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ABSTRACT. Several old and new density estimators may have good the
oretical performance, but are hampered by not being bona fide densities; 
they may be negative in certain regions or may not integrate to 1. This 
paper develops general modification methods that turn any density esti
mator into one which is a bona fide density, and which is equally good 
or better in performance. This improvement-for-free procedure can in 
particular be applied for higher order kernel type estimators, for the sine 
kernel estimator, for the k-NN estimator, and for various recently devel
oped semiparametric density estimators. 
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1. Introduction 

In kernel density estimation, there is a number of methods - those based on 
higher order kernels, superkernels, sine kernel, semiparametric methods etc. (see 
Parzen, 1962, Bartlett, 1963, Davis, 1975, Devroye, 1992, Hjort and Glad, 1995, 
Hjort and Jones, 1996, Hjort, Jones and Storvik, 1999, Glad, Hjort and Ushakov, 
1999, and the book by Wand and Jones, 1995) -which are good in many respects, 
but have one essential disadvantage: they produce estimates which are not prob
ability density functions, i.e. may take negative values or/ and do not integrate to 
one. Such aspects are unpleasant because they lead to some limitations in appli
cation of these estimators in practice, although several of them may give better 
approximation than conventional estimators whose kernels are densities. This is 
in particular true for the estimator based on the sine kernel, see Glad, Hjort and 
Ushakov (1999), and for several semiparametric constructions, see Hjort and Glad 
(1995), Hjort and Jones (1996) and Hjort, Jones and Storvik (1999). 

A number of methods have been suggested for correction of estimators pro
ducing estimates which are not densities (see for example Gajek, 1986 and Hall 
and Murison, 1993). In this work we present some methods of modification of 
density estimators (all estimators, not only kernel estimators) in such a way that 
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the resulting estimator always produces estimates which are almost surely prob
ability density functions, and, in addition, the resulting estimator is better or at 
least almost as good as the initial one. This is in particular true for higher order 
kernels, superkernels and the sine kernel estimators. With 'better' we mean in the 
sense of the mean integrated squared error (MISE) which is defined as 

where f n is the estimator and f the density to be estimated. 
Thus, let X 1 , ... , Xn be independent and identically distributed random vari

ables with absolutely continuous distribution function F and density f. Let further 
fn be an estimator off associated with the sample X1, ... , Xn. Suppose that all or 
some realisations of fn may not be probability densities, that is, they can take neg
ative values or/ and do not integrate to one. Our aim is to correct these defects of 
fn, i.e. to construct a transformation/~ of fn which is free of these disadvantages 
and satisfies the condition 

or, at least, the condition MISE(/~) rv MISE(/n) as n ---+ oo. 
We point out that our methods actually lead to the stronger sister statement 

ISE(/~) ~ ISE(/n), or, at least, ISE(/~) rv ISE(/n) for n large. There is accordingly 
automatic improvement in terms of several other performance criteria of interest, 
like the median of the ISE. Finally it is worth pointing out that our methods do 
not very much rely on the specifics of the traditional i.i.d. framework; the data 
points may for example come from a model with serial dependence. 

2. Preliminary remarks on a projection approach 

Before constructing new estimators, let us make the following remark. The most 
tempting way of overcoming the problems related to a possible negativity and 
nonnormalisation (or even nonintegrability) seems to be the replacement of the 
estimator by its projection onto the set of all probability densities (or onto some 
subset of this set, if some preliminary information about a density to be estimated 
is available). In other words, let F be some space of functions, inside which the 
estimator under consideration almost surely belongs, and let D be the set of all 
probability density functions. Suppose that D s;;; F and that F is a metric space 
with metric p( ·, ·). The estimator fn is replaced by the estimator it such that for 
any realisation of fn, the corresponding realisation of it satisfies the conditions 

Aj_ 
1. fn ED, 

A A j_ A 

2. PUn, fn) ~PUn, q) for any qED. 
After this replacement we obtain an estimator which is always a density, and 

which does not lose much in precision or in speed of convergence to the estimated 

2 



density f compared with the initial estimator fn because for each realisation of 
fn, 

However, there are difficulties in applying the projection approach directly: 
it is not clear which metric could or should be applied, and for a given metric it 
is not clear how to compute the projection onto V for a given realisation of fn (to 
obtain a formula or to construct an algorithm). Therefore it seems reasonable to 
use certain 'approximations' of the projection method. It turns out that some of 
these approximations give even better results than the exact projection method. 

Below, we separately consider the cases when 

J max{O, fn(x)} dx 2: 1 (1) 

and when J max{O, fn(x)} dx < 1, (2) 

and construct for them modifications fn and fn respectively. (Integrals are to 
be understood as being over the full line if not otherwise stated.) If fn almost 
surely satisfies one of relations (1) or (2), then J~ = fn or J~ = fn depending 
on which relation holds. If an estimator fn is such that some of its realisations 
satisfy (1) while others satisfy (2), then we can use the following combination of 
the estimators fn and fn : 

]*(x) = { ~n(x) if (1) holds, 
n fn(x) if (2) holds. 

3. Modification for the case J max{O, fn(x)} dx 2: 1 

Suppose that an initial estimator fn is almost surely bounded, square integrable 
and satisfies the condition (1), including as a possibility the case J max(O, fn) dx = 

oo. Note that this case (condition (1)) seems to be more important than the case 
of the converse inequality (2); in particular it is satisfied for estimators associated 
with the sine kernel and superkernels, for higher-order kernels, and for the so-called 
k-NN density estimators. 

Our proposal for the new, modified estimator is 

fn(x) = max{O, fn(x)- ~}, (3) 

where~ is chosen in such a way that J fn(x) dx = 1. Below we prove that, at least 
in the sense of MISE, the estimator fn is always better than the initial estimator fn· 
First, let us show that fn is well-defined, i.e. that ~ always exists and is unique. 
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Lemma 1. Let q be a bounded, square integrable function. Then the function 
qc(x) = max{O, q(x)- s} is integrable for any E > 0. 

Proof. Define b = supx q(x) and A€ = {x: q(x) 2': s}. Here b is finite, and it 
is easy to see that Ac has finite Lebesgue measure. Indeed, if m(Ac) = oo, then 

J q2 (x) dx 2': J q2 (x) dx 2': s2m(Ac) = oo 
Ae 

(m denoting the Lebesgue measure) which contradicts the assumption made. Next, 
we have qc ( x) = 0 if x c:f_ A€; therefore 

J qc(x) dx = J qc(x) dx::; bm(Ac) < oo, 

proving the lemma. • 
Put next 

Ae 

.A(z) = J max{O, q(x)- z} dx, 

and let z1 > z2 > 0. We have 

This implies 

Lemma 2. The function .A(z) is continuous for z > 0 and strictly decreasing 
for 0 < z <b. 

Lemmas 1 and 2 imply that ~ exists, and each realisation of fn uniquely 
determines the corresponding realisation of ~, i.e. ~ is well-defined. 

By definition of fn ( x), each realisation of it is a probability density function. 
We prove now that MISE of fn (as an estimator of f) is at least as good as that of 
fn, for any n. 

Theorem 1. Let fn be an arbitrary estimator of a density function f satis
fying the conditions 

1. f n is almost surely bounded and square integrable, 
2. almost surely J max{O, fn(x)} dx 2': 1 (this includes the possibility that the 

integral is infinite). 
Then for any n, almost surely, 

(4) 

where fn is the estimator given by (3). 

Proof. Consider an arbitrary realisation of fn· Without loss of generality 
assume that this realisation (we use the same notation fn for it) is square integrable 
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and satisfies (1). If~= 0 for this realisation, then fn(x) = max{O, in(x)} and for 
every x, 

lfn(x)- f(x)l :::; lin(x)- f(x)l 

which implies (4), so, we will assume that for the considered realisation, ~ > 0. 
This means, in particular, that 

J max{O, in(x)} dx > 1. (5) 

Let us fix an arbitrary 0 < E < 1. Choose a set AM (depending on E) of the real 
line, having Lebesgue measure M > 0, sufficiently large in order to have 

{ max{O, in(x)} dx > 1 and 
JAM 

sup in(x) < ~
IR\AM 

(6) 

(7) 

The two last relations are meant for the considered realisation of in; the first of 
them is possible due to (5), the second one is possible due to the square integrability 

of in· 
Now, construct a sequence of functions q1, q2, ... as follows: let qo =in and 

qk(x) = max{O, qk-I(x)}- Ck fork= 1, 2, ... , 

where 

Ck = ~[ { max{O,qk-I(x)}dx- { f(x)dx], 
JAM JAM 

i.e. Ck is such a number that 

(8) 

Note that Ck ~ 0 for all k. 
We may now prove that 

Indeed, evidently, 

Consider the function 
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Its derivative is 

.\~(z) = -2 f {max{O, qk_1(x)}- z- f(x)} dx 
JAM 

and is equal to zero for z = ck. This implies that Ak ( z) takes its minimum on the 
half-line z 2: 0 at z = ck, i.e. 

From (10) and (11) we obtain (9). 
Observe now that 

k-1 
qk(x) + Ck =max{ 0, q0 (x)- 2::: Cj} fork= 1, 2,... . (12) 

j=1 

This can be proved by induction: it is evidently true for k = 1, and if it is true for 
k, then 

qk+ 1 (X) + Ck+ 1 = max { 0, qk (X)} = max { Ck, qk( X) + Ck} - Ck 
k-1 

=max[ck,max{O,qo(x)- I:cj}] -ck 
j=1 

k-1 k 

=max{ Ck, qo(x)- 2::: Cj}- Ck =max{ 0, qo(x)- 2::: Cj }, 
j=1 j=1 

i.e. it is true for k + 1. 

Relation (12) implies that 2:::;:1 Cj is finite, because otherwise 

k-1 
lim sup r qk(x) dx :S kl~~ r max{ 0, qo(x)- 2::: Cj} dx = 0, 

k-+CXJ JAM JAM j=1 

which contradicts (8) and (6). Letting k----+ oo in both sides of (12), we obtain 

where the limit is both in the uniform and L 2 norms. 
We now have 

fn(x) = max{O, qo(x)- ~} 

(for the considered realisation of fn)· Due to (7), 

fn(x) = 0 for x E IR\AM, 
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hence 

LM in(x) dx = J in(x) dx = 1, (15) 

while, due to (8), 

j qM (x) dx = j f(x) dx::::; 1, 
AM AM 

(16) 

therefore (13) means that ~ ::::; 2::.':,;':1 Cj. This implies that 

qM (x) = 0 for x E JR\AM (17) 

and therefore 
(18) 

for all x. Observe that due to (9), 

j {qM (x)- f(x)} 2 dx::::; j {qo(x)- f(x)} 2 dx = j {/n(x)- f(x)} 2 dx. 
AM AM AM 

Hence, taking into account (6), we obtain 

J(qM -j)2dx=j (qM -j)2dx+ { j2dx 
AM JIR\AM 

::::; LM(fn-f)2dx+c::; jUn-f)2dx+c. 
(19) 

Transition from qM ( x) to in ( x) is fulfilled by the passage to the limit as c --+ 0, 
M --+ oo and AM --+ JR. More exactly, let c decrease and M and AM increase 
(the latter in the sense AM1 C AM2 for M1 < M2, and U M AM = JR), in such a 
way that conditions (6)-(7) are satisfied. Below, all lim and limsup are taken as 
c --+ 0, M --+ oo and AM --+ JR. Due to (16) we have 

lim LM qM (x) dx =lim J qM (x) dx = 1. 

From this relation and relation (15), we obtain, taking into account (14), (17) and 
(18) and putting c = supx fn (c) (due to the conditions of the theorem, it is finite), 

lim sup J (in - qM) 2 dx ::::; lim sup J (in - qM) (in + qM) dx 

::::; 2climsup(/ in dx- J qM) dx = 0, 

i.e. limJ(in- qM) 2 dx = 0. On the other hand, (19) implies that 

lim sup J (qM- !)2 dx::::; J Un- !)2 dx. 

From these facts we obtain ( 4). • 

Corollary. Let the conditions of Theorem 1 be satisfied. Then for any n, 

MISE(in) ::::; MISE(jn). 
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4. Modification for the case J max{O, fn(x)} dx < 1 

The results in case (2) are not so good as in case (1) but quite sufficient for 
applications. The estimator In, which is introduced below for case (2), is not 
'always better' than the initial estimator fn (as the estimator fn), but it is 'almost 
as good as' fn· 

Let again fn be an estimator of a density function f, and assume (2) holds 
almost surely. Suppose that fn is almost surely square integrable. Our proposal 
for the estimator In (defined in terms of a parameter M = M ( n) > 0) is 

ln(x) = ln(x; M) = { max{O, ~n(x)} + TJM for lxl :::; M, (20) 
max{O, fn(x)} for lxl > M, 

where 

TJM = 2~ [1- j max{O,}n(x)}dx]. 

All realisations of the estimator In are nonnegative and, as it is easily seen, 
have integral 1. Let us show that, taking M dependent on n, we can make MISE 

of In arbitrary close to that of fn both asymptotically and for any finite n. This 
follows from the following theorem. 

Theorem 2. Let f n be an arbitrary estimator of a density function f satis
fying conditions 

1. fn ( x) is almost surely square integrable, 
2. almost surely, J max{O, fn(x)} dx < 1. 

Then for any n, almost surely, 

where ln(x) is the estimator given by (20). 

Proof. We have 

j (/n- !)2 dx =I: {max{O, fn(x)} + TJM- f(x)} 2 dx 

+ { {max{O, fn(x)}- f(x)} 2 dx 
}lxi>M 

= j [max{O, fn(x)}- f(x)f dx 

M 

+ 2'f/M [M {max{O, fn(x)}- f(x)} dx + 2MTJ'tJ 

:::; jUn-f) 2 dx+ 2~, 
as required. • 
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Taking for example M = 3n/2c, where cis an arbitrary positive constant, we 
obtain 

Corollary. For fn(x; 3n/2c) , 

- A c 
MISE(fn) ::; MISE(jn) + -. 

n 

Theorems 1 and 2 show that there are no reasons to avoid the use of estimators 
producing estimates which are not densities. This might be especially important 
with respect to kernel estimators when the kernel in question is constructed for 
good performance but non-conventional in the sense of not itself being a density. 
Here we have in mind estimators of the form fn(x) = n-1 2::=~= 1 h-1 K(h- 1(Xi
x)), where K could be a fourth order kernel (symmetric, zero second order moment, 
finite fourth order moment, and unit integral), or the so-called sine kernel, or a 
superkernel; see Glad, Hjort and Ushakov (1999). The sine kernel is the function 

K(x) = sinx 
1fX 

(or a scaled version thereof) with Fourier transform <p(t) = 1 on [-1, 1] and zero 
outside, defined as the Cauchy principal value of the corresponding integral: 

<p(t) = v.p. e~tx __ dx 100 . sinx 

-oo 1fX 

i.e. 

1oo 1-h 1T v.p. = lim lim [ + J. 
_ 00 T-"oo h-'>0 -T h 

Superkernels are defined as absolutely integrable functions K with integral 1 
and whose Fourier transforms equal to 1 on the interval [-1, 1]. An example of a 
superkernel is 

whose Fourier transform is 

K(x) = sin x sin(2x) 
7r2x2 

<p(t) = { }{3- ltl) 
for ltl ::; 1, 
for 1 < ltl < 3, 
for ltl 2 3. 

5. Illustrations 

Our correction procedures are completely general, independent of the type or 
degree or complexity of the initial density estimator. Here we are content to give 
two brief illustrations. 
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First study the kth nearest neighbour estimator, defined as 

~ k -1 
f(x) = 2ndk(x)' 

where dk ( x) is the kth largest distance between the point x and the n observations. 
That is, for a given x, calculate lx- xi I for i = 1, ... , n, order them in ascending 
order and take the kth largest one as dk(x); cf. Silverman (1986, page 19). The 
integer k is often chosen as k ~ n 112 . This estimator is positive and continuous 
everywhere, but has infinite integral, in that the tails go to zero like 1/lxl. Figure 
1 shows a typical case where 20 data points come from the standard normal. We 
used k = 5 for this illustration, and found ~ = 0.020 for the data at hand. 

Next consider the sine kernel density estimator, described in the previous 
section. For the same 20 data points mentioned above we constructed the sine 
kernel estimator and its correction, using the optimal bandwidth h = 1r /-)log 21, 
see Glad, Hjort and Ushakov (1999). For the data set at hand we found~= 0.010. 
The two curves are displayed in Figure 2. 

Notice that in both examples the corrected density estimate is equal to zero 
outside a certain bounded interval. The sine kernel estimator in particular is 
repaired in a satisfactory fashion, as the 'waves' which somewhat artificially are 
present in the original estimate, even far from the data points, vanish for its 
corrected version. 
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k-NN method with correction, n=20 
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Figure 1: The corrected kth nearest neighbour estimate (solid line) and the 
original kth nearest neighbour estimate (dashed line) based on 20 i.i.d. N(0,1) 
observations. Here, k = 5 and the resulting ~ = 0.020. 

sine kernel method with correction, n=20 
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Figure 2: The corrected sine kernel estimate (solid line) and the original sine 
kernel estimate (dashed line) based on the same 20 i.i.d. N(0,1) observations. 

Here, h = 7f / Jlog(21) and the resulting ~ = 0.010. 
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