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Abstract 

We show in this paper that there is a connection between an extended theory 
of statistical experiments under symmetry conditions on the one hand and the 
foundation of quantum theory on the other hand. The connection is established 
using group representation theory and some plausible assumptions on maximal 
reduction of statistical models. Direct constructions are offered for the quan
tum state vectors. Several of the socalled paradoxes of conventional quantum 
mechanics can be illuminated using this theory. The connection developed here 
also seems to have implications for ordinary statistical theory. 
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1 Introduction 

The purpose of this paper is to propose a relatively intuitive foundation of quantum 
mechanics based on simple concepts like: choice of experiment, probability model, 
symmetry and model reduction. We limit ourselves here to the case where each 
possible experiment has a compact parameter space, using the latter term in its 
statistical sense, but it is believed that the main idea can be extended to more 
general cases. Even though we claim that this approach leads to a conceptual basis 
which is considerably simpler than the usual one, it also seems to require some 
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amount of mathematics to establish the connection to conventional quantum theory. 
Our approach also appears to imply certain new calculation procedures, but this 
latter aspect will need to be further investigated. 

An additional motivation behind the paper is the following: Various, partly 
independently developed, partly culturally determined sets of paradigms exist in 
relationship to most aspects of human endeavour, including science, and even related 
to something as apparently objective and absolute as theoretical physics and the 
development of quantitative methodology. To some this may seem to be irrelevant; 
to others it may be obvious and trivial. However, the fact is that it is far from easy 
to assess the influence of culture and tradition on the act of establishing theories 
and scientific methods. Seeking one area of common applicability, and in this area 
trying to find some kind of partial synthesis between methodological traditions that 
have developed independently may be one way to attack this general problem. In 
the present paper we aim at starting a process of this kind between statistical theory 
on the one side and quantum theory on the other side. It should be unnecessary 
to point out, of course, that with an aim as ambitious as that, there will be open 
questions, both technical ones and questions related to underlying philosophy and 
to interpretation of concepts. The hope is, however, that this process will continue 
and in the end turn out to be of some benefit to both sciences. 

Statistical methodology has had applications in most areas of empirical science, 
including experimental physics. It is based upon the following relatively simple 
paradigm: There is an unknown reality that we want to learn something about; 
this is described by a parameter e. (Note that the word 'parameter' is used here in 
a different way than what is common in physics.) Learning is done by making 
observations y, and in general the act of making such observations is called an 
experiment. (Again this is related to, but perhaps not quite identical with the use of 
this term in physics.) A model for an experiment is made by postulating probability 
measures on a sample spaceS, where the sample space is such that all observations 
y may be regarded as functions on this space (hence the distribution of y can be 
derived for each fixed probability measure on S). The model is then given by a class 
of probability measures on S; let this class of measures be {Pe(·)}, that is, indexed 
by the unknown reality e. Statistical inference is the art of deducing information on 
e from the observations y. 

Here is a very simple example: In a given population, let e be the probability 
that an arbitrary person from the population wants to vote for the labour party. If 
we sample n persons randomly from the population, we can let y be the proportion 
among these who wants to vote labour. Then the data y can be used to estimate 
e, to test hypotheses about e or to find confidence intervals. The statistical model 
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here (if the population is assumed infinite) is the binomial one: 

(1) 

the sample spaceS for xis the set {0,1, ... ,n}, andy is the relative frequency 
y = xjn. In this application as in many applications, e is unknown, but is assumed 
to have some definite, hidden value. The relative frequency y is an estimate of e. If 
the 'experiment' is very accurate, that is, n is large here, the difference between e 
and y will be small. 

This example is of course just given as a trivial background; it is far too simple 
to cover all aspects that will be taken up later in this paper. It does illustrate one 
point, however, which in my opinion is relevant to physics: Before the experiment, 
the parameter e is unknown; afterwards it is as a rule very accurately determined. 
In a way the focus is shifted slightly from what the value of the parameter 'is' to 
the knowledge we have about the parameter. When coupled with the properties of 
certain simplified models, this can be related to what physicists call 'collapse of the 
wave packet'. I will come back to this point later. 

Statistical inference theory has been highly developed. One school, Baysianism, 
assumes in addition to the model a prior distribution rr(·) of e. An application 
of Bayes theorem, a straightforward conditioning argument, then gives a posterior 
distribution of e, given the data y. Conceptually, this is about the simplest kind of 
statistical inference that one can imagine. In general, inference is concerned with 
making deductions about the parameters ('the assumed reality'), given the data. 
There exist very many books in inference theory and applied statistical inference on 
all levels. Two relatively theoretical ones which will be referred to later, are Berger 
(1985) and Lehmann and Casella (1998). 

The statistical paradigm has to be made concrete in concrete applications; a 
crucial point here is the selection of the statistical model. Also, there are different 
opinions among statisticians whether other structures could/should be introduced in 
addition to the model. Fraser (1968) argued that, if possible, symmetry assumptions 
should be adjoined to the model by fixing a group G acting on the parameter space, 
and the same assertion was put forward from a different point of view in Helland 
(2000). Recently, a much richer structure based on category theory has been pro
posed by McCullagh (1999); assuming morphisms both on the experimental units, 
the parameter space and on the space of observations. Among other things, this is 
shown to facilitate the rejection of absurd statistical models. 

Note that the statistical paradigm as described above is quite simple, and in 
principle it can be described quite intuitively: There is an unknown reality, and our 
future observations have a probability distribution which depends upon this reality. 
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An additional important point is that virtually every statistical model used in 
practice is a simplification. Most often such a simplification of models is done on an 
intuitive basis, but elements of a theory of model simplification have existed for a 
long time, and some more is beginning to appear. In very many situations it pays to 
simplify models in order to improve predictions, in particular this can be the case if 
the data are not too extensive. In the present context this means that the parameter 
()-our representation of the underlying reality- is simplified. We will make essential 
use of this point later. 

It is the structure of the parameter space that will play the crucial role in this 
paper. The observations will be secondary here, but it will be very important that 
the parameters always can be regarded as indices for models of future observations. 
Also, in this setting the model for the observations and the ensuing inference theory 
will in a certain sense play the same role as does von Neumann's measurement theory 
in conventional quantum mechanics. Further developments at this point are needed, 
however. 

In a physical setting we may regard the statistical parameters as the 'real' posi
tions, velocities and spin components of particles. Later we will introduce a simpli
fied, reduced model, which in the case where the original parameter space is compact, 
will give a discrete reduced parameter space. This will correspond to the spectrum 
of a quantum observable. We will postulate later that this reduced model is all that 
can be related to observations. 

It should be made clear that the ambitions of this paper are not to :find a complete 
new foundation of modern physics. What we do want to attempt, however, is to 
seek an alternative basis for quantum mechanics on the epistemological side. I don't 
think I am alone in feeling that a theory whose very basis is Hilbert space vectors 
and operators, by necessity must be very formalistic. A similar inclination towards 
formalistic reasoning can also be found in parts of theoretical statistics. To avoid 
misunderstanding, however: In both disciplines, mathematics - and also advanced 
mathematics - is and will always continue to be a very important tool. What we 
argue for, is that the foundation should be relatively simple, conceptually. 

Some of the earlier debate on the foundation of quantum mechanics has concerned 
determinism versus non-determinism, i.e., whether or not the probability concept is 
needed for describing nature at the fundamental level. With the emergence of a new 
century, I feel it is time to go past this debate: Overwhelming evidence seems to 
point at the fact that modelling of nature on the atomic and subatomic level has to 
involve probability distributions in some way or other. In my opinion, a much more 
interesting and much more fundamental question is: It is possible to understand 
nature using intuitive, relatively unsophisticated concepts? 

The quantum mechanical formalism as we know it, emerged as an elegant syn
thesis between Heisenberg's matrix mechanics and Schrodinger's wave mechanics. 
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such it has had a well recognized success in a large variety of applications, and it has 
lead to important developments in various branches of physics and also within pure 
mathematics. All this may be part of the reason why very few physicists today seem 
to reflect on the question: What does it really mean - in simple terms - that the 
state of a physical system can be characterized as a ray in a complex Hilbert space? 
Some physicists still seem to have a picture of the wave function as a physical wave 
in a certain space, but, as often pointed out, this notion implies serious difficulties, 
for instance in connection to systems consisting of several particles. 

It certainly helps understanding that several authors have developed axiomatic 
systems which logically imply the quantummechanical formalism; a recent system of 
this kind was developed by Accardi (1995). But there is a related question which 
may be equally important: Is it possible to find a connection between the quantum 
world and the rest of the world of scientific modelling? Or, as Accardi and Reviglio 
(1994) indicate it: Can the present state of the art be satisfactory if we have to act 
as if the procedure is to use one kind of probability when the data comes from CERN 
and another kind of probability when the data comes from, say, population biology? 

The present paper aims at addressing all these questions in a specific way. As such 
it must just be regarded as the beginning of some process. There will probably be 
parts of the theory that may have to be changed later, but nevertheless I feel strongly 
that there are elements here which look promising enough to deserve discussion, both 
among physicistists and among statisticians. 

The plan of the paper is as follows: The preliminaries, the main assumptions 
and the main results are formulated in Sections 2-7. We derive several mathematical 
results also in these sections, but not all of them are formulated as mathematical 
theorems there. In this part it is more important to discuss the arguments for the 
main framework used and for the assumptions made. The 10 assumptions needed 
are stated as precisely as possible, however, and a few main results are formulated, 
giving the connection to conventional quantum theory. Most of the technical proofs 
are given in Sections 8-12, not only of the results needed for the main theorems, 
but also of auxilliary results that may serve to illuminate the theory. Then in the 
Sections 13 and 14 two major examples are given, one simple, artificial one and 
one standard physical example: the spin 1/2 particle. In this last example we also 
show that the theory may lead to non-standard ways of calculating probabilities in 
quantum mechanics, and to new ways to look at the EPR-'paradox'. In the last 
sections we give a qualitative discussion of the present theory, where known, partly 
problematic aspects of quantum mechanics are related to the approach made here. 

Among our results are: Consider a setting where we have a choice between several 
experiments/ parameters. A state can be defined simply by giving a (maximal) 
parameter a definite value. A parameter can be associated in a relatively simple way 
by an invariant subspace of L 2 , and it also turns out that we can define a unique 
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operator associated with a parameter. The best reduced model in a certain sense is 
found by restricting the parameter values to the eigenvalues of this operator. State 
vectors can be defined, and in the reduced model they are just the eigenvectors 
of the operator. Under certain conditions, the well known formulae for transition 
probabilities are also found. 

It may be of some significance that among the elements of statistical theory that 
are needed here, there are two for which further development seems to be needed from 
a practical point of view, but which so far have been largely neclected in academic 
statistics: Model reduction theory and a statistical theory including the possibility of 
selecting the experiment/parameter of interest. Symmetry consideration using group 
theory in the way we do here is also useful in large scale statistics, but probably not 
as useful as it is in atomic physics. In Helland (2000) a review of statistical inference 
under symmetry is given, mainly focused on objective Bayes theory. 

2 Sets of experiments. 

Let us first make more precise what we mean by an experiment. In principle the 
parameter space 8 could have almost any structure, but in this paper we will assume 
that it is a compact topological space. This is a severe limitation, but makes the 
mathematics much easier. The sample space- that is, the space of possible outcomes 
of the experiment - is called S. To be able to calculate probabilities on this space, 
it is common in statistics to fix a iT-algebra (Boolean algebra) F of subsets of S. 
Then the model of the experiment consists of specifying for each e E 8 a probability 
measure Fe on the measurable space (S, F). This latter structure is mentioned in 
order to relate the present theory to the ordinary statistical literature. Since we 
concentrate on ideal experiments here, we will not need this structure for the rest of 
this paper, however. 

Classical physics, including special relativity, is limited to models in Euclidean 
spaces. There seems to be little reason at the outset to assume that quantum physics 
always should be based on this same structure, although there is a tradition dating 
back to Bohr's correspondence principle which at least to some extent points in such 
a direction. 

The natural question in general is: Can we in one way or another specify the 
'state' of some arbitrary system without necessarily trying to give an explicit descrip
tion? A possible first answer seems to be to just give a list of all the experiments 
that can be done involving the system or parts of the system, and then the models 
corresponding to these experiments (see also Helland, 1999a). These remarks should 
in principle hold whether the experiments are related to physics or not. In any real 
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situation we always have the choice between several options concerning which exper
iment to perform; a full description of the current 'state' should give the probability 
distribution of the potential outcomes from all experiments that one could imagine 
to result from such choices. A concrete macroscopical system to have in mind may be 
a medical patient or a set of patients, where the 'experiments' may involve different 
treatments, different measurements taken etc .. For later purposes it is important to 
notice that also in this case, some of these experiments may be mutually exclusive. 

As a first step, let us be unrealistic and assume that all parameters of all possible 
experiments of a system can be known at one given time, and let us call this a 
hyperstate. Thus, in analogy to Helland (1999a) let a hyperstate of some given 
system consist of a set A of possible experiments £a (a E A), given by probability 
models (Sa,:Fa,{P0;B E ea}), and then specific values B~ for the parameter value 
in experiment £a, a E A. Thus the probability distribution of each conceivable 
observation is known. On the technical side we assume in this specific paper: 

Assumption 1: All the parameter spaces ea are compact topological spaces. 

Several remarks can be made to this hyperstate concept. First, the set of possible 
experiments A can be rather large. In more traditional statistical theory, several 
potential experiments are typically assumed to depend on the same parameter e, and 
the experiment to be performed is selected using some optimizing criterion aimed at 
maximizing the information the experiment can give on this parameter. The focus 
here is completely different: We try to look upon all conceivable experiments related 
to a given system as a unity. The set A is assumed fixed, and the collection of 
possible parameters is specified by ( ea; a E A). Then there is no loss of generality 
in assuming that there exists a hyperparameter space <I> such that ea = ea ( cP) for 
each a, where ¢ E <I> gives a complete specification of the hyperstate. To avoid 
confusion between a parameter as such and a definite value of this parameter, we 
will often write ea (-) for the parameter (parametric function) and something like e~ 
for a definite value. 

To illuminate somewhat the way of thinking that is involved here, it may perhaps 
be useful to mention an example: In opinion polls it is usually assumed that each 
person sampled 'has' a definite opinion on the question that is asked. Throughout 
this paper we will use the word 'parameter' in a rather wide sense: Any element 
of reality which may be unknown. This is in fact wider than what is common in 
statistical theory, but it will turn out to be fruitful. Thus in any opinion poll where 
we restrict the focus to a fixed, given person, we allow ourselves to let e denote the 
political party which this person will claim to support. For statisticians this will blur 
the distinction between prediction and inference, but this is one of the conceptual 
simplifications that we will do in this paper. 
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On the other hand, we will keep in mind one other complication which is often 
neglected: In reality the person's answer will often depend on the way the question 
is posed. Thus, to be precise, to give a full description of the attitude here for some 
given person, we should in principle specify, not only his opinion (or probability 
distribution over possible opinions), but give his answer (probability distribution 
over answers) conditional for each a on the way a that the question was posed. Thus 
there is not only one unknown parameter here, but several ones, ea(-), which we can 
always assume determined from some hyperparameter ¢ related to the given person. 
We may easily imagine here that the different questions are mutually excluding, 
since the situation may change as the person is asked one question. This setting is 
perhaps not completely analoguous to the quantum setting. On the other hand, the 
kind of structure here is not too far removed from that in a statement saying that 
a given particle does not 'have' a fixed position and momentum, but only certain 
probability distributions, given the choice of measurement, or, perhaps slightly more 
relevant, that the 'realized' spin vector of an electron depends on the chosen axis of 
measurement. At this point it should be mentioned that we deliberately restrict the 
discussion of the main body of this paper to simple systems. Extension to compound 
systems, including a discussion of the entanglement concept, will be briefly discussed 
in the last part of the paper. 

The examples of the previous paragraph suggest that it is very difficult in general 
to get full information about the hyperparameter ¢. In quantum mechanics this must 
be considered to be impossible. As a rule, there are mutually excluding experiments 
from which only one can be performed. Thus it will be too ambitious in general to 
try to let the 'state' of a system be specified directly by ¢ if this is meant to imply 
that the value of ¢ could somehow be completely specified. What one must search 
for, is some reduced quantity related to probability distributions over ¢, or more 
specifically, over the parameters ea ( ¢) of each single possible experiment. 

Furthermore: The well known simplest situation in quantum mechanics is that 
some sets of experiments are mutually compatible, and thus can be joined to a single, 
larger experiment. A similar notion can be introduced from a purely statistical 
point of view: The experiments [ai varying over, say, i E I are said to be mutually 
compatible if the order in which the experiments are performed does not affect 
the models involved, more specifically, if the probability model for, say, experiment 
[a 2 is the same whether or not experiment [a 1 has been performed. Then the 
experiments can be joined to a single large experiment [a = Vi[ai such that the 
parameters eai ( ¢) of the single experiments are functions of ea ( ¢)' the parameter of 
the large experiment [a. The analogue in conventional quantum theory is that a set 
of commuting operators is replaced by one operator on a larger Hilbert space. 

If this process has already been performed in such a way that ea ( ·) can not be 
extended further, we say that the experiment [a is maximal and that the parameter 
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ea ( ·) is maximal. (The natural partial ordering of parametric functions will be more 
thoroughly discussed later. The notion 'can not be extended further' is assumed 
connected to the given system, and will be taken to mean that there is no experiment 
in the system with parameter ()b (.) C::: ea (-) and ()b (-) # ea (-) relative to this ordering. 
It is part of the assumption that such maximal parameters ()a ( ·) always exist.) 

We will need a concept of simple systems, for which the following assumption 
may partly be taken as a definition. 

Assumption 2: For simple systems, all the potential experiments under 
consideration are maximal. 

Again, the main role of this assumption is to simplify discussion. We will come 
back with a discussion of compound systems later. 

Definition 1: The state of a simple system is specified by giving (i) some 
maximal parameter ea ( ·) and (ii) some fixed value B't for ea ( ·). 

There are in fact two interpretations of this definition, both of which are implied 
to be permitted: (i) A maximal (ideal) experiment [a has been done on the system, 
and has given the result ()a(-) = 01. (ii) If we make the ideal experiment [a on the 
system in thia state, the result will be B't with probability 1. 

When we later will introduce a reduced model for the system, the same concept 
of state can be used, but then with the set of possible values 01 restricted. In this 
situation we will also show how to find probability distributions connected to other 
experiments [b for a system in a state given by ea (-) = 01. 

We then first intend to show that under certain conditions this concept of state 
will correspond to the quantummechanical notion of pure state, and thus to a given 
state vector. In addition, a parameter/ parametric function will in general be asso
ciated with a unique selfadjoint operator on a certain Hilbert space. 

When a pure state corresponds to one fixed ea (-) = 81 in a maximal experiment, a 
mixed state will result if we assume a probability distribution over 81 . To anticipate a 
later notation, we will show that the state vector corresponding to the state ()a ( ·) = ()1 

can be taken as a function Vgl (-) = Vgl ( ea (-)) on the hyperparameter space <I>. The 
density operator corresponding to a probability distribution rra(dBl) over ea is then 
given by 

(2) 

Such expressions - and corresponding standard formulae for expectations - make 
sense even if the vectors are non-orthogonal, see Perelomov (1986) for an extensive 
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theory where this fact is used. However, we will show later that with the maxi
mal model reduction that seems to correspond to quantum theory for the systems 
considered here, the vectors will indeed be orthogonal. 

For brevity we will concentrate on pure states in this paper. 
At first sight, the approach via experiments and their parameters may seem as a 

very instrumental way to model atomic particles. Later we will indicate other inter
pretations of the same approach, less tied up to the concept of experiment. However, 
it seems like the present interpretation gives the simplest point of departure. After 
all, in a majority of situations, the only way we may get information on particles, 
is through experiments. Already Niels Bohr adviced us repeatedly to be careful 
when trying to make precise statements about the values of- perhaps hypothetical 
- underlying variables in quantum mechanical systems. Our position will be that it 
is not possible to make sense of any statement saying that a hyperparameter has a 
given value, and therefore it is impossible to give all parameters ea (-) fixed values 
at the same time. The only definite statement that can be made, is of the following 
form: After an experiment Ea is performed - if this experiment is very accurate -
the corresponding parameter ea ( ·) can be assumed to have a definite value B~. We 
may sometimes think of the parameters ea ( ·) as the real positions, velocities, spin 
components etc., but as these parameters as a rule are unknown in statistics, they 
must also be regarded as partly unknown in physics. 

It was shown in Helland (1999a) that this approach could indeed be made consis
tent with quantum mechanics if very severe technical assumptions were made about 
the models involved. The construction of the quantum mechanical state vectors in 
that paper was done indirectly using quantum logic. 

In the present paper we will try to be more direct and to avoid strong assumptions 
that are difficult to interprete. We will make several technical assumptions below, 
but these must be considered to be relatively weak, and most of them rather natural. 
In particular we will make explicit use of symmetry assumptions and the fact that 
all measurements on single quantum objects by necessity involve rather small data 
sets, so model reduction may be called for. The symmetry part has connections with 
the paper of Bohr and Ulfbeck (1995); indeed, much of the formal apparatus that 
will result from our discussion here has parallels in that paper. However, our point 
of departure is completely different. 

Assumption 3: The hyperparameter space <I> is locally compact. A group 
G of transformations of <I> is fixed once and for all. 

Note that such a group always exists. It could for instance consist of all (contin
uous) automorphisms on <I>. In most cases, however, we will choose a smaller group, 
based on physical considerations. To avoid too much technicalities in this paper, we 
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will disregard measurability questions for functions on <I>, and two such functions 
will later be said to be equal if they are equal almost everywhere with respect to 
Haar measure (cf. Assumption 6) on <I>. 

Assumption 4: The group G acts transitively and exact on <I>. 

The content of this assumption is that for any pair of hyperparameter values ¢1 
and ¢z there is exactly one group element g such that ¢2 = g¢1· In many cases this 
can be taken care of by defining <I> suitably. Consequences of lack of transitivity will 
be discussed below; lack of exactness is treated to some extent in Helland (2000). 

3 Symmetries in statistical models. 

In this Section we will concentrate on a single experiment given by the model 
(S, :F, { Pe; () E 8}). Assume that this model is invariant under the actions of some 
group G, that is, g() E e whenever g E G and () E e. 

The following condition_ will be referred to repeatedly in the following. If the 
condition holds, the group G is straightforward to construct. 

Definition 2: The parametric function()(-) from the hyperparameter space <I> to 

the parameter space e is called permissible if()(¢)=()(¢') implies ()(g¢) = ()(g¢') 
whenever g E G. 

The implications of this definition are further discussed in Helland (2000). The 
property of permissibility is exactly what is required to define G on 8 in a consistent 
way by 

g()(¢) = ()(g¢) when g E G. 

Note that the mapping g--+ g will be a homomorphism: g --+ g and g--+ g' imply 
gg' --+ gg' and g-1 --+ g- 1 . In effect we m·ay therefore, at least for some purposes, 
view the groups G and Gas identical, only giving different actions on different spaces. 
Thus_ it is sometimes convenient to write G instead of G, but we will largely stick to 
the G-notation to make things explicit. 

Statistical inference under symmetry assumptions is important, both from a the
oretical and from an applied point of view. Recent summaries with further references 
are given in Lehmann and Casella (1998) and in Helland (2000). Some main points 
are: 
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1. In most cases G can also be defined as a group of actions on the sample space 
S, or on the data y, which often gives the most direct interpretation of the 
group. Then there is a homomorphism to the actions on 8, defined by the 
model so that g() is taken to be given by 

P9 e(Y E A)= Pe(gy E A)= Pe(Y E g- 1A). (3) 

2. Since 8 is compact, a unique invariant (left and right) Haar measure rr can be 
defined as a probability measure on 8, where the Haar property is expressed 
by rr (g r) = rr (r g) = rr (r) for all g E G and all Borel sets r in 8. (For 
a precise definition of the middle term here, see Helland (2000) or books in 
group theory.) 

3. A natural Bayes approach, here called objective Bayes, is to take this rr as a 
prior distribution. The resulting posterior estimate of() will then under certain 
natural conditions also be best equivariant estimator, that is, the best one in 
the most suitable class of estimators. The corresponding Bayesian intervals also 
turn out to be identical to the classical confidence intervals. In a similar way, 
if we define a permissible function on 8, say r; = f(B) (in analogy to Definition 
2), then the posterior estimator of r; can be determined, and will be best in 
the same sense. In fact, the estimator found by using Bayes theorem with the 
special prior rr will have several desirable properties. Such an estimator can 
also quite generally be given explicitly in terms of data as an integral over B; 
see Helland (2000). 

In these and other theoretical aspects, the property of permissibility turns out 
to be both relevant and important. The following information may therefore come 
as a surprise: The parameters of interest in quantum mechanics will as a rule not be 
permissible with respect to the basic group G. (See Section 5 below.) 

Fortunately, the theoretical results derived from permissibility can still be ap
plied in this situation: If ()a(-) is a non-permissible (with respect to G) parametric 
function on <I>, then there is a unique, maximal group ca with respect to which 
()a ( ·) is permissible. Thus standard theory applies if we replace G by ca. The main 
complication is that ca will be a proper subgroup of G, and hence non-transitive. 
These questions will be more thoroughly discussed later. 

The next issue that must be discussed, is model reduction. When doing statistical 
inference in practice, it is nearly always important that the parameter space should 
not be too large; the exception being when one has excessive amount of data. In very 
many applications the choice of a narrow model is performed on an intuitive basis. 
There exist several systematic methods for selecting among a finite set of models, and 
a general asymptotic theory on model reduction is beginning to emerge (Hjort, 1991, 
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and references there). A complete, general theory for reducing statistical models is 
lacking, but for the present case, where one is aided by symmetry considerations, it 
is possible to make some progress. (See also Helland, 2000.) 

First we introduce a natural ordering of parametric functions: 

Definition 3: We say that ry(·) ::::; B(-) if 77 = f(B) for some function f on e 
which is permissible with respect to the group G acting on e. If e'(-) ::::; B(·) and 
e(-) ::::; e' (.)' we say that e and e' are equivalent. 

If ry(·)::::; B(-), the parameter e is equivalent to (ry, ~)for some~' and one can show 
that the prior Haar measure decomposes into the product of the Haar measures on 
these two parameters (Proposition 4 below). A natural model reduction is then made 
by fixing~ on some value, so that ry(-) will be the new, reduced parameter. 

The purpose of model reduction in statistics is to make statistical inference more 
precise, since this may be difficult if the parameter space is too large and data 
scarce. At the same time it is important that the parameter reduction is done in 
such a way that inference in the reduced model implies as little misguidance as 
possible. Intuitively this can be taken to mean that the possible values of B( ry, ~) 
are well spread out over the parameter space e. A natural way to do this, will be 
described in Section 6 below in connection with the definition of the spectrum of a 
parameter. 

An important point now is the following: When a reduced model is used in 
some experiment and is found to give a reasonable description of the data, then all 
statistical inference should be done within this reduced model. Thus, in particular, 
the reduced parameter space must be considered as the space of available values 
for the corresponding (physical) quantity. The rest of the original parameter space 
should be considered as 'hidden parameters'. 

When making observations on one or on a few atomic particles, the resulting 
dataset is typically very small. And, more important, it lies in the very nature of 
the situation that it is impossible to get more information in terms of a larger data 
set. For instance, from a Stern Gerlach experiment on a single electron, the data 
will consist of just one out of two possible values. And no other experiment can 
give more information on the spin component in this particular direction. In such 
a case it seems nearly obvious that it is too ambitious to use a statistical model 
where the parameter varies over a continuum of values. A drastical model reduction 
seems to be called for. In general, the model reductions that are needed in quantum 
mechanics, seem to go as far as possible in a certain sense. To make this notion 
precise, it seems to be necessary to introduce the concept of group representations, 
which we will do in the next Section. 

It should be emphasized that this discussion of model reduction still must be 
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considered somewhat preliminary from a statistical point of view. Our hope is that 
the present work (and its companion papers Helland (1999b) and Helland (2000)) will 
inspire more work on model reduction theory for models with symmetry properties. 

In agreement with Definition 3 we will assume that all model reductions are per
missible when looked upon as functions on the parameter space 8 with the group G. 
When everything else is equal, it seems to be much better to choose a permissible 
model reduction than a non-permissible one. One reason is that in the latter case we 
have to reduce the group so that it becomes non-transitive on the parameter space 
8, meaning that the reduced group then has several orbits. On each orbit one has 
relatively well understood optimal methods for estimating parameters, but there are 
no symmetry-based methods to estimate orbit indices. Another reason for choos
ing permissible parametric functions in model reduction, somewhat less understood, 
might be that in the corresponding noncompact case, this seems necessary in order 
to avoid inconsistencies ( cf. Helland, 2000). 

Thus we assume 

Assumption 5: All model reductions are through parametric functions on 8 

that are permissible with respect to the group G. 

A useful observation in this connection is: When ry(·) is a permissible function 
on 8, and ((-) is a permissible function of ry(·) with respect to the group induced by 
the function ry(·), then the compound function ((ry(-)) is permissible. 

4 Group representation and model reduction. 

In this section we continue the discussion of reduction of statistical models, but we 
now turn to the case with several potential maximal experiments, and we extend 
our possibilities for reducing models somewhat, though without leaving the essence 
of the ideas already introduced. Then it turns out to be convenient to introduce 
the mathematical tool of group representations, a tool that also will be essential in 
providing the link to ordinary quantum mechanics. 

We refer to Appendix 1 for a short summary of the theory of group representa
tions. This theory is well known and very useful in several applications of quantum 
theory. Here we will make use of it in our efforts towards a statistical foundation of 
the theory. 

We go back to the case with a set { Ea; a E A} of potential experiments on some 
given system, and consider Gas a fixed group of actions on the hyperparameter space 
<I>. On the technical side we make the assumption that the group is unimodular: 
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Assumption 6: There exists a measure v on <I> which is both right and left 
Haar measure. All probabilities on parametric spaces are induces by this 
measure. 

Then it is natural to consider the Hilbert space 1 2 (<I>, v) with inner product 
(!I, h)= J ]l(¢)h(¢)v(d¢). Furthermore, we can define in a standard way the 
regular (unitary, left) representation UR(G) of the group G on 1 2 (<1>, v) by: 

(4) 

Below we will define our basic Hilbert space 1i as a certain closed subspace of 
1 2 (<1>, v). It is a well known result that all separable Hilbert spaces are isomorphic, 
so it is enough for our theory to construct a structure of the quantummechanical 
type on this specific Hilbert space. 

To begin with we will make the temporary assumption that any given parameter 
ea(-) is permissible. (This assumption will be modified in the next section.) Then it 
is straightforward (Proposistion 3 in Section 8) to show that the space of functions 
of ea(-) form a linear invariant subspace of 1 2 (<1>, v): 

Va = {f E 1 2 : f(¢) = }(Ba(¢)) for some f.} (5) 

A subspace of this form will be called a parametric invariant space. This consti
tutes our first observation: There is a simple correspondence between parameters 
and certain subspaces of 1 2 • The next observation is that this correspondence is 
order preserving. In particular, then, the same space va also corresponds to every 
parameter which is equivalent to ea (-). 

Consider thus again some given system of particles, say. Then the arguments 
from the previous Section can be used to motivate a model reduction which is as 
extensive as possible (without resulting in a trivial model). The group representation 
theory is a way to make such an assertion precise. First we make the relatively 
simple observation that ordering of parametric functions in the sense of Definition 3 
is equivalent to ordering of the corresponding invariant subspaces by inclusion: Let 
va be given by (5)' let (;lb (-) be another permissible parametric function on <I>, and 
define 

Vb = {!: f(¢) = ](Bb(¢)) for some f.} 
Then it is straightforward ( cf. Proposition 2) to verify that 

Bb :::S ea <=:> Vb ~ va. 

Hence to do a permissible model reduction in terms of the parameter involved is 
equivalent to doing a reduction of the corresponding parametric invariant space. 
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This argument also shows that the spaces va corresponding to experiments re
lated through a common (permissible) parameter component have a common para
metric invariant subspace. It may be tempting to assume that other relationships 
between potential experiments (say, common experimental units) also can imply 
common (now not necessarily parametric) subspaces. Remember that a group rep
resentation is a homomorphism from the group defined as action on the parameter 
space to the group actions on some vector space, and that in an ordinary statistical 
model under symmetry, there is also a natural homomorphism from the sample space 
to the parameter space (see equation (3)). A composition of two homomorphisms is 
a new homomorphism, so there is therefore also a natural link between group actions 
on the sample space and the group representation. 

One way then of trying to make precise the assumption that the models/ maximal 
experiments determined by the parameters ea, a E A, are related to the same sys
tem/ experimental units, is to assume that the intersection of all the corresponding 
spaces va is nontrivial. Then this intersection must also be an invariant subspace 
with respect to UR(G); we will assume here that it is irreducible, which is mainly to 
make the discussion later easier and to focus on a main characteristic for quantum 
systems. (The reducible case will correspond to su perselection rules). 

Assumption 7: The intersection 1-l of the spaces va as defined by (5) for all 
maximal experiments r;a, a E A, on the same system, gives an irreducible 
invariant representation of the group G under the regular representation of 
this group on L2 (<I>, v). 

It is important for later use that the assumption of transitivity of the group G 
was neither needed for the definition of va nor for the formulation of Assumption 7. 

By Assumption 7, the most that one can hope to achieve in terms of a substantial 
model reduction, is to reduce all information on possible states of the system in some 
sense to the space 1-l. The question is if such a programme can be made precise. 

We will show that the answer of this will be positive under certain assumptions, 
but first we will make another observation, which is crucially related to the main 
restriction of the present paper: Each parameter space ea is assumed to be compact. 
Since, for given a, the group (;a defined by gBa(¢) = ea(g¢) acts on the compact 
space ea' we may for the purpose of the present discussion assume this latter group 
to be compact. If we still assume that the parametric function ea (-) is permissible, 
we have that 1-l is a representation space also for this group; in fact this is something 
that will follow in general, as shown in the next section. Then, since all irreducible 
representations of compact groups are finite-dimensional, it follows therefore that 1i 
has finite dimension d. In particular, the homomorphic image of G will be a group 
D(G) of matrices of a fixed finite dimension d X d acting on 1-l. The compactness 
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assumption is essential here, but some part Of the discussion will carry over also to 
more general situations. 

By Assumption 5, every model reduction should be permissible, which can be 
achieved if 1-i is taken to be a parametric invariant subspace of va. Then the space 
1{ consists of functions of the form f ( ¢) = J* ('It ( ¢)) = J* ( fja ( ea ( ¢))) for a fixed 
permissible function T/a on <I>. In particular, every basis of the d-dimensional space 
1{ will be of the form fi ( T/a ( ·)), ... , JJ ( T/a ( ·)). If this shall be a basis, it is necessary 
that T/a takes at least d values. On the other hand, if T/a took more than d values, one 
could find more than d linearly independent functions in 1-i. Hence, the parametric 
function T/a must take exactly d different values. 

5 Non-permissibility. State vectors. 

The construction so far seems to point towards a discretization of parameter val
ues, somewhat similar to the discrete spectra that we find in quantum mechanics. 
Before we proceed, however, it is necessary to investigate if the construction above 
is possible at all. The answer may seem disappointing at first, but we shall soon 
show a constructive way out: The construction is not always possible, at least if 
we assume that both the parameter itself and the parametric functions implied by 
model reductions are permissible, and that a continuous hyperparameter space <I> 
has the structure assumed earlier, in particular that the group G is transitive. 

Here is one argument: The assumptions above imply that 77a(-) is a permissible 
function on <I>, taking d possible values, so that 77a(¢1) = 77a(¢2) implies 77a(g¢1) = 
77a(g¢2) for all g. From this, it follows that <I> is partitioned into d disjoint sets 
<I>]', ... , <I>d such that if ¢1 and ¢2 belong to the same set, then g¢1 and g¢2 will also 
do so. Assume now that ¢1 and ¢2 = g¢1 belong to the same orbit of G on <I>, and 
also to the same set <I>]'. Then it follows that g2¢1 also belongs to this set, and by 
iteration therefore that gk¢1 must belong to the set for any k. Since g was arbitrary, 
this is a strong indication that at least under some extra assumption the orbit will 
belong to exactly one of the sets <I>j. In fact this last conclusion does not follow 
strictly for all cases - for instance if G is finite, but it will always be the case that 
the orbit is contained in a union of do sets <I>j, where do may be less than d. (Cf. 
the spin 1/2 example in Section 14; cf. also the proof of Lemma 2 in Section 11.) 
In the latter case, this is not consistent with our Assumption 4, namely that G is 
transitive on <I>. 

If we then want to keep Assumption 5, that is, that all parameter reductions are 
permissible, the only possibility is that: 
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The parametric functions ea ( ·) under consideration are allowed to be non-permissible 
functions on <I>. 

Note that, in spite of the name, non-permissible parameters are far from uncom
mon; see Helland (2000). In Sections 13 and 14 below we will give two large examples 
with non-permissible parameters ea (.). 

Another argument for concentrating on non-permissible parametric functions in 
quantum mechanics can be found by looking at repeated experiments. The example 
in Section 13 below seems to suggest that it is simpler to obtain a steady state 
distribution when the parameter is non-permissible. 

Looking at the definition of permissibility (Definition 2), we see that it is easier 
for a parametric function ea (-) to be permissible if the underlying group is taken to be 
smaller. In general, we can show (Lemma 1 in Section 11) that it is always possible 
to find a unique maximal group ca such that ea(·) is permissible with respect to ca. 
For non-permissible ea(·), the group ca will play the same role as G has done for 
permissible parametric functions. 

For a parameter ea (-) which is non-permissible with respect toG, the group ca 
will be a proper subgroup of G. Since G was assumed to be exact, this proper 
subgroup can not be transitive on <I>, and then the induced group (;a, the group 
of actions on ea constructed by gBa (-) =_ ea (g·) for g E Ga, will not be transitive, 
either. Thus there are several orbits of Ga in ea, so, in addition to the action on 
the orbits we must specify an orbit index f. In Section 11 we shall show that there 
usually are very many orbits of (;a in ea: Each orbit of interest contains at most d 
points. 

Every representation of G will automatically also be a representation of the sub
group ca. The space va = {f E L 2 (<I>, v) : f(¢) = ](ea(¢))} will still be a linear 
space, but only invariant with respect to Ga. Here it is essential that Proposition 2 
in Section 8 does not require transitivity. Thus the space 1i can be kept, now as a 
representation of each ca (a E A), in general, (G,Ga) will be replaced by (Ga,ca). 
It is natural to assume that the original group G is the least group containing all ca 
for different a; it follows then that 1i still is a representation of the original group 
G, so not much is changed here. 

Any function f E L 2 (<I>, v) with the property that there exist no nontrivial g E G 
such that f (g¢) = f ( ¢), will be called non periodic. 

Definition 4: Take the space 1i as the state vector space of the system. Fix 
a nonperiodic vector vo E 1i and a hyperparameter value ¢o E <I> once and for 
all. Assume that the parametric function ea ( ·) is maximal and also regular in the 
sense defined in Definition 7 in Section 10 below. Then the state vector v$'1 E 1i 
corresponding to the state ea (-) = Bf is constructed as follows: 
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Fix <I>0 and G0 as in Definition 7 and find first ¢1 E <1>0 such that oa ( ¢!) = ()~ 

and then g1 E G0 such that ¢1 = g1 ¢o. Then ()a ( ¢1) = ()a (g1 ¢o) = 'fl1 ()a ( ¢o). 
Furthermore, Vo ( ¢) = vg ( oa ( ¢)) for some function vg! since Vo E 1{ ~ va. Define 

(6) 

The definition is much simpler in the permisible case, when we can take <1>0 = <I> 
and G0 = G; see also Proposition 3 (c) below. The general condition of regularity 
seems to cover most cases of interest. When ¢ E <1>0, it is immediate that the 
righthand side of (6) can be written 

In Lemma 3 in Section 10 it is shown that the state function v(J1 (¢) can in fact can 
in fact be written in this way for all ¢ E <I>, which in particular implies that v{J1 E 1i 
always. 

The state vector v(J1 will depend upon vo and ¢o, but otherwise it is uniquely 
determined. This can be seen from the form (6), since g1 is uniquely determined 
from ()~ = g1 ()a ( ¢0 ). In the non-permissible case g1 need not belong to (;a. 

Note that Assumption 5 is still assumed to be in force. Even if the parameter oa ( ·) 
in itself is nonpermissible, it will be assumed that any parametric model reduction 
with a basis in this parameter will be in terms of a parametric function which is a 
permissible function on ea' now with respect to (;a. 

Finally, since 1i is a representation of ca, and each function v in 1i is of the form 
v(Ba(¢)) with oa(-) being permissible with respect to ca, it follows that 1i also is 
a representation of the image group (;a. Using this, it was proved in the previous 
section that 1{ is finite-dimensional, and so this still holds in the non-permissible 
case. 

6 Model reduction. The operator and spectrum of a 
maximal parameter. 

Thus we stick to the d-dimensional invariant subspace 1{ of 1 2 (<I>, v), which in par
ticular is invariant under each of the groups ca. Since 1i ~ va for each a, every 
v E 1{ has the form v(¢) = v(Ba(¢)) with v E L2 (8a, iia). Furthermore, as discussed 
in Section 4 (replacing G by ca there), we can also write v ( ¢) = v* ( 7]a ( ¢)), where 
7]a(-) takes d different values. 
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• 
Again this induces a partition <I>~, ... , <I>d of <I> as in the previous Section. How

ever, the problem sketched there is avoided, the group ca acting on <I> is no longer 
assumed transitive. 

A consequence of this is that each parameter set 8a is divided into d sets 8']. 
Another way to express this, is to say that we have a relation 

One purpose of this section is to device a 'canonical' way of chasing the d values of 
TJa ( ·). This will be done in two steps, and the final step will lead to something which 
for practical purposes is identical to the ordinary formalism of quantum theory. 

While the values of 'T/a (-) in principle could be anything, we will choose a scale such 
that they are d different values of ea ( ·), say ()~, ... , ()d. This then gives a very concrete 
way of expressing the model reduction that has been achieved: The parameter space 
for the experiment [a has been reduced to the set of points { ()~, ... , Bd}. 

A further consequence of the permissibility of the model reduction is that there 
is a homomorphism from the group {;a of transformations on 8a to a finite group 
Ga* of permutations of { ()~, ... , Bd}. Furthermore, for each of the disjoint sets in the 
parameter space, we have that 8j is mapped upon BJ for j = 1 ... , d. The most 
interesting case is when we choose the points Bj in such a way that Ga* acts as a 

subgroup of {;a on these points. 

Definition 5: A quasispectrum is a set of points()~, ... , ()d which is the image 
set of a permissible function r,a on 8a, and such that the induced group actions from 
ca* on ()~ l ••• l ()d coincides with the corresponding group actions in {;a. 

We will come back to the properties of the quasispectra in a moment, but first 
we will mention some more implications of the model reduction. 

First, it follows from the construction that all the sets 8j have equal Haar mea
sure, say z/(8']) = d-1 , since they are connected by a permissible mapping to a finite 
set, whose Haar measure under the finite group QM by necessity is constant (cf. 
Proposition 4 below). 

One more implication is that the vectors Ji ( 'T/a (-)), ... , fd, ( 'T/a ( ·)) are taken over 
to fi(g*TJa(-)), .. . , fd,(g*TJa(·)) by UR(g) for any g such that g--+ g--+ g* under the 
relevant homomorphisms. Thus, there is a unitary representation U* of Ga* such 
that U*(g*)J*(-) = UR(g)f(·) when f(¢) = f*(TJa(¢)) and g--+ g*. 

Choosing the reduced parameter points { ()~, ... , Bd} to be a quasispectrum in 
the way just defined, and thereby retaining the original group structure, makes this 
point set a rather close representattive of the original parameter set, but this way of 
representing the model reduction is still fairly arbitrary. We aim at determining this 
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set in a way that is optimal in a certain sense, and as a first step we associate the 
point set with an orthonormal basis for 1i. In fact, this can be done in many ways; 
we start by sketching a trivial solution. 

Since rya takes 8j into the point Bj, we can choose a basis ( v]', ... , v;]) for 1i such 
that 

if B(¢) E 8j 
otherwise, 

(7) 

and associate the basis vector vj to the parameter value Bj. This association has the 
following property: If g* is the group element that takes Bf into Bj, we have 

U*(g*)v'f* = vj*, 

where vj* is defined by vj(¢) = vj*(rya(¢)). In other words: 

U(g)v'f = vj, or vj(-) = vf(g- 1 ·) (8) 

when wever we have the homomorphism g --7 g*. It is easily seen that the vectors 
{ vj} form an orthonormal basis for 1i. 

As is well known in quantum mechanics, any orthonormal basis for the basic 
Hilbert space is equivalent to a resolution of the identity 

In particular, this will for every function q(-) on ea give a welldefined operator on 
1i: 

d 

Aaq = L q(Bj)vJv;t. (9) 
j=1 

Note that the last class of results are valid for any orthonormal basis associated 
with the quasispectrum in such a way that vj = UR(g)vf: whenever Bj = gBf:. The 
above discussion is only meant as a motivation. 

It seems natural to use a quasispectrum in the model reduction process, and 
thus end up with a discrete, reduced parameter set for ea. The problem is that the 
quasispectrum in most cases can be chosen in several different ways. To attack this 
problem satisfactorily, we need some general theory. 

The result of Proposition 6 of Section 11 is general in a number of ways. Fix first 
a unit vector v0 E 1i and a point ¢o E <[>, and then a state vector Vg1 corresponding 
to given state ea (-) = 01 as in Definition 4 above. Then it follows from Proposition 
6 that for any integrable real function q(-) on ea there exists a selfadjoint operator 
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A aq on 1i such that the following modification of (9) holds always, that is, for any 
81 E ea: 

(ve1 , Aaqve1 ) = q(Bl) + r(BI), 

where r(-) is a function satisfying the orthogonality relations: 

L q(Bi)r(Bi) = 0 and L r(Bi) = 0 for all quasispectra. 

(10) 

Under regularity conditions the operator Aaq will be uniquely determined from 
the slightly more general orthogonality conditions of Proposition 6. In general we 
say 

Definition 6: The operator constructed in Proposition 6 with q equal to the 
identity is called the operator A a corresponding to the parameter ea (-). Similarly, 
A aq is the operator associated with the parametric function q( ea ( ·)). 

Each quasispectrum can be associated in several ways by an orthogonal basis for 
1i. Among the possible sets of vectors, the one given by the simple construction (7) 
is just a special case. The important point now is if we can find such an orthogonal 
set of vectors and corresponding set of parameter values { Bj} which can be said to 
give some 'canonical' representation of the reduced model. As said before, if we want 
the reduced model given by { Bj} to represent the original model as well as possible, 
it is important that these values are well dispersed over ea. The following result 
then seems to give a satisfying solution. From Definition 6 the operator Aa is found 
in a unique way once the parametric function ea (-) is given. The following result 
aims at finding the optimal quasispectrum from this. We formulate the result in the 
most general way, considering A aq as the operator associated with the parametric 
function q(Ba(-)). 

Proposition 1: Let Aaq be the operator corresponding to the parameter q(Ba(·)). 
(a) Assume that the function q( ·) is one-to-one, so that q( ea ( ·)) is a maximal 

parameter. Then the .set of eigenvalues for A aq will be a quasispectrum for this 
parameter. 

(b) The mean mq = d-1 'Zf=1 q(Bj) is the same for all quasispectra for q(Ba(-)). 
(c) Furthermore, the variance 

d d 

d-1 L(q(Bj) - mq)z = d-1 L q(Bj)z- m~ 
j=1 j=1 
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is maximized if and only if the quasispectrum { Bf} is such that q ( B'f) are the eigen
values of Aaq. The associated vectors vj = Vgj will then be the corresponding eigen
vectors of Aaq. 

Proof. 
(a) Without loss of generality we can carry out the proof on the scale where q(-) 

is the identity. 
By assumption, and by the preceding discussion, there is a function ry(-) on 

ea which is permissible with respect to the group {;a and takes d different values. 
These values can always be chosen as the d distinct eigenvalues of the operator A a, 

say {Bf; i = 1, ... , d}. Consider the permutation group G* on these values, and let 
g* be the element of this group which takes Bf over to Bj. 

Let g be any element of {;a such that 

ry(gB) = g*ry(B) for all B, 

which must hold for some g by the definition of permissibility. We want to prove 
that by necessity 

(ll) 

which, since this then must hold for all i and j, proves that the set of eigenvalues 
form a quasispectrum. 

As said before, the groups ca and G* must have the same representation opera
tors on 1{. In particular, if g and g* are related as above, then U (g) = U* (g*) in an 
obvious notation. 

Since U*(g*) permutes the eigenvectors, we have 

Furthermore, by the construction of Aa and since U(g)vg = v§8 , we get 

for all B, where r(-) is orthogonal in the way stated above to the identity function. 
Specializing to B = B'f, and using the uniqueness of this representation, proves the 
identity. 

(b) If {vi} is any orthonormal basis corresponding to the quasispectrum { Bf}, 
then 

trAaq = l:)vf,Aaqvi) = Lq(B'f) + l::r(Bi) = Lq(B'f). 
. . 
' ' 
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(c) Furthermore 

tr(Aaq) 2 2:: l:(vf, Aaqvi) 2 = 2: q(Bf) 2 + 2: r(Bf) 2 , 

' 
where Schwarz' inequality and the orthogonality property mentioned above is used. 
(a) follows from the first relation here. 

Letting V(q) and V(r) denote the variances over the d values in the quasispectrum 
and using obvious abbreviations for the sums, this gives 

::; d- 1tr(Aaq) 2 - (d-1 2:q) 2 = d- 1tr(Aaq) 2 - d- 2 (trAaq) 2 . 

The righthand side is fixed once Aaq is fixed. If V(q) is to be maximized, the 
first condition is that there should be equality in Schwarz' inequality, which holds if 
and only if all the vf are eigenvectors. Then also all r(Bf) = 0 (Proposition 6); thus 
the last condition for giving a maximal V(q) is satisfied. 

This motivates the following definition: 

Definition 7: The spectrum of the parameter ea(-) is the set of eigenvalues 
Bf, ... , B'd for the operator A a of Definition 6. The spectrum for q( ea ( ·)) is the set 
of eigenvalues for the operator A aq. 

Note that Aaq will not usually be q(Aa), even when this last operator is simply 
defined. Also, note that q(Ba(-)) need not be a maximal parameter, even if ea(-) 
is supposed to be so (Assumption 2). Thus this gives us a possibility to include 
non-maximal experiments in the theory. 

The state vectors v0J) here will all be of the form v01 ( ea (-)), as announced 
earlier. The argument above shows that the spectrum of ea ( ·) is a special quasis
pectrum, uniquely defined as the one with the largest variance over ea. Even in 
the case where e and q( B) are in one-to-one correspondence, the two spectra will not 
ordinarily correspond exactly. Aaq is usually not the same as q(Aa), even when this 
last expression can de defined in a simple way. 

We recall what has been said earlier: When an applied statistician uses a sim
plified model, the parameter of this model constitutes the assumed reality in the 
sense that every inference is within this model. It is often useful to imagine some 
more complicated 'real' model behind the reduced one, but when data by necessity 
or according to some underlying physical principle is limited, it may be impossible to 
get information about the parameters of the more complicated model. The quantum 
world from the present perspective seems to be close to this latter situation. In this 
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setting it seems to be more appropriate to talk about hidden parameters rather than 
hidden variables. The tentative statistical analogy motivates the following: 

Assumption 8: Let the state of a system relative the reduced model be 
given by ea (-) = Bf, where Bf belongs to the spectrum of ea ( ·). In terms 
of the non-reduced model this is equivalent to ea ( ·) E 8f. Then it is 
impossible to get any more information than what is given by the reduced 
model. In this sense there exists no physical experiment that can give any 
information about the parameter ea(-) beyond the spectrum {Bf, ... , Bd}. 

7 Transition probabilities. Schrodinger equation. 

Throughout this Section, we suppose some given system with a set of parametrical 
statistical models including model reductions, everything assumed to be such that 
Assumptions 1-8 hold. The basic parameters ea (-) are assumed to be non permissible, 
but all model reductions will be permissible with respect to the reduced group Ga 
as described above. 

In addition we assume for simplicity that all experiments are ideal in the sense 
that we can disregard experimental noise. 

We will need an additional technical assumption. First, it is clear that the group 
Ga* of permutations of the spectrum of a parameter ea(·), induced from ca, will 
have a unitary representation on the state space 1i (Assumption 5; cp. Section 4; 
see the end of Section 5 for a similar argument for C;a.) We need an assumption of 
irreducibility of the corresponding representation when two parameters are involved. 

Assumption 9: If Ga* and Gb* are the groups of permutation of spectra 
corresponding to two different parameters ea (.) and eb (.) l respectively, then the 

space 1i is irreducible under the smallest group generated by GM and Gb*. 

Finally, we will also need to assume something on time symmetry. Such an 
assumption was proved from other conditions by Accardi (1995). In fact, we can 
also to a large extent do a similar thing here by looking at the dynamics of physical 
experiments and the use of Bayes theorem. In essence, we know from the discussion 
of the previous section that, if nothing is known about the parameters ea and eb l then 
we may assume that a sort of stationary condition has been reached. Specifically 

(12) 
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for all B]', B~. 
A consequence of this and Bayes theorem is that the prior probabilities satisfy 

(13) 

which gives an explicit expression of symmetry between the two parameters. 
In order that this shall be a genuine time symmetry, we have to make an addi

tional assumption about the ideal experiments [a and [b, namely that the lefthand 
side of (13) also equals the probability that the ideal experiment [a results in the 
value B'f, when it is started in a state where all we know is the value B~ of Bb, and 
correspondingly for the righthand side. This is not unreasonable from our earlier 
description of ideal experiments. 

Assumption 10: Let ea and Bb be parameters for maximal experiments Ea and 
[b, respectively. Let P as above denote prior probability, and let Pb 

denote probability of posterior value when the ideal experiment [b is performed. 
Then 

(14) 

An argument for assumption 10 may run as follows: First, let y be the observable 
of the experiment, say with model parameter Bb, and put Pj(Bb) = peb[y = Yj]. what 
we here mean by an ideal experiment, is an experiment where each parameter value Bf 
corresponds to one and only one observed value Yj, so that Pj ( Bf) = Oij. Then, when 
this value Yj is observed, the same Bf is the obvious solution for a posterior value. 
So, whatever prior information B that is given, we have Pb[Bb = BfiB] = P[Bb = BfiB] 
for all i. 

An immediate consequence of the above is that 

(15) 

which is the genuine time symmetry equation that we want. 
In the Theorem below we will also refer to posterior probabilities related to data 

of (ideal) experiments. 

Theorem 1: As before, let 1{ be the intersection of a set of parametric invariant 
spaces va' where va corresponds to a parameter ea (.). Let Vel be a state vector 
corresponding to the state ea(·) = 81 (definition 4), let Aa be the operator of the 
parameter ea(-) , and let Abq correspond to q(Bb(·)) (Definition 6). 
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(a) When BJ: is in the spectrum of Aa and e~ is in the spectrum of Ab, then the 
probabilities in ( 15) are given by 

I ( Ve\ ) v~2 w 0 

(b) For any integrable function q on eb I we have 

(16) 

Remark. 
The construction of the operator Ab, being based upon the result of Appendix 2, 

depends upon a fixed vector vo in 1i. If vo is replaced by some Voo = UR(go)vo for 
a group element go E G, then v;J1 is changed to UR(go)v$'1 , and for any b and q the 
operator Abq is changed to UR(g0 )tAbqUR(g0 ). Thus the formula (16) will give the 
same prediction. 

It is easily seen that the conclusions of this theorem (together with the results of 
Section 6) imply the ordinary formal assumptions of quantum mechanics for bounded 
operators, as given for instance in Isham (1995), p. 71. There is just one reservation: 
We only gave result (16) for vectors in 1i that were state vectors for some parametric 
function. However, this seems to include all vectors that are of practical interest in 
any application. 

Further discussion of the physical implications of this result will be given in the 
last sections. The proof of the Theorem will be completed in Section 12. 

The only theme which is left to discuss here to get a fairly complete coverage of 
basic quantum mechanics, is the Scrodinger equation. This theme may also require 
more extensive discussions. Here we only take a point of departure closely related to 
the discussion in Helland (1999a). Under weak assumptions the time transformations 
of the hyperparameter ¢will constitute an additive vector group isomorphic to G = 
R 1 . If we in addition assume that any unitary Hilbert space representation of this 
group is continuous, it follows from Stone's theorem (Barut and Raczka, 1977) that 
any such representation must be of the form 

Specializing to the Hilbert space 1i of this paper, taking I< = -Hj'h, and ex
panding the exponential, we find: 

27 



Theorem 2: Under the above assumptions the state vector v for a closed system 
changes in time according to the Scrodinger equation 

dv 
in dt = Hv 

when no measurements are performed on the system. 

8 Auxiliary results: Parametric group representations. 

In the following sections we will prove various results that will be needed for the the
ory above, and also some results of independent interest for general systems satisfying 
the assumptions of sections 1-6. The hyperparameter space <I> and the transitive and 
exact group G on it are fixed. For the first result here we do not need Assumption 
4 (transitivity and exactness). For some of the later results we will need transitivity 
of G on <I>. For the case of non-permissible parameter, where G is to be replaced by 
the subgroup ca, we then limit the result to one orbit of cain <I>. 

Proposition 2: For a given permissible parametric function B( ·), the set V = 
{f E L 2 (<I>, v) : f(¢) = ](B(¢)) for some]} is a closed sub-space which is invariant 
under the regular representation U R (G). The space V depends only on the equivalence 
class of parametric functions B(·). The invariant subspaces of this form will be called 
parametric invariant subspaces of L 2 (<I>, v). 

Ordering of parametric invariant subspaces under inclusion corresponds to order
ing of parametric functions under ::::; . 

Proof. 
Let B(-) be permissible and let V = {f E L2 (<I>, v) : f(¢) = ](B(¢))} for some f. 

It is clear that this set of functions is closed under linear combinations. It is also 
closed under infinite sums that converge in L 2-norm, implying that it is a closed 
space. If f E V, then 

so UR(g)f E V. Hence the space is invariant. 
It follows directly from the definitions that ea (-) ::::; Bb (-) iff the corresponding 

subs paces satisfy ya ~ Vb. In particular, equivalence of parameters implies equality 
of subspaces. 

The next result shows that there is a one-to-one correspondence between hyper
parametervalues and certain functions in L 2 • Alternatively, such a correspondence 
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can be established between parametervalues and a smaller class of functions. This 
result will need transitivity of G. 

Proposition 3: Let Assumption 4 hold for the group G, and let UR(G) be its 
unitary regular representation on L 2 = L 2 (<I>, v). 

(a) Fix a unit vector fo E L 2 and a hyperparameter ¢0 E <I>. Then there is a 
homomorphism from the parameters ¢1 E <I> (with group elements g) to the set F 
of functions !¢1 (with group elements UR(g)) which is given by j.p1 (¢) = fo(g11¢), 
where g1 is defined by cP1 = g1 ¢o. 

The set F is invariant under U R (G), and F is contained in and spanning the 
least invariant subspace of L 2 containing fo. The functions j.p1 are unit vectors in 
L 2. This homomorhism is an isomorphism if we assume that fo is a nonperiodic 
function. 

(b) Let V1 be an irreducible invariant subspace of 1{ of dimension larger than 
1 such that V1 n F is non-trivial. Assume that no nontrivial subgroup of G has a 
representation of dimension 1 in V1 . Then the vectors in V1 n F lie in different 
one-dimensional subspaces, and these span v1. 

(c) Let fo of (a) be of the form fo(¢) = ]o(B(¢)) for some permissible parameter 
B(·). Then the functions f.p 1 in F will be of the form f.p 1 (·) = ]t(B(-)). We can take 
J1 = ]e1 = U(gt)]o, where g1 is defined as the group action on 8 corresponding to 
g1 on <I>: g1 B( ·) = B(gl'), and where U (g) = U R (g) when g on <I> induces g on 8. In 
particular, this implies that j.p1 (-) only depends upon 81 = B(¢1 ), so by a change of 

notation we can write fe 1 (-) = ]e1 ( B (-)). The set of functions P = {]e1 } on 8 has 
properties analoguous to those given in (a) for the functions F on <I>. 

Proof. 
(a) We have that 

UR(g)f¢1 (¢) = fo(g11g-1¢) = 
fo((gg1)- 1¢) = fg¢1 (¢). 

(17) 

Assume that this homomorphism is not an isomorphism, so that UR(gt)fo = UR(g2)fo 
for some g1-=/= g2. Then UR(g)fo = fo for g = g1g:; 1, hence fo(g- 1¢) = fo(¢) for all 
¢. This is only possible if fo is periodic. The rest is easy to prove. 

(b) The functions constructed above are of the form j.p1 (¢) = fo(g11¢) if ¢1 = 
g1 ¢0 . Assume that two of these, say f.p 1 and f.p 2 lie in the same one-dimensional 
subspace. Then, by the linear independence of the basis vectors we get UR(g2)fo = 

cUR(gt)fo for some scalar c-=/= 1, thus UR(g1 1g2)fo = cfo. By taking norms, we find 
lei = 1. Assume that cis a complex number different from 1. This implies that the 
cyclic group generated by g = g1 1g2 has a onedimensional irreducible representation 
on the vector-space spanned by fo, which leads to a contradiction. 
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We note that as g1 varies, UR(g1 )fo = f 91 ¢0 span V1 , since if it spanned a smaller 
space Vo, this would be invariant under the representation. 

(c) Straightforward verification. Note that this is consistent with the result in 
(b), taking V1 equal to V as constructed in Proposition 2. 

Let now B( ·) describe the (permissible) parameter of some particular experiment. 
Then, by Proposition 2, B( ·) determines in a unique way a parametric invariant 
subspace V of L 2 . By Proposition 3(c), the different values of B1 = B(rh) can 
be associated with different functions of B that are unit vectors of V when V is 
considered as a Hilbert space on its own right. Note that the different Hilbert spaces 
of this kind are consistent with the original space L2 , since Haar measure v on <I> 
induces a new Haar measure i) on the image of the permissible parameter B( ·) in 
such a way that 

j }(B)v(dB) = j ](B(¢))v(d¢). 

This will be proved in the next section. 

9 Auxiliary results: Projections and Haar measures. 

We will start by discussing an ideal experiment in the parameter language, which is 
easiest conceptually, and then afterwards translate it to the vector space language. 

Let the (mixed) hyperstate before the experiment is performed be given by a 
measure 7r on <I>. Let B(-) be the target parameter of the experiment, assumed here 
to be permissible with respect to the basic group G, not necessarily transitive. 

Suppose that the ideal experiment results in some value B0 for the target pa
rameter. Let <I>o be a collection of ¢-values such that B(¢) = B0 . Then after the 
experiment, the basic group is changed to Go= {g: B(g¢) = B(¢), V¢ E <1> 0 }, which 
is easily seen to be a subgroup of G (cf. Helland, 2000, Proposition 4). 

More generally, if <I>e = {¢: B(¢) =B)} and Ge = {h: B(h¢) = B(¢), V¢ E <I>e}, 
with B = gB0 , then <I>e = g<I> 0 and Ge = gG0g- 1 (which is the same for all g that are 
mapped into the same g E G). The sets <I>e, and also the cosets gG0 will be disjoint 
for different g, but the groups Ge will overlap. The intersection of all Ge will be a 
normal subgroup K of G. 

An important observation from the above results is: 

Proposition 4: (a) Let the right and left Haar measure on <I> be equal. Then 
the Haar measure v' for <I>e with respect to Ge is independent of the group elements 
g acting on 8, and therefore of the value of B. 
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(b) As a consequence, with B as above, such that ¢ = (B, ¢') with ¢' E <l>g, we 
have, v ( d¢) = iJ (dB) v' ( d¢') after suitable normalization of the H aar measure on G, 
G and Ge, respectively. 

Thus in this sense the setting for new measurements is independent of the value 
of previous measurements. This result is dependent upon the assumption that the 
parameter B(·) is permissible. 

If the parameter B(') shall determine a state, we will by Assumption 2 make it 
as large as possible with respect to the ordering :::S. 

Now we will try to translate this to the vector space language. The point is that 
we want to make a link to the formal aparatus of quantum theory. 

The first Hilbert space we look at, is L 2 = L 2 (<I>, v), and we consider the functions 
projected upon the space V = {f: j(¢) = ](B(¢))}. 

In particular, this means that the parameter space is changed from <I> to 8. vVe 
assume at this step that the underlying function BC) is permissible. However, the 
same discussion can be carried out for the non-permissible case if we change the 
basic group from G to what elsewhere is called ca. 

The conditional expectation (in parameter space) is given by the projection from 
L 2 to the invariant space V of functions ]( B( ·)) This projection operator has the 
following mathematical description: It is the operator pB(-) on L 2 defined by 

pB(·) f(¢) = j(B(¢)), 

where ](B) is the Radon-Nikodym derivative of f(¢)v(d¢) with respect to v(dB), the 
Haar measure on the image space 8 of B(} Explicitly, ](B)= f<I>e f(¢')v'(d¢'), since 

v(d¢) = iJ(dB)v'(d¢') (assuming v'(<I>e) = 1). Thus pB(-) smooths f over each single 
set <I>e (; B E 8), and is the correct operator if we want to change the parameter 
from ¢ to B. In more statistical language pB(-) f C) is the conditional expectation 
off(·), given B(·), looked upon as random variables (under Haar measure in the 
hyperparameter space.) 

Proposition 5: Assume Haar measure on <I> such that v'(<I>e) = 1. Then pB(·) 

as described above is a projection operator, and projects upon the space V of L2 

corresponding to the permissible parameter B('). 

Proof. 
Let f(¢)v(d¢) = ](B(¢))v(dB). Then for any integrable function c(·) on 8 we 

have 

j c(B(¢))f(¢)v(d¢) = j c(B)j(B)v(dB). 
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Use this identity on c(B) = g(B)*- ](B)* to find after some manipulation 

j If(¢)- g(B(<P)Wv(d¢)- j If(¢)- ](B(¢))1 2 v(d¢) = j lg(B)- ](B)I 2v(dB). 

This shows that 

j If(¢)- ](B(¢))1 2v(d¢) s; j If(¢)- g(B(¢))1 2v(d¢) 

for any g, so Pef(-) = ](B(·)) is the projection off upon V. 

Recall that we consider a situation where the hyperparameter ¢ is unobservable, 
while certain parameters B(-) are observable. Also recall that f¢ 1 (-) = f¢ 0 (g-1·) for 
a fixed f¢ 0 and <P1 = g¢o. For Bo = B( <Po) it is therefore natural to define 

lea (B(¢)) = pe(·) f¢ 0 (¢) 

with pe(-) as in Proposition 5. Note that ]e0 is a unit vector in L 2 (8, V) when f¢ 0 

is a unit vector in L 2(<I>, v). Let UR(-) be the regular representation of G acting on 
e, such that UR(g)](B) = j(g-18). Taking lel = UR(g)ieo for ()1 = gBo in a similar 
way as in (17), we get in a unique way ]e1 = pe(·) f¢ 1 for B1 = B(¢1). Thus in the 
permissible case, in this sense a description in L 2(<I>, v) is equivalent to a description 
in L2 (8, v). 

Note that the mapping g --+ g is a homomorphism, so g --+ UR(g) also gives a 
representation (on V) of the basic group G. In the same way as in Section 4 we can 
show that UR(g) = UR(g) when g--+ g. 

10 Auxiliary results: Non-permissible parameters. 

We will first give a result on the existence of a unique subgroup of G, which can be 
constructed from any non-permissible parameter. 

Lemma 1: Let ca be the set of g E G such that for all <P1, ¢2 E <I> we have that 
ea ( ¢1) = ea ( ¢2) if and only if ea (g¢1) = ea (g¢2). Then ca is a subgroup of G, and 
the maximal one such that ea (.) is permissible with respect to ca. 
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Proof. 
Ga contains the identity. Using the definition with c/JI, c/J2 replaced by g2¢1 , g2¢2 , 

it follows that g1g2 E Ga when g1 E Ga and g2 E Ga. Using the definition with 
¢1,¢2 replaced by g-1¢1,g-1¢2, it is clear that it includes inverses. It follows from 
the construction that ea (-) is permissible with respect to ca, and that ca is maximal 
in this respect. 

This Lemma gives us a way to handle non-permissible parametric functions in 
concrete cases: Find the maximal subgroup Ga of G so that the parameter is per
missible with respect to ca. The procedure is to do all calculations as if this was the 
relevant group. Note first that v also is a Haar measure with respect to Ga, albeit 
not the only one. Since ca is a proper subgroup of G, it can not be transitive. So 
the invariant measure v7 along orbits T of Ga must be supplemented by a measure 
p on the orbit index in such a way that any measure of the form p(dr)v7 (d¢') will 
be invariant. As in Proposition 4, the measure v will be a special case of this. 

The definition of a state (Definition 1) can be formulated in a similar way for the 
non-permissible case. Thus we again define a state to be any maximal parameter 
ea (-) together with a fixed value for this parameter (pure state) or a probability 
measure (mixed state). 

The space va = {f : f ( ¢) = ]( ea ( ¢))} is defined as before, and we still take 
1i to be the intersection of all va for the same system, where both permissible and 
non-permissible parameters are included. 

In particular, the quasispectrum and spectrum of Ba(-) are then defined almost as 
in Section 6. It is crucial for this argument that Proposition 6 has been generalized 
to non-transitive groups. If 1i is d-dimensional, each quasispectrum consists of d 
points { ()1 , ... , Bd}, and is associated with an orthonormal basis { v1 , ... , vd} for 1{. 

By an extension of the argument in the beginning of Section 5, we can prove the 
following: 

Lemma 2: Any quasispectrum is either the image under ea (-) of an orbit of ca 
in <I> or of some unions of such orbits. 

An important consequence of this is that any orbit Gf (;a in ea that can be 
coupled to a quasispectrum will always consist of at most d points. 

Proof. 
By definition, the elements of the group (;a when action on the parameter values 

in the quasispectrum are identical to elements of the discrete group Ga*. But this 
latter group must consist of either one orbit or the union of a set of orbits. 
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Another way to handle a single non-permissible parameter ea ( ·) is to tern porarily 
restrict the hyperparameter space <P. 

Definition 7: Let G be a transitive exact group acting on a hyperparameter space 
<P. A parametric function ea ( ·) on <P with image set ea is said to be regular if the 
following holds: For arbitrary fixed ¢o E <[> there exists at least one subset <1'>0 of <[> 

and a transitive subgroup G0 of G acting on <1'>0 such that ¢ 0 E <1'>0 and ea ( <1'>0) = ea, 
and such that ea (-) is permissible on <Pg 0 

A permissible parametric function will be regular trivially, by taking <1'>0 = <P. 
But the defineition is much wider. For instance, the spin component of the electron 
discussed in Section 14 below will be regular. If we take the orientation of the spin 
vector as the hyperparameter space W, then we can take as \[!0 a semicircle with end 
points a and -a such that 'lj;0 E wg. 
_ In general, since ea (-) is permissible on <1'>0, the grouy G0 will generate a group 

G0 in the ordinary way. It is easily seen that the groups Ga and Ga* discussed earlier 
will be subgroups of ag. 

Lemma 3: If Vo E 1{) ¢o E <[> and gl E Gg such that ea (gl ¢o) = Jll ea ( ¢o) for 
some J/1 E 00, and Vo ( ¢) = v0 (()a ( ¢)) for some function v0, then the function on <[> 

defined by 

can also be written as 
(18) 

Proof. 
It is clear that (18) holds for¢ E <1'>0. Let f(¢) be defined as vo(g} 1¢) for all 

¢ E <P. Then, since f(¢) = UR(gl)vo(¢), vo E 1{ and 1{ is an invariant space 
under UR( G), it follows that f E H. Furthermore, since 1{ ~ va, this implies 
f ( ¢) = ]( ea ( ¢)) for some function j. For ¢ E <1'>0 we then have 

vg (g -1 ()a ( ¢)) = 1 (()a ( ¢)) 0 

But since ea ( <1'>0) = ea, these two functions of ea must be identical, hence the identity 
holds for all ¢ E <[>. 
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11 Auxiliary results: Operators for parametric func
tions. 

The next step is to try to find an operator corresponding to a parameter of interest 
ea ( ·). In Section 6 we showed first that any quasispectrum { Bf} for ea ( ·) can (usually 
in several ways) be associated by an orthogonal basis {vi} of 1{, and using this basis, 
a natural way to construct an operator corresponding to q( ea (-)) will be 

Aaq = L q(Bf)vfvft, 
~ 

satisfying 
(19) 

when 81 E { Bf} and Vg1 is the corresponding vf. 
The limitation of this result is that it is closely tied both to the choice of the 

particular quasispectrum { Bf} and to the choice of basis vf, and that (19) only holds 
when 81 is in this quasispectrum. 

We will prove a more general result which in a certain sense determines the 
operator Aaq uniquely. In Section 6 this result is also used to select a particular qua
sispectrum which is optimal in a well-defined way: The spectrum of the parametric 
function ea. 

Proposition 6: (a) Let Vo E H, fix ¢o E <I> and let Vg1 be as in Definition 4, 
assuming ea ( ·) regular as in Definition 7. Let k (-) = q( ea (-)) be a v-integrable vector 
in 1{. Then there is a unique operator A aq on 1{ such that 

(20) 

for all 81 = ()a ( ¢1) E ea. Here r (()a ( ·)) is a vector orthogonal to the space spanned by 
the functions bij given by bij(¢1) = VdDij(g) when ¢1 = g¢0 , with {Dij(·)} being the 
matrix elements of the irreducible representation corresponding to 1{. In particular, 
r ( ea (.)) is orthogonal to 1{. 

(b) The function r (-) has the following properties: 
(i) J q(B)r(B)iJ(dB) = 0, 
(ii) :Z:::::i q(Bj)r(Bi) = 0 for all quasispectra. 
(iii) :Z:::::i r ( Bi) = 0 for all quasispectra. 
(iv) If {ve) are the eigenvectors for Aaq, then r(Bi) 0, and q(Bi) are the 

corresponding eigenvalues. 
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(c) If q(-) is realvalued, then Aaq is selfadjoint. 

Proof. 
(a) We will use Theorem A1 in Appendix 2. Since this is only proved for compact 

groups, we use the representation in terms of the parameter space ea and the group 
(Ja. Thus take v0 (¢) = v0(ea(¢)) and 

Vgl (¢) = Vgl (ea(¢)) = vg(g-l(ea(¢)), 

with e1 = ea ( ¢1). By Theorem A1 there exist a unique operator Q on the space 1i 
of functions v on ea defined by v E 1i and v ( ¢) = V( ea ( ¢)) such that 

has the same Fourier component corresponding to this space as q(Bl)· 
As in the proof of Theorem A1, these Fourier components can be written in 

terms of the matrix elements Dij (g) = Dij (g). By the Peter-Weyl Theorem (Barut 
and Raczka, 1977), these functions, when multiplied by Vd and adjoint by the cor
responding elements for the other irreducible representations form an orthonormal 
basis for 1 2 (G). So the statement of equal Fourier transform is equivalent to the 
statement that the residual r belongs to the space spanned by the matrix elements 
corresponding to the other irreducible representation, hence is orthononal to the 
space spanned by those elements corresponding to fl, in particular to iL (with the 
natural correspondence between parameter and group element). The version of the 
Peter-Weil Theorem with a basis constructed from complex conjugate matrix ele
ments should be used here, since the Fourier elements of Appendix 2 are in terms of 
matrices without complex conjugation. 

Finally go back to 1 2 (<I>, v) and 1i via the connection B1 = ea ( ¢1 ), and define 
Aaqv(¢) = Qv(ea(¢)). 

Note that the basic function vo can be taken to be the same, even when different 
experiments, and hence parameters ea (-) and eb (-) are involved. 

(b) The relation (i) follows from the orthogonality in L 2 (ea, ii). The relation 
(ii) follows similarly from the group Ga* acting upon the quasispectrum, since the 
transformation onto this quasispectrum is assumed to be permissible. It is clear that 
the operator Aaq, hence also r(-) must be the same under this restriction. 

The relation (iii) can be proved as follows: If q(·) is constant, say 1, the relation 
(20) will be ( Vg1 , I vtJ = 1. Hence (20) holds together with 

Use (ii) on both these relations. 
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Finally, if the ve1 are eigenvalues for Aaq, then the relation (10) of Section 6 also 
holds, showing that one must have r = 0. 

(c) By b(iv) the eigenvalues are real. 

12 Proof of the transition formula. 

Let the basic group acting on <I> be G, and fix an experiment [b with parameter ()b ( ·). 

Let Gb be the maximal subgroup of Gunder which ()b is permissible (Lemma 1). As 
said before, since G is exact, the group Gb, as a proper subgroup, must necessarily 
be non-transitive. But if we concentrate on one particular orbit Tb, then of course 
Gb will be transitive and exact on this orbit. 

Recall that a state has been defined as the specification of the value (}~ of a 
maximal parametric function ea(-). But by Definition 4 and Proposition 3(c), this 
implies specifying a state vector ve1 (¢) = ve1 (Ba(¢)). In the reduced model this can 
also, as discussed in Section 6, be identified as an eigenfunction of a corresponding 
operator. 

Recall the definition of quasispectrum in Section 6. 
These assumptions are enough to recover the familiar transition formulae of quan

tum theory. 

Proposition 7: (a) In an ideal experiment [b starting from the state ea = B~ 
we have 

p b [ (}b ( 0
) = et I ea (-) = (}~ J = I (Vel ' v~2) 12 ' 

where (}~ is in the spectrum of ea (-)! (}~ is in the spectrum of ()b ( 0 )! Vel ( 0
) = Vel ( ea ( 0 )) 

is the eigenfunction corresponding to (}~ and v~2 ( ·) = v~2 ( ()b ( ·)) is the eigenfunction 

corresponding to (}~. 
(b) In (10) let q(Bl) = E(Bb(¢)1Ba(¢) = 81). Then the unique operator of the 

equation has the form P%1t Ab P01 where P$1 projects upon the state vector correspond

ing to (}~ and A b is the operator for the parameter (}b ( ·), in particular it is the same 
for every choice of parameter ea(·). Hence 

(21) 

holds for all pairs of parametric functions. 
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Proof. 
(a) From Proposition 6 we have Pb[Bb(-) = B~IBa(-) = B~] = (vg1 , A(B~)v1U for 

some operator A(B~), and similarly with (a, 1) and (b, 2) interchanged. By the dis
cussion following Assumption 10, these probabilities will be equal. 

Then, in a simpler notation we have to prove the following: Let uo, u1, ... be an 
orthonormal basis of some vector space, and let v0 , v1 , ... be another orthonormal 
basis of the same space. Assume that there are operators, each set summing to I, 
such that for all i, j we have 

(;this is the reversibility condition). Then this should imply that the only solution 
l·s P·- v·vt Q·- u·ut J- J jl 2- 2 i• 

It is clear that this is a solution; the problem is to prove that it is the only one. 
Assume that there is a second solution PI= Pj + Ej, Qi = Q; + F;. Then 

(u· E·u·)- (v F.v·)- 0 21 J t - )l t J -

for all i, j. But this implies that for all members g of the group generated by 
permutations of the two set of indices we have 

similarly for the other equation. By Assumption 10 and Theorem AI, this implies 
Eo = 0, similarly Ej = 0. 

(b) By (a), we can take Ab = L;j BJvt v~J in (21). This means that P%/ Ab P01 is a 

solution in (10); by Proposition 6 it is the only solution. By construction, Ab is the 
same as the operator for Bb (-). 

The familiar consequences of (21) can be found in most books in quantum theory. 
In quantum mechanical applications, the parameters B(-) seem to be very close 

to what Bohr and Ulfbeck (1995) call symmetry variables, while saying that these 
variables constitute the elements of physical reality. 

Proof of Theorem 1. 
Theorem l(a) is a consequence of Proposition 7(a), and Theorem l(b) follows 

from Proposition 7 (b) extended to an integrable function q(-). 
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13 A simple large-scale 'quantum mechanical' example. 

We will start by giving a large scale example, using a group which is as simple as 
possible. This example contains many features of relevance to the present discussion, 
but it is too simple to contain all. In particular, no model reduction is involved. 
Examples of more direct physical relevance, using a related symmetry approach, can 
be found in Bohr and Ulfbeck (1995). The spin 1/2 example is discussed in the 
following section. 

One of the simplest non-commutative groups is the group 83 of permutations of 3 
objects. It can be visualized as the group of possible transpositions of a solid triange 
under the constraint that the corners should touch 3 fixed points on a table, say. It 
has a two-dimensional representation discussed in many books in group theory and 
several books in quantum theory. The quantum theory book by Wolbarst (1977) is 
largely based on this group as a pedagodical example. 

We will identify the hyperparameter space <I> with the 6 elements of G = 83: 

1=ABC, 2=CAB, 3=BCA, 4=ACB, 5=CBA and 6=BAC, where we can picture the 
letters as marking the corners of the triangle, read counter-clockwise with the first 
letter at the lower lefthand corner. We still think of a solid, physical triangle, and we 
may assume that it is painted white on one side, say, corresponding to the rotation 
permutations 1, 2 and 3, and black on the other side, corresponding to the reflections 
4, 5 and 6. 

In this case the two-dimensional representation of the group is not only a homo
morphism, but an isomorphism (Wolbarst, 1977). There are 4 parametric functions 
of interest: ea(-), eb(·), ec(-), whose values are the upper case letter at the corners 
a, band c, respectively, and e0 (-), whose value is the colour of the triangle. 

Proposition 8: e0 (-) is a permissible parametric function, while ea(·), eb(-) and 
ec ( ·) each are non-permissible. 

Proof. 
Let the group element which takes the ground position 1 to the position i as listed 

in the hyperparameter list above, be called gi ( i = 1, ... , 6). Assume e0 ( ¢!) = eo ( ¢2), 

say black, for two hyperparameter values ¢1 and ¢2 = 1, 2, ... , 6. Then by simple 
inspection e0(gi¢1) = e0(gi¢2) = 'black' for i = 1, 2, 3 and 'white' for i = 4, 5, 6. 
Hence eo is permissible. 

For the other functions it is enough to produce a counterexample. Here is one for 
ea: We have ea(1) = ea(4) =A, but ea(g51) = ea(5) = C and ea(g54) = ea(3) =B. 
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The maximal reduced group corresponding to ea will consist of the identity to
gether with a single reflection: ca = {g1 , g4}. With respect to this group the 
parameter ea will be permissible. The results for (Jb and {)C are similar. 

So far the terms 'parameter' and 'hyperparameter' have only been words, but now 
we intend to construct a large scale 'quantum system' based on this solid triangle. 
To this end, place the triangle within a hollow nontransparent sphere in such a way 
that it can rotate freely around its center point, placed at the centre of the sphere. 
Let there first be 4 windows in the sphere, one at the north pole, where the colour 
facing up can be observed, and three equidistant windows along the equator, where 
single corners of the triangle can be observed. We could also let the observations in 
each window be uncertain for some reason, but for simplicity we will again stick to 
ideal measurements in each window. 

To make this correspond as well as possible to a quantummechanical system, we 
have to make some perfections on the sphere with its windows and solid triangle 
inside. We assume that we have some mechanisms to the following ends: 

Before any measurements are made, the triangle rotates completely freely around 
its center point. Once an equatorial window is opened, there is some mechanism 
which draws the nearest corner to this window. After the measurement at this 
window is done, this particular corner is fixed, and the triangle rotates around the 
implied axis until a new equatorial measurement is done. The second measurement 
implies that the hold in the first corner loosens. 

Once the top window is opened, the triangle flattens out to (the nearest) horison
tal position, and it continues to rotate in this position until a new measurement is 
done. 

We assume that the windows are ideal in the sense that they never provide more 
information than they are supposed to. We finally assume that it is impossible to 
open the sphere. 

Note that each 'observable' ea' ()b' ()C has three different values. In the state where 
ea = A has been observed, each of the observables (Jb and {)C then has a probability 
of 1/2 on each of the values B and C. If a 8°-measurement has been done, the next 
observation in an equatorial window will be essentially uneffected. Therefore the 
state of the system after two such observations, one in the top window and one in 
the horisontal window, is completely determined. 

Note also the following feature related to the general theory: If only observation 
of the permissible observator ()0 is allowed, this will be a rather trivial system, where 
every future observation is fixed after just one measurement 

Something resembling a 'true' quantum mechanical system will first be obtained 
if we close and seal the top window. Then the triangle is never at rest. Each mea
surement puts the system into a new state. In particular, the question of retrieving 
¢, the 'true' position of the triangle, from a measurement, is out of question. 
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The discussion of this example could have been carried much further. Stan
dard quantummechanical calculations can for instance be carried out by choosing 
a two-dimensional representation of the group S3. However, ordinary probability 
calculations are much easier to carry out in this case. Taking the rotation group as 
a point of departure instead of s3 is also of relevance for the theory of this paper 0 

14 Spin one half particles and the Einstein-Podolsky
Rosen paradox. 

As a real quantummechanical example to illustrate the general theory here, we give 
a nonstandard description of a spin 1/2 particle, a description which will turn out 
to be essentially equivalent to the one given by ordinary quantum theory. 

Look first at the general angular momentum case. A hyperparameter 'ljJ corre
sponding to such an angular momentum may be defined as a vector in three dimen
sional space; the direction of the vector giving the spin axis, the norm the spinning 
speed. A natural associated group G will then be the group of possible rotations 
of this vector in \fJ = 1?} together with changes of the norm of the vector. With 
respect to this group one has two permissible functions 1/J-+ 111/JII and 1/J-+ 1/J/111/JII· 
We consider the situation where parametric reduction by means of the last function 
has already been performed, so we will from now on look upon 'ljJ as a vector of fixed 
norm, for convenience taken as a unit vector, and the group can be taken as the 
group of possible rotations of such a vector. 

We may want to have a hyperparameter space on which G is transitive; then we 
extend it so that ¢ E q? can describe the orientation of any fixed three-dimensional 
object, for instance given by the three Euler angles. Then let 'ljJ be a fixed unit vector 
attached to this body. The nature of the solid body and the choice of '1/J relative to 
this body, do not matter. All these quantities - including ¢ and 'ljJ- are at the outset 
model quantities, and hence unknown. 

The most that we can hope to be able to measure is the angular momentum 
component ea(¢) =cos( a) in some direction given by a unit vector a, where a is the 
angle between 'ljJ and a. This measurement is a standard one using a Stern Gerlach 
device oriented in that direction. To be more precise, this device measures some 
quantity y whose distribution depends upon ea, implying a possibility that (some 
part of) the parameter ea can be estimated from such a measurement. Given a, and 
given the measurement in the direction a, the rest of the (hyper-)parameter ¢will 
be totally unavailable. 

The function ea (-) is easily seen to be non-permissible for fixed a. This is true 
whether the hyperparameter space is \fJ or q?, simply because two vectors wth the 
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same component along a will have different such components after a rotation. The 
maximal possible choice of the group ca with respect to which ea(-) is permissible 
is the group of rotations of the unit vector around the axis a possibly together with 
a 180° rotation around any axis perpendicular to a. (This is the group that takes 
the sets of the form ea =canst. into themselves.) 

This group has several orbits: For each k E (0, 1], one orbit is given by ea = k 
and ea = -k; for k = 1 these are degenerated into two points. In addition there is 
an orbit for k = 0. 

An obvious problem with this setup from a statistical point of view is the follow
ing: The Stern Gerlach measurement can give only one of two values, say y = -1 or 
y = + 1. How can we hope to estimate a continuous parameter ()a E [ -1, 1] from that 
little information? The solution offered here is as sketched in Section 4 and Section 
6; it is outside current statistical theory, but seems sound from an intuitive point of 
view: Restrict the values of ea for which inference shall be made to its spectrum as 
defined there. 

By Lemma 2 (Section 10) and the orbit structure for Ga, any 2-dimensional 
quasispectrum for the spin component eau must be of the form {k, -k}, where 
k E (0, 1]. By using an obvious mapping involving two semispheres, we see from 
Definition 5 that these indeed are quasispectra. From Proposition 1 in Section 6 the 
spectrum will correspond to the extreme choice k = 1 here, which of course also is 
the standard quantummechanical solution. For particles with higher spin, a similar 
discussion will need a union of orbits. 

The subgroup Ga also has another interpretation here: For any fixed ()0 it is the 
group of all g such that ea(g~0 ) = ()0 , where ~0 is any fixed hyperparameter value 
with ea(~o) = ()0 . This implies that we can use the result of Proposition 4(b) in 
Section 9. 

Accordingly, since the Haar measure for the rotation group factorizes in the way 
given in the Proposition, the probabilities for the spin values in an ideal measurement 
are found by integrating the Haar measure corresponding to translation along the 
a-axis, i.e., the Lebesgue measure. Assuming that one has a spin vector 1/J from 
earlier measurements, so that the initial value is Bo = cos('I/J, a), this then is seen 
from a simple figure to imply: 

1 
P(y = -1) = 2(1- Bo), 

1 
P(y = +1) = 2(1 + 00 ). (22) 

The standard quantum theoretical derivation of these formulae may be found in 
several text books. 

Note that it follows from (22) that E(yl~) = ~()a, a result that will be needed 
below. 
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If 1/J is unknown, we get from (22) that the unconditional distribution is simply 
given by 

1 
P(y = -1) = P(y = +1) = -. 

2 

This is true whether we use a prior for 1/; from G, from ca or from its restriction to 
the spectrum. When discussing the EPR problem below, however, it does have an 
impact which of these groups we use to define a prior. The correct solution is then 
to refer to the measurement model that was actually used, hence use the reflection 
group as restricted to the spectrum ±1, giving probability 1/2 on each of these two 
values. 

Consider next the situation of Einstein, Podolsky and Rosen (1935) as modified 
by D. Bohm, where two particles previously have been together in a spin 0 state, 
so that they - in our notation - later have opposite spin-vectors 1/J and -1/J. This 
situation has been very much discussed in the literature, where the focus often has 
been on the fact that one here gets correlated spin component measurements even 
at great distance. 

This in itself is not really surprising, however, since the two particles have a 
common history. Correlation through a common history can be found in many 
instances also in large-scale statistics. A much more serious difficulty is that Bell's 
inequalities preclude explanation of the correlations via ordinary hidden variable 
models. 

But even this difficulty is solved by letting the prior depend on the choice of 
measurement as described above. Let an observer A measure the spin of one particle 
along a direction a, and at some distance from this, let another observer B measure 
the spin of the other particle along some direction b. Let 1l be the angle between the 
directions a and b. 

Let us first describe the situation from the point of view of the observer A. The 
point is that his measurement will give some information on the previous value of 
1/;, which in principle can be recovered using a Bayesian argument. We will not 
need this argument, however; it is enough that the two measurements are correlated 
through a common 1/;. This common 1/J is not a physical (hidden) variable, though; 
it is a hidden parameter, and as such it has only meaning when coupled to the 
measurement model of one or the other observer. 

As explained above, the observer A will have a prior on 1/J given by a probability 
1/2 on ea = -1 and a probability 1/2 on ea = +1, where ea is the cosinus of 
the angle between a and 1/;. This is equivalent to a prior on 1/J with probability 
1/2 on each of a and -a. Let b.l. be a vector in the plane determined by a and 
b, perpendicular to b. Then, from the point of view of A, 1/J will have a prior 
concentrated on a = bcosu + b.lsinu and -a, so that the prior component of -1/J 
along b will be -Bacos( u), again taking two opposite values with equal probability. As 
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before, E(xa) = E(xb) = 0, where xa and xb are the two measured spin components, 
and we find 

so that the correlation between the spin component measurements is -cos( u), the 
same answer as given by ordinary quantum theory calculations. 

The above calculation was made from the point of view of A, using his prior. 
It is easily seen that the same answer is found from the point of view of B. It is 
crucial that the argument requires no action at a distance, contrary to what seems to 
be claimed even in recent papers discussing quantum entanglement (e.g., Buchanan, 
1998). 

A rather naive analogy could perhaps explain what in my view is going on here: 
Two persons A and B have grown up together and gone to school together, but later 
they loose contact. At some point they are then picked out for a certain psychological 
test together with some other people, and the results for A and B turn out to be 
correlated. This can of course be explained roughly by pointing at the common 
background, but pressed to go more into details, A gives his explanation and B gives 
a slightly different one. Some of the explanation may be that both persons, as the 
years have gone by, have simplified their mental pictures of past events, and have 
done this in different ways. They have both used their own reduced model. The 
resulting correlation will be the same, however. 

Related conclusions on the EPR-experiment were recently reached by Deutsch 
and Hayden (1999) using the Heisenberg picture to analyse quantum information. It 
may be of some interest to compare briefly these two approaches. Deutsch and Hay
den make extensive use of the cnot operation which is a logical operation connected 
to the spin measurements. In particular, each of the two spin component measure
ments are associated with a cnot operator, which can be interpreted as described 
above. A crucial point, however, is that a third cnot operator is needed after the 
two measurements. This may be linked to a comparison of the result found by A 
and the result found by B, and is thus directly connected to the correlation found. 
From a statistical point of view, the usual model for a measurement is an interaction 
between two players: nature and the observer. In the present case it may to some 
extent be fruitful to introduce a related concept to describe the interplay between 
two observers with different priors. At least this may seem to be a way to make the 
argument of Deutsch and Hayden (1999) less formal, and thus making it reasonably 
close to the argument sketched above. 
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15 Summary of the statistical theory. 

If we disregard all technicalities, there are five essential elements of the theory pre
sented here: 1) The assumption that one has a free choice between experiments in 
a given situation, the options being tied together through the hyperparameter ¢. 
2) As is common in ordinary statistics, the important question is not what value a 
statistical parameter 'has', but what can be infered about the parameter from ex
istent knowledge. 3) The existence of a symmetry group G on the hyperparameter 
space. 4) The fact that most parameters of interest in quantum mechanics are non
permissible with respect to this group. 5) The need for model reduction, whereby 
the parameter space ea for each experiment is reduced to the corresponding spec
trum. It is assumed that it is impossible by any means to get information about a 
parameter beyond its spectrum. 

Much of current conventional quantum theory is still inspired by Bohr's corre
spondence principle or an extension of this principle: One needs large scale mental 
pictures from classical physics or from geometry in order to be able to model the 
subatomic world. The theory sketched in this paper does in itself not contain any 
such mental model. The framework as such is flexible, but if one likes, it is possible 
to fill it with any chosen pictorial model, whether it should be in terms of strings 
or of fields or of pointlike particles. The lesson from Niels Bohr is perhaps that 
such concrete models can be useful, but that each of them give only an insufficient 
representation of reality. Often, several complementary pictures of this kind will be 
needed. 

Up to now in this paper we have let all knowledge accumulation about nature 
be in terms of experiments. This latter term as used here can be interpreted in a 
rather wide sense, but apart from this, we know that there are important areas of 
science where it is impossible to experiment with nature, cosmology being probably 
the most obvious example. It may not be a trivial task to extend the theory sketched 
here in such a way that it also can apply to such areas, but a first step may be to 
investigate to which extent one can use this statistical modelling concept also in 
areas not directly tied to experiments. 

A partial answer is that, also in a purely statistical setting, the index a in [a, 

where this now denotes a statistical model including a statistical parameter ea' can 
in a natural way also refer to other things than different physical experiments. 

A first example can be given by the possibility to choose different conditionings 
in statistical models. This is a large and complicated area which we will not go 
into in details here. Two references are Helland (1995, 1997), and in Barndorff
Nielsen (1995) a connnection to quantum theory was proposed. In most cases, the 
natural conditioning is upon a socalled ancillary statistics a. Then different a will 
give different models (S;:F,{Pg}). Our point here is: In certain situations there 
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is not one canonical way to condition a statistical model. Several, complementary 
conditionings can sometimes be useful, giving different models [a. 

A second example is from Analysis of Variance, where any parameter of interest 
will be a function of the k expectation parameters ¢ = (f-l1 , ... , f-lk)', say, the expected 
yield of k specific barley varieties. The signs of k -1 orthogonal contrasts C¢ (where 
C'1 = 0 and CC' = I) may then serve the role as a parameter ea ( ¢) here, and different 
sets of contrasts correspond to complemetary ways of looking at data from the same 
experiment. 

The conclusion then seems to be that the index a can indeed denote other things 
than experiments, also in a statistical setting. In a wider setting the most natural 
proposal is perhaps to let a denote different (maximal) questions that can be posed 
to nature. There remains much research in order to make more clear to which extent 
this notion can be made precise, both in a statistical and in a physical context. In 
particular: If an interpretation in such a spirit can be made useful in a completely 
different field like cosmology, remains yet to be seen. 

For large scale statistical science the discussion above seems to indicate that a 
healthy use of the concept of complementarity may help to bring statistical theory 
closer to practice in some areas. I hope to discuss this further at a later point of 
time. 

16 Compound measurements and entanglements. 

Up to now we have deliberately limited ourselves to simple systems, which per defi
nition satisfy Assumption 2: All potential experiments of interest are maximal. The 
only point where we deviated from this, was at the end of Section 14, where we 
considered the EPR paradox. 

Instead of the medical experiment considered earlier, let us now try to discuss 
a certain psychological experiment in a deliberately simplified, pictorial language. 
Assume that, connected to a given person A, we are interested in an opinion param
eter eA taking values in some space eA. One way to carry out the investigation, 
may be to observe the person directly. Another way, which we will discuss here, is 
to let two persons A and B interact, and then try to deduce something about ea 
from the change that have taken place in B during the interaction. The parameter 
eB describing the aspect of B connected to the interaction with A takes values in a 
space 8B. 

First the pair is observed for some time as an entity, which may be done by 
having them perform various tests together. The result of such an experiment may 
be modelled by an external observer using the total parameter (} = ((}A, BE), and 
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this observer is lead to using a certain reduced model. 
Going back to the case where all parameters spaces are compact, then the reduced 

model for A and B have state vectors in Hilbert spaces 1-lA and 1-lB, respectively, 
being irreducible representations of the groups GA and GB. The group acting on the 
total parameter space will beG A &;;G B, and in the same way, the reduced model on the 
joint system will be related to an irreducible representation of this group. This space 
will be a proper subspace of 1-lA ® 1-lB, thus contain linear combinations of vectors 
from this space. In particular, an eigenvalue th and corresponding state vector ve1 

for the compound system will as a rule not be simply related to eigenvaluces/vectors 
for reduced models for the separate system. 

Assume now that the parameter ()A takes two possible values + and - with 
corresponding state vectors v+ ( ·) and v_ ( ·), functions of the hyperparameter ¢ for 
A, and that the initial state of B can be described by the state vector u0 (-), a function 
of the hyperparameter 'lj; for B. 

Let us say that A is in the state o:v+ ( ·) + (3v_ ( ·). This can be obtained from an 
earlier specification ()~ (-) = ()1 for some specific parameter ()~. Then the initial joint 
state is uo ( 'lj;) ( o:v+ ( ¢) + (3v_ ( ¢)), and one model of the interaction might be that the 
joint state after a while changes to 

The interpretation of this is that only the parameters of B change during the inter
action. 

This new state in itself does not make it possible to separate A and B. However, 
there is a probability lo:l 2 that B shall be found in the state associated by v+, leading 
to the conclusion that A has the state +, and a probability lf31 2 = 1 - lo:l 2 for the 
opposite case. 

This gives a very brief attempt of an explicit description of the phenomenon of 
entanglement in our context. The rest of the description of the measurement problem 
goes in the same way as found in textbooks in quantum theory; see Isham (1995), 
compare also the discussion of the spin 1/2 example above. 

In a large scale systems, the above description is not realistic due to the process 
of decoherence, a process which we will not try to relate in detail to the present 
theory here. A main aspect seems to be, however, that a complete description of 
any macroscopic object will of necessity need an enormous number of parameters, 
and any realistic model of the object must in a sense take the majority of these 
parameters as noise. 
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17 Remarks on the physical interpretation ofthe theory. 

We give some furter brief comments on the physical interpretation of the present 
theory below. Most remarks will deserve a much more thorough discussion. 

The theory in this paper is based upon a hidden hyperparameter ¢. This implies 
that the interpretation of the theory to some extent will be related to the interpre
tation of hidden variable theories. However, the concept of a statistical parameter 
is different and more flexible than the concept of a physical variable, and this seems 
to make the interpretation much simpler. 

On this background it is of some interest that Bell (1966), in spite of the conse
quences often deduced from his inequalities, had a rather positive attitude towards 
some theories related to hidden variables. 

A parameter in a statistical model is at the outset an unknown entity, and it 
may or may not be possible to get knowledge of the parameter through experiments. 
Different choices of experiments result in different knowledge. Thus in the two-slit 
experiment, one experiment may be used to find out which slit a given particle went 
through, another experiment gives the spot on the screen where it landed. Models 
for the two experiments involve different sets of parameters; it may be impossible to 
estimate both. 

Similarly, in the Schrodinger cat situation, the interesting experiment involves 
parameters that are complementary to those directly related to the question whether 
or not the cat is alive. It is of course nonsense to say that a given state is a mixture 
of dead and alive cats. What we can say, is that the state is determined from an 
experiment where other questions than the life status of the cat were addressed, in a 
setting which at the moment in question made the question whether or not the cat 
was alive, impossible to answer. 

Since a statistical parameter is not necessarily attached to a physical variable, 
apparent action at a distance seems to be a lesser problem. 

The fact that the theory involves model reduction, can be related to to the 
Kochen-Specker Theorem and to Bell's inequalities. 

Kocken-Sprecher's Theorem says that it in general is impossible to find a value 
function for a quantum-mechanical state. Since a state in the present theory is 
determined from a reduced model, it is not unnatural that it is impossible to evaluate 
the parameters of the full model, if this is taken to be the interpretation of the 
theorem. 

Similarly, Bell's inequalities are derived in a situation where a full model of reality 
is used. In the theory of this paper it is postulated that no knowledge is possible 
beyond what can be found in the reduced model. 

The many-world theory of Everett (1957) is not directly relevant here, since its 
purpose is to be able to assume that all state changes take place according to the 
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Schrodinger equation. However, the present theory contains an element which is 
related to Everett's theory: The hyperparameter cjJ contains the information in the 
parameters of all future choices of experiments, and in a time-dependent model, for 
all further experiments that can be chosen on the basis of the results of the first 
experiment and so on. If this can not be called many worlds, at least it can imply a 
huge number of scenarios. 

Finally, the classical notation 'collapse of the wave packet' or 'reduction of the 
state' may simply be looked upon as a reflection of the fact that the state- whether 
it is pure or composite- will change when a new value of the parameter is found. 

Note first that the term 'reduction' here means something completely different 
from the way we have used this term in connection to reduction of models. Assume 
that teh initial state is ea ( ·) = B'f for some maximal parameter ea ( ·), and the want to 
measure a second parameter ()b (-). The probabilities for this last ideal experiment are 
found from Theorem 1 in Section 7, and if only this single experiment is considered, 
we may as well regard the state as a mixed one, mixing the different states ()b (-) = ()~ 
according to these probabilities. The 'reduction of the state' takes place when one 
particular value eJ is measured. 

Of special interest is that the quantum theoretical formalism in the present pa
per actually is derived from model reduction in a hidden parameter model, using 
assumptions like symmetry and nonpermissibility. This can explain why this for
malism seems to be something of a necessity in the atomic and sub-atomic world, 
and it can also be used to motivate the search for large scale applications of this 
theory or something closely related. 

18 Concluding remarks. 

It is tempting to end with a citation from W. Heisenberg (cited from Penrose, 1989): 
"What we observe is not nature itself, but nature exposed to our method of ques
tioning." 

This can in fact serve as a motto for the theory developed in this paper: Nature 
itself may perhaps be envisaged by a hyperparameter c/J, which we will never get to 
know. The most that we can find out about, is given by various complementary 
experiments/ questions and the parameters belonging to these. 

Generalization of the theory to larger parameter spaces will be an important issue 
to attack. In particular, Planck's constant 1i has not been mentioned so far. Accord
ing to Bohr and Ulfbeck (1995), the first place where this constant seems to appear 
in a symmetry-based theory, is in connection to the space-time structure described 
by the Lorentz group and the Poincare group. Among other things, Heisenberg's 
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inequalities are shown from this structure. 
A step in the same direction from a completely different point of view was given 

by Tjostheim (1976), who showed the commutation relation corresponding to Heisen
berg's time-energy inequality for classical random processes under the conditions of 
nondeterministicity and stationarity. The group involved is the time translation 
group. In the spirit of the present paper we may perhaps look upon both these 
conditions as model reductions relative to the general class of random processes. It 
will require some work to make such statements precise, however. 

To continue with another tentative remark, it may be tempting in general to ask 
whether the application of the theory here to given concrete groups in certain cases 
can give something in addition to what we find by the standard applications of group 
theory to quantum mechanics. 

Another relation to try out may be towards the consistent history approach 
by Griffiths (1984) and others, and of course also towards various applications of 
quantum theory and its relativistic generalizations. A completely different attempt 
of a synthesis between parts of statistics and various parts of physics is given by 
Frieden (1995). 
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Appendix 1: Some group representation theory for 
compact groups. 

A matrix representation of a group G is defined as a function D from the group 
to the set of (here complex) matrices satisfying D(gh) = D(g)D(h) for all g, hE G. 
In other words, a representation is a homomorphism from G to the multiplicative 
group of square matrices of a fixed dimension. Any representation D and any fixed 
nonsingular matrix J{ of the same size can be used to construct another represen
tation S(g) = KD(g)K- 1 . If the group is compact (and also in some other cases), 
we can always find such S of minimal block diagonal form, and at the same time we 
can takeS to be unitary (S(g)tS(g) =I). If (and only if) the group is Abelian, each 
minimal block will be one-dimensional. 

An important aspect of this reduction appears if we look upon the matrices as 
operators on a vector space: Then each collection of blocks gives an invariant vector 
space under the multiplicative group of matrices, and each single minimal block gives 
an irreducible invariant vector space. For compact groups, the irreducible invariant 
vector spaces will be finite-dimensional. The minimal matrices in the blocks are 
called irreducible representations of the group. 

More generally, a class of operators {U(g);g E G} (where G is a group) on a, 
possibly infinitedimensional, vector space is a representation if U(gh) = U(g)U(h) 
for all g, h. A representation of a compact group has always a complete reduction 
in minimal matrix representations as described above. In particular, this holds 
for the unitary regular representation defined on a Hilbert space 1i = L2 (<I>, v) by 
UR(g)f(¢) = f(g- 1¢). Here vis the right Haar measure for G on <I> (defined by 
v(Bg) = v(B) for all B,g). 

Two useful results are Schur's lemmas: 
(1) If D and D' are irreducible representations of different dimensions, and A is 

such that D(g)A = AD'(g) for all g, then necessarily, A= 0. 
(2) If D and D' are irreducible representations of the same dimension, and A is 

such that D(g)A = AD'(g) for all g, then either D and D' are isomorphic or A= 0. 
If D(g)A = AD(g) for all g, then necessarily A= >..I for some scalar >... 

The character of a group representation is defined as x(g) = tr(D(g)). The 
characters of the minimal blocks D,.(g) are the irreducible characters x,.(g). These 

52 



satisfy the orthogonality relations 

j Xr(g)*xs(g)v(dg) = Ors, 

where v is the Haar measure of the group (which can be uniquely defined as a 
probability measure for compact groups). 

Let now V ~ L 2 (<I>, v) be an invariant vector space of the regular representation 
UR(g) of a compact group. The orthogonal projection upon the irreducible part Vr 
of V corresponding to Ur (g) (dimension dr) can then be computed as 

A Fourier transform corresponding to the representation UR(g) can be defined 
by taking 

}(Ur) = j f(g)Ur(g)v(dg), 

for each irreducible subrepresentation, and it can be inverted by 

r 

More on group representations can be found in Diaconis (1988), Hamermesh 
(1962), James and Liebeck (1993), Serre (1977) and Wolbarst (1977). 

A regular representatation UR on an L2-subspace V can equivalently be defined 
as a representation U R on 12 by the connection 

L Uj(-)UR(g)ji = UR(g)u;(-) 
j 

for a basis ( u1 ( ·), u2 ( ·), ... ) of V. 

Appendix 2: The construction and the uniqueness of 
an operator. 

The following Theorem is the basis for proving the results of Section 10. 

Theorem Al: Let U(·) be a unitary irreducible representation of a compact 
group G on a subspace V of some Hilbert space. Let v E V ( v 1- 0), and let c(-) be a 
function on G which is integrable with respect to Haar measure v for G. Then there 
exists a unique linear operator Q on V such that c(g) and 

q(g) = (U(g)v, QU(g)v) (24) 
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have the same Fourier transform corresponding to this space: 

j c(g)U(g)v(dg) = j q(g)U(g)v(dg). (25) 

Proof. 
With Haar measure v, the Fourier transform of c(-) is 

c(U) = j c(g)U(g)v(dg). 

Assuming an orthonormal basis { ei} of V, so that ( x, y) = x t y, we want to prove 

c(U) = vt j U(g)tQU(g)vU(g)v(dg). 

Taking U(g)ej = Li eiDij(g), and also taking components of c(U), this is equiv
alent to 

c(U)kz = trQ j U(g)vvtU(g)tDkz(g)v(dg); 

hence 
(26) 

where, 

Bij,kl = l:v;vs j Dir(g)*Djs(g)Dkz(g)v(dg) 
r,s 

(27) 

with 

We want to show that this equation has a unique solution {Qij}· For compact 
groups, every irreducible representation is finite. Thus this amounts to showing that 
the d2 x d2 matrix B with elements given by (27) has full rank, using the fact that 
row rank and column rank for matrices are the same. 

Assume then that (26) does not have a unique solution. Then there exists a 
nontrivial set of constants {qz} such that 

j r(g)U(g)vvtU(g)tv(dg) = 0 (28) 

for 
r(g) = L qzDkz(g) (29) 

k,l 
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. From (28) for a fixed v E V it follows that 

j r(g)U(g)abtU(g)tv(dg) = 0, (30) 

first for a= U(ga)v, b = U(gb)v by multiplying (28) by suitable U-matrices on both 
sides, then for linear combinations of such terms, and hence for all a, b E V, since 
these linear combinations span V. (Otherwise V would not be irreducible; cp. also 
Proposition 3a.) 

Then, by letting a and b be basis vectors in V and multiplying both sides by 
another set of basis vectors, it follows that 

j r(g)Dir(g)*Djs(g)v(dg) = 0 (31) 

for all i, j, r, s. 
By the Peter-Wei! Theorem (Barut and Raczka, 1977), the functions VJIDL(-) 

form a complete basis of of L 2(G, v) as i,j and t vary, where t denotes a unitary 
irreducible representation of G, nonequivalent for different t. In particular, it follows 
that these functions for a fixed t - henceforth omitted - form the basis of a d2-

dimensional subspace M of L 2 (G, v), which also can be looked upon- by a change 
of bases - as d orthogonal copies of the irreducible space V. 

From (31) it then follows that 

j r(g)Dir(g)*h(g)v(dg) = 0 

for every function h E M. Since { Dkz} is a finite group representation, it can also be 
regarded as arepresntation of a finite group, and as such it is clear that the constant 
function 1 (g) belongs to M. In general we can choose hn such that hn t 1, and it 
follows that 

j r(g)Dir(g)*v(dg) = 0. 

So by a simple corollary of the Peter-Weil Theorem and by (29), we get Cik = 0 for 
all i, k. This completes the proof. 
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