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CONVERGENCE OF A MIXED METHOD FOR A
SEMI-STATIONARY COMPRESSIBLE STOKES SYSTEM
KENNETH H. KARLSEN AND TRYGVE K. KARPER
ABSTRACT. We propose and analyze a finite element method for a semi—
stationary Stokes system modeling compressible fluid flow subject to a Navier—
slip boundary condition. The velocity (momentum) equation is approximated
by a mixed finite element method using the lowest order Nédélec spaces of the
first kind. The continuity equation is approximated by a standard piecewise
constant upwind discontinuous Galerkin scheme. Our main result states that
the numerical method converges to a weak solution. The convergence proof
consists of two main steps: (i) To establish strong spatial compactness of the
velocity field, which is intricate since the element spaces are only div or curl
conforming. (ii) To prove that the discontinuous Galerkin approximations
converge strongly, which is required in view of the nonlinear pressure func-
tion. Tools involved in the analysis include a higher integrability estimate for
the discontinuous Galerkin approximations, a discrete equation for the effec-
tive viscous flux, and various renormalized formulations of the discontinuous
Galerkin scheme.
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1. INTRODUCTION

The purpose of this paper is to prove convergence of a finite element method for
the semi-stationary barotropic compressible Stokes system

o+ +div(pu) =0, in (0,T) x Q, (1.1)
—pAu — ADdivu + Dp(p) = f, in (0,T) x Q, (1.2)

with initial data
olt=0 = 0o, on €. (1.3)

Here Q is a simply connected, bounded, open, polygonal domain in RV (N =2,3),
with Lipschitz boundary 02, and T" > 0 is a fixed final time. The unknowns are
the density 0 = o(t,z) > 0 and the velocity u = u(t,z) € RV, with € Q and
t € (0,7). We denote by div and D the usual spatial divergence and gradient
operators and by A the spatial Laplace operator.

The pressure function is assumed to be of the form p(p) = ap?, with a > 0
(Boyle’s law). Typical values of 4 ranges from a maximum of % for monoatomic
gases, through % for diatomic gases including air, to lower values close to 1 for
polyatomic gases at high temperatures. Throughout this paper we will always
assume that v > 1. The case v = 1 can also be treated; indeed, it is simpler
since the pressure function is linear. Furthermore, the viscosity coefficients u, \ are
assumed to be constant and satisfy g > 0, NA + 2u > 0.

The study of the system (1.1)—(1.2) can be motivated in several ways. Firstly,
the system can be used as a model equation for the barotropic compressible Navier—
Stokes equations. This might be a reasonable approximation for strongly viscous
fluids, where convection may be neglected. Secondly, Lions [16] use solutions of
(1.1)—=(1.2) to construct solutions to the barotropic compressible Navier—Stokes
equations.

Among many others, the semi-stationary system (1.1)—(1.3) has been studied
by Lions in [16, Section 8.2]. He proves the existence of weak solutions and some
higher regularity results. In particular, weak solutions was proven to be unique in
the case of periodic boundary conditions or when the equations are solved on the
hole of RY. Uniqueness was not obtained in the case of regular Dirichlet boundary
conditions and moreover higher regularity results was only shown to hold locally.

In this paper we impose the following boundary conditions, which are relevant
in the context of geophysical fluids and shallow water models:

u-v=0, on(0,T) x99, (1.4)

and
curlu =0, on (0,7) x 0Qif N =2,

1.5
curlu x v =0, on (0,T) x 0N if N =3, (1.5)

where v denotes the unit outward normal to 2. The first condition is a natural
condition of impermeability type on the normal velocity. The second condition is in
the literature often referred to as the Navier—slip condition. It can be interpreted as
a viscous dissipation term at the boundary (more precisely “non-dissipation” since
this term is equal to zero) [16].

In some geophysical applications, conditions like (1.4)—(1.5) are preferred over
the classical Dirichlet condition since the latter necessitates expensive calculations
of boundary layers. Of more importance to this paper, the boundary conditions
(1.4)—(1.5) will allow us to use the finite element method in a solution space that
can be split into two orthogonal parts in terms of a discrete version of the Hodge
decomposition, a fact that will play a crucial role in our analysis.
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Although many numerical methods have been proposed for the compressible
Stokes and Navier—Stokes equations, the convergence properties of these methods
are mostly unsettled, especially in several spatial dimensions. Ultimately, it is not
clear if these numerical methods converge to a weak solution as the discretization
parameters tend to zero. In one dimension, the available results are due to Hoff and
his collaborators [23, 24, 25]. All these results apply to the compressible Navier—
Stokes equations in Lagrangian coordinates, and moreover require the initial density
to be of bounded variation. Interesting results regarding the existence and long time
behavior of solutions to the one dimensional compressible Navier—Stokes have also
been obtained using semi-discrete finite difference schemes in [13, 14, 4], again in
Lagrangian coordinates with the initial density of bounded total variation. In more
than one spatial dimension, we refer to a recent paper [11] in which a convergent
numerical method for a stationary compressible Stokes system is proposed. The
Stokes system considered in [11] is similar to (1.1)—(1.2) with linear pressure and
no temporal dependence.

Let us now discuss our choice of numerical method for the semi-stationary Stokes
system. For the discretization of (1.1) we utilize a discontinuous Galerkin scheme
based on piecewise constant approximations in space and time. The discontinuous
Galerkin scheme was introduced more than 30 years ago [15, 20] and has since then
undergone a blooming development, cf. [5, 6] for a review. In the context of linear
transport equations with rough (i.e., non-Lipschitz) coefficients, a discontinuous
Galerkin scheme, with piecewise polynomial approximations of arbitrary degree in
the spatial variable and piecewise constant or linear approximations in the temporal
variable, has recently been analyzed by Walkington in [22]. The work [22] is further
developed in [17] for the variable-density incompressible Navier-Stokes equations.

Let us now turn to the velocity (or momentum) equation (1.2). By introducing
the vorticity w = curlu as an auxiliary unknown, keeping in mind the vector
identity —A = curlcurl —D div, we can recast the momentum equation as

peurlw — (A + p)Ddivu + Dp(o) = f, (1.6)

where we suppress the time variable ¢ (we refer the reader to subsequent sections
for more precision). Hence the velocity equation (1.2), together with the boundary
conditions (1.4)—(1.5), admits a formulation that lends itself naturally to a mixed
finite element method [12, 18, 19].

Denote by Waﬁv’Q the vector fields u on €2 for which divu € L? and u-v|sq = 0,
and by W™ the vector fields w on 2 for which curlw € L? and wxv|sq = 0. We
choose corresponding mixed finite element spaces V}, C W(;i V2 and Wi, ¢ W§ url,2
based on Nédélec’s elements of the first kind [18]. The mixed finite element method
seeks functions wy, € W), and uy, € Vj, such that

/ weurlwpv, + [(u+ A) divuy, — p(op)] divey, de = / fron do,
Q Q

/ wpMy, — curlnpuy, de =0,
Q

for all (np,vn) € W), x Vi, where gy, f1, are given piecewise constant functions.
Let us denote the numerical solution of the semi-stationary Stokes system by
(0ns wh,un) = (0n, wh,up)(t, ). The main goal is to prove that {(on, wn,un)},<,
converges to a weak solution, at least along a subsequence. The challenging issue
is to show that the density approximations oy, which on the outset is only weakly
compact in L2, in fact converges strongly. Strong convergence is mandatory if we
want to recover the semi-stationary Stokes system when taking the limit in the
discrete equations as h — 0. Related to this issue, the above mixed method enjoys
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some advantages over the traditional finite element method based on H' elements.
In particular, the approximation spaces W}, and V}, satisfy

‘/h = curl Wh + Zha

for some Z;, C V), satisfying Z;, L curl Wj,. An immediate consequence of this
discrete Hodge decomposition is that upon writing w;, = curlm, + 25, we see that
only zp is coupled to the density o5 and moreover that curlwy, and hence wy,
only depends on the data f. More importantly, equipped with the discrete Hodge
decomposition, we can separate the quantity Peg(on, un) = P(on) — (A + p) divuy,
from the vorticity. The quanity Peg(on,up) is the so-called effective viscous flux
[16] associated with our discrete equations. The fact that we can separate the
effective viscous flux from the vorticity makes it possible to prove the following
weak continuity property:

Ain%) // Peg(on, up) on, dedt = //Eg dwdt (Peg, 0 are weak L? limits), (1.7)

which is the decisive ingredient in the proof of strong convergence of the density
approximations gp. Related to (1.7), we prove a higher integrability estimate on
the pressure ensuring that p(op), and thus also Peg(on,up), is weakly compact in
L?. The energy estimate only provides a uniform bound on p(gx) in L>(L'), so a
priori it is not even clear that p(gp,) converges weakly to an integrable function. Our
strong convergence argument is inspired by the work of Lions on the compressible
Navier-Stokes equations, cf. [16].

As part of the analysis, we also show that g, uj, converges weakly to ou, where o
and w are weak limits of g5, and wp,, respectively. This convergence is not immediate
since the element spaces utilized for the velocity approximations are merely div or
curl conforming. In view of the discrete continuity equation (discontinuous Galerkin
scheme), we easily obtain a bound on (g3); in, say, L*(W~%1). To conclude we
need a spatial translation estimate of the form

lun —wn(es -+l 22y — 0 as [§] — 0, uniformly in h. (1.8)

In view of the discrete Hodge decomposition, we will actually only need (1.8) for
weakly curl free approximations with a L? bounded divergence.

For velocity fields that are independent of time ¢, (1.8) implies the L? compact-
ness of {up},-,. In the time independent case, it is known that weakly curl free
approximations with L? bounded divergence is compact in L? provided the approx-
imation spaces satisfy the commuting diagram property [7]. However, despite the
fact that the element spaces used here satisfy this property, the inclusion of time
in uy (¢, ) makes earlier results inadequate. Specifically, to apply known result we
would need L control in time of the velocity approximations. Unfortunately, this
is not available in general for our problem. As a consequence, we shall provide a
direct argument for the spatial translation estimate (1.8).

We wish to point out that although the boundary conditions (1.4)—(1.5) are
not covered by Lions’ results [16], his proofs can be adapted to yield existence,
uniqueness, and regularity results for (1.1)—(1.2) with the boundary condtions (1.4)—
(1.5). We will not pursue this project here, except for the existence part, which will
be an immediate consequence of our convergence result. However, let us remark
that the Navier—slip condition (1.5) is technically easier to handle than a Dirichlet
condition, both from a mathematical and numerical point of view. The primary
reason for this lies in the need for solutions of the auxiliary problem

divvo=f, curlv=0. (1.9)

If [, f dz =0, the function v will satisfy the boundary conditions (1.4)—(1.5). In
other situations, like periodic boundary conditions or when the equations are solved
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on RY, the boundary values of v does not matter. However, it is evident that v
cannot be required both to satisfy Dirichlet boundary conditions and (1.9). Thus,
(1.9) can only be required to hold locally whenever Dirichlet boundary conditions
are imposed. To avoid “localizing” various discrete arguments, which sometimes can
require elaborate work, we have chosen to consider the Navier—slip type condition
(1.5) instead of the no-slip Dirichlet condition.

This paper is organized as follows: In Section 2, we introduce notation and list
some basic results needed for the later analysis. Moreover, we recall the usual
notion of weak solution and introduce a mixed weak formulation of the velocity
equation. Finally, we introduce the finite element spaces and review some of their
basic properties. In Section 3, we present the numerical method and state our main
convergence result. The existence of a solution to the discrete equations is confirmed
in Section 4. Section 5 is devoted to deriving basic estimates. In Section 6, we prove
the main convergence result stated in Section 3. The proof is divided into several
steps (subsections), including convergence of the continuity scheme, weak continuity
of the discrete viscous flux, strong convergence of the density approximations, and
convergence of the velocity scheme.

2. PRELIMINARY MATERIAL

2.1. Some functional spaces and analysis results. We make frequent use of
the divergence and curl operators and denote these by div and curl, respectively. In
the 2D case, we will denote both the rotation operator taking vectors into scalars
and the curl operator taking scalars into vectors by curl. This confusing but rather
standard notation greatly simplifies all subsequent arguments allowing identical
treatment of the 2D and 3D cases.

We will also make use of the spaces

Wiv2(0) = {v € L¥(Q) : divv € L2(Q)}
Wcurva(Q) = {v IS LQ(Q) ccurlv € LQ(Q)} ;

where v denotes the unit outward pointing normal vector on 9. If v € Wdiv:2(())
satisfies v - v]gg = 0, we write v € WV2(Q). Similarly, v € W™?(Q) means
v € WiV2(Q) and v x v|gpq = 0. In two dimensions, w is a scalar function and
the space W"2(€) is to be understood as W '?(€2). To define weak solutions, we

shall use the space
W(Q) = {v e L*(Q) : dive € L*(), curlv € L*(Q),v - v|pn = 0},

which coincides with W "2 (Q) N Weh2(Q). The space W(Q) is equipped with

the norm |03y, = [|v]|72(q) + |div 0] 72 (g + curl v]| 7> g - Tt is known that |[-[|,,, is

equivalent to the H' norm on the space {v € H'(Q) : v - v|spg = 0}, see, e.g., [10].
The space W(Q) admits a unique orthogonal Hodge decomposition

W(Q) = curl S(Q) + DAT'LE(Q), (2.1)

where S(Q) = {v € WH2(Q) : curlv € W12(Q)}, A~! is the inverse Neumann
Laplace operator, and L2 denotes the L? functions on Q that have zero mean.

For the convenience of the reader we list some basic functional analysis results
to be used in the subsequent arguments (for proofs, see, e.g.,[9]). Throughout the
paper we use overbars to denote weak limits, with the underlying spaces being
(silently) given by the context.

Lemma 2.1. Let O be a bounded open subset of RM, M > 1. Suppose g: R —
(—00, 0] is a lower semicontinuous convex function and {v,},~, is a sequence of

functions on O for which v, — v in L*(O), g(v,) € LY(O) for each n, g(v,) —
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g(v) in LY(O). Then g(v) < g(v) a.e. on O, g(v) € L'(0), and [,g(v) dy <
liminf, . fo g(vn) dy. If, in addition, g is strictly convex on an open interval

(a,b) C R and g(v) = g(v) a.e. on O, then, passing to a subsequence if necessary,
vn(y) — v(y) for a.e.y € {y € O v(y) € (a,b)}.

Let X be a Banach space and denote by X* its dual. The space X* equipped
with the weak-x topology is denoted by X7 .., while X equipped with the weak
topology is denoted by Xyeak- By the Banach-Alaoglu theorem, a bounded ball in
X* is o(X™*, X)-compact. If X separable, then the weak-x topology is metrizable
on bounded sets in X*, and thus one can consider the metric space C ([0, T]; X% _..)
of functions v : [0, 7] — X* that are continuous with respect to the weak topology.
We have v, — v in C([0,T]; X2...) if (vn(t),9)x+ x — (v(t),¢)x+ x uniformly
with respect to ¢, for any ¢ € X. The following lemma is a consequence of the
Arzela-Ascoli theorem:

Lemma 2.2. Let X be a separable Banach space, and suppose v,: [0,T] — X*,
n=12,..., is a sequence for which ||vy|pw o1y, x+) < C, for some constant C
independent of n. Suppose the sequence [0,T] 5t — (v, (t),P)x+x, n=1,2,...,
is equi-continuous for every ® that belongs to a dense subset of X. Then v,, belongs
to C([0,T); Xo) for every m, and there exists a function v € C([0,T); X} o)

W weak
such that along a subsequence as n — oo there holds v, — v in C ([0, T]; XF i)

In what follows, we will often obtain a priori estimates for a sequence {vy},,

that we write as “v, €, X” for some functional space X. What this really means
is that we have a bound on ||v, ||y that is independent of n.

2.2. Topological degree in finite dimensions. Our numerical method consti-
tutes a nonlinear—implicit discrete problem. We will prove the existence of a solution
to this problem by a topological degree argument [S].

Denote by d(F,€,y) the Z—valued (Brouwer) degree of a continuous function
F:Q — RM at a point y € RNV\F(AS) relative to an open and bounded set
Q ¢ RM. For notational convenience, let us reformulate the definition of degree
so that it applies directly in our finite element setting. Indeed, below we define
ds, (F, Sh,qn) with F : S, — S, being a continuous finite element mapping, Sy,
being a bounded subset of a finite element space Sy, and g, being a function in .Sj,.

Definition 2.3. Let S}, be a finite element space, || - || be a norm on this space,
and introduce the bounded set

S = {qn € Sn; llan|| < CY},

where C' > 0 is a constant. Let {o;}M, be a basis such that span{c;}}, = S}, and
define the operator I : S, — RM by

M
pan = (q1.q2,- -, ), Gn =Y qi0i.
=1

The degree fiSh (F, Sh, gr) of a continuous mapping F' : S, — Sp at gy € Sh\F(agh)
relative to S}, is defined as

ds, (F,Sh,qn) =d (HBF(Hgl), HBSh»HBQh) ~
The next lemma is a consequence of the properties of the degree d(F, €2, y), cf. [8].

Lemma 2.4. Fiz a finite element space Sy, and let dg, (F, g;u qn) be the associated
degree of Definition 2.5. The following properties hold:

(1) ds, (F,Sh,qn) does not depend on the choice of basis for Sp,.

(2) ds, (Id, S, qn) = 1.
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(3) dg, (H(-,a), S, qn(e)) is independent of a € J := [0, 1]~forH:§h xJ — Sy
continuous, qn = J — Sy, continuous, and gn(a) ¢ H(9Sh, a) Va € [0, 1].
(4) ds, (F\Sh,qn) #0 <= F~(qn) # 0.

2.3. Weak and renormalized solutions.

Definition 2.5 (Weak solutions). We say that a pair (p, u) of functions constitutes
a weak solution of the semi-stationary compressible Stokes system (1.1)—(1.2) with
initial data (1.3) and Navier-slip type boundary conditions (1.4)—(1.5) provided the
following conditions hold:

(1) (o,u) € L>=(0,T; L7(Q)) x L*(0,T; W(Q)); B
(2) o¢ + div(pu) = 0 in the weak sense, i.e, V¢ € C>*([0,T) x Q),

T
/ / 0(¢¢ +uDg) dxdt +/ 009|t=0 dx = 0; (2.2)
o Ja Q

(3) —puAu—ADdivu+ Dp(p) = f in the weak sense, i.e, V¢p € C>((0,T) x Q)
for which ¢ -v =0 o0n (0,7) x 09,

T T
/0 /Qucurlucurhb + [(u+ A divu — p(p)] div ¢ dadt = /0 /Q f¢ dxdt.

For the convergence analysis we shall also need the DiPerna-Lions concept of
renormalized solutions of the continuity equation.

Definition 2.6 (Renormalized solutions). Given u € L?(0,T; (1)), we say that
0 € L*>®(0,T; L7(Q)) is a renormalized solution of (1.1) provided

B(o); +div (B(o)u) + b(0)diva = 0 in the weak sense on [0,T) x €,
for any B € C[0,00) N C*(0,00) with B(0) = 0 and b(p) := 0B’(0) — B(o).
We shall need the following lemma.

Lemma 2.7. Suppose (o,u) is a weak solution according to Definition 2.5. If
0€ L%((0,T) x ), then o is a renormalized solution according to Definition 2.6.

Proof. Let (0, u) be a weak solution. Then u € L%(0,T; H*(Q)). As the boundary
of 2 is Lipschitz, the velocity field u(¢) can be extended to the full space R? such
that 4 (t)|q = u(t) and

Nl 20,7202 (mvy) < CE) Nl 20,7202 (02)) »
where (t) denotes the extension of w(t). If we extend o(t) to RY by setting
o(t) = o(t)1q, we get
0; +div(g@) =0 in the weak sense on [0,7) x R®.
Now, to conclude the proof, we appeal to a well-known lemma from [I16] stating

that the square-integrable weak solution g is also a renormalized solution. O

2.4. A mixed formulation. In view of the Navier-slip boundary condition (1.5),
it is natural to introduce the vorticity w = curlu as an independent variable,
thereby turning the velocity equation into (1.6). This immediately leads to the
following mixed formulation, which acts as a motivation for our choice of numerical
method: Determine functions

(w,u) € L*(0,T; Wg""?(Q)) x L*(0,T; Wy ™*(Q))
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such that

T T
/ / peurlwo + [(p+ A) divu — p(o)] dive dzdt = / / fv dxdt,
o Ja 0o Ja

T
/ / wn — curlnu dxdt = 0,
0o Ja

for all (n,v) € L2(0, T; W™ 2(Q)) x L2(0,T; W™ (Q)).
In order to arrive at the weak formulation (2.3), we have utilized the integration
by parts formula

/ neurlu de = / ucurln dz +/ u(n x v) dS(z). (2.4)
Q Q o9

(2.3)

It follows as an immediate consequence of the Stokes Theorem and will be applied
multiple times throughout the paper.

The upcoming goal is to prove that a sequence of approximate solutions, denoted
by {(on, wn,un)},~q, converge to a limit (o, w,u) satisfying (2.2) and (2.3); the
term “converge” is made precise in a forthcoming section. Having constructed such
a limit, it follows immediately that the pair (g, w) is a weak solution according to
Definition 2.5, thereby completing the analysis.

2.5. Finite element spaces and some basic results. Upon inspection of the
spatial spaces entering the weak formulations stated above, we see that they can
be related through a De Rham sequence. In two dimensions this reads

div

C 1,2 curl div,2
0 Wy wi L2 0,

while in three dimensions the corresponding sequence is

rad 1 i di
0 C W&’Z g Wocurl,Z cur W(;:hv,Q v

L? 0.

These sequences are exact in the sense that the null space of one operator exactly
matches the image of the next. This perspective on the spaces is actually useful as
we see that this is precisely how the quantities w, w, and p relate to each other.

It follows from (2.3) that the vorticity w is decoupled from the density p, which
is an important consequence of our choice boundary condition and this fact is of
relevance to the convergence analysis. Moreover, the subsequent analysis relies
heavily on the solvability of the problem (or more precisely a discrete version of it)

divv=¢q, v-v=0 on 0,

for some given right-hand side ¢ in L?. In particular, it is important for us to extract
from this problem some control on curlv. From the above De Rham sequence, we
see immediately that there exists solution v which is weakly curl free. In the
continuous setting this is enough to conclude that curlv = 0; indeed, the Hodge
decomposition (2.1) combined with the fact that v is weakly curl free implies v = Ds
for some scalar s.

Motivated by these remarks, we shall in the next section present a numerical
method that utilizes finite element spaces satisfying a discrete version of the above
De Rham sequence. More precisely, we will replace WOCMI’2 and W(;j V2 by the
lowest order Nédélec finite element spaces of the first kind (but other spaces are
possible) with vanishing degrees of freedom at the boundary 9. Let us denote
these spaces by W}, and V}, respectively. It is well known that the spaces W, V;,
together with the space @}, of piecewise constants (cf. the ensuing section for missing
details) satisfies in three dimensions the following exact discrete De Rham sequence:

div

0 C Sh grad Wh curl Vh Qh ﬂL(Z)(Q) - 0,
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where Sy, is the usual scalar linear Lagrange element. In the two dimensional case
this sequence still holds, but now the spaces S;, and W}, are equal and thus the
sequence does not contain the gradient operator. All finite element spaces are
defined with respect to a given tetrahedral mesh Ej of Q.

We introduce the canonical interpolation operators:

HS : I/Vol’2 w22 5, Y. Wocurl’2 n W22 5w,
oy WP w2 - v, IO L — Qn,

using the available degrees of freedom of the involved spaces. That is, the operators
are defined

(H )( )_sz) VSCZGN}L,

/(th)xz/dS /wxde , VYee€&p;

/(HXv)~Vd.S'(alc):/v'z/dS(x)7 VI € T'y;
r r
/Hthdx:/qu, VE € Ej,
E E

where T'y,, &, and N}, denote the set of faces, edges, and vertices, respectively, of
E},. Then it is well known that the following diagram commutes:

1.2 grad 1.2 curl di div
Wy n w22 wetthtn Wt S Wittt nwh? = L3
S w %4
nhl my l nhl nfl
grad curl div
Sh Vi — Qn.

Remark 2.8. The interpolation operators IT5, IT}V, and 11}, are defined on function
spaces with enough regularity to ensure that the corresponding degrees of freedom
are functionals on these spaces. This is reflected in writing Wcurl 2N W22 instead
of merely W2 and so on.

In view of the above commuting diagram, we can define the spaces orthogonal
to the range of the previous operator, i.e.,

W}?’J‘ = {wy, € Wy;curlwy, = 0} N W,
V}?’L = {’Uh € Vy;divy, = 0}l NV,
to obtain decompositions

W), = DS), + W™,

Vi, = curl W), + VhO’J‘, (2.5)

and the discrete Poincaré inequalities
[vnllz2q) < Clldivonllpeg), Vv e v, (2.6)
lwallpe(q) < Cllewrlwp|[f2(q), Yw € W}?’L. (2.7)

Thus, with this configuration of elements we are able to perform unique Hodge type
decompositions of the discrete vector fields. As an example, we immediately have
the existence of a function vy, € Vho’L satisfying

divon|g = qn|e, VE € Ey,

for any given g, € Qn N { [, qn dz = 0}.
The following lemma summarizes well-known error estimates satisfied by the in-
terpolation operators. The estimates are derived from the Bramble-Hilbert lemma
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using scaling arguments. We however note that care must be taken when mapping
functions in W), and V}, to a reference element (cf. [3, 18]).

Lemma 2.9. There exists a constant C > 0, depending only on the shape regularity
of Ey and the size of Q, such that for any 1 < p < oo,

H¢ - HSQSHLP(Q) < ChIDY| o) -

|lv— HXUHLP(Q) + R ||div(v — HX’U)HLP(Q) SCR? D poiqy, r=1,2,

[|lw — H,I;VwHLP(Q) + A ||curl(w — H,I;Vw)HLp(Q) < Ch||D*w|pry, s=1,2,
for all ¢ € WEP(Q), v € W5P(Q), and w € W?P(Q).

In what follows, we will need the following lemma. It follows from scaling argu-
ments and the equivalence of finite dimensional norms.

Lemma 2.10. There exists a constant C' > 0, depending only on the shape regu-
larity of En, such that for 1 < q,p < oo, andr =0,1,

—r+min N_N
lonllw ez < Ch rhmind0,5 =0} nll Loy
for any E € Ey, and all polynomial functions ¢ € Px(E), k=0,1,....
The next result follows from scaling arguments and the trace theorem.

Lemma 2.11. Fiz any E € E}, and let ¢ € W12(E) be arbitrary. There ervists a
constant C' > 0, depending only on the shape regqularity of Ey such that,

Ipllrzry < Ch™2 (|6llz2(m) + Al Dol|2(m)) s VI € Ty NOE.

3. NUMERICAL METHOD AND MAIN RESULT

In this section we define the numerical method and the state the convergence
theorem. The proof of this theorem is deferred to subsequent sections.

Given a time step At > 0, we discretize the time interval [0, 7] in terms of the
points "™ = mAt, m = 0,..., M, where we assume that M At = T. Regarding the
spatial discretization, we let {Ej, }1, be a shape regular family of tetrahedral meshes
of ), where h is the maximal diameter. It will be a standing assumption that h
and At are related such that At = ch, for some constant c. By shape regular we
mean that there exists a constant x > 0 such that every E € Ej contains a ball of
radius A\g > hTE, where hg is the diameter of E. Furthermore, we let I';, denote
the set of faces in Ej. Throughout the paper, we will use the three dimensional
terminology (tetrahedron, face, etc.) to denote both the three dimensional and the
two dimensional case (triangle, edge, etc).

On each element E € Ej, we denote by Q(F) the constants on E. The functions
that are piecewise constant with respect to the elements of a mesh E} are denoted
by Qn = Qrn(2). Next, on each E € Ej, we denote by W (E) the lowest order
space of curl-conforming Nédélec polynomials of first kind [18]. In two dimensions,
W (E) is the space of linear scalar polynomials on E and is totally determined by
it’s value at the vertices of E. In three dimensions, each member of W (E) is of the
form

x
a+bx |y], abecR3
z

and is totally determined by the following degrees of freedom: fe w - T, dS(x) for
all edges (not faces) e of the element E, where 7. is the unit tangential vector on e.
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On each element E € Ej, we denote by V(E) the lowest order space of div-
conforming Nédélec polynomials of first kind [18]. In two dimensions, it is the
Raviart—Thomas polynomial space on E. Each member of V(FE) is of the form

X
a+bly|, acR3beR,
z

and is totally determined by the following degrees of freedom: [ v -v dS(z), for
all faces I" of the element F, where v is a unit normal vector on I'.

The element spaces W), = W, () and V}, = V,(2) are formed on the entire
mesh E} by matching the degrees of freedom of the polynomial space W (E) and
V(E), respectively, on each face I' € T'j,. In addition, we incorporate the boundary
conditions by letting the degrees of freedom of the spaces W}, and V}, vanish at the
faces on the boundary.

Before defining our numerical method, we shall need to introduce some additional
notation related to the discontinuous Galerkin scheme. Concerning the boundary
OF of an element F, we write f for the trace of the function f achieved from within
the element F and f_ for the trace of f achieved from outside E. Concerning a
face I" that is shared between two elements EF_ and E,, we will write f; for the
trace of f achieved from within £, and f_ for the trace of f achieved from within
E_. Here E_ and FE, are defined such that v points from E_ to E,, where v is
fixed (throughout) as one of the two possible normal components on each face I'.
We also write [f]r = f+ — f— for the jump of f across the face I', while forward
time-differencing of f is denoted by [f™] = f™*! — f™. To denote the set of inner
faces of I'y, we will use the notation I'/ = {T" € I';;T' ¢ 9Q}.

Let us now define our numerical method for the semi-stationary Stokes system
(1.1)=(1.2) augmented with the boundary conditions (1.4) and (1.5) (note, however,
that in the definition below the boundary conditions are built into the finite element
spaces and not listed explicitly).

Definition 3.1 (Numerical method). Let {g%(m)}}oo be a sequence in @, () that
satisfies 9 > 0 for each fixed h > 0 and @) — go a.e. in Q and in L*(Q) as h — 0.
Set fult,) = fi'(-) = 2 [ s I f(s,-) ds, for t € (bm1,tm), m=1,..., M.
Now, determine functions
(opr, wit,up') € Qn() x Wi(Q) x Vi (), m=1,..., M,
such that for all ¢, € Qp (),

/ op én, dr — At Z / (g’f(uzl . 1/)+ + QT(uhm . 1/)7) [gf)hhﬂ dS(x)
Q@ rerf r (31)

Z/Q;Ln*léh dz,
Q

and for all (np,vp) € Wi,(Q2) x V3, (),

/ weurlwp vy, + [(n+ A) divu)' — p(e)] div v, dax = / filvop, dx,
@ & (3.2)

/ wy'ny, — uy, curlny, doe =0,
Q

form=1,..., M.

In (3.1), (up - v)* = max{uy, - v,0} and (up - v)* = min{uy, - v,0}, so that
up v = (up - v)* + (uwp - v)7, ie., in the evaluation of g(u - v) at the face ' the
trace of o is taken in the upwind direction.
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Remark 3.2. Using the identity

At Y. /6 (o7 (up - v)* + ™ (u - v)7) ¢ dS(x)

EcEy, E\OQ

—ar Y / (P vyt + @ () [onlr dS(a).

rerf

we can state (3.1) on the following form:

/ op o dr + At Z / (QT(UZL . y)+ + o™ (u - V)_) on dS(m)
Q Pep, JOE\00 (3.3)

=/ o o da.
Q

For each fixed h > 0, the numerical solution {(o}*, w}", uzn)}f\j:o is extended to
the whole of (0,7 x Q by setting

(on, wp,up)(t) = (o, wit, ur'), t€ (tm-1,tm), m=1,..., M. (3.4)

In addition, we set g5, (0) = ¢.
Our main result is that, passing if necessary to a subsequence, {(on, wp, uh)}h>0
converges to a weak solution. More precisely, there holds

Theorem 3.3 (Convergence). Suppose f € L?((0,T)x Q) and oo € L7(Q), v > 1.
Let {(on, wn,un)}yso be a sequence of numerical solutions constructed according
to (3.4) and Definition 3.1. Then, passing if necessary to a subsequence as h — 0,
wp, — w in L2(0,T; W™ (Q)), up, — w in L2(0,T; WSV2(Q)), onun — ou in
the sense of distributions on (0,T) x Q, and o, — ¢ a.e. in (0,T) x Q, where the
limit (o, w,u) satisfies the mized formulation (2.3), and consequently (o,w) is also
a weak solution according to Definition 2.5.

This theorem will be an immediate consequence of the results stated and proved
in Sections 4-6.

4. NUMERICAL METHOD IS WELL DEFINED

In this section we show that there exists a solution to the discrete problem given
in Definition 3.1. However, we commence by obtaining a positive lower bound for
the density, recalling that the approximate initial density Q?L(-) is strictly positive.

Lemma 4.1. Fiz any m = 1,..., M, and suppose gh"kl € Qn(), upr € Vi(Q)
are given bounded functions. Then the solution o' € Qn(Q) of the discontinuous
Galerkin scheme (3.1) satisfies

min o7 (z) > min o/ () !
TEQ &n ~ zeQ On 1+ At div up'|| Lo (0 '
Consequently, if gzn_l() >0, then oj*(-) > 0.

Proof. Let E € Ej, be such that QZ"E < th‘E VE € E}, and insert into (3.3) the
test function ¢ € Qp (), defined by

on(z) = {}131, r ek,

0, otherwise.

Integrating by parts then yields

At _ m—
e =15 (o (uf? - w)* + o (wn - v)7) dS () +

\E| Joi\on E
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At
|E| Joi\on
m 13 m m—1
—At (op divaurt) |E + o} ‘E,

= At (o divup) | (0™ = o7 (wn - v)~dS(x) + o5 | 5,

Y

where we have also used the relation wy, - v = (up - v)" + (up, - )™, o) is constant
on F, and that g}" attains its minimal value on E. Consequently,

1
mi s m—1| )
ez ol <1 + A divumoo(m)
O
We now turn to the existence of solutions to our nonlinear—implicit discrete

problem. We will apply a topological degree argument, thereby reducing the proof
to exhibiting a solution to a linear problem.

Lemma 4.2. For each fixred h > 0, there exists a solution
(opt, wit,up') € Qn(Q) X Wi(Q) x Vi (), op'(-) >0, m=1,..., M,
to the nonlinear—implicit discrete problem posed in Definition 3.1.

Proof. We argue by induction. Assume for m = 1,...,k — 1 that there exists a
solution

(o wit, up') € Spi= QF (Q) x Wi(Q) x Vi,(Q)
to the discrete problem of Definition 3.1. Here and below we denote by Qz () the
strictly positive functions in Qx(2). Moreover, the norm ||-|| on Sy is defined by

2 2 2 2
[ Con, wn, un)|I” = llonllz2q) + [wallz2) + [[wnllzz -
The claim is that we can find a solution for m = k:

(%, wh,up) € Sh. (4.1)
To this end, we introduce the mapping
H : QF () x Wi() x Vi(2) x [0,1] = Qn(Q) x Wi,(2) x V4(Q),
H(on, wh, un, a) = (zn(a), yn(a), zn(a)),
where the triplet (z5(a), yn(@), zp(a)) is defined by

/Q (@)t dr=a Y /a o (250 0 1)) 1 dS2)

EcEy,

on — oF 1
+/ OO dn, e € Qu(©),
Q t

/ zp(a)v, doe = / weurlwpv, + (A + p) div wy, div oy, do
Q Q

— Oz/ P(Qh) div vy, dx —/ fh’l)h dx, Yvy € ‘/}L(Q)7
Q Q

/ Yu"My dr = / wypMy — wp curlny, de, Vg, € Wi(Q).
Q Q

Solving H (gp,up,wp,1) = 0 is equivalent to finding a solution (4.1) to the
nonlinear—implicit discrete problem posed in Definition 3.1.

Let us fix an arbitrary « € [0,1], and consider a solution (gp (), up (@), wp(a))
belonging to Q) (Q) x Wj(£2) x V4(R) of the corresponding problem

H(op(a),up(a), wp(a),a) = 0.
We claim that there is a constant Cy > 0, independent of «, such that

2 2
[wn (@) [[yeun2 () + l[tn (@) [jyai 2 ) + llen(@) Iz q) < Ct- (4.2)
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Indeed, repeating the arguments leading to estimate (5.15) in Section 5 we conclude
that (4.2) holds with C;y = C||f||2L2(o,T;L2(Q)) + Hg,lj_lﬂzw(m, where the constant C'
is the constant appearing in (5.15). Here, we have also used that At = O(h). Let
Sp C Sp = Q5 () x V() x W,(Q) be a ball of sufficiently large radius, cf (4.2).
Then, since every solution of H(gp,wp, wp, ) = 0 lies strictly inside Sy,
0¢ H(dSh,a), Yaclo,1]. (4.3)
We claim that H(-,-) is continuous on Sy x [0,1]. Let (on,un,ws) € Sp. By
equivalence of norms on finite dimensional spaces, the functions gy, up,w; are
bounded on 2. In view of this and Lemma 2.10, the claim follows.
By the virtue of (4.3) and the continuity of H(,-), we have by Lemma 2.4 that
ds, (H(-, ), Sp,0) is independent of a € [0, 1].

The proof will be completed by proving that dg, (H(-,a = 0),54,0) # 0. To see
this, observe that the problem H (g, wp, wp,0) = 0 is equivalent to finding a triplet
(on, up, wy) € Sy, satistying

/ ondn dz = / o on da, Von € Qu(9), (4.4)
Q Q
and

/ ucurl WV + ()\ + ,u) divuy divwy, doe = / fron dx, Yoy, € Vh(Q),
@ @ (4.5)

/ curl ppup, — wpmy de =0, Vi, € Wi(Q).
Q

Clearly, (4.4) has the solution g = 9271. Moreover, (4.5) is a system on mixed
form admitting a unique solution provided that the finite element spaces satisfy the
Babsuka—Brezzi condition. However, the commuting diagram property satisfied
by our finite element spaces immediately renders the Babuska—Brezzi condition

satisfied (cf. Theorem A.4). O

5. BASIC ESTIMATES

In this section we establish a few estimates to be used later on, including square-
integrability of the pressure and weak time-continuity of the density. However, we
begin with the following lemma providing us with a renormalized formulation of
the continuity scheme (3.1).

Lemma 5.1 (Renormalized continuity scheme). Fiz any m = 1,...,M and let
(op',up?) € Qn x Vi satisfy the continuity scheme (3.1). Then (o}, u}*) also
satisfies the renormalized continuity scheme

/ B(o)on da
Q

A Y [ B+ B w0 ) 6] de

rer}

At /Q b(o") divaufdy de + /Q B (e(ar o) [ ] én de .

war Y [ B e e o0 )

rer}
= B"(£" (™, 07)) [oR']7 (én) 4 (uf - v)~ dS(x)

- /QB(ng—l)fph dz, Vo € Qun(Q),
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for any B € C[0,00) N C?(0,00) with B(0) = 0 and b(o) := 0B'(0) — B(o). Given
two positive real numbers a1 and as, we denote by &(ay,az) and (a1, as) two
numbers between ay and as (they will be precisely defined below).

Proof. Since x — B'(0}'(x))¢n(x) is piecewise constant, we can take B'(o}")¢s as
a test function in the continuity scheme (3.3), yielding

[ ) B eron do
Q

—ar Y /BE\{)Q (O™ (- v)* 4 o (1)) B (o) dS(x)

FEeEy,

=8 Y [ (B )~ ol B 0)) 6 dS ).

FEeEy,
(5.2)

A Taylor expansion yields
B'(2)(y — 2) = B(y) — B(z) = B"(z")(y — 2)*,
for some number z* between z and y. Consequently,
070 B' () = [B(ei)og — B" (€77 (e o™)) (00 »
m— m M — m— m— 2
[oh =] B'(ei) = [B(oy'™")] = B"(&(ei, ™)) [eh '],
where
2P (o, 0™ () € [07 (w), 0 (2)], @ €OE,
and

Elonson (@) € [oy (@), op'(@)],  wEQ.

Inserting these identities in (5.2), recalling the definition of b, and applying
Green’s theorem, we achieve

/ (B(ai) — Blop*™")) oén dx+/ By, o) [of )" én de
Q Q
= —At/ b(ol}') divuy'¢p d

Ay Z/ Y- v)T + B(o™) (w - v)”) ¢ dS(x)

ECE), E\BQ
ALY, /E\mB” (€7 (e &™) [eh 5 (ui' - v)~6n dS(x).
E€Ey

Denote by I the second term on the right-hand side of the equality sign. Then, as
in Remark 3.2, we have the identity

T=4t), / () - v)" + B(e™)(uy - v)7) [bnly dS(2). (54

rerf

(5.3)

Recalling that for each T' € T'), we let E; and E_ be the two elements sharing
the face I and such that the normal component associated with I' points from E.
to E_, we can write

A 1niedE m m mi2 m _
tE; /WQB (€95 (g, 0™)) [0 210 (- 1) dS ()

=8t Y [ BEE (e ) e ) ) (5:5)

reri

+ B2+ (o7, ™) [oi T (én)+ (up' - v) ™ dS(z).
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Once we introduce into (5.5) the notations
(o 0™) =P (o, 0m), €N (e o) = €77 (ol 0™,
inserting (5.4), (5.5) into (5.3) yields the final result (5.1). O

In what follows we shall need a discrete Hodge decomposition. The following
lemma is a consequence of (2.5).

Lemma 5.2. Let {(on,wn,un)},~o be a sequence of numerical solutions con-
structed according to (3.4) and Definition 3.1. For each fized h > 0, there exist
unique functions ¢ € W,?’L and z;' € Vho’L such that
up' =curl¢y' + 257, m=1,...,M. (5.6)
Moreover, if we let {(t,x), zx(t,x) denote the functions obtained by extending, as
n (3.4), {¢MIM_, {2 YM_ to the whole of (0,T] x §, then
uh(tv') :CuﬂCh('at)—"_Zh('vt)7 le (07T)

We now state a basic stability estimate satisfied by any solution of the discrete
problem given in Definition 3.1.

Lemma 5.3. Let {(on,wn,un)},~o be a sequence of numerical solutions con-
structed according to (3.4) and Definition 3.1. For o > 0, set P(g) = 2%707.
For anym=1,..., M, we have

| e as

+ /QP"(é“(Qh,Qﬁ ) [eh ] da

NE

=~
Il

1

#3030 A [ P [ ko] o

k=1Teri
m m (5.7)
+ZAt/ |u§|2 da:—!—ZAt/ |divu’fL|2 dx
k=1 @ k=1 Q
+ At / ‘wh| dx+ZAt/ ]curlwh| dz
=1
g/P(gO) dw+CZAt/ FE7 da
Q Q
Consequently, op €p L>(0,T; L7(2)).
Proof. Since P’'(p)o — P(p) = p(p) and gp, > 0, it follows by taking ¢p = 1 in the
renormalized scheme (5.1) that
/P(QZ) dx—i—At/ p(o¥) divuf dx—i—/ P"(&(of, 0y ) [~ 1] dx
Q Q
2
+at 0 [ PN ) [ () 58)

rerf
~PE (™, o)) [eh] () dS() = /Q P(e*) da.
Fork=1,...,M and x € UFGF}I I, set

by o g ma{ef (@), ot (@)}, 1<y <2
r(e) = {min{gw,gk(m Ts2 59)
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and note that
12
At yS [ PE (e o) [of]r (uf - v)*

— P"(€" (o™, 07)) [oh] 2 (uf - v) ™ dS(a), (5.10)

> At Z /FP”(Q];) [gﬁ]i |u2 . 1/| dS(x).

rer}

Next, by using vy, = uﬁ as a test function in the first equation of (3.2) and then
using the second equation of (3.2) with i, = w¥, we obtain the identity

. . 2 2
/p(gﬁ) divuf dr = (/Hr)\)/ |d1vuﬁ| dachp/ }wﬂ dxf/ frul dz. (5.11)
Q Q Q Q
Similarly, specifying v;, = curl w? in the first equation of (3.2) yields
,u/ |cur1w§f|2 dx:/f,’f curl w} dz.
Q Q
An application of Cauchy’s inequality (with epsilon) then yields
k|2 k|2
|curlwy|” do < C | |fF| da. (5.12)
Q Q

Thanks to (5.6), we can write uf = curl¢} + zF for with ¢} € W,?’L and
2k e Vho’l. Choosing 1, = curl ¢ in the second equation of (3.2) gives

k|2 k ~k k|2 : k|2 :
|cur1(h’ de = | wp¢; do < ‘wh| dx ’Ch’ dx
Q Q Q Q
Thus, since the discrete Poincaré inequality (2.7) tells us that
k|2 k|2
1G] de < C | Jewrl¢y|” da,
Q Q
we arrive at the estimate
k|2 k|2 k|2
ICh|” + |eurl ¢ | de < C [ |wy|™ da. (5.13)
Q Q
In view of the discrete Poincaré inequality (2.6), we also have

/Q|z;§|2 dng/Q|divuZ|2 dz,

which, together with (5.13), allow us to conclude

/\ugf dx:/ 1G>+ |25 deC(/ k| d:c—i—/ div uf | dx). (5.14)
Q Q Q Q

Now, by first inserting (5.11) into (5.8) and subsequently utilizing (5.10), (5.12),
(5.14) and Cauchy’s inequality (with epsilon) to treat the last integral appearing
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in (5.11), we acquire the estimate
| Pleh) =Pk aa
+ [ Peeh i) [0 dorat 30 [ P[]} fuk ] dSta

rerf

—|—At/ |'qu|2 dm—l—At/ |divu§} dz
Q Q

+At/ k| dx+At/ lcurl wh[? deC’At/ FE d.
Q Q Q

(5.15)
Finally, summing (5.15) over k we conclude that (5.7) holds. O

The stability estimate only provides the bound p(g) €, L>(0,T; L'(Q)). Hence,
it is not clear that p(gy,) converges weakly to an integrable function. Moreover, the
subsequent analysis relies heavily on the pressure having higher integrability. In the
ensuing lemma we establish that the pressure is in fact bounded in L?(0,T; L?(2)),
independently of h.

To simplify notation, we denote the effective viscous flux by

Peg(on,up) = plon) — (4 A) divuy,. (5.16)

We will also continue to use this notation in the subsequent sections.

Lemma 5.4 (Higher integrability on the pressure). Let {(on, wn,un)},~, be a
sequence of numerical solutions constructed according to (3.4) and Definition 3.1.
Then

plon) €5 L*((0,T) x Q).
Proof. Forall m=1,..., M, let v} € VhO’L be such that

1
divvy' = Peg(0p', up') — |Q/ Peg(op',up') du.
Q
Now, since the momentum scheme (3.2) gives

/ Peg(op',up') div oy, doe = —/ filv, dx, Yo, € VhO’L7
Q Q

we can use v} as test function to obtain

1
[ Pttt o= g ( | Parteit i) ) - [ g o

Hence, with € > 0,
PCH(Qh 3uh |Q| / eff Qh , Up, ) dx

!
/fh”h de < — /\fh| d$+6/9|vi2n|2

By the Poincaré inequality (2.6)

/ oy |? dxgc/
Q Q

Consequently, by fixing e small enough in (5.17),

J

2
dx

(5.17)

2
dx.

mo,.m 1 mo,.m
Peﬂ(ghvuh)_@APeﬂ(ghvuh)dx

2
dxsc/ e
Q

1
Parleft i) = 17 / Pug(gfr ) da
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and thus

1 2
/ |Peg(o up"))? do < = ( / Pegr(0}", ull") dw) +C / i de. (5.18)
Q |Q‘ Q Q

Now, due to the boundary conditions,

/ Pe(oy', wy)') do = / plep’) dv < C,
Q Q

where we also have put into use Lemma 5.3 and subsequently our assumptions on
the source term f and the initial data gg. Hence, (5.18) allows us to conclude

/|Peff(g;n,u;y)|2 dx<C<1+/ Fids dx), m=1,..., M,
Q Q

from which we obtain

M M
Z At/ |Peg(gT,uzn)|2 de < C <T+ Z At/ |f}7:”b|2 daj) .
m=1 Q Q

m=1

In view of the definition of P.g, this immediately yields

M
> at [ lpten)® d
m=1 Q
M M
<c <T+ ZAt/ \divu[? dz+ ZAt/ Tk d:c),
m=1 Q m=1 Q

which, due to Lemma 5.3 and f € L?((0,T) x ), concludes the proof. O

We conclude this section by establishing a weak time continuity of the density
approximation. For this purpose we shall need the following technical lemma, which
provides a bound on the artificial diffusion introduced by the upwind discretization
of the continuity equation.

Lemma 5.5. Let {(on,wn,un)},~o be a sequence of numerical solutions con-
structed according to (3.4) and Definition 3.1. There exists a constant C > 0,
depending only on the shape reqularity of Ey, the size of ||, and the final time T,
such that

T
Z /O /BE\E)Q [Qh]aE (uh . l/)f(H}?d) _ ¢) dS(ZIJ)dt

EcEy, (519)
1
S CDoll oo (0,71 (02)) B2
for any ¢ € L>(0,T; WH>(1Q)).
Proof. We shall need the auxiliary function
2 2
B(Z) — z ) ’y > b)
27, vy <2
Moreover, set
I
¢ (z) = Kt/ o(s,x) ds, ¢fF =TZ¢™, m=1,...,M. (5.20)
tm—l

Using B”(z) > 0 for z > 0 and Holder’s inequality, we obtain

M
Pim| Y S At (g ) (@ - 9™ dS(a)

m=1E€E), OE\OQ
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M
< At / B (o) (o [uf? - v] ds<x>>
M 1
x At / (B () " iy - | |6 — 62 ds<x>>7
(nlz—lEéh OE\OQ '
: Il X IQ,

where the “intermediate” numbers o are defined in (5.9).
If 1 <~ <2, then Lemma 5.3 can be applied:

M
L < C/ B(oo) dx + Z At/ P da. (5.21)
Q o’ Q

However, (5.21) continues to hold in the case v > 2. This follows directly from the
renormalized scheme (5.1), with ¢y, := 1, together with the fact that

M
Z At/ b(op') divauy® dxdt
m=1 Q2

M 3
<<ZAt/Q|QZ"4dx> (
m=1

which is bounded by Lemmas 5.3 and 5.4.
Next, using Lemma 2.9, we have that

M 3
Z At/ divul)® dz|
Q

m=1

M

I < 12 | DY} (0.7, ) (Z > A / (B @)™ d5<x>>

m=1EcE), OE\0Q
M 3
x At / - o) dS(x))
<mz_:1 E%‘;h OE\OQ
(5.22)
Thanks to Lemma 2.11 and Lemma 2.10,

/ v dS(z) < ch—l/ i ? da. (5.23)

OF E

Moreover, since
B// my) — 1 < m m|2—Y < C(1 m m
(B"(ef) <o+l < C(1+ o +oT),

-1
whenever 1 < v < 2, and (B”(g}”)) = %, whenever v > 2, Lemma 2.11 also
gives

| @@ asw < ent <|E|+ I da:>,
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where N(E) denotes the union of the neighboring elements of E. Observe that

D /F|@z”|2 d

E€Ey FeN(E)
<n |+ / o ? de (5:24)
U (EUN(E))

E€E),
<it (100 v+ [ 1 ar).
Q
where we have utilized the fact that

U BuNm)

Ee€Ey,

which is true since the maximal cardinality of the set {(N(E)UE)NF}pcp is
N + 2 for any F € E},. Inserting (5.23) and (5.24) into (5.22), we have arrived at

2 i, _1
I <h? 1D oo (0,710 (2 B~ 2072

M % M
x <T+ > At/ﬂ|g}7|2 d:c) (Z At/9|u;7|2 dx)
m=1 m=1

2
S Ch|IDol Lo 0,1;0 () -

where Lemmas 5.3 and 5.4 have been used to work out the last inequality. This
concludes the proof of (5.19). O

< (N +2)|9],

1
2

To simplify the notation, let us introduce the interpolation operator
m—1 t—tmt m m—1 m—1 ym
I f)(t) = f +T(f -, te (@, t"). (5.25)

Lemma 5.6. Let {(on,wn,un)},-, be a sequence of numerical solutions con-
structed according to (3.4) and Definition 3.1. Then

ot

Proof. Fix ¢ € L>(0,T; W1>°(£Q)), and recall the definitions of ¢™, ¢, cf. (5.20).
The continuity scheme (3.1) with ¢}* as test function reads

(zon) €5 L0, T; W HH(Q)).

At / D (o) o™ dudt
o dt

(5.26)
Aty /F(Qr_“(u;“ ) 4 (- v)) [0 dS(a).

rer}

Since the traces of ¢ taken from either side of a face are equal, we can write
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= [ —aivtepupion —om) doe 3 [ ol (i) (0 = 07) dS(@)

- /Q gru - D™ dr+ S /8 o 1o (a0 (67 —67) 45 (@)

EeEy,

By summing (5.26) over m, taking absolute values, and using the above identity,
we find

Z At/ (Il on) @™ dadt
/gznuhngbm dx

Z St (o w0 (6 - ") dS(a)].

m=1EcEy, OENOQ

Using Lemma 5.5, together with an application of Holder’s inequality, we deduce

Z At/ (zon) @™ da

M
< (Z At/ﬂ|g}?|2 dx) (Z At/ up! > DO Loc (0,751 (2))
m=1

1
+Ch> ||D¢||Loo(o,T;Loo(Q)) ‘

By Lemmas 5.3 and 5.4, the first two factors on the right—hand side is bounded, so
we conclude that

/:;/ % (zon) ¢ dadt

ZAt/ (Teon) 6™ da

< C(1+h?) IDA oo 0,751 (02)) -

6. CONVERGENCE

Let {(on, wn,un)},<, be a sequence of numerical solutions constructed accord-
ing to (3.4) and Definition 3.1. In this section we establish that a subsequence
of {(on,wn,ur)}r>0 converges to a weak solution of the semi-stationary Stokes
system, thereby proving Theorem 3.3. The proof is divided into several steps:

(1) Convergence of the continuity scheme.

(2) Weak sequential continuity of the discrete viscous flux.
(3) Strong convergence of the density.

(4) Convergence of the velocity scheme.

Our starting point is that the results of Section 5 assure us that the approximate
solutions (wp, wp, on) satisfy the following h-independent bounds:

on €5 L(0,T5 L7(Q)) N L¥((0,T) x Q)
and
wp, € L2(0, T; W™ 2(Q)),  wy € L2(0,T; W2 (Q)).
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Consequently, we may assume that there exist functions o, w,u such that

on "= 0, in L™(0,T; L7(Q)) N L2((0,T) x Q),
wy, "=’ w, in L0, T; W5"*(Q)), (6.1)

w, =" w, in L*(0,T; WJ™2(Q)).
Moreover,
o "2, T R, onlogon "= ologe,
where each "=’ signifies weak convergence in a suitable LP space with p > 1.

Finally, on, or log g5 converge respectively to o, glog o in C([0,T]; LE () for

weak

some 1 < p < 7, cf. Lemma 2.2 and also [9, 16]. In particular, g, plog o, and plog o
belong to C([0,T7; LY .. (Q)).
6.1. Density scheme.
Lemma 6.1 (Convergence of gpup). Given (6.1),
onUp, h=0 ou in the sense of distributions on (0,T) x Q.

Proof. By virtue of Lemma 5.2, there exist sequences {C}r>0, {zn}r>0 satisfying

up (-, t) = curl ¢ (, t) + 2 (-, t),

Chlt) €WDT, (L) € VO,
for all t € (0,7). In Lemma 6.2 below we prove that

curl ¢, — curl¢ in L?(0,T; L*(Q)).

As a consequence, curl {, on, — curl € ¢ in the sense of distributions.
It remains to prove that

onzn — 0z in the sense of distributions.

To this end, we adapt the proof of [16, Lemma 5.1] to our specific discrete setting.
We begin by introducing the regularized field z; = ¢ (*) zp, where k€ is a standard
xr

regularizing kernel and x denotes the convolution product (in z). Lemma 6.3
guarantees that (w)
25 = znllz2(0,7.22()) — 0 as € — 0, uniformly in h.
In addition, for any k and p, since 2§, € L2(0,T; W*?(Q2)) we have that zj 20 e
in L2(0,T; W*P(Q2)). Moreover, z¢ = zin L2(0,T; L?(2)). Hence, by writing
onzn = on(zn — 25) + onz;, it suffices to prove gpzj, h0 0z€ for each fixed € > 0.
Next, let us introduce auxiliary functions Z;"™ € V,,, m =1,..., M, defined by

m

Zy™(z) = At Z z,"" (), 27" =K x 2z
k=0

We extend {Z;"}M_, to a function Z; defined on (—At,T] x Q by setting
Zih) = Z™0),  te (LM, m=1,.. M,
and Z; (t,-) = Z:°, for t € (~At,0]. In view of the regularity of z{,

t
Zi(t,) = Z°(t,") = / 2%(s,-) ds in C*(Q) for any k > 0, (6.2)
0

uniformly in ¢ on [0, T.
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Now, we write
mZe,m m—IZe,m—l m m—1

o2 = e A ) h I e N )
hh At h At

which alternatively can be written as

0 0
onzy, = anﬁ (onZy) — Zj,(- — At, ')& (Hzon) ,

on (ty—1,tm] xQ,m=1,..., M.
Fix ¢ € C°((0,T) x ). Summation by parts gives

T roa
| [ e en20) 0 dade
0 Q
T )
—— [ [ onle = At)Z (e - At 5 (eon) dade,
At Jo ot

where (bh(tv ) = é :7:11 (b(S, ) ds for t € (tm—lvtm)'
Thanks to (6.1) and (6.2), orZ}, h=0 0Z¢in L*(0,T; L?7(Q))NL>(0,T; L7 (£)),
and hence

%Hg (onZ}) h0 % (0Z°) in the sense of distributions on (0,T) x Q.

In addition, Lemma 5.6 tells us that 2 (Ilz0p) €, L*(0,T; W~11(R)), and thus

8 h—0 a
Z5(— At,)— (II =0 7 2
i ) 5 (een) 512
in the sense of distributions on (0,T") x .

We conclude observing that pz¢ = % (0Z°) — ZC%. O

In the proof of the previous lemma we utilized

Lemma 6.2. Given (6.1), define {(Cn,2n)},so i terms of the decomposition
’Ll/h(t,') = CurlCh(ta') + zh(t7') with Ch(ta) € W£7L7 zh(ta') € VhO,L7 te (OaT)
Then

wp, 20w, curle, "2 curl¢ in L*(0,T; L*(2)). (6.3)

Proof. Subtract the first equation of (3.2) with v, = curl§}® from p times the
second equation of (3.2). Multiplying the result with At and summing over all
m=1,..., M yields

T
/ / weurl gy curl §, — pcurl wy, curl &, dzdt
0 Ja (6.4)

T
:/ / pwpny — frcurl &, dadt,
0o Ja

for all ny,, &, that are piecewise constant in time with values in W5 (). Fixing
n,€ € C((0,T) x ), we use in (6.4) the test functions

m

1
En(t,) =& () = E/ Ye(,s)ds, te (tpm_1,tm), m=1,..., M.
tmfl

g
Cn(t,) =¢1' (1) == é/ MY¢(,s) ds, t€ (tmiytm),m=1,...,M.

tm—1
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Due to Lemma 2.9, curl&;, — curl¢ and curlny, — curln in L2(0,7; L*(Q)). As a
consequence, keeping in mind (6.1), we let A — 0 in (6.4) to obtain

T

/ / peurlmcurl ¢ — pcurlw curl § dzdt

o e (6.5)

= / / pwn — feurl¢ dadt, Vn,& € C((0,T) x Q).
o Ja

Since C°((0,T) x Q) is dense in L2(0, T; W™ 2(€)) ([12]), we conclude that
(6.5) holds for all n, & € L2(0,T; W™ (Q)). Hence, taking n = w, £ = ¢ in (6.5),

T
0 :/0 /Qp\w|2 — feurl€ dadt. (6.6)

Next, setting n, = wy, and &, = {,, in (6.4), we observe that

T
0 z/ / ,u|'wh|2 — freurl&), dxdt.

Letting h — 0 and comparing the result with (6.6) reveals that

lim/ / lwp|® dedt = / / |w|® dadt,
h—0

which implies the first part of (6.3):
wy, —w in L*(0,T; L*(Q)). (6.7)

To prove the second part of (6.3), we make use of 1, = {}* as a test function in
the second equation of (3.2), sum the result over m = 1,..., M, and subsequently
send h to zero:

. T 2 . T
}lllir%)/o /Q|curlch| dxdt—]lli%/o /Qthh dxdt
6n [T T )
= / /wC da:dt:/ /\curld dzdt,
o Ja 0o Ja

where the last equality follows by arguing along the lines leading up to (6.6). O

During the proof of Lemma 6.1 we made use of a spatial compactness property
stated in the next lemma.

Lemma 6.3. Given (6.1), define {(Cn,2n)},~o i terms of the decomposition
wp (1) = curl G (t, ) + 21 (-, 1) with Cu(-,t) € W™, zi(t,) € V', for t € (0,T).
Then, for any & € RV,

4-N 3
lzn(t,) = 2nlt, = Ol o.rzo00 < C (177 +167) Idiv 2nla 070200
where Q¢ = {x € Q : dist(z, 00Q) > ¢}.

Proof. For each t € (0,T) we know that z(t,-) € V,> (), so Theorem A.1 can
be applied to give

. 2
20t ) = 2t = Ol g < C (16177 +16°) ldiv znlF 2
where C' > 0 is independent of h, &, t. We conclude by integrating over (0,7). O

Lemma 6.4 (Continuity equation). The limit pair (o,u) constructed in (6.1) is a
weak solution of the continuity equation (1.1) in the sense of Definition 2.5.
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Proof. Fix a test function ¢ € C°([0,7T) x ), and introduce the piecewise constant

approximations ¢y, := Hg¢7 o = ngﬁm, and ¢™ 1= < fttm,l o(t,-) dt
Let us employ ¢} as test function in the continuity scheme (3.1) and sum over
m =1,..., M. The resulting equation reads

ZAt/ (Izon) ¢ dadt

=2 Z A’f/ )+ ol (ug - v)7) [oR ] dS(z).

rerf m=1

As in the proof of Lemma 5.6 we can rewrite this as

z d
At/ — (TIzon) o3 dxdt
— q dt

m=1 Q
3 (6.8)
+E;hmz_:lAt/5E\BQ [Qh]aE (uh 1/) ( m_ g ) dS(;z:)

T
:/ /ghuthz) dxdt
0

+ > / /8 onl o (wn - V)™ (¢n — ¢) dS(x)dt.

EEE), E\OQ
Lemma 5.5 tells us that

Z/ /a lon]pp (un - v)™ (¢n — @) dS(x)dt

1
E\OQ < Ch2 1Dl Lo 0,15 () -
E€E,

In view of Lemma 6.1,

T T
lim/ /QhuthS dwdt:/ /QquS dxdt.
h=0Jo Ja 0o Jao

Summation by parts gives

M
> At/ (I 0n) O dadt

m=1
- / / on(t — At.2) O (pgy) dud — / o} du
At Jo ot Q

B /OT /ﬂ o dadt — /Q 204(0,) da

where (6.1), together with the strong convergence oY h=0 00, was used to pass to
the limit. Summarizing, letting h — 0 in (6.8) delivers the desired result (2.2) O

6.2. Strong convergence of density approximations. The instrument used
to establish the strong convergence of the density approximations g; is a weak
continuity property of the quantity P.g(opn,wr) defined in (5.16). To derive this
property we exploit our choice of numerical method and the boundary conditions;
specifically, the finite element spaces, which are chosen such that (6.10) below holds.
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Lemma 6.5 (Discrete effective viscous flux). Given the convergences in (6.1),
}llimo/ / e (On, un) on, dads —/ / Peg(o,u) o dads, Vte (0,T).

Proof. For each m =1,..., M, consider the problem
: m m 1 0 m 1 " Q
divey' = qp' — @ A qy dx, W' =0 = A Iy o dt, (6.9)
tm—l

where ¢ = o)) — go. Observe that [, ¢;" dz = 0. Indeed, using the continuity
scheme (3.1) and the continuity equation satisfied by the limit g, cf. Lemma 6.4,

/thgc:/g%dat7 /Hggdx:/gdm:/godx
Q

Thus, there exists a unique solution v}’ € Vf? L of (6.9). We denote by wvp(t, ),

qn(t,-) the usual “piecewise constant” extensions of {v}* }% L ay }m=1 to (0,T).
Utilizing v} as test function, the velocity scheme (3.2) reads

1
/ Pegr(op'sup' gy dr = |Q|/ (12 dx (/ Pege (0}, up,' dx) / Ir'vp
Q Q Q

m

(6.10)

Multiplying by At, summing over m, and using the definition of ¢;*, we arrive at

/o /QPCH(Qh,Uh)(Qh —p) dzds = |Q|/Qq2 dx </0 /QPCH(gh,uh) d:cdt)

¢
7/ / fh'vh dxds,
0 Ja
for any t € (0,7).

In view of Theorem A.1, we have that v, — 0 in L?(0,7; L*(Q)). Since f, — f
in L*((0,T) x Q) and [, qj dz — 0, we conclude the desired result

t
lim / / Peg(on, un)(on — 0) dxds = 0.
h—0 0 Q

O

We are now in a position to infer the sought-after strong convergence of the
density approximations.

Lemma 6.6 (Strong convergence of o). Suppose that (6.1) holds. Then, passing
to a subsequence if necessary,

on — 0 a.e in (0,T) x Q.

Proof. In view of Lemma 6.4, the limit (o, u) is a weak solution of the continuity
equation and hence, by Lemma 2.7, also a renormalized solution. In particular,
(0log o), + div ((elog o) u) = pdivu in the weak sense on [0,7") x .

Since t — plog g is continuous with values in some Lebesgue space equipped
with the weak topology, we can use this equation to obtain for any ¢ > 0

t
/(glogg) (t) dx—/ 00 log 0o dm:—/ /gdivu dxds (6.11)
Q Q 0 Ja

Next, we specify ¢ = 1 as test function in the renormalized scheme (5.1),
multiply by At, and sum the result over m. Making use of the convexity of zlog z,
we infer for any m=1,..., M

/ op' log of dx 7/ 09 log 0 dr < — ZAt/ o' divup' dxdt. (6.12)
@ @ k=1

Q
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In view of the convergences stated at the beginning of this section and strong
convergence of the initial data, we can send h — 0 in (6.12) to obtain

t
/(glogg)(t) dx—/ 00 log oo dz < —/ /gdivu dxds. (6.13)
Q Q 0 Ja

Subtracting (6.11) from (6.13) gives

t
/(Qlogg—glogg>(t) dxg—/ /Qdivu—gdivu dzds,
Q

for any t € (0,7"). Lemma 6.5 tells us that

//gdlvu—gdlvudxds— +)\//Q’Y+1 070 dxds > 0,
i

where the last inequality follows as in [9, 16], so the following relation holds:
ologo=plogp a.e. in (0,7) x Q.
Now an application of Lemma 2.1 brings the proof to an end. U

6.3. Velocity scheme.

Lemma 6.7 (Velocity equation). The limit triple (w,w, o) constructed in (6.1) is
a weak solution of the velocity equation (1.2) in the sense of (2.3).

Proof. Fix (v,m) € COO(( T) x Q), and introduce the projections v, = II} v,
Nh = HZVT] and vh At ftm L v dt, nh At j‘tm L M dt.

Utilizing v;* and 0} as test functlons in the velocity scheme (3.2), multiplying
by At, and summing the result over m, we gather

T T
/ / weurlwpvy, + [(p+ A) divuy, — p(op)] div vy, dedt = / / fron dxdt,
o Ja o Ja

T
/ / wpMp — up curl gy, dedt = 0.
0o Ja
(6.14)

From Lemma 2.9 we have v, "=’ v in L2(0,T; W3'2(Q)) and 1, "=° 5 in
L(0, T WOCMIQ(Q)). Furthermore, by Lemma 6.6 and the first part of (6.1),

p(on) h0 p(o) in L2((0,T) x Q). Hence, we can send h — 0 in (6.14) to ob-
tain that the limit (w,u, 0) constructed in (6.1) satisfies (2.3) for all test functions
(v,m) € C((0,T)x Q). Since C°((0,T) x ) is dense in both L?(0, T’; Wéﬁv’g(Q))
and L2(0,T; W™ 2(Q)) [12], this concludes the proof. O

APPENDIX A. COMPACTNESS OF FUNCTIONS IN V,?’L(Q)

In this appendix we prove that discrete weakly curl free approximations in
V01L(Q) with L? bounded divergence possesses an L? space translation estimate,
which was previously needed to conclude the weak convergence of the product
orup to the product of the corresponding weak limits pu. As part of the proof, in
Lemma A.5 we show that if a sequence {vp}r~0 belongs to V,?’J‘(Q) and besides
satisfies div vy, €, L?(Q), then {curlvy}~o and {div vy }n>o are actually compact
in W=52(Q). Thus, strong L?(2) convergence of a subsequence of {vp, }1,~0 follows
directly from the div—curl lemma. However, this is not sufficient to conclude the
sought after convergence of gpup (cf. Subsection 6.1). The problem is a lack of
temporal control of the velocity approximations wuy,.
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A.1. Space translation estimate. The argument is inspired by Brenner’s work
[2] on Poincaré-Friedrich inequalities for piecewise H' vector fields. The basic
idea is to project the relevant function into the Crouzeix—Raviart element space
and then use the standard translation estimate satisfied by functions in this space
(cf. Stummel [21]). Then, since the relevant function is discrete weakly curl free,
we have sufficient control on the curl to suitably bound the projection error.

The Crouzeix—Raviart element space is defined as a non—conforming P; element
for each component of the vector field. That is, on each element FF € Ej the
Crouzeix—Raviart polynomial space R(FE) is given by

R(E) = [P'(E)]",

where P (E) is the space of linear scalar fields on £ and N is the spatial dimension.
The degrees of freedom of R(E) are the average integrals over the faces of E. The
Crouzeix—Raviart element space, denoted Ry (), is formed on E} by matching
the degrees of freedom on each face I' € I'j,. Hence, R (12) is discontinuous across
element faces and thus leads to non—conforming discretizations of H'(£2). However,
it has the property that for any v, € Ry, fF [vp] dS(z) =0 for all T € T,

Theorem A.l. Given zj € V,?’J‘, there exists a constant C > 0, depending only
on Q and the shape reqularity of Ey,, such that for every vector &€ € RV,

4—N

20 (") — zn(- — 5)”1,2(95) <cC (|€\ * o+ |f\2)5 ||diVZhHL2(Q) ) (A1)

where Q¢ = {z € Q : dist(z, 0Q) > £}

Proof. Let us introduce an interpolation operator Hﬁ : Vi, = Ry, by specifying

1 1
m/FH{fzh S (x) = m/F{zh} dS(x), VI eTl

where {-} denotes the average of the traces from the two sides of I'. According to
Brenner [2], we have the following error estimate:

2

|2 — HthHZLz(Q) <c| Y W IDzlia + Y BN
EEE), reri

/F (2] dS(2)
(A.2)

By a standard decomposition of vector fields,
[zn]p = [(zn - V)V]p = [(2n x V) X V]p = = [(21 X V) X VL,

where the last equality follows for the reason that [z, - ] = 0 for all T € T'.. To
have the above decomposition well-defined in two dimensions, we set (zp X V) X v =
—(zn, x V)7, where 7 is the tangential vector.

Since v is constant on each I' € T'y, with |v| =1,

/F[zh] ds(x) g '(/F[zh X vl dS(:z:)) X v

As a result, applying (A.11) of Lemma A.2 below to (A.2) yields the error estimate

2
<

2
, VYL erl}.

/[zh x v] dS(x)
r

2 AN
th *HfzhHLz(Q) <C ( Z h’ ||Dzh||2L2(Q) +h ||d1Vzhi2(Q)> - (A3)

EcEy
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To continue, fix an arbitrary ¢ € RY. By the triangle inequality, we write

120() = 20 (- = O)lI72 (0

= C(th( — I 2 (- HLQ(QE)

+ | zn () — Iz (- — £)H2L?(Qg)

2
+ [z =€) = 20 = ) 12(ayy )
which transfers the translation onto the projected function ¥z

Since Hfzh is a function in the Crouzeix—Raviart element space, Stummel’s work
[21, Theorem 2.1] can be applied, yielding

Hthh ) H{}zh(_g)niz(gs)

2 2 R, |2
SO(h +|£| )EZ HDthhHLz(E) (A5)
€Ey,
C (R +16P) Y I1Dznl o -
FEeEy,
where the constant C only depends on 2 and the shape regularity of Fj,.
Utilizing (A.3) and (A.5) in (A.4) gives
1zn(-) = 20 (- = Ol Z2(0)
4—N .
<C (W +E°) D I1Dznlgagmy + 7 Ildiv2nllzego -
EEE’L
Since |Dzp| = |div zp| on each E € Ej, this immediately yields
4-N 2 2 % .
11 () = 20 = Ollgaay < C (K5 + 12 +16F) " [divznllyoqy.  (AD)

Finally, let us argue that (A.6) implies (A.1). To this end, fix any ¢ € RY and
h > 0. There exists a shape regular partition Gy, of ) into triangles/tetrahedrals
such that Ugeg, E = Ugeg, I, each E € G}, has a non-empty intersection with at
most one element E € Ej, and such that
max diam(F) < @
E€Gy, 3
Next, let Vi¢|(Q) denote the first order div conforming Nédélec element space of
first kind formed on the mesh G}, and let Hl‘g\ Vi(2) — Vig|(©2) denote the usual
projection into this space.
Now, for any z; € VhO’J‘(Q), we calculate

l2n () — 2zn(- — g)‘li,?(ﬂg)

2
< th(') - H|‘2|Zh(')‘ L20)

2
L2(9) (A7)

+ Hﬂfazh(') — I 20 (- — f)‘

gm0l

By Theorem A.1,

HHE\Zh( ) — H\g\zh( - ‘5)‘

e (S ) ldiv ol (A8)
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By Lemma 2.9,
2 2011 2
|20 Tz, < CIEP Y IDzAlGaa) = CIEP ldiv 2allfe(qy -
(Q ) EcEy
(A.9)
Inserting (A.8) and (A.9) into (A.7) completes the proof of (A.1). O

A.2. Tangential jumps. In the proof of Theorem A.1 we harnessed

Lemma A.2. Given z, € V}?’J‘, there exists a constant C > 0, independent of h,
such that

< Ch¥ ||divzp|| o), VI €Ly, (A.10)

/F (2 x ] dS(z)

and

2
3 /F[zh < o] dS(@)| < C10ERE divzalZae, - (A.11)

rer}

Proof. Let ¢ € Wy *(€). In virtue of Lemma A.5 below,

/ zp curl ¢ dx
Q

< Chl@llwr2(q) l1div zpl 2q) -

Applying integration by parts (2.4), keeping in mind that curlzy|p = 0 for all

E € Ey, yields
> /¢zhxy ] dS(x) = /zhcurl¢dx,

rerf

and so

3 / Lz x 1] dS(@)| < O Sllyyr.a(cy v 20l 2y (A.12)

rer?

The bound (A.12) serves as the starting point for proving (A.10) and (A.11);
the remaining objective is to construct a suitable test function ¢. Fix I' € Fﬂ. Let
E_, E; denote the two elements in Ej, sharing the egde/face I', where E_, E are
chosen so that v points from E_ to E4. In view of Lemma A.3, we can choose a
continuous piecewise linear (scalar) function (b on I' such that

Jotdo= [1dn vier.

Denote by ¢pr the extension by zero of ¢ to (JE_ \T)J(OF, \T), and fix a
piecewise affine function ¢ on E_ U E such that ¢E| PR ¢or. Clearly,

¢ can be chosen such that
|D¢or| < Ch™! in the interior of E_ U F,.

Finally, let ¢r denote the extension by zero of ¢g to all of 2.
The function ¢r possesses the following properties: ¢r € VVO1 2 (), ¢p|f =0 for

all T € T, such that I # T, and

T T < RN (14 h72).

Wi2(E "¢F|E+ Wi2(Ey)

If N =2 (curl is scalar), then we opt for ¢ = ¢r in (A.12) to obtain

/ (2 % ] dS(2)| < O ¥ [[div 2 o - (A.13)
I
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If N =3, (A.13) still holds. Indeed, to conclude we can in (A.12) successively take
¢ = [¢r,0,0)T, ¢ = [0,¢r,0]T, and ¢ = [0,0,¢r|T. Since I' € T, was arbitrary,
this concludes the proof of (A.10).

To establish (A.11), we introduce the test function

b = ¢>r/ (zn x v] dS(z), VT €Tl
r
where ¢r is constructed as above with the additional requirement that

supp ¢r [ |supp ¢ =0, VI #T.
We have

sup |De¢r| < Ch™* , VI €T},

€N
and, for each I' € ['y,,

/F¢Ff dS(z) = % (/F [z x V] dS(x)) </Ff dS(m)), Vf e PY(T).

Finally, we set ¢ := EFGF}I ¢r; this function satisfies ¢ € Wol’2 (©) and

/F [z x v] dS(z)

sup ‘D¢| < Ch~! max < Ch¥ HdiV Zh||L2(Q) .
e

rer}

/F (2 x v] dS(z)

The last inequality follows from (A.10). A direct calculation gives
Nozo L
D@20y < Ch™= Q] [[div zn| 12 (g -

Setting ¢ as test function in (A.12) immediately gives the estimate

>

rer;

2
1 .
< Ch% |92 ||div 24| 2(q, ,

/[zh x v] dS(x)
r

which is (A.11). O

The next lemma provides us with the specific test function that was brought into
service in the above proof.

Lemma A.3. Fiz anyI' € I'y,. There exists a continuous piecewise linear (scalar)
function ¢ on T such that ¢lor =0, |p(z)| <1Vz €T, and

_ 1 1
/ngf do = N/Ff de,  VfePD), (A.14)

where N is the spatial dimension.

Proof. Let b denote the barycentric middle point with respect to the vertices of
I'. Let T} be the triangulation of I' obtained by setting b as a vertex in addition
to the vertices of I'. On T} let Ly(T") denote the standard finite element space
of continuous piecewise linear functions. Any function ¢p € Lp(I") is uniquely
determined by it’s value at the vertices.

Now the relevant test function ¢ € Ly, (I") is obtained by requiring

¢(b) =1 and ¢(v;) = 0, for all vertices v; at Of.

By direct calculation it can be verified that ¢ satisfies (A.14). O
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A.3. Negative space compactness of the curl. In the proof of Lemma A.2,
the essential ingredient was an estimate on the W12 norm of curlz,. In this
subsection, we prove this result.

Theorem A.4. Consider the mized Laplace-type problem

curlw — Ddivu = f, w = curlu  in ©,

u-v=0,wxv=0 ondQ, (A.15)

where we assume f € L*(Q). There exists a pair
(w,w) € WE™2(@) x Wi™*(@),
satisfying (A.15) in the weak sense. Moreover, there exists a pair
(wp,up) € Wi,(Q) x V,(Q),

satisfying the corresponding mized finite element formulation of (A.15). Finally,
the following error estimate holds:

o~ wnllage + 1 — willy, < O zaqen, (A.16)

where the convergence rate s € [1/2,1) depends on the regularity of 0Q. If O is
Lipschitz and convezx, (A.16) holds with s = 1.

Proof. For example, cf. Theorem 7.9 in [1]. O

Lemma A.5. Let {zn}n>0 be a sequence in Vho’l for which ||div zh||L2(Q) < C,
where the constant C' > 0 is independent of h. Then

chrlzhHW*l»?(Q) < Ch||div Zh||L2(Q) J
for some constant C independent of h.

Proof. To prove this lemma, we will use the mixed system (A.15) to define a new
operator. To motivate the construction, consider the problem

—Af=curl¢p inQ, O6-v=0,curl@ xv=0 on 0, (A.17)

for some given ¢ € Wocurl’Q(Q). By utilizing DA~ div@ as test function in the
weak formulation of (A.17), where A~! is the Neuman Laplace inverse, it is easily
seen that the weak solution 0 of the system (A.17) is divergence free. Furthermore,
we can set w = curl@ and integrate by parts to conclude that the pair (w,0) is
also the unique weak solution of the mixed Laplace system (A.15) with f = curl ¢.

Now we define a new operator II" : WOC'”l’2 — W}, as the unique function
1" ¢ € W), satisfying the finite element formulation:

/ curl(Hh¢)vh + div 8y, div vy, doe = / curl pvy, dx, Vv, € Vp,
@ @ (A.18)
/ curln,8;, dxr = /(th))nh dz, Ym, € Wy,
Q Q

The existence of such a function I1"¢ is given by Theorem A.4. Using the fact that
div @ = 0, the error estimate (A.16) yields

||Hh¢ - Cur19||Lz(Q)+||9h - 9||L2(Q)+HdiV 9h||L2(Q) <Ch? ||Cur1¢HL2(Q) - (A19)
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Let zp be as stated in the lemma. Since zj, is orthogonal to functions in W,

| [, zn curl ¢ da|

lcurl z ||y -1, = sup
w-—1 2(9) ¢€W01,2 H¢||W1v2(ﬂ)
| [ zn curl(¢p — 11" @) da
= sup
Ppew, 2 H¢”W1»2(Q)

(a8 UQ div z, div 0y, dx’
i PR P
< Ch||div ZhHL?(Q) )
where we have used (A.19) to derive the last inequality, specifically the estimate
[div Orll 120y < Chcurl @] 2 () < Ch|@]lyy12(q) -

This concludes the proof.
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