Y (T))
+ Ko(T)g(S(T)) - Ko(T)X"/(T)), (26)

and

A(9) = AO(t, 7)) = /R At O0(t,5),601 (5, 2). 5, (dz). (27)

We will relate Problem A to the following stochastic control problem:

UG = sup {Eq[G] - ¢(Q)} (28)
QeM

Using the ?(t)—notation, the problem gets the following form:

Problem B Find V& (¢,4) and 6 € M such that

U5 (L, §) = sup Jot,9) = JE(t,9), (29)
S

where
0 g ¥ >
Ke.0) = B[ = [ A6 T @)du - HF @) + Ka@)g(ST)]. (30)
t
Define the Hamiltonian H : [0, T]x RxRXxRxOXxIIxRxRxR — R
for Problem A by
H(ta k7 S, T, 07 m™p,q, 'I”'(', Z))
= —A(t, )7(15)) + sapy + samps + kBoq1 + soqo + somqs

+ A {kb17m1(-, 2) + svy(t, 2)ra(c, 2) + smy(t, 2)r3(-, 2) }v(dz), (31)

and the Hamiltonian H : [0,7] x Rx R x © x R x R x R — R for Problem
B by

H(t, k,s,0,p,q,7(-,2)) = —A(t, Y (1) + saps

+ kboq1 + soqo + A {k01(t, 2)r1(-, 2) + sy(t, 2)ra (-, 2) fv(dz). (32)



Here R is the set of functions r : [0,7] x R — R such that the integrals
in the (31) and (32) converge. We assume that H and H are differentiable
with respect to k, s and x. The adjoint equations (corresponding to 6, m and
Y'(t)) in the unknown adapted processes p(t), q(t), r(t, z) are the backwards
stochastic differential equations (BSDE)

dpi(t) = (aA (£, Y (t)) — Oo(t)q (t) — fRO 01(t, 2)r1(t, z)V(dz))dt
+Q1(t)dB(t + Jr, 1t z)N(dt,dz), (33)
p(T) = —ZLY(T))+g(S(T)) — X™(T),

dpa(t) = (P(LY () - <>p2<t>— (Dax(t)

_fRo (t,2)ra(t, 2)v(dz) ) dt (34)
+q2(t)dB(t +fR ro(t ,z)N(dt, dz),
p(T) = *%(Y(T)HKa(T) (S(1)),
and
dps(t) = at)p () — Jiy Y Drat, ) (dz))dt
+q3(t)dB(t) + fR r3(t, z) N (dt,dz), (35)
p3(T) = —Ko(T )

Similarly, the adjoint equations (corresponding to 6 and Y (¢)) in the
unknown processes p(t), ¢(t), 7(t, z) are given by

api(t) = (FREY W) = 0O (1) ~ fi, 02(t, 2)71 (1, 2)v(dz) ) dt

+1(8)dB(t) + g, 71(t, 2)N(dt, dz), (36)
n(T) = —G(T))+g(S(T)),
and
dpa(t) = (%—Q(t,?a))—a(wm(t ~ (@)
= Jp, V(t: 2)Ta(t, 2)v(d2) ) dt (37)

+q2(t)dB(t —|—fR To(t ,z)N(dt, dz),
—%(Y(T))JrKe(T) (S(T)).

=

no

3
|



Lemma 3.1. Let 6 € © and suppose that p(t) = (p1(t),p2(t)) is a solution
of the corresponding adjoint equations (36) and (37). For all m € R, define

pi(t) = pi(t) — X(t) (38)
p2(t) = paft) (39)
p3(t) = —K(t) (40)

If 6 € M then p(t) = (p1(t),p2(t), p3(t)) is a solution of the adjoint equations
(33), (34) and (35). Then the following holds:

H(LY (t),0,7,p(t),q(t),r(t, 2)) = H(t, Y (t),0,5(t), q(t), 7 (¢, 2))

— S()r (1) (at) +200()o(t) +2 /R Ou(t, )y (t 2)v(dz)). (41)

Proof. Differentiating both sides of equation (38) we get
dpi(t) = dp(t) — dX (1)

(%(t, }N/(t)) - Ho(t)cjl(t) — 01 (t, Z)fl(t, Z)l/(dz) _ S(t)a(t)ﬂ'(t))dt
Ro

+ (@ (t) = S(t)o () (t))dB(t) +/R (F1(t,2) = S(E)m(8)(t, 2)) N (dt, d2).
(42)

Comparing this with (33) by equating the dt, dB(t), N(dt,dz) coefficients,
respectively, we get

(Y (1) — O0(t)qu(t) — [, 01 (t, 2)r1(t, 2)v(dz)
= %@(a f/(t)) —Op(t)qi(t) — fRO 01(t, 2)71(t, 2)v(dz) — S(t)a(t)w(t), (43)

and

a(t) = qt)—St)o(t)r(t), (44)
ri(t,z) = 7Fi(t,z) = S(t)v(t, z)m(t). (45)

Substituting (44) and (45) into equation (43), we get

S(t)w(t)(a(t)—i—@o(t)a(t)—i— el(t,z)w,z)y(dz)):o. (46)

Ro

Since § € M, equation (46) is satisfied and hence p;(t) is a solution of
equation (33).
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Proceeding as above with the processes pa2(t) and p3(t), we get

q2(t) = ¢2(t); r2(t) = Ta; (47)

and

—a(t)ps(t) — o (t)as(t) — /R At 2)rs(t, 2)w(dz) = 0; (45)

a3(t) = —Ko(t)bo(t);  r3(t,2) = —Kp(t)0r(t, 2). (49)

With the values p3(t), ¢3(t) and r3(t, z) defined as above, relation (48) is
satisfied if § € M. Hence p;(t), p2(t) and p3(t) are solutions of equations
(38), (39) and (40), respectively.

The equations (31) and (32) give the following relation between H and

H:

(ta y,0,m,p, Qa'r Z) (ta v,0,p, q,r( ))
+ s ap3+JQ3+/ v(t, 2)rs (-, ) (50)
Ro

Hence,

H(t,Y (1), 8,7,p(t), q(t), (t, 2))
= ﬁ(t7 i/(t)v 0,])1 (t)7p2(t)7 Q1(t)7 Q2(t)7 1 (t7 Z)? T2(t7 Z))
= 507 (a(palt) + omlt) + [ At 2Jralt,2)vldo)
= H(t, Y (t),0,p1(t), 52(t), 1 (t), Go(t), 71 (¢, 2), T2 (t, 2))
S

— S()o(t)m(t) Ky (t)0o(t) — /R SRt ATOKa O 1 2)v(d2)
— () Ky(t) (a(t) +o(t)8o(t) + /R O +(t, 2)0; (t)l/(dz))
=H(t,Y(t),0,p(t),q(t), 7(t,2))
— sK(t) (a(t) 20 (100 () + 2 /R RICEIIC z)y(dz)>. (51)
O

Lemma 3.2. Let pi(t), p2(t) and ps(t) be as in Lemma 3.1. Suppose that,
for all m € R, the function

0 — E[H(t,Y(1),0,7(t),p(t),q(t), 7(t, 2))|&],  0€0,
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has a maximum point at 0 = é(ﬂ') Moreover, suppose that the function
m — E[H(t,Y(t), é(ﬂ),ﬂ,p(t), q(t),r(t, 2))|&], m e R,
has a minimum point at © € R. Then,

MO(#) = 0. (52)

Proof. The first order conditions for a maximum point § = é(ﬂ) of the
function E[H (t, Y (t),0,7(t),p(t),q(t),r(t, z))|&] is

E[VG(H(tv Y(t), 0, ﬂ(t),p(t), Q(t)ﬂ T(t7 Z)))azé(ﬂ-) ‘gt] =0, (53)

where Vg = (8%0, 8%1) is the gradient operator. The first order condition for

~

a minimum point 7 of the function E[H (t,Y (t),0(n), m, p(t), q(t), r(t, 2))|E]
is

E[7-(H (&Y (£),0(m), 7(t), p(t), (1), 7(t, 2)))r=rlE] = 0,

ie.,

E { Vo (H(t,Y(t),0,7,p(t),q(t),r(t, 2)) g4z (de(ﬁ) )W:ﬁ

+a(H(t Y (1), 0,7, p(t), g(), (¢, z)))gfg(ﬁ) a] ~0. (54)

Choose m = 7. Then, by (53) and (54), we have

E[Vﬂ(H(t,Y(t),(%mp(t)ﬂ(t)’r(t’z)))gfgm | & =0,

ie.,

E[S0aps(t) + SEo D) + /R St 2)rs(t, 2)v(dz) | &] = 0.
(55)

Substituting the values ps(t), ¢3(t), and r3(¢, z) as in Lemma 3.1 into (55),
we get

E [S(t)Kg(t){a(t) +a(t)0o(t) + /

[ a2t @) fla] =0, (56)

This gives,

Mo(#) = 0.
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4 Maximum principle for stochastic differential games

Problem A is related to what is known as stochastic games studied in [1].
Applying Theorem 2.1 in [1] to our setting we get the following jump dif-
fusion version of the maximum principle (of Ferris and Mangasarian type

[4]):

Theorem 4.1. (Maximum principle for stochastic differential games

[1]) Let (6, 7) € © xIT and suppose that the adjoint equations (33), (34) and

(35) admit solutions (p1(t), 41 (t), 71(t, 2)), (P2(t), G2(t), 72(t, 2)) and (p3(t), 43(t), 73(t, 2)),
respectively. Moreover, suppose that, for all t € [0,T], the following partial
information maximum principle holds

sup E[H (t,Y (t),0,7(t), p(t), 4(t), 7(t, 2)) | &

[USC)
BIH(1,Y (), 0(0), #(8), 5(2), 4(), /(t, 2)) | ]
- ;ggE[ (£ Y (£),6(8),7,5(8), 4(1), (t, 2)) | &) (57)

Suppose that the function
0— JO,)

18 concave and that the function
™ — J(0,n)

~

is convexr. Then (6*,7*) := (0,7) is an optimal control and

@5, (x) = inf (sup J(H,W)) = sup < inf J(0, 7r)>

mell \ geo geo \mEll
—sup J(0,7) = inf J(0,7) = J(0,7) (58)
0co mell

Theorem 4.2. Let pi(t), p2(t) be respectively solutions of adjoint equations
(36), (37) and p1(t), p2(t), ps(t) be defined as in Lemma 3.1. Suppose
0 — H(t,Y(t),0,p(t);q(t),7(t,)) is concave. Let (0(7),7) be an optimal

pair for Problem A, as given in Lemma 3.2. Then,

0 := (%) (59)

1s optimal for Problem B.
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Proof. By Theorem 4.1 for Problem B, 6 solves Problem B under partial

information & if

sup E[H(t,Y (t),0,5(1), 4(t), 7(t, 2)) &
= E[H(t,Y(1),0,p(t),4(t), 7(t, 2))|E,
i.e., if there exists C' = C(t) such that,
E[Vo(H(t,Y (t),0,5(1), d(t), 7(t,2))) = C()M(8))4—4lE] = 0,
and
E[MO(t)|&] = 0.
Let 7, A(#) be as in Lemma 3.2. Then,
E[ve(H(t,Y(t),0,7(t), p(t), q(t), 7(t, 2))g_g(a1)) €] = 0,
and
E[MO(7)(t)|&] = 0.
Hence, by Lemma 3.1,

0= E[vg {fw, Y(t),0,5(t),4(t), 7 (t, 2))

— SR K1) (a(t) +20()00 +2 /

Ro

(60)

(61)

W)} e

= B[ (H(,Y (6),0,(0), 1(0),7(t, 2)) = 25O () Ko(t) MOy €]

Therefore, if we choose
C(t) =2S(t)7(t)Ko(t)

we see that (60) holds with 6 = (#), as claimed.

5 Risk indifference pricing

(62)

(63)

O

Let (6*,7*) = (,7) be as in Theorem 4.2 with the corresponding state

process Y* = Y™ Suppose that Y = V0@ is the state process cor-
responding to an optimal control (§(#),7). Then the value function &%,
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which is defined by (25) and (26), becomes

o5 (t,y) = inf (Sup JG’”(t,y))
7€l N\ geco

T ~
= inf (sup B[ = [ MO, T ) du ~ H(Ko(T). S(7)
+ Ko(T)g(S(T)) - Ko(T)X™(T)))

~ inf (7] - / A0 (0, T (w)du — h(Kp- (7). S(T))

+ Ko (T)g(S(T)) = Koo (1) XU(T)] ). (64)
We have that, for all = € 11,

BV [y (T)X™(T)] = BY[Ky(T)X(T)] = KBS X)) = e, (65)

since %Qé is an equivalent martingale measure for &—conditioned market.
On the other hand, the first part of equation (64) does not depend on the
parameter m. Hence, (64) becomes

T ~
¥ (t,) = B = [ AT (0)du = WD), S(T))

+ Ky(T)g(S(T)| — ka
= sup JY(t, ) — kx
feM
= W5 (t,7) — ka. (66)
We have proved the following result for the relation between the value
function for Problem A and the value function for Problem B in the partial

information case, that is the same as in Oksendal and Sulem [12] for the full
information case.

Lemma 5.1. The relationship between the value function \I/g(t, y) for Prob-
lem B and the value function @‘é(t,y) for Problem A is

B (t,y) = V5 (1) - k. (67)

seller
risk

We now apply Lemma 5.1 to find the risk indifference price p = p
given as a solution of the equation

®%(t, k, 5,0 +p) = 5 (t, k,5,7). (68)
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By Lemma 5.1, this becomes

e (t, k,s) — k(x4 p) = U (L, k, s) — ka, (69)
which has the solution

p = =k (WGt K, 5) — UG (E K, 5)) (70)

In particular, choosing & = 1 (i.e., all measures ) € L are probability
measures), we get the following:

Theorem 5.1. Suppose that the conditions of Theorem 4.2 hold. Then the
risk indifference price for the seller of claim G, p*¢Ue™ (G, £), is given by

risk

Pk’ (G,€) = sup {EQ[G] — ((Q)} — sup {~((Q)}. (71)
QeM QeM
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