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Abstract

We study optimal control problems for (time-) delayed stochas-
tic partial differential equations with jumps, where the controller has
only a partial information flow available. We establish sufficient and
necessary (Pontryagin-Bismut-Bensoussan type) maximum principles
for an optimal control of such systems. The associated adjoint pro-
cesses are shown to satisfy a (time-) advanced backward stochastic
partial differential equation (ABSPDE). Several results on existence
and uniqueness of such ABSPDEs are shown. The results are illus-
trated by an application to a harvesting problem from a biological
system (e.g. a fish population), where the dynamics of the population
is modeled by a stochastic reaction-diffusion equation.
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1 Introduction

Let B(t) = B(t,w) be a Brownian motion and N(dt,d¢) := N(dt,d¢) —
v(d¢)dt, where v is the Lévy measure of the jump measure N(-,-), be an
independent compensated Poisson random measure on a filtered probability
space (Q, F,{Fi}o<i<r, P).

If the density Y (¢,z) of a fish population at time ¢ and at the point z is
exposed to a harvesting rate density c(t, ) > 0, the corresponding population
state dynamics may be modeled by the following equation:

Y (t z) (%AY(t, )+ aY (L x) + BY (t 6, 2) — o(t, z))dt

+ ooY (t,x)dB(t) +/70(C)Y(t,x)]v(dt,d(), (1.1)
R
where )
"0
=252

is the Laplacian operator acting on x. Here «, (3, oy are constants and v is
deterministic.

This is a stochastic partial differential equation (SPDE) of reaction-diffusion
type. The Laplacian operator models the diffusion (distribution in space),
while the other terms model the local growth at each point x. For biological
reasons it is natural to include a delay term like Y (¢ — 4, z) in the dynamics.

Suppose we want to find a harvesting rate density c(¢, ) which maximizes
the total expected utility of the harvest plus the utility of the remaining
population at a terminal time 7" > 0. We assume that at any time the
controller (harvester) has only a partial information flow &; available to base
her decision on.

Then the problem is to maximize

J(c)=E UD (/OT Ui(t, @, c(t, ))dt + Us(z, Y (T, @)) dx] (1.2)

over all admissible & - predictable harvesting rate densities ¢(¢,x), where
Uy, Uy are given utility functions and D is the region of the lake.
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This is an example of a partial information optimal control problem of
an SPDE with delay.

In this paper we prove a sufficient version and a necessary version of
a Pontryagin-Bismut-Bensoussan type maximum principle (Sections 2 and
3). These maximum principles involve time-advanced backward SPDEs with
jumps for the adjoint processes. In Section 4 we prove existence and unique-
ness theorems for such equations. Then in Section 5 we apply these results
to study the harvesting problem above.

This paper is close in spirit and methods to the paper [17]. However,
there are also essential differences, and the results of the current paper are
new.

2 A sufficient maximum principle

Let D be a given bounded domain in R". We consider a general system

where the state Y (¢,x) at time ¢ and at the point x € D C R is given by a

stochastic partial differential equation (SPDE) with delay, as follows:

dY (t,x) = LY (t,x)dt + b(t,z,Y (t,x), Z(t, x), A(t, z), u(t, z))dt
ot 2, Y (t,2), Z(L, ), Alt, @), ult,2))dB(1)

+ /Rfy(t,x,Y(t,x),Z(t,x),A(t,x),u(t,x),C)N(dt,dC) ; (t,x) €]0,T) x D

(2.1)
with initial values
Y(t,x) =&(t,x); (t,x) € [-6,0] x D (2.2)
and boundary values
Y(t,z) =03 (t,z) € [0,T] x OD. (2.3)
Here L is a linear differential operator acting on =z,
Z(t,x) =Y (t—6,x) (2.4)

is the d-delay of Y'(¢,z) and
t
Alt,2) = / Y (s, 2)ds (2.5)
t—0
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is a moving average of delayed values of Y (¢,z). We assume that the coeffi-
cients
b(t,x,y,z,a,u) : [0,T] x DXxRXxRXxRxU — R,
o(t,x,y,z,a,u) : [0,T] X DXxRxRxRxU — R,
and
vtz y, z,a,u, Q) [0, T] X DXRXRXRXUXxR—R

are C' functions with respect to 4, z,a and u. The set of possible control
values u(t,z,w) € R is denoted by U. The performance functional has the
form

J(u) = E {/OT/Df(t,m,Y(t,x),Z(t,m),A(t,m),u(t,m))dmdt+/Dh(x,Y(T,x))dx}

(2.6)
where f:[0,7] x D x R* = R and h: [0,T] x R — R is a given profit rate
and terminal payoff rate, respectively, both assumed to be C! with respect
to y, z,a and w.

Let & C F; be a given subfiltration, representing the information avail-
able to the controller at time t. For example, we could have

5t:~7:(t—c)+§t20

for some constant ¢ > 0, corresponding to a delayed information flow. Let
A = A¢ be a given family of admissible controls, contained in the set of &-
predictable processes u(t, x) such that (2.1)-(2.3) has a unique solution and
J(u) converges absolutely.

Define the Hamiltonian

H:0,TIXxR"XRXxRXxRxUXRxRxR—R
by
H(t’ x?y’ Z? a? u7p7 q7/r(.)) = f(t’ x? y’ Z? a? u) +b(t’ x?y’ Z? a? u)p

—l—a(t,x,y,z,a,u)q—l—/Rv(t,x,y,z,a,u,()r(()u(d(),
(2.7)

where R is the set of functions Ry — R such that (2.7) converges. To H we
associate the following backward SPDE (BSPDE) in the unknown processes
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p(t, @), q(t, x), r(t, , C):

dp(t,z) = —g(t,x)dt + q(t,z)dB(t) + / r(t,z, Q)N (dt,dC) ; (t,z) € [0,T] x D

p(T,z) = Z—Z(w,Y(T,x)) cx €D
p(t,z) =0; (t,z) € (0,T) x OD. (2.8)

The driver g in the BSPDE (2.8) is defined by
g(t,z) = Elu(t, x) | F]

where

wu(t,x) = %—Z[(t, x,Y(t,z), Z(t,x), A(t,x),u(t,x),p(t, x), q(t, x),r(t, x,-))

+ aa—lj(t +0,2,Y(t+0,2), Z(t+6,2), A(t + 6,x),u(t + 6, x), p(t + 9§, x),

q(t +6,2),7(t +6,)) - Xjor—s)(t)

t+9 OH
+ / %(87 xz, Y(Sv $), Z<87 l’), A(S> 'CE)’ U(S, x),p(s, .CU), Q(Sa [L’)T'(S, Z, '))X[O,szs](s)ds
t

+ L*p(t, x). (2.9)

Here L* is the adjoint of L, in the sense that (L*p,v) = (¢, L) ; for all

o, € C3(R™) where (o1, p2) = / ©1(x)po(z)dz denotes the inner product
in L2(R"). .

Note that this BSPDE is anticipative, or time-advanced, in the sense that

the process p(t,x) in the driver contains future values of X(s,z), u(s,z),
p(S,CL’), Q(Swr)v T(S,I, ) ;s <t+ J.

In the SDE case and when there are no jumps and no integral terms in
the system, similar anticipative BSDEs (A-BSDEs for short) have been stud-
ied by Peng and Yang (2009) [22], who prove existence and uniqueness of
such equations under certain conditions. They also relate a class of linear
A-BSDE:s to a class of linear stochastic delay control problems with no delay
in the noise coefficients. Thus, in our paper we extend this relation to general
nonlinear, partial information, SPDE control problems and general nonlinear
A-BSPDEs by means of the maximum principle, and throughout the discus-
sion we include the possibility of delays also in all the noise coefficients, as
well as the possibility of jumps.



Theorem 2.1 (Sufficient maximum principle) Let @ € A with corre-
sponding solutions Y (t,z), Z(t,z), A(t,z), p(t,x), q(t,z) and 7(t,x,(). As-
sume that

y — h(x,y) is concave for all x (2.10)
and that
(y,z,a,u) — H(t,z,y, z,a,u,p(t, ), §(t, z),7(t, z,-)) is concave, for all t,x.
(2.11)
Moreover, assume that
Bl / ' / (2, 0)(0(t, . Y (1, 2), Z(t, ), Alt, 2), ut, o))
o Jp
—a(t,x,Y(t,x), ZA(t,J[:),fl(t,:C),?l(t,x)))2
[t Y(t0), 2(6,), At 0).u(t,2).0)
R
=yt Y(tw), Z(t,2), At ), a(t, ), ) Pr(dC)]
+(Y(t, ) = Y (1,2))°[¢°(t, @)
+ /f(t,x,()zy(dg)]}dxdt] < 00 (2.12)
R

for all w € Ag, and that the following maximum condition holds:

maxB[H(t,2,Y (t.2), Z(t,2), A(t, 2), v, p(t, 2), 4(t,2), 7 (t, 2, ) | €]
vE

= BH(t,z,Y(t,2), Z(t,z), A(t, z), a(t, ), p(t, x), §(t, x), P (t, z,-)) | E).
(2.13)

for a.e. (t,z,w) € [0,T] x D x .
t

Then u(t, z) is an optimal control.

Proof of Theorem 2.1 Choose u € A and put Y = Y" etc. Then we can
write

J(u) — J(@) = I + L, (2.14)

where

L—E {/OT/D{f(t,x,Y(t,@,Z(t,x),A(t,x),u(t,x))]

[t w, Y (tx), 2, 2), At z), alt, x))}dxdt] (2.15)



and
_E [ /D (h(z, Y (T, 2)) — h(z, V(T, ) }dz | (2.16)

By the definition of H we have

{// (t,x,Y(t,x), Z(t,x), A(t, z), u(t, x), p(t, x), §(t, x), 7 (t, x,-))

— H(t,2,Y(t,2), Z(t,x), A(t, @), a(t, ©), p(t, 2),4(t, ), 7(t, 2, -))
—{b(t, 2, Y (t,2), Z(t,x), A(t, x), u(t,z)) — b(t,z, Y (t,2), Z(t, z), A(t, z), a(t, ©)) }p(t, )
—{o(t,z,Y(t,x), Z(t,x), Alt,z), u(t, ) — o(t,z, Y (t,2), Z(t,z), A(t, z), a(t, ©)) Yi(t, z)

- /R{y(t,x,Y(t,x),Z(t,x),A(t,I),U(taﬁ),O

—(t,x ?(t x), Z(t x), A(t x),u(t,x), Q) }r(t, x, Qr(dC)) | dxdt

/ /{89 t,a)(Y(t,x) = Y(t, ))+%—Z(t 2)(Z(t,z) — Z(t,2))

.o 5 T o)Al o) - A, x))+a£(t z)(u(t, ) —alt, z))
= (b(t, @) = b(t, 2))p(t, x) — (0(t,x) — 6(t, 2))q(t,2)

- [6e0.0 =3ttt . Ouac) | st (217)

<FE

where we have used the abbreviations
o0H, . OH oH
ay T oy
b(t,x) =b(t,z, Y (t,x), Z(t,x), A(t, x), u(t, x)),
b(t,z) = b(t,x, Y (t,x), Z(t, x), At, ), i(t, z)), ete.

ta, Yt ), Z(t,x), A(t, z), a(t, z)),



By concavity of h and the Ito formula we have

oh .
o —(t, Y(T )Y (T,z) — Y(T, x))dx}

_E / BT, 2)(Y(T.2) — V(T ,x))dx}

IQSE

_E //{ (- 2) =Vt o))dp(t ) + plt—, 2)d(Y (£, 2) — V' (¢, 7))

Hol(t2) — 6(t 1)}l 7) /{’y (£, ) — At 2, O)Yit, 2, O (dg)}dtd:c] |

(2.18)
Adding (2.17) and (2.18) we get

)< FE

/ / { dy (t,2)(Y(t,z) = Y(tz))+ %—H(t ) (Z(t,x) — Z(t, )

+ o o)Al ) — Al )>+%—H<t ) ult, ) — At )

u

—(Y(t,x) =Y (t,2)j(t, z) + p(t, 2) (LY (t,z) — LY (t, x))} dmdt} .

(2.19)

Note that, since Y (¢,z) = Y (¢, z) for t € [—6,0] we have

/0 %_Z(t 2)(Z(t,2), ~2(t,x))dt Z/O %—Ij(tw)(Y(t—é,x) — Y (t —6,2))dt
0 83];] (t+6,2)(Y(t,2) = V&, r))X(o,r—5)(t)dt.

(2.20)
Similarly, changing the order of integration gives
H .
i a@a (t,x)(A(t, A(t,z))dt = / 8a (t,x /t_ (s,x) — Y(s,x))dsdt

t+6
:/0 (/t (ZL](S “’)d8> (Y (t,2) = Y (t,2)xpr-g (t)at. (2.21)



Substituting (2.20) and (2.21) into (2.19) we get

L ({3 Gessonae

* / P (s, wdsxor—a(t) — o(t,2) + L*ﬁ(t,x)} [Y(ta) = ¥ ()

J(u) — J(@) < E

A~

—i—%—f(t,az)(u(t, x) — u(t, x))) dtda:]

By our definition (2.9) of the driver g, this reduces to

J(u) — J(i1) < E / / ult, ) — at, x))dtdx]

oI A
_B /D/O E %(t,x)(u(t,:c)—u(t,w))\6}] dtdz

A

T ol .
_B /D/O E %(t,x)ygt] (ut ) = it ) | <0,

since @ maximizes the conditional Hamiltonian. O

3 A necessary maximum principle

A weakness of the sufficient maximum principle obtained in the previous
section is the rather restrictive concavity conditions, which do not always
hold in applications. Therefore it is of interest to obtain a maximum principle
which does not need these conditions. To this end, we need to make the
following assumptions:

A 1 For all ty, s € [0,T], ty < s, and all bounded &E,— measurable random
variables o and all bounded, deterministic functions ¢ : D — R the process

0 defined by
Bt z,w) = (W) Xt,s (D) () 5 (t,2,w) €[0,T] x D x Q

is in Ag.



A 2 For all u € A¢ and all bounded B € Ag there exists § > 0 such that
u+sf € Ag for all s € (—0,0).

A 3 For allu € A and bounded 3 € A¢ the derivative process
n(t,z) := iY”Sﬁ(t ) |s=0
) dS Y S=

exists and belongs to L*([0,T] x D x ).

We see that, by (2.1),

dn(t,x) = Ln(t, z)dt + lg—;(t, x)n(t,x) + %(t, z)n(t —0,x)

o t o
—l—a—(t,:z:) /Hn(s, e)ds + 5 ()3t x)] dt

0 0 ¢ oo
)+ a—Z(t,x)n(t —d,z)+ 8—Z(t,x) /t(S (s,x)ds + %(t x)B(t,

5
/ { (t,x,O)n(t, z) + %(t,x, On(t —o,x) + %(t,x,g) /t:n(s,x)ds
+

9 1,2,.0)5 >} N(d, d0) o

where we have used the short-hand notation

ob d
a—y(t,x) = d—yb(t x,y, Z(t), A(t), u(t))y=y ) etc.
Note that
iZ““ﬁ(t T) |sm0= iY““ﬁ(t— 6,7) |s=o=n(t — 6, )
dS ) s=0 dS ) s=0 9
and
d d t t
EA“J“SB(t,x) ls—0= % Y“+5/6(7“, x)dr |s—o= /té n(r, z)dr.

Also, note that
n(t,x) =0 for —§ <t <O0. (3.2)

We now state and prove the main result of this section:
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Theorem 3.1 (Necessary maximum principle) Suppose t € Ag with
corresponding solutions Y (t,z), Z(t,z), A(t,z), H(t,x) of (2.1)-(2.3) and
(3.1), and adjoint processes p(t, x), 4(t, x), 7(t, x, () solving (2.8)-(2.9). Sup-
pose the following growth condition holds:

[ [#en { (52) twiren + () waia o
(& o ([ o)+ (o

v/ {(g—g) (1,2, Q1. 2) + (?) (t, 2, Qi (t - 5,2)

. (%) w0 ([ it x)dr)2 ¥ (%) (t,x,o} v(do} dadi
) Pt {00+ [ Feaonao )] <o @)

Then the following are equivalent:

E

(i) di(](ﬂ + 50) |s=0= 0 for all bounded 5 € Ag.
s

ou
0 for allt € [0,T] and a.a. x € D.

(ii) F {8—H(t,x,f/(t,x),Z(t,xLA(t,m),u,ﬁ(t,x),(}(t,x),f(t,x, N | 54 —

u=14(t,x)
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Proof. (i) = (ii): Assume that (i) holds. For notational simplicity we
write & = u, Y =Y, etc... in the following. Then we have

d
0= 8J(u+sﬂ) ls=0

ds
T
%E [ /0 /D F(t 2, VB, 2), 29598 2), A3t 2), (u + s8) (£, 2))dadt

+/h@Y“WT@M4

_EU /{ +g—£< )n(t—é,x)—l—%(t,x)/ttén(s,x)ds

a 9 1 2, x)}dzdt+ / 5y (&Y (T 2)n(T, 2)da }

_EU /HaHtx )g—z(t,x)—q(t,w)g—;(t,w)

- [t 03 e via) e

#{ G0 —plt ) T2 00) =t G0 = [ 0. O T Outa) e =

Jo

+ {%—[Z(t,x) —plt, x)%(ta z) = q(t, )5 (t,2)
oy '
_/Rr(t’%oa(t’x’ Q)y(d()}/t(sn(s,x)ds
n {%_Z[(t’x) —p(t,x)%(t,x) —q(t,x)%(t,$) —/R r(t,x C) (t z, Q) (dO}ﬁ(t,x)] dxdt

oh
+/ a9 — (2, Y(T,z))n(T, x)d:v] : (3.4)
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By (2:8) and (3.0)
E [ /D gZ(x Yt 2))n (T,x)dx] _B l /D (T, 2)n(T, x)dx]
e[ [{[ s apitea+ [ e arivte.

+ [ a0 |52ttt ) + Sttt — .0
5200 [ ats, x)ds+§ (0(0.0)|a

// (2 g[ (t 2, On(t, o) + gV(t,x,g)n(t—a,xH%(t,x,g)/t;n(s,x)ds
+ Sl(ta,0(0.)] <dc>dt} 1

e UD {/oTp( @) [L”(t’x) + {22@ x)n(t, x) + gz(t,a:)n(t—a, )
+§b(t ) /t; (s, z)ds + gb (t, )5(@;,;)} dt

+9% 1, 2) /H (5,2)ds + 52t x)ﬁ(t,x)] dt
t

o e
/ [ ZZW (t—6,2)
oy

¢
(t,z,Q) [ (t,z,O)n(t, )+gZ(t,x,Q)n(t—é,:v)—l—%(t,x,@)/ n(s,z)ds

t—6

g—woﬁ( 0| viagar} as). (35)
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Adding (3.2) and (3.3) and using (2.9) we get

EUD{/OT" ( (t ) — g(t,x)) dt—l—/OTn(t—(S,:v)aa—[j(t,x)dt
4 OT (/t nsxdx) LA x)dt+/OT%—Z(t,x)ﬂ(t,x)dt}d:c}

EVD{/n ( (t,r) — aa[;(t,x) %H(t+5x)X[OT 5(t)
OH

- / (s oo a(s)ds — L', x>)

+ /OTn(t s, x>%—f(t,x)dt+ /OT (/t;n(s,x)ds> %—[Z(t,x)dt

+ /0 ' %—Z(t, DA, :p)dt} dr + /0 o) Int x)dt} dx} | (3.6)

Since Y (t,z) = 0 for (t,z) € (0,T) x dD, we also have n(t,z) = 0 for
(t,xz) € (0,T) x OD. Moreover, we have p(t, :U) =0 for (t,xz) € (0,T) x 0D
by (2.8). Therefore

/Dp(t,x)Ln(t,x)dm = / L*p(t, z)n(t, x)dx for t € (0,T). (3.7)

D
Note that, by (3.2) and a change of variable,

T+6

g OH OH
/ n(t,r)— 5 (t 4 0, 2)x[0,7—6) (t)dl = / n(r — o, x)E(T, z)X (0,75 (r — 0)dr
0 5

:/0 n(r — 94, m)%—ij(r, x)dr. (3.8)

Similarly, by changing the order of integration,

T t+6 OH T OH s
/ n(t,x)/ —(s,x)X[O,T_g](s)dsdt:/ —(s,x)/ n(t, z)dtds.
0 t da 0 0 s—0

a
(3.9)
Combining (3.6)-(3.9) we conclude that

E[ /D 0 %Z 0 m)ﬁ(t,x)dtdw} ~0. (3.10)
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Since this holds for all bounded § € Ag we can for any fixed 0 < t; <
s < T apply it to

B(t, ) = Xito,s) (D) (w)p(x) ; (t,2,w) € [0,T] x D x Q,

for all bounded &;,-measurable a and all bounded (deterministic) ¢(z) in D
(see Assumption Al). Then (3.10) becomes

E UD </t;%—]z(t,x)dt> @(x)d:ca} 0. (3.11)

Differentiating with respect to s we get

E { /D %—Z(to,x)gp(x)dxa] — 0. (3.12)

Since this holds for all @ and ¢ we conclude that

E [aa_H(tow) | 5t0] =0 for a.a. (to,z) € [0,7] x D,
u

which is (ii).
(ii) = (i): The proof works both ways: If (ii) holds, then (3.12) holds
and hence (3.11) also. Then we obtain (3.10) for all bounded 5 € A by

taking limits of linear combinations of the ’s in Assumption Al. Then the
computation above shows that (3.10) = (i). O

4 Time-advanced BSPDEs with jumps

We now study time-advanced backward stochastic partial differential equa-
tions driven both by Brownian motion B(t) and compensated Poisson ran-
dom measures N (dt,dz).

4.1 Framework

Let B(t) = B(t,w) be a Brownian motion and N(dt,dz) := N(dt,dz) —
v(dz)dt, where v is the Lévy measure of the jump measure N(-,-), be an
independent compensated Poisson random measure on a filtered probability
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space (Q, F,{Fi}o<i<r, P). Let D be a smooth bounded domain in R".
Consider the following general second order differential operator:

Z ox; (as;( 63: Zb 8:1:1 c(w)u(z)

Z_]—

where a = (a;;(z)) : D — R™" (n > 2) is a measurable, symmetric matrix-
valued function which satisfies the uniform elliptic condition

Mg < Z a;;(2)&€; < Xol€), VEE R and z € D (4.1)

i,7=1

for some positive constants A1, Ay, b= (by,...b,),: D — R"andc: D — R
are bounded measurable functions. Set H = L?(D). Let Hy*(D) denote the
Sobolev space of order one with zero boundary condition. In view of (4.1)
and the boundedness of b and ¢(z), for v € Hy*(D) we have

n

1 ou Ou
— <Au,u> = 5/(2 ()8%8%)@

i,7=1

—Z / axz )dr — /D c(w)ul)da

> 1)\1/ |Vu|2(x)dx——)\1/ |Vu]2(x)dx—C)\l/u2(x)dx
2 Jp 4" Jp D

= 1)\1/ |Vu|2(x)da:—0>\1/u2(:v)dx (4.2)
4 Jp D

Given a positive constant J, denote by D(][0,d], H) the space of all cadlag
paths from [0,4] into H. For a path X(:) : Ry — H, X; will denote the
function defined by X;(s) = X(t + s) for s € [0,4]. Put H = L*(R — H;v).
Consider the L? spaces V; := L*([0,8] — H,ds) and V, := L?([0,6] — H, ds).
Let

F:R, xHXHXxVixHXxHXViXHXHXVy,xQ—H

be a predictable function. Introduce the following Lipschitz condition: There
exists a constant C' such that

|F(t7p17p27p7 ql,QQ,q,Tl,TQ,T,W> - F(t7ﬁ17ﬁ27ﬁ7 (A717q_27(ju f17f2af)w>|H
< C(lp1 = pilu + [p2 = Dol + [p = DIy + o — @1l + 2 — @lu
+ g = qlvy +|re — Tl + [r2 = Talw + |1 — 7lv,). (4.3)
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4.2 First existence and uniqueness theorem

We first consider the following time-advanced backward stochastic partial dif-
ferential equation (BSPDE) in the unknown F; adapted processes (p(t), q(t), r(t, 2)) €
H x H xH:
dp(t) = —Ap(t)dt
+ B[F (t,p(t), p(t + 6) X006 (), PeX(o,7—-8 (), q(t), q(t + 6) X(0,7—31 (1),
@xor—o)(t), (£), 7 (t + 8)Xo,r—0)(t), TeXor—o)(t)) | Fe)dt

+q(t)dB(t) + / r(t,z)N(dt,dz) ; t € [0,T) (4.4)

p(T) =G, (4.5)

where G is a given H-valued Fpr-measurable random variable.

Note that the time-advanced BSPDE (2.7)-(2.8) for the adjoint processes
of the Hamiltonian is of this form.

For this type of time-advanced BSPDEs we have the following result:

Theorem 4.1 Assume that E[G?*] < oo and that condition (4.3) is satisfied.
Then the BSPDE (4.4)-(4.5) has a unique solution p(t), q(t),r(t, z)) such that

B[ [ w1+ [ e ootn ) a

< 00. (4.6)

Moreover, the solution can be found by inductively solving a sequence of
BSPDEs backwards as follows:

Step 0: In the interval [T'— §,T| we let p(t),q(t) and r(t, z) be defined as
the solution of the classical BSPDE (see [19])

dp(t) = —Ap(t)dt + F (t,p(t),0,0,4(t),0,0,7(t, 2),0,0) dt

+q(t)dB(t) + / r(t,z)N(dt,dz) ; t € [T — 0, T (4.7)

p(T) =G. (4.8)
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Step k ; k > 1: If the values of (p(t),q(t),7(t,2)) have been found for
€ [T — k6T — (k—1)0], then if t € [T'— (k + 1)0, T — kd] the values of
p(t+98),pe, q(t +6),q,m(t + 9, z) and ry are known and hence the BSPDE

dp(t) = —Ap(t)dt
+ E[F (t,p(t),p(t +6),pt,q(t), q(t +6), q,r(t), r(t +0),r) | Fi]dt

+ q(t)dB(t) + / r(t,z)N(dt,dz) ; t € [T — (k+1)6,T — kd]  (4.9)

p(T — ko) = the value found in Step k£ — 1 (4.10)

has a unique solution in [T — (k + 1)d, T — k0.
We proceed like this until & is such that T'— (k +1)0 <0 < T — ké and
then we solve the corresponding BSPDE on the interval [0, T — kd].

Proof.  The proof follows directly from the above inductive procedure. The
estimate (4.6) is a consequence of known estimates for classical BSPDEs. O

4.3 Second existence and uniqueness theorem

Next, we consider the following backward stochastic partial differential equa-
tion in the unknown Fi-adapted processes (p(t), q(t),r(t,2)) € H x H x 'H:

dp(t) = —Ap(t)dt
+ ELEW,p(t), p(t +0), pe q(1), gt +0), g, 7(8), (L +0), 1) | Fi)dt

+q@m3,ﬁ/m@@ﬁun@%tenxﬂ (4.11)

p(t) = G(t), tel[l,T+04 (4.12)

where G is a given H-valued continuous F;-adapted stochastic process.

Theorem 4.2 Assume E[supyo,<p,s |G(t)|3] < 0o and that condition (4.3)
is satisfied. Then the backward stochastic partial differential equation (4.11)
admits a unique solution (p(t), q(t),r(t,z)) such that

B / (O + g + / (. 2) 2y(dz) ] < oo.
Proof.
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Step 1 Assume F is independent of py, ps and p. Set ¢°(¢) := 0,7%(¢, 2) = 0.
For n > 1, define (p™(t),q"(t),r"(t,z)) to be the unique solution to the
following backward stochastic partial differential equation:

dp"(t) = —Ap"(t)dt
+ E[F(tv qn_l(t)a qn_l(t + 5)’ q?—l’ rn_1<t7 ')v rn_l(t + 5’ ')v Tf_l())|ﬂ]dt
+¢"(t)dB; + r"(t, 2)N(dt,dz), te€[0,T] (4.13)

p"(t) = G(t) te [T, T+)9).

It is a consequence of the martingale representation theorem that the above
equation admits a unique solution, see, e.g. [19]. We extend ¢", r" to [0, T+]
by setting ¢"(s) = 0, r"(s,2) =0 for T' < s < T + §. We are going to show
that (p"(t),q"(t),r"(t,z)) forms a Cauchy sequence. By It6’s formula, we
have

0= [p"*(T) — p™(T)|%

= ") —p" ()]} — 2/t < APTTH(s) = p"(9), 0" (s) — p"(s) > ds

+ 2/t < anrl( ) - pn(s)a (E[F<3> qn(s)v qn(s + 5)7 q?v rn(s’ ')>rn(5 + (5’ )>T?())|Fs]
- E[F(Sa qn_l(s)v qn_l(s + 5)’ qg_lv Tn_l(sa ')7rn_1(5 + 57 -),T?_l(-)ﬂfs]) >p ds
e

+K‘ @@—www@@wmwz"W“@—wwmw

+2/ < (s) — p(s), () — q"(s) > dB

/‘/ﬂw“sz (s, 2l

+2 < p"H(s=) — p"(s—), " (s, 2) — (s, 2) >p YN (ds,dz) (4.14)
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Rearranging terms, in view of (4.3) and (4.2) we get

El]p" ®)[7] + E[/ IV (p" |Hd}
+EU /| (g 5) sz|Hdsu(dz}+E[/ 1 (s) — ¢ ()2 ds

<2E[/!<p Floq7(9).4"(5 + 9).77(5,),7(s +0.)
) ( +6) (57')7 ( 57))|fs] >H |d8]

+CE[/ I |Hd}

o[ |Hd]+sEU (s iw}

LB / "(s +6) — g s+5\Hd]+gE[/ /+|q )2 du)d ]
teE /| |Hd] |

LB / (s + 8) — 1 s+5|Hds]+gE[/ (/+\r |Hdu) ]

(4.15)
Note that
[/ " (s + ) — (5 +6)|%d s]<E[/ lg"(s) — ¢"~ (s)|§{ds]
(4.16)

Interchanging the order of integration,

([ -] o[-t

<E U 4" (s (s)[%,ds } (4.17)
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Similar inequalities hold also for ™ — r"~!. It follows from (4.15) that

Ellp" (t))%] + E[/ IV (p" |Hd}
+EU"/|+sz szmMWW}+EU“m () = ")

<0EL/u> mw]<zuwdﬂ/\q ~ s
4 3eE [ / o (5)[2ds ] (4.18)

Choose € > 0 sufficiently small so that

Bl |H+EUNV e s
f o o M/ —
<0E[/ it |Hds]+ EU Ig"(s |Hds}
+ EU (s des]. (4.19)
( B[ [ e |mﬂ)+ 5B | [ 196~ s
e E[/ /|r (s,2) sz]Hdsu(dz)}—l—e E[/ " )—q”(s)ﬁ{ds}
T N [ e

(4.20)
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Integrating the last inequality we get

B[ e -psas| + [ et [ i) - ool
4 /0 "t O { /t ' /R (s, 2) —r"(s,z)ﬁ{dsu(dz)}
w3 [ s [ 9 -

1 ’ Cet g n n—1 2 1 g Cet ’ n n—1 2
< 5 dt e“'E lq"(s) — ¢" " (s)|3ds —1—5 dt e”'E ™ (s) — " (s)|5,ds
0 ¢ 0 t

(4.21)

In particular,

/0 Tdt B { /t ' /R |r (s, 2) —r"(s,z)\ildsy(dz)]
w [ [ [ - o)
g%/ont eCtp) {/tT|q"(s)—q”_1(s)ﬁ{ds} +%/0 dt O [/ I (s) — 1 ()]%ds]

(4.22)
This yields

Tdt e 'E ' [Pt (s, 2) — (s, 2) |5 dsv(dz) | + ' dt e%'E ' 1" (s) — q"(s)|%ds
el ] |« [ e |
< G)n c (4.23)

for some constant C. It follows from (4.21) that

B[ [ -rones] < (3) ¢ (4.22)

(4.18) and ((4.21) further gives

[/ L0094 | ) — a0 s
= <§) CnC.. (4.25)
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In view of (4.18), (4.21) and (4.22), we conclude that there exist progressively
measurable processes (p(t), q(t),r(t, z)) such that

lim E[|p"(t) — p(t)|5] = 0,

n—oo

T

lim [ E[|p"(t) — p(t)|3]dt = 0,

n—oo 0

T

lim [ E[[V(p"(t) — p(t))|5]dt =0,

n—oo 0

T

lim [ Ellq"(t) — q(t)|3]dt = 0,

n—oo

lim / /REHT”(IS, z) —r(t, 2)|5|v(dz)dt = 0.

n—oo 0

Letting n — oo in (4.13) we see that (p(t),q(t), r(t, z)) satisfies

p(t) / Ap(s)ds
+ / E[F(5,q(s), q(s + 8), gs, 7(5, -), 7(5 + 6, ), 74()| Fuds

4 / $)dB, + / / 5, 2)N(ds, dz) = g(T) (4.26)

i.e., (p(t),q(t),r(t,2)) is a solution. Uniqueness follows easily from Ito’s for-
mula, a similar calculation of deducing (4.14) and (4.15), and Gronwall’s
Lemma.

Step 2. General case. Let p°(t) = 0. Forn > 1, define (p"(t), ¢"(t), r"(t, 2))
to be the unique solution of the following BSDE:

dp"(t) = —Ap™(t)dt + ¢"(t)dB; + r"(t, 2)N(dt, dz)

+ E[F(t,p" (), p" (¢t +6), 00 ¢ (), " (t+ 6), gt " (t, ), 7 (E+ 6, ), 1

(4.27)

p"(t) = G(t); te [T, T+9d].
The existence of (p"(t),q"(t),r™(t, 2)) is proved in Step 1. By the same
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arguments leading to (4.18), we deduce that

Bl (1) - (1)) + E[/ [0 = s asvlas)

=y Cgis) - ¢ 6)ds| + e | [ 9 r(s) - (s

<op[ [ o -] + 38 [ e -0 e
(4.28)

This implies that

(e [ o -rona]) < geE [ e o)

(4.29)
Integrating (4.29) from u to T" we get

ay ) pres| < [ gt g Ji ") s

T T
< e [T arl [ ) -5 s (4.30)
u t
Iterating the above inequality we obtain that
T CnTrmn
e“™T
B[ 1) - (o)hds <
0 .

Using above inequality and a similar argument as in Step 1, it can be shown
that (p™(t),q"(t),r"(t,z)) converges to some limit (p(t), q(t),r(t, z)), which
is the unique solution of equation (4.11). O

Theorem 4.3 Assume E [supyo,<p,5|G(t)|3] < oo for some a > 1 and
that the following condition hold:

|F(taplap27p7 Q1aCI27Q77“177‘277“) _F<t7]5171327257 le@%@fh@f”
< C(lpr — pilg + |p2 — P2l + OS<UI<36 Ip(s) = p(s)|u + |lon — @ule + |2 — @le + g — aln

+ |T1 — 771|H + |’f’2 — 772|H + |’f‘ — 77|V2). (431)
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Then the BSPDE (4.11) admits a unique solution (p(t), q(t),r(t, z)) such that

[sup PO + /{|q|H + [ Irfite 2wtd)yar| < o

0<t<

Proof.

Step 1. Assume F is independent of pi, ps and p. In this case condition
(4.31) reduces to assumption (4.3). By the Step 1 in the proof of Theorem
4.2, there is a unique solution (p(t), q(t),r(t, z)) to equation (4.11).

Step 2. General case. Let p®(t) = 0. Forn > 1, define (p"(t), ¢"(t), " (¢, 2))
to be the unique solution of the following BSDE:

@M):ﬂ@(mmqwm&+W()Xﬁ@)

E[F(t,p" (), p" (¢ +0), pp ™, ¢ (1), " (£ + 6), ¢, 7" (¢, ), 7" (¢ + 6, -), 7 ()| Fi)dt
(4.32)

() =G(t),  te[T, T+

By Step 1, (p™(t), ¢"(t),r"(t, z)) exists. We are going to show that (p"(t), ¢"(t),r"(t, z))
forms a Cauchy sequence. Using [t0’s formula, we have

) — O + / / (s, 2) — (s, 2) Bdsw(dz) + / 1 (s) — ¢ () ads
— Z/t < Ap"(s),p"(s) > ds
S / < pI(s) = p(s),

E[E(s,p"(s),p"(s +0), {4 ”“(8) ¢ (s +0), g0 " (s, ) " (s 4+ 0,0), T ())
— F(s,p" 7 (s),0" (s +0), 007" d"(5), ¢ (8+5) g¢,r"(8,0), 7" (s +6,-), () Fs] > ds

9 / < (s) — (), 4" (s) — q"(s) > dB,

/R[|7”n+1<87 2) —1r"(s,2)|5 +2 < p"TH(s—) — p(s—), r" (s, 2) — (s, 2) >H]N(ds, dz)
(4.33)
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Take conditional expectation with respect to J;, take the supremum over the
interval [u,T] and use the condition (4.31) to get

T
sup [p"t'(t) —p" (W)} + sup E { / g™ (s) — Q"(S)I?quIft}
t

u<t<T u<t<T

T

+ sup E [/ /]r”“(s,z)—r"(s,z)\%dsu(dzﬂﬁ}
t Jr
T

u<t<T

+sw B[ [ 19600 - o) i) 7

u<t<T ¢

T
<C. s P [ [ ) —p"<s>|i,ds|ft}

u<t<T

- T
+ Cie sup E / |p"(s)—pn_l(s)|§{ds|.7-}]

u<t<T

- AT
+ Cshe sup E / E[ sup [p"(v) —p”_l(v)|§{|]:s]ds|ft]

u<t<T s<v<T

- T
+ C3¢ sup F / \qnﬂ(s) - q"(s)ﬁ{dﬂft]
t

u<t<T

+ Cye sup F
u<t<T

/tT/R [ (s, 2) = 1"(s, 2) [y ds V(dz)|ft} (4.34)

Choosing € > 0 such that Cse < 1 and Cye < 1 it follows from (4.34) that

T
sup [ (1) = p (D)% < C. sup E [ [ e —p"<s>|zds|ft}

u<t<T u<t<T

T
(Gt Co)e swp B [ [ Ew |p”<v>—p"-1<v>|z|fs]ds|ft}
u<t<T u s<v<T
(4.35)

T T
Note that E {/ Ip" () —p”(s)|%1ds|ft} and F {/ E[ sup [p"(v) — p"t(v)|3]|Fs)ds|F

s<v<T
are right-continuous martingales on [0,7] with terminal random variables

T T
/ |pn+1(s) —pn(S)ﬁ{dS and / E’[ sup ‘p”(v) —p”_l(v)ﬁﬂfs]d& Thus for
” u s<v<T
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a > 1, we have

B[ (s 2] [ 060 - asiz] )] <ck [( [ e -rehe) |

< erE [ / sup [ (v) — p”(fu)ﬁ?ds}, (4.36)

s<v<T

and

2| (s E{ Bl sup ") — 1<v>|%{rfs1dsm})a]

u<t<T s<v<T

SE[/ Blsup ") — " @)1

s<v<T
T
<croFE {/ sup [p"(v) —p"_l(v)ﬁ{ads} . (4.37)
u s<v<T

(4.35), (4.36) and (4.37) yield that for a > 1,

B[ s 15770 - 0| < cuom | " 5 0) ~ g o)

u<t<T s<o<T

+ Oy oE { / ' sup |p"(v) — p"_l(v)|?ds] . (4.38)

s<v<T
Put

gn(u) = B [/UT sup [p"(s) —p" ' (s) ?q‘“} .

t<s<T

(4.38) implies that

d

_E( e g i1 (u)) < € Ch 00, (). (4.39)

Integrating (4.39) from ¢ to T" we get

T T
Gna1(t) < CQ,Q/ eClva(S_t)gn(s)ds < CQ’QQCLQT/ gn(s)ds. (4.40)
¢ ¢

Iterating the above inequality we obtain that

ayl " aup (s ) - p ) <

t<s<T

CnTTn

n!
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Using above inequality and a similar argument as in step 1, we can show that
(p"(t),q"(t),r™(t, z)) converges to some limit (p(t), q(t),r(t, z)), which is the
unique solution of equation (4.11). O

5 Application

To illustrate our results, we now apply them to the optimal harvesting prob-
lem presented in the Introduction. In this case the state is given by the
reaction-diffusion equation (1.1) and the performance functional is given by
(1.2). Therefore, by (2.7) the corresponding Hamiltonian is

H(t,z,y,z,a,¢,p,q,7(-)) = Ui(t,x,c)+ (ay + Bz —c)p
+ owa+ [ QO G
R

The BSPDE for the adjoint processes p(t,x), q(t,z), r(t,z,() is, by (2.9),

dplta) = ~{38p(t.2) + ap(t.) +ounlta) + [ ()it wdc)
+BE[p(t + 6, z)| Fi]xj0,r—s (t) }dt

+q(t, x)dB(t) + / r(t,z, ()N(dt,d¢);0 <t <T

R

p(T,x) = Uyx,Y(T,z));x € D (where Uy(x,y) = (%Ug(x,y))

p(t,z) = 0; (t,x) € (0,T) x ID. (5.2)

Maximizing the conditional Hamiltonian with respect to ¢ gives the first order
condition:

oU
6—61(25,1:,0(25,1:)) — Elp(t,z)|&]; (t,z) € [0,T] x D (5.3)
So, assuming that ¢ — %(t, x,c) is strictly decreasing, to find the optimal

¢ = ¢*(t,z) it suffices to find the solution p(t,x) of (5.2). To this end, we
proceed inductively, as in Theorem 4.1:

28



Step 0: In the interval [T"— §,T] we solve the following BSPDE for p(t, z),
q(t,x), r(t,z,C):

dt.a) = ~(5A0(t.0) + ap(t.0) + oualta) + [ (C)rlt,z, Ol
+q(t, x)dB(t) +/ r(t,z, Q)N (dt,d¢);t € [T — 6, T) (5.4)
p(T,x) = Uy(x,Y(T,z));x €D, p(t,z)=0; (t,x)€ (0,T)x D.

It is well known that this equation has a unique solution. See [19]. In fact,
in this particular case the solution can be found explicitly by adopting the
procedure in Example 1.1 of [19]. as follows:

Choose Fi-predictable processes Og(t, z) and O4(t, x, () such that

q(t,az)@o(t,x)—i—/r(t,x, )01 (t, x, ()v(dQ)

R

— aft.)on+ [ 1w ClCvdo)
R
An obvious choice is

@O(t,l') = 0o @1(ta xz, C) = VO(C)

Next, define the probability measure () on Fr by

dQ(w) = Zr(w)dP(w),

where -
{ dZy = Zy_(w)[—00dB(t) — [z %0(¢)N(dt, dC)]
ZO =1
Zy = exp(—ooB(t ——aot—l—/ /ln 1 —v(¢))N(ds, d¢)
+t [ {in1=20(O) + lQr(de)); 0SS,
Then

Bg(t) := oot + B(t)
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and . .
No(dt, d¢) = 2o(C)w(dC)dt + N(dt, dc)

is a (Q-Brownian motion and a )-compensated Poisson random measure,
respectively, and in terms of By and Ny the BSPDE (5.4) gets the form

dp(t,z) — —{%Ap@ﬂﬂ+%mﬂtxﬂdt+q@gdeQ@)

+/‘uxo (dt,dC); (t,2) € [T — 6,T] x D
p(T,2) = Upa,Y(T.2))iz € D,

p(t,z) = 0; (t,x)€ (0,T)xID. (5.5)
See [16], chapter 1 for details.
Let ) feyl?
_ | @rt)7 f(y)exp(— 557 )dy; >0
rif(o) = { BOTT (5:6)

be the transition operator for Brownian motion, defined for all f : R — R
such that the integral exists. Then

0

1
8t(Rtf( r)) = §A(Rtf($)) (5.7)

Put
F(x) = Uy(x,Y(T, x)). (5.8)

By the Ito representation theorem there exists F;-predictable processes
g(s,z) = g(s,xz,w) and k(s,z,() = k(s,z,(,w) such that

zaQL/;(jg {gz(Sgr)+—/Lk?(s,m,{)u(d@)}ds)dx]<:oo (5.9)

and

T
F@:%mmﬁ/@wa //'mg%@@)mm
0
In fact, by the L*-extension of the Clark-Ocone formula ([1]) we have

g(S,l’) = EQ[DSF<x)|FS]7 k?(S,ZL‘, g) = EQ[DS,CF('IMFS] (5'11>
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where Dy and D; ¢ denotes the Malliavin derivatives with respect to B and
N, respectively. Define

pltsa) = TR | gl aBo(o)+ [ [ ks, O No(ds,dc)+ Egl PO
(5.12)
q(t,z) = e T I Rr_yg(t,-))(x) (5.13)
r(t,x,¢) = e“T DRy (k(s,-, ) (x); (t,x) € [0,T] x D. (5.14)

Then (p, g, 7) solves (5.4). This completes Step 0.

We now proceed to the next step:
Step 1. If [T'— 24,7 — 6] and T'— 20 > 0, we get by (5.2) the BSPDE

dp(t,x) = —{%Ap(t, x) + ap(t, z) + ooq(t, x)
T / 2o(Q)r(ts 2, O(dC) + BEp(t + 6, )| Fi]

+q(t, x)dB(t) + / r(t,z, Q)N (dt,d¢); (t,x) € [T — 26, T — 8] x dD.
R

Note that if t € [T'—2§, T — 9] then P(t+0, x), and in particular p(T'—46, x),
are known by Step 0. So again we can solve the BSPDE by the method in
[19].

We continue like this by induction up to and including step j, where j
is such that T'— 70 < 0 < T — (j — 1)d. This procedure leads to a unique
solution p(t,x) of (5.2). Note, however, that this solution p(t, z) = p9(t, z)
depends in a complicated way of the optimal terminal value Y (T, x), which
again depends on the optimal control ¢(¢, z). Therefore equation (5.3), given
by

0U1

ot elt,0) = Elp(e)(t, 2)|&] (5.15)

is in general difficult to solve for the optimal control ¢(t, ).
However, there is an important solvable special case, namely when

Us(z,y) = Us(z,y,w) = k(z,w)y (5.16)

for some bounded Fr-measurable random variable k(z) = k(z,w) > 0. In
this case we get

F(r,w)=Uy(z,Y(T,2)) = k(z,w),
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which does not depend on ¢, and hence (5.15) can be solved for the optimal
c(t, x).
We summarize the above as follows:

Theorem 5.1 The optimal consumption rate c(t,x) of the problem (1.1),
(1.2), when Us(x,y) is of the form (5.16), is given by equation (5.15), where
p(t, ) is the solution of (5.2), as outlined in (5.4)-(5.14).

It is interesting to note how the delay affects the optimal harvesting
policy: Using inductively at each step above the comparison theorem for
BSPDEs [18] we obtain the following:

Corollary 5.2 For 0 < §; < 09 let ps,(t,x) be the solution of the BSPDE
(5.2) corresponding to §;;1 = 1,2, with

ps. (T, x) = Us(x,Y (T, z)) = k(x,w)

as in Theorem 5.1. Assume that 3 > 0. Then

(Z) p52(t, :L’) < P, (ta :L’); (t7 I) < [07 T] x D.

Hence, by (5.15), the optimal harvesting rates cs,(t,x) satisfies the in-
equality

(i) c5,(t,x) < c5,(t,x); (t,x) € [0, T] x D.
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