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Abstract. In this paper we apply the theory of Bayesian forecasting and dy
namic linear models, as presented in West and Harrison (1997), to monthly data 
from insurance of companies. The model is decomposed into a trend block, a sea
sonal effects block and a regression block with a transformed' number of policies 
as regressor. An essential part of the West and Harrison (1997) approachis to 
find optimal discount factors for each of the three blocks and hence: avoiding the 
specification of the variance matrices of the error terms: in the system equations. 
The BATS package of Pole, Harrison and West (1994) is applied in the analysis. 
We compare predictions based on the approach above with predictions based on 
a simulation approach applying the BUGS package of Spiegelhalter et al. (1995). 
The predicted values of the two approaches are rather similar. The uncertain
ties, however, in the predictions based on the simulation approach are far larger 
especially two months or more ahead. This partly indicates the advantages of 
applying optimal discount factors and partly the disadvantages of a simulation 
approach for long term predictions. 

Keywords: dynamic linear models, Kalman filtering, block decomposition, op
timal discount factors, Gibbs sampling 
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1 Introduction and presentation of data 

In this paper we apply the theory of Bayesian forecasting and dynamic linear 
models, as presented in West and Harrison (1997), to monthly data from insur
ance of companies. This insurance covers for instance fire and water damages, 
but not damages due to natural catastrophes. The data are kindly provided by 
the Norwegian insurance company Gjensidige NOR and cover the period January 
1990 until May 1999. vVe use the data until November 1998 for forecastingthe 
number of reported claims the next six months and compare with the real data 
from this period. The model is decomposed into a trend block, a seasonal effects 
block and a regression block. 

An essential part ofthe West and Harrison (1997) approach is to find optimal 
discount factors for each of the three blocks and hence avoiding the specification of 
the variance matrices of the error terms in the system equations. The variance of 
the error terms in the observation equations is considered constant, but unknown 
and the estimation of it follows standard Bayesian theory as detailed in West 
and Harrison (1997). The BATS package of Pole, Harrison and West (1994) 
is applied in the analysis, a great drawback being that finding optimal discount 
factors is not automated and is hence extremely time consuming. In Section 2 the 
model construction is presented, whereas model tests are shown in Section 3. In 
Section 4 predictions are given and compared to predictions based on a simulation 
approach applying the BUGS package of Spiegelhalter et al. (1995). Now the 
variance matrices of the error terms in the system equations are considered fixed, 
identical to the ones in the former approach based on data from 1990, 1991 and 
1992. We end up in Section 5 with some concluding remarks; 

For each month the following data are registered: 

NP = (the current total Number of Policies)/12 

P = (the current total yearly Premium income)/12 

SI = (the current total Sum Insured)/12 

C = the total Compensation paid out 

NC =the total Number reported Claims of compensation 

Furthermore, C and NC can be divided into three groups covering compens
ations below NOK 3 million, between NOK 3 and 20 million and above NOK 
20 million. There are very few compensations in the latter group. Here we will 
report only the analysis carried through by merging the three groups. In the 
regression block we started out with transformed NP, P and SI as regressors. 
Since these regressors are very dependent, it turned out that it was better to 
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have a transformed NP as the only regressor and hence this is the case which is 
reported here. In Figure 1 NCs for the period January 1993 until November 1998 
are given, covering data for what we will call the main study. 

Figure 1: NC forthe period January 1993 until November 1998. 

From this figure we observe seasonal maxima in NC during the winter in 
January, and during the summer in August from 1993 until 1996 (except for 
1995) and in July in 1997 and 1998. There are large seasonal variations in 1995-
1997. Furthermore, there is an increasing trend in NC in 1993-1995 and again a 
decreasing one in 1996-1998. Finally, the observation in· June 1995 is exceptionally 
large. 

In Figure 2 NPs for the period January 1993 until November 1998 are given. 
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Figure 2: NP for the. period January 1993 until November 1998. 

From this figure we observe a large increase in NP from the spring of 1993 
until the end of the winter of 1994. In June 1993 there was a fusion between 
Gjensidige NOR and Forenede Forsikring and hence this is at least one of the 
reasons for this increase. 

2 Model Construction 

In the following, subscripts t = 1,2, ... denote months, starting in 90/01. Fur
thermore, the subscripts T, S and R denote respectively trend, seasonal effects 
and regression. Let 

Yt = N Ct = the total number of reported claims of compensation in rrionth t 

1 N 
N Pt = ..{iiP; - N 2:::: yfFiP; = transformed N Pt 

j=l 

(1) 

Here N = 107 is the total number of months from January 1990 until Novem
ber 1998. It turned out that including the "unnatural" square roots in NP* led 
to somewhat better forecasts. Then applying the West and Harrison (1997) ap
proach we have the following observation equation: 

(2) 
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where Vis unknown and: 

F't = (F'rt, F' st, FRt) = ((1, 0), (1, 0, 1, 0), N Pt) 

Furthermore, we have the system equation: 

Wt= ( 
w~Tt 0 

Wst 
0 

0 
Gs 
0 JJ 

G = ( cos(~) sin(~) ) 
1 -sin(~) cos(~) 

G = ( cos(i) sin(i) ) 
2 -sin(i) cos(i) 

JJ 
( 

( 1-:i:x)G~CTt-lG~ 

. 0 

0 

( 1-:i:s) G sC St-l G~ 
0 

(3) 

(4) 

Since from Figure 1 we saw that NC had yearly maxima twice a year, during 
winter and summer, we chose the seasonal effects block as a reduced Fourier form 
model including the first two harmonics only, corresponding to periods of 12 and 
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6 months respectively. The Os are the discount factors. Denote the existing in
formation at timet by Dt . Then OtiDt is multivariate Student T distributed with 
scale matrix Ct = diag(CTt, Cst, CRt)· See Theorem 4.3 of West and Harrison 
(1997). From the expressions above we can write: 

(5) 

The vector of seasonal effects ¢~ = (¢ot, ¢It, ... , ¢11t) is given by (j = 0, 1, ... , 
11): 

. . . . 
KJ . KJ KJ KJ 

¢it = altcos( 6) + bltsm( 6) + a2tcos( 3) + b2tsin( 3) 

Furthermore, we have: 

11 

L ¢it = 0, ¢ot = alt + a2t 
j=O 

Let ft = E[YtiDt_1] be the one step ahead prediction of yt at timet- 1 and 
et = yt - ft the one step ahead prediction error. To compare different model 
suggestions, including finding optimal discount factors, the following measures of 
prediction accuracy, based on n subsequent observations starting at time k + 1, 
are used: 

'\'k+n e2 
Mean Square Error = MSE = L.....t=k+1 .:; 

·Mean Absolute Deviation= MAD= 2:;:;+1 1~1 

Log Likelihood Ratio = LLR 

The third measure is the ratio of the log observed predictive density at time k, 

k+n 
log p(Yk+n 1 Yk+n-1, ... , Yk+IIDt-1) = L log p(YtiDt-1), 

t=k+1 

calculated for a specific set of discount factors in the numerator and for all dis
count factors equal to 1.0 in the denominator. The latter implies that the error 
terms of the system equations vanish. Obviously, small values of MSE and MAD 
and large values of LLR indicate a higher degree of support from the data. 
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3 Model tests 

At timet= 1, i.e. 90/01, start values for all unknown quantities must be provided. 
The BATS package can do this automatically, in a way hidden for the user, by 
applying observations covering the first twelve months. This is strictly speaking 
an illegal procedure since then in fact these data are used twice. In our approach 
we consider the data from 1990 as preliminary data. For this year it turned out 
to be wise to exclude the regression block and use the automatic start procedure 
of BATS to arrive at prior values of all remaining unknown quantities at timet 
= 13, i.e. 91/01. For the regression block we chose subjectively E[adDd = 0 
and V(adDd = 32 , where V means variance. We then considered data from 
1991 and 1992 as coming from a pilot study and applied them to find optimal 
discount factors by letting k =12 and n =24 in the three measures of prediction 
accuracy above. This lead to prior values of all unknown quantities at time t = 
37, i.e. 93/01. These are given in Table 1. 

Table 1: Prior values of all unknown quantities at timet = 37, i.e. 93/01. 

Trend block Seasonal effects block Regression block Obs. variance 
E(f.L37JD36) = 216.8 E(¢31JD36) = a37 E(a31JD36) = 1.941 s36 = 16.512 

V(f.L37JD36) = 32.322 V(¢37,D36) = 9.8122 X I V(a31JD36) = 2.9892 n36 = 36 
E(,B37JD36) = -0.2631 
V(,B31JD36) = 3.3162 

Here 
a~7 = (22.21, 12.68, -9.531, -22.21, -12.68, 9.531, 22.21, 12.68, -9.531, -22.21, -12.68, 9.531). 

The precision v-1 of the error terms in the observation equations is, at a 
general time t, gamma distributed with shape parameter !f and scale parameter 
ntSt 

2 . 

Now data from 93/01 until 98/11 were considered coming from the main 
study and were applied to find new optimal discount factors by letting k = 36 
and n = 71 in the measures above. These are given in Table 2. 
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Table 2: Optimal discount factors for the three different measures of prediction 
accuracy. 

Discount factors Measures of prediction accuracy 
8T 8s 8R MSE MAD LLH 
1 0.91 0.96 3.5905x103 4.3102x 10 -4.1301 X 102 

0.99 0.89 0.98 3.6251x103 4.2438x10 -4.1303 X 102 

0.89 0.50 1 5.8651x103 5.8940x10 -4.0829x102 

The first combination of discount factors in Table 2 is optimal for MSE, the 
second for MAD and the third for LLR. All measures suggest a large value of 8R, 
the same is true for MSE and MAD for 8T. The optimal8s is only 0.50 for LLR. 
As an overall compromise we chose the second combination of discount factors 
given in Table 2. 

In Figure 3 the one step ahead predictions of yt , given as a solid line along 
with 90 % posterior probability intervals in dashed lines, are compared to yt for 
t = 37, ... , 108. Almost except for the remarkable observation in June 1995 all 
observations are within the 90 % posterior probability intervals indicating a nice 
fit of the model to the data. 

FC3r-co-.-~-

Figure 3: One step ahead forecasts of yt compared to yt fort= 37, ... , 108. 

In Figure 4 estimates of the level f.tt, given as a solid line along with 90 
% posterior probability intervals in dashed lines, are compared to yt for t = 
37, ... , 108. The level Itt can be considered as a stripped version of yt having 
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removed the seasonal effects and the regression blocks and the observational error 
term. 

'1 o ooc::oo::> 
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Figure 4: Estimates of the level f-Lt compared to Yt fort= 37, ... , 108. 

In Figure 5 estimates of the incremental level growth f3t is given along with 90 
%posterior probability intervals fort= 37, ... , 108. There seems to be no growth 
the first half of 1993, followed by an increasing growth the next year before the 
growth is leveliing off or possibly slightly declining. In the summer 1995 a jump 
upwards in growth occurs, before a decline ending in zero growth ·at the end of 
1998. 

\ ... 
',( --............... ---·---~ .. . ...... ______ _ 

Figure 5: Estimates of incremental growth f3t fort= 37, ... , 108. 

Figure 6 gives estimates of the seasonal effect <Pot = alt + a2t along with 90 
% posterior probability intervals for t = 37, ... , 108. This seasonal effect can be 
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considered as a stripped version of yt having removed the trend and the regres
sion blocks and the observational error term. The seasonal effect is dramatically 
increasing in the summer 1995, slightly declining and levelling off from the sum
mer 1996 onwards. 

Figure 6: Estimates of the seasonal effect c/Yot fort= 37, ... , 108. 

Figure 7 gives estimates of the regression effect N Pt at along with 90 % pos
terior probability intervals for t = 37, ... , 108. The regression effect can be con
sidered as a stripped version of yt having removed the trend and the seasonal 
effects blocks and the observational error term. This effect seems to be rather 
stable except for· an increase in 1994- 1995. Note that the uncertainty is almost 
zero when N Pt is close to zero and note the increase in uncertainties from the 
summer 1995 onwards. 
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Figure 7: Estimates of the regression effect N Ptat fort= 37, ... , 108. 

In Figure 8 estimates of the observational standard deviation V~ are given for 
t = 37, ... , 108. These estimates are steadily increasing until the time of the ex
ceptionally large observation in June 1995, when there is a jump upwards. After 
an increase until the end of 1996, the estimates stabilize. 

Figure 8: Estimates ofthe observational standard deviation V~ fort= 37, ... , 108. 

As a comparison to Figure 4 we give in Figure 9 retrospective, or smoothed, 
estimates, based on all yt for t = 37, ... , 108, of the level J.lt, given as a solid 
line along with 90 % posterior probability intervals in dashed lines. These are 
compared to yt fort = 37, ... ,108. 
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Figure 9: Retrospective estimates ofthe level f.tt compared to Yt fort = 37, ... , 108. 

4 Predictions 

We will now use the data until November 1998 for forecasting the number of 
reported claims the next six months and compare with the real data from this 
period. Since we have included a regression block with the transformed number, 
N P*, of policies as regressor, we must provide values of N Pt fort= 108, ... , 114. 
Ideally, we should have used Bayesian forecasting techniques to arrive at these 
values. However, this is cumbersome since the BATS package cannot deal with 
multivariate time series models. Actually, we have applied a simplistic approach 
just setting these values equal to N P{07 , the last known value of this transformed 
number. 

Note that by ( 4) the variance matrix W108 is known. Following West and 
Harrison (1997), page 199, we choose V[w107+kiD107] = W108 fork= 1, ... , 6. This 
is exactly the approach also of the BATS package. 

In Figure 10 the predictions of Yio7+k given as a solid line along with 90% pos
terior probability intervals in dashed lines, are compared to Yio7+k fork = 1, ... , 6. 
Note that most observations are rather close to the corresponding predictions and 
that all are within the 90 % posterior probability intervals, indicating a nice fit 
of the model. 
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k-1; 981'12. k-2; 99/01, .... k~; 99105 

Figure 10: Predictions of YioHk compared to YioHk fork= 1, ... , 6. 

The remarkable observation in June 1995 was due to extraordinary floods in 
the southeastern part of Norway. In a way this event can be viewed as rather 
irrelevant for predictions covering December 1998 until May 1999. In Figure 
11 predictions parallel to the ones in Figure 10 are given when the observation 
in June 1995 is considered as an outlier which is just missing. Note that the 
predictions are very much the same as in Figure 10, whereas the 90 %posterior 
probability intervals are somewhat narrower as expected. 

------·--·--------·--- ----~-----------

--------~-------- 4 

-----------··--····-

2 

k-1: 981'12, k-2; 99101, ...• k-6; 99105 

Figure 11: Predictions of Yio7+k compared to Yio7+k for k = 1, ... ,6 when the 
observation in June 1995 is considered as an outlier which is missing. 

One of the great advantages of the West and Harrison (1997) approach is 
the option of intervention and monitoring, also called Management by Excep
tion, which is treated in Chapter 11 of the book. Considering the remarkable 
observation in June 1995 as an outlier which is missing, is an example of such 
an intervention. In Figure 12 predictions parallel to the ones in Figures 10 and 
11 are given when such an option is included. We will not report all the details 
here. 

13 



First, however, recall the fusion in June 1993 between Gjensidige NOR and 
Forenede Forsikring. A consequence of this fusion was a step by step increase 
in the number of policies and accordingly in the number of reported claims of 
compensation. Hence, an intervention is made to the model in May 1993, i.e. 
at t = 41, before getting Y41 . At this time point we had E[f.L41 \D40] = 207.7, 
V[f.L41 \D40] = 24.942. Expert judgements indicated that the number of policies 
would increase by 10 % and hence the same increase in the level was expected. 
Since there were great uncertainties linked to this judgement, the corresponding 
variance should be considerably increased. Let 141 denote the information corres
ponding to the intervention at t = 41. After the intervention we ended up with 
E[/-L41\D4o,141] = 228.47, V[f.L41\D4o,141] = 452• 

Secondly, we are now not considering the observation in June 1995, i.e. at 
t = 66, as an outlier which is missing. At this time point we had V[f.L67 \D66] = 
45.092• However, since there is a lot of uncertainty linked to this observation, 
the variance above should be considerably increased. After the intervention we 
ended up with V[f.L67 \D66 , 167] = 1002. Comparing Figure 12 with Figures 10 and 
11 we see that the predictions are somewhat improved when using the option of 
intervention and monitoring. The 90 % posterior probability intervals in Figure 
12 are somewhat narrower than the ones in Figure 10, but not as narrow as the 
one in Figure 11. 

--~-------
. --------- -- ---

---------------------··· ------------------·····-·-·----····----
······--------------------------------

k-1: 98112, k=2; 99101, ...• k.:o6; 99/05 

Figure 12: Predictions of Y107+k compared to YioHk for k = 1, ... ,6 when the 
option of intervention and monitoring is used. 

Finally, in Figure 13 predictions parallel to the ones in Figure 10, based 
on a simulation approach applying the BUGS (Bayesian inference Using Gibbs 
Sampling) package of Spiegelhalter et al. (1995), are given. Now the variance 
matrices of the error terms in the system equations are kept fixed, identical to 
the ones in the former approach based on data from 1990, 1991 and 1992. The 
variance of the error terms in the observation equations is as in the West and 
Harrison (1997) approach considered constant, but unknown. However, now the 
corresponding precision v-1 , as suggested by Spiegelhalter et al. (1996), is for 
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each simulation drawn from a fixed gamma distribution with both shape and 
scale parameters equal to 0.001. Hence, v-I, has expectation equal to 1 and 
variance equal to 1000. Since the level flt can be considered as a stripped version 
of Yt , having removed the seasonal effects and the regression blocks and the ob
servational error term, these values are restricted to be positive. An application 
of BUGS in Bayesian stock assessments is given in Meyer and Millar (1999). 

An important part of Markov Chain Monte Carlo (MCMC) simulations is the 
assessment of convergence to the stationary target distribution. This is discussed 
in Scollnik (2000). We ended up with a burn-in period of 5000 iterations followed 
by 10000 iterations to make predictions. 

_ .. -----------------·-··-·-------
----------

---·----. ----..:..__ 
·------~ 

2 3 

k•1: 98112. k -2: 99.'01 . .... K- 8:99105 

Figure 13: Predictions: of Yio7+k compared:;to Yio7+k for k = 1, ... , 6 based.: orr a 
simulatiomapproach applying, the BUGS package.: , 

In Table 3 we compare the predictions based on the West and Harrison{1997) 
approach, given in Figure 10, to the ones based ~::m the simulation approach 
applying the BUGS package of Spiegelhalter et al. (1995) and to the real data. 
The predicted values of the two approaches are rather similar. However, . the 
uncertainties in the predictions, measured as the halfwidths of the 90 % posterior 
probability intervals, are far larger in the simulation approach especially two 
months or more ahead. 
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Table 3: Comparison of predictions of Y107+k based on the West and Harrison 
(1997) approach, given in Figure 10, to the ones based on the simulation approach 
applying the BUGS package and to Yio7+k for k = 1, ... , 6. 

Month Prediction Interval half- Prediction Interval half- NC 
BATS width BATS BUGS width BUGS 

98/12 385 85.23 389.1 120.5 401 
99/01 414.6 90.64 420.9 175.4 405 
99/02 431.8 90.60 437.7 215.8 408 
99/03 420.5 87.72 427.3 244.1 344 
99/04 393.2 85 403.0 271.1 433 
99/05 378.3 86.58 393.1 300.4 351 

5 Concluding remarks 

The comparison of the predictions at the end of Section 4, based on the West and 
Harrison (1997) approach to the ones based on the simulation approach applying 
the BUGS package of Spiegelhalter et al. (1995) and to the real data, indicates 
the advantages of the former approach. One main reason for this seems to be 
that an essential part of the West and Harrison (1997) approach is to find optimal 
discount factors for each of the three blocks and hence avoiding the specification 
of the variance matrices of the error terms in the system equations. Actually, 
our simulation approach is in a way unduly benefiting from this since now the 
variance matrices of the error terms in the system equations are considered fixed;· 
and taken from the ones in the former approach based on data from 1990, 1991 
and 1992. 

In both approaches the variance of the error terms in the observation equa
tions is considered constant, but unknown. In the former approach, following 
standard Bayesian theory, the distribution of this parameter is updated by the 
new observation at each time point. In the simulation approach, however, the 
inverse of this parameter is for each simulation drawn from a fixed gamma distri
bution irrespective of the observations. This is another advantage of the West and 
Harrison (1997) approach, which seems to have contributed to the comparison. 

A special problem of these specific insurance data is the large delay in re
porting. In our earliest application we just had data reported by April 1999 and 
we immediately excluded the observation from December 1998 due to incomplete 
reporting. It later turned out that the total numbers of claims of compensation 
for most of 1998 were grossly underreported by April1999. As a consequence the 
corresponding predictions were poor. All data in the present study are reported 
by March 2000 and hence we do not have to worry too much about delayed re-
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porting. In a real time application of these approaches, however, an additional 
model of the delayed reporting is essential. 

Since the observation equation (3) and the system equation (5) both are lin
ear, and error terms have a Gaussian distribution, the analytical approach follows 
from West and Harrison (1997) theory. For this standard model, nevertheless, 
the disadvantages of a simulation approach for long term predictions are revealed. 
In a series of applicatiOJ!S, for instance in the environmental sciences, non linear 
and non Gaussian space - time models have to be designed. For these complex 
models an analytical approach is impossible and one has to rely on MCMC sim
uiations. The main message from the present study is that there seems to be no 
reason to be overly optimistic on the quality of long term predictions based on 
such simulations. We hope to return to this in future research. 
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