DEPT. OF MATH./CMA  UNIVERSITY OF OSLO
PURE MATHEMATICS No 21
ISSN 0806-2439 NOVEMBER 2008

A general maximum principle for anticipative stochastic control
and applications to insider trading

Giulia Di Nunno*!, Bernt Gksendal* T | Olivier Menoukeu Pamen*¥, and Frank Proske*

Revised in March 29**, 2010

Abstract

In this paper we suggest a general stochastic maximum principle for optimal control of
anticipating stochastic differential equations driven by a Lévy type of noise. We use
techniques of Malliavin calculus and forward integration. We apply our results to study
a general optimal portfolio problem of an insider. In particular, we find conditions on the
insider information filtration which are sufficient to give the insider an infinite wealth.
We also apply the results to find the optimal consumption rate for an insider.
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1 Introduction

In the classical Black-Scholes model, and in most problems of stochastic analysis applied to
finance, one of the fundamental hypotheses is the homogeneity of information that market
participants have. This homogeneity does not reflect reality. In fact, there exist many types
of agents in the market who have different levels of information. In this paper, we are
focusing on agents who have additional information (insiders), and show that, it is important
to understand how an optimal control is affected by particular pieces of such information.

In the following, let { B(t) }o<t<7 be a Brownian motion and N(dz,ds) = N(dz,ds) — dsv(dz)
be a compensated Poisson random measure associated with a Lévy process with Lévy measure
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v on the (complete) filtered probability space (Q2, F,F = {ft}0§t§T7 P) with T' > 0 fixed time
horizon. In the sequel, we assume that the Lévy measure v fulfills

/ 22 v(dz) < oo,
Ro
where Ry := R\ {0}.

Here we suppose that we are given a filtration G = {gt}ogthv with
ft ggt, te [07T]7 (11)

representing the information available to the agent at time ¢. This information is used at
decision making level yielding a G-predictable strategy or control.

Suppose that the state process X(t) = XW(t,w); 0 < t < T, w € Q, characterizing the
agent’s wealth, is a controlled jump diffusion in R of the form:

d=X(t) = b(t, X(t),u(t))dt + o(t, X(t),u(t))d”B(t)
+ Jg, 0(t, X (1), u(t), 2) N(dz,d"t); (1.2)
X(0) = zeR.

Since B(-) and ]V(A, -), A C Rg Borel, need not be semimartingales with respect to {G; fo<i<,
the two last integrals in (1.2) are anticipating stochastic integral that we interpret as forward
integrals. The choice of forward integration, as an anticipative extension of the It0 integra-
tion, is motivated by the possible applications to optimal portfolio problems for insiders as
in Section 6 see for e.g., [3, 7, 6]. However, the applications are not restricted to this area
and include all situations of optimization problems in anticipating environments (see e.g.,

15, 20)).

The control process
u:[0,T] x Q — U,

is called an admissible control if (1.2) has a unique (strong) solution X = X® such that u(:)
is predictable with respect to the filtration {Gi},<,<p. We let Ag denote a given family of
admissible controls assumed to be G-predictable and such that (1.2) has a strong solution.

More specifically, the problem we are dealing with is the following. Suppose that we are given
a performance functional of the form

[/ ft, X (), u(t))dt + g(X(T))|, u e Ag, (1.3)
with

f o 0, Tf]xRxUxQ—R,
g : RxQ—R,



where f is an F-adapted process for each x € R, v € U and g is an Fp-measurable random
variable for each z € R satisfying

T
E [/0 F(t, X (8), u(t)] dt + |g(X(T))]| < oo, for all u € Ag.

The goal is to find the optimal control u* € Ag such that

D¢ = sup J(u) = J(u"). (1.4)
u€Ag

Special cases of this problem have been studied by many authors. See e.g. [1, 3,4, 7, 11, 12,
14, 15] and the references therein.

The purpose of this paper is two-fold.

First, we want to establish a general maximum principle for the optimal anticipative control
problem (1.2)-(1.4), without any a priori semimartingale assumptions for the inside informa-
tion filtration {G;}o<i<7 (see Theorem 3.1 and Theorem 4.1).

Second, we want to use these general results to investigate the following problem in insider
trading: How much information does an insider need in order to generate an infinite value of
Og?

The following example by Pikovski and Karatzas in [14] illustrates the situation. Suppose
the financial market has two investments opportunities:

1. a risk free asset with unit price

So(t) =1; t€[0,T],

2. a risky asset with unit price
dSy(t) =51(t) [pdt + odB(t)]; S(0) > 0; t <€ [0,T]

(1,0 > 0 constants). If the trader chooses a portfolio 7(t) representing the fraction of wealth
to be invested in the risky asset at time ¢, the corresponding wealth process X (t), ¢ € [0, T,
will have the dynamics

d™ X, (t) = X ()7 (t) [pdt + od” B(t)] ; X(0) > 0.

If the information flow accessible to the insider trader is given by a filtration G = {Gt}<;<r
such that G, O F;, this means that 7 is required to be G-adapted (thus the It6 integration
cannot be applied and the forward integration is chosen to be used instead). Suppose the
insider wants to maximize the expected logarithmic utility of the terminal wealth, i.e. to find
O and 7* (if it exists) such that
&g := max F [In (X (T))] = E [In (X (T))]

TEAG
In [14] it is proved that if

gt = -7:t \/U(B(T)), t S [07T],

then &g = co and 7©* does not exist.

In this paper we generalize this situation in several directions:



a) We include jumps in the risky asset model
b) We study more general utility functions
¢) We study more general insider filtrations.

These points were already partially discussed in [7] from the point of view of the existence of
an optimal portfolio for a given insider. The present paper, we repeat, focuses on the study
of conditions on the amount of information G = {G;},~,«y needed to obtain &g = co and
the non-existence of an optimal insider portfolio. For example, in a context as in the case of
[14], we can see that if

FiVo(B(t+0o,(t); n=1,2,...)

where ]
dn(t) = (—)P for some p € (0,1)
n

then 7* does not exist (see Corollary 6.6).

The main result, which represents a stochastic maximum principle, is presented in full gen-
erality (see Theorem 3.1). However it is difficult to apply because of the appearance of some
terms, which all depend on the control. We then consider the special case (see Theorem 4.1)
when the coeflicients of the controlled process X do not depend on X; we call such processes
controlled It6-Lévy processes. In this case, we give a condition for the existence of an optimal
control. More specific results are obtained in the cases when the insider filtration is either

i) a D-commutable filtration (Subsection 5.1 and Theorem 5.2) or

ii) a smoothly anticipative filtration (Subsection 5.2.)

Besides the application of these results to optimal portfolio problems, we also consider ap-
plications to optimal insider consumption. In this case we show that there exists an optimal
insider consumption, and in some special cases the optimal consumption can be expressed
explicitly.

The paper is structured as follows: In Section 2, we briefly recall some basic concepts of
Malliavin calculus and its connection to the theory of forward integration. In Section 3, we
use Malliavin calculus to obtain a maximum principle for this general non-Markovian insider
information stochastic control problem. Section 4 considers the special case of Ito-Lévy
processes. In Section 5 some specific classes of insider information are considered. Finally,
in Section 6 and 7, we apply the results from the previous sections to study optimal insider
portfolio and optimal insider consumption problems respectively.

2 Framework

In this Section we briefly recall some basic concepts of Malliavin calculus and its connection to
the theory of forward integration. We refer to [17] or [8] for more information about Malliavin
calculus. As for the theory of forward integration the reader may consult [18, 24, 25] and [6].



2.1 Malliavin Calculus for Lévy Processes

In the sequel consider a Brownian motion {B(t) }o<;<7 on the filtered probability space
(Q(B)7f(B)7 {ft(B)}OgtSTﬂp(B))’

where {ft(B)}OStST is the P(P)-augmented filtration generated by {B(t)}o<i<7 with F(B) =
7.

Further we assume that a Poisson random measure N (dt,dz) associated with a Lévy process
is defined on the stochastic basis

(Q(N)’:F(N)? {ft(N)}OStST7P(N))'

We denote by N(dt,dz) = N(dt,dz) — v(dz)dt the compensated Poisson random measure,
where v is the Lévy measure of the Lévy process. See [2, 26] for more information about
Lévy processes.

The starting point of Malliavin calculus is the following observation which goes back to K.
It6 [13]: Square integrable functionals of B(t) and N(dt,dz) enjoy the chaos representation
property, that is

(i) If F € L*(FB), P(B)) then
F=> 1(fa) (2.1)

n>0

for a unique sequence of symmetric f, € L?(A\"), where ) is the Lebesgue measure and

T tn to
I (f) = n!/ (/ (| falty, - te)dB(t1))dB(t2) .. .dB(t,), n €N
o Jo 0
the n-fold iterated stochastic integral with respect to B(t). Here LSB)( fo) = fo for
constants fj.

(ii) Similarly, if G € L2(F™, PM), then

G =Y 1M(g). (2.2)

n>0

for a unique sequence of kernels g, in L?((A x v)"), which are symmetric with respect
to (t1,21),- -, (tn, 2n). Here iy (gn) is defined as

. T tn to - ~
1IN (g,,) ::n!/ // /(/ /gn(tl,zl,m,tn,zn))N(dtl,dzl)...N(dtn,dzn),
0 Ro JO Ro 0 Ro

n € N.



If F e L*(F®), P(B)) has chaos expansion (2.1) the Malliavin derivative D; of F in the
direction of the Brownian motion is defined as

DF =" 0l (fur) (2.3)

n>1

where ﬁl_l(tl, cooytp1) == fa(t1, -+ ,tn—1,t), provided that

Stz < o0 (24)

n>0

Similarly, for all G € L?(F (N ), pW )) with chaos representation (2.2) such that

>l [lgall72awyny < 00 (2.5)

n>0

the Malliavin derivative D; , of G the direction of N(dt, dz) is introduced as

N
D, .G = Zn 1(Gn-1) (2.6)
n>1
where :qvn—l(tly 21yt atn—h Z'n,—l) = gn(tla 21y 7tn—17 Zn_l,t, Z)

In the following we denote by D’EQ the stochastic Sobolev space of square integrable Brownian
functionals such that (2.4) is fulfilled. The symbol D{YQ stands for the corresponding space
with respect to N(dt,dz).

We recall that the Skorohod integral with respect to B respectively N (6t,dz) is defined as
the adjoint operator of D. : D, 12 — L2(AxP®B)) resp. D.. : ]D)j\f — L2\ x VXP(N)) Thus

if we denote by
/ -)0B; and / / (5t dz)
0 Ro

the corresponding adjoint operators the following duality relations are satisfied:

(i)
T T
Eps) [F/ gO(t)(SBt:| = Eps) [/ gD(t)Dtht] (2.7)
0 0
for all F' € DP, and all Skorohod integrable ¢ € L*(AxP®)) (i.e. ¢ in the domain of
the adjoint operator).
(ii)

B [G /0 ' [ v z)N(ét,dz)] i [ /0 ' [ e z)Dt,ZGu(dz)dt} (2.8)

for all G € DY, and all Skorohod integrable ¢ € L2(A x vx P(N),



In what follows our reference stochastic basis will be
(Qa F, {Ft}0§t§T7 P)a
where @ = QB)x Q)| F = FB) x F®) 7, = 7B g™ p _ pB) 5 p(V),

Later on in the paper we will employ the duality relations (2.7) and (2.8) in connection with
P. We will need the following result from [9].

Theorem 2.1 [Decomposition uniqueness for Skorohod-semimartingales]
Let {X (t)}o<t<T be a Skorohod-semimartingale of the form

Xt:C+/Uta(s)ds+/0tﬂ(s)5Bs+/ot /Rofy(s,z)ﬁ(dz,és),

where a(t) € L?(P) for all t. Then if
Xiy=0forall 0<t<T.
we have
(=0,a=0, =0, v=0 a.e.
2.2 Malliavin calculus and forward integral

In this Section we briefly recall some basic concepts of Malliavin calculus and forward inte-
grations related to this paper. We refer to [18, 24, 25| and [6] for more information about
these integrals.

2.2.1 Forward integral and Malliavin calculus for B(-)

This Section constitutes a brief review of the forward integral with respect to the Brownian
motion. Let {B(t)}o<t<7 be a Brownian motion on a filtered probability space (2, F, { Ft }o<t<T, P),
and T > 0 a fixed horizon.

Definition 2.2 Let ¢ : [0,7] x Q — R be a measurable process. The forward integral of ¢
with respect to {B(t)}o<t<r is defined by

B(t+¢) — B(t)

/ o(t,w)d” B(t )—hm qﬁ( w) dt, (2.9)

if the limit exist in probability, in which case ¢ is called forward integrable.

Note that if ¢ is cadlag and forward integrable, then
/ ¢(t,w)d”B(t) = lim Z¢> (2.10)

where AB(t;) = B(tj+1) — B(t;) and the sum is taken over the points of a finite partition of
[0,7].



Definition 2.3 Let MP denote the set of stochastic processes ¢ : [0,T] x Q@ — R such that:

1. € L2 (A x P), ¢(t) € D{SQ for almost all t and satisfies

E (/OT\Qs(t)th + /OT/OT|DU¢(t)|2dudt> < oo

We will denoted by L2 [0, T] the class of such processes.

2. Dy ¢(t) :=limg s Dso(t) exists in L'(\ x P) uniformly in t € [0,T].

We let M% be the closure of the linear span of M* with respect to the norm given by
19llnep, = l1QlLrzor + 1P+ Liaxp)
Then we have the relation between the forward integral and the Skorohod integral (see [15, 8]):

Lemma 2.4 If ¢ € Mf2 then it is forward integrable and

/¢ t)d~ B(t /¢ t)OB(t /Dtm (2.11)
[/ o(t)d B(t ] [/ Dy p(t dt]. (2.12)

Using (2.11) and the duality formula for the Skorohod integral see e.g. [8], we deduce the
following result.

Moreover

Corollary 2.5 Suppose ¢ € M{B’Q and F € Dgg) then

E {F/OTqﬁ(t)dB(t)} = E [F/OT d(t)5B(t) + F/()TDt+<b(t)dt]

= E [ /0 ' &(t)DyF dt + /0 ' FDt+¢(t)dt] (2.13)

Proposition 2.6 Let H be a given fized o-algebra and ¢ : [0,T] x Q@ — R be a H-measurable
process. Set X (t) = E[B(t)| H]. Then

E [ /O ' gp(t)d_B(t)‘ H] "y [ /0 ' @(t)d‘X(t)} (2.14)



Proof. Using uniform convergence on compacts in L!'(P) and the definition of forward
integration in the sense of Russo-Vallois (see [24]) we observe that

T B(t+e¢)— B(t)

B[ et s =5 im [ o0 )
:Ll(P)—61_i)r51+E[/()Tg0(t)B(t+6)_B(t)dtlH]
~ lim OT sE[ 2t Ez =B gt
zelir(% OT w(t)X(t + ez — X(1) gt

T
:/ e(t)d” X (t), in the ucp sense
0

and the result follows. m

Definition 2.7 Let H = {Hi}o<,<r be a given filtration and ¢ : [0,T] x @ — R be a H-
adapted process. The conditional forward integral of ¢ with respect to B(-) is defined by

[B(t+¢) = B(t) [H-]

€

T T
| e Bl BO ) =t [ o0 ® a,  (215)
0 €— 0

if the convergence holds uniformly on compacts in probability (i.e. ucp sense), where H,— =
V Hs.

s<t

Remark 2.8 Note that Definition 2.7 is different from Proposition 2.6 except if Hy = H for
all t

2.2.2 Forward integral and Malliavin calculus for N(-,-)

In this Section, we review the forward integral with respect to the Poisson random measure

N.

Definition 2.9 The forward integral
T ~
J(9) ::/ o(t,z)N(dz,d"t),
0 JRo

with respect to the Poisson random measure N, of a cadlag stochastic function ¢(t,z),t €
[0,T], z € R, with ¢(t,2) = p(w,t,2), w € Q, is defined as

T —~
J(6) = lim /O [ o0, 2)101, ()N . ).

m—00

if the limit exist in L?(P). Here Uy, m = 1,2,..., is an increasing sequence of compact sets
U, € R\{0} with v(Up,) < 0o such that limpy,_oc Uy, = R\{0}. The integral on the right is
for each m defined w-wise in the usual way, as limits of integrals of simple integrands.



Definition 2.10 Let MY denote the set of stochastic functions ¢ : [0,T] x R x Q@ — R such
that:

1. ¢(t, z,w) = P1(t,w)pa(t, z,w) where ¢1(w,t) € ]D)Jff2 is cadlag and ¢2(w,t, z) is adapted
such that

E [/OT A ¢2(t,z)1/(dz)dt] < o0,

2. Diy ¢ = lims_y Ds ¢ eists in L>(A x v x P),
3. ¢(t,z) + Dyt ¢(t, z) is Skorohod integrable.

We let M o be the closure of the linear span of MY with respect to the norm given by
1915, = 19l 200cp) + 1Per a0 Dl 2

Then we have the relation between the forward integral and the Skorohod integral (see [6, 8]):

Lemma 2.11 If¢ € M o then it is forward integrable and

T _ - T T _
/0 s o(t,z)N(dz,d"t) = /0 - Dyy -o(t, z)l/(dz)dt+/0 /RO (o(t,2)+ Dy 0(t, 2))N(dz, 0t) .

(2.16)
Moreover,

E [/OT 5 qﬁ(t,z)ﬁ(dz,dt)} —E [/OT s DH,z(p(t,z)u(dz)dt] . (2.17)

Then by (2.16) and duality formula for Skorohod integral for Poisson process see [8], we have

Corollary 2.12 Suppose ¢ € Mﬂ and F € ]]])11?2, then

E [F /OT 5 o(t, z)N(dz,dt)]

—E [F /0 ! 5 Dyy . 0(t, z)u(dz)dt] +E [F / ! /R O(¢(t,z) + Dt+,z¢(t,z))ﬁ(dz,5t)}

_ [/ [ olt,2)DesFu(az) dt] +E U / (F + Dy.F)Dys.o(t, z)u(dz)dt] . (2.18)

3 A Stochastic Maximum Principle for insider

In view of the optimization problem (1.4) we require the following conditions 1-5 on the
coefficients and on the family of admissible controls Ag:

1. The functions b: [0,T] X Rx U xQ —=R, 0:[0,T]xRxUxQ—R, 6:[0,7] xR x
UxRyxQ—R, f:[0,T]xRxUxQ—Randg: R xQ— R are contained in C*
with respect to the arguments z € R and v € U for each t € R and a.a w € ().

10



2. For all r,t € (0,7), t < r and all bounded G;—measurable random variables a =
a(w), w € Q, the control

Ba(s) == a(w)Xp(s), 0<s<T, (3.1)
is an admissible control i.e., belongs to Ag (here Xt,] denotes the indicator function
n [t,r]).

3. For all u, 8 € Ag with 3 bounded, there exists a § > 0 such that

u+yp e Ag, forall y € (—9,9) (3.2)
and such that the family

A Xu+yﬁ(t)

{ el € X050, u(0) + w3t

Ox
+%f(t7 XUHB(1), u(t) + yﬂ(t))ﬁ(t)}

ye(f(sv(;)
is A X P-uniformly integrable and

i xutyl (T)}

{gecmme s

ye(=4,0)
is P-uniformly integrable.
4. For all u, 8 € Ag with 8 bounded the process

Y(t) = Yalt) = Yy () = LX)

y=0

exists and follows the stochastic differential equation

dY () = Ys(t) [;b(t, XU(t), ult)) dt + a%a(t, XU(8), u(t)) dB(t)

79 £, XU, ult ),z)ﬁ(dz,d*t)—
R() p
d d _
+ B(t) { bt, X*(t), u(t)) dt + 5 -o(t, X"(t),u(t))d”B(t)
79 £, XU(t), u(t), 2) N(dz,d_t)_ (3.3)
]RO p

11



5. Suppose that for all u € Ag the processes

K(t) = / —f s, X (s),u(s))ds (3.4)
DiK(t) = Dy (X(T)) + / Dtaamf(s,X(s),u(s))ds
D K(t) = Di.¢(X / th X(s),u(s))ds
Hy(s,z,u) = K(s) <b(s,ﬂs,u) + Dgyo(s,z,u) + A Dgy .0(s,x,u, 2) I/(dz)>
+D K (s)o(s,z,u) (3.5)
+ DS,ZK(S){H(S,SL',U, 2) + Dgy 0(s, x,u, z)} v(dz)
Ro
2
Glts) = exp (/t {gz (r, X(r), u(r) — 5 (‘;Z) (r,X(r),u(r))}dr

+ ga (r, X (r),u(r)) dB~(r)

t In rX() u(r), 2) —%(T,X(T),u(r),z) v(dz)dr
//]Rg{ < > Oz }

//Ro{ln< Y’X( Bk (T),z)>}ﬁ(dz,dr)> (3.6)

T 5
o) = K(t)+ / = Ho(s, X (), u(5)) G, ) ds (3.7)
at) = Dplt) (3.8)
r(t,z) = Dy.p(t); t€[0,T], z€Rg. (3.9)

are well-defined.
Now let us introduce the general Hamiltonian of an insider
H:[0,T|xRxUxQ—R

by

H(tv &, u7w) ::p<t) <b(t7 T,u, w) + Dt+g(ta T, U, w) + Dt—i—,ze(tv €T, u7w) I/(dZ))

Ro

-l-/ T(t,z){e(t,x,u,z,w) +Dt+’z9(t,$,u,z,w)}y(dz) (3.10)
Ro

We can now state a general stochastic maximum principle for our control problem (1.4):

12



Theorem 3.1 Retain the conditions 1-5. Assume that © € Ag is a critical point of the

performance functional J(u) in (1.4), that is

d
L@ —0
dy (U +yp)

y=0
for all bounded 6 € Ag. Then

E [iﬁ(t,f(t),ﬁ(t))

Qt] + E[A] =0 a.e. in (t,w),

where A is given by Equation (7.21)

X(t) =x®(),
H(t, X (t),u) =p(t) (b(t,fc,u) + Dyyo(t, X, u) +
Ro

+f(t X, u) + qt)o(t, X, u)

+/ r(t, z){G(t,)?,u, 2) +Dt+,z9(t,)?,u, z)}l/(dz)
Ro

with
~ T A~ A~ ~
PO =R(0) + [ 5 Ho(s, R(5), (5Bt 5) ds.
~ ~ T 9 ~
R(t) =g (X)) + [ 507 K (s). ().
and

H(t,z,u) =K (t) (b(t,x,u) + Dypo(t,z,u) + Diy 0(t,x,u) I/(dZ))

Ro

~

+ DK (t)o(t,x,u) + f(t,z,u)

n Dt,zf((t){e(t, 2w, 2) + Doy L0(t, 2, 1, z)}y(dz)
Ro

Dt-‘nze(t? X? u) I/(dZ))

(3.11)

(3.12)

(3.13)

(3.14)

Conversely, suppose there exists u € Ag such that (3.12) holds. Then u satisfies (3.11).

Proof. See Appendix. m
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4 Controlled Ito-Lévy processes

The main result of the previous Section (Theorem 3.1) is difficult to apply because of the
appearance of the terms Y (t), Dy Y (t) and Dyy Y (t), which all depend on the control u.
However, consider the special case when the coefficients do not depend on X, i.e., when

b(t, z,u,w) = b(t,u,w), ot,z,u,w)=0c(t,u,w)
and 0(t,z,u, z,w) = 0(t,u, z,w). (4.1)
Then the equation (1.2) gets the form

d=(X)(t) = b(t,u(t),w)dt + o(t, u(t),w)d” B
+ Jg, 0t u(t), z,w) N (dz, d"t); (4.2)
X(0) = zeR

We call such processes controlled It6-Lévy processes.

In this case, Theorem 3.1 simplifies to the following

Theorem 4.1 Let X(t) be a controlled Ito-Lévy process as given in Equation (4.2). Retain
the conditions 1-5 as in Theorem 3.1.
Then the following are equivalent:

1. u € Ag is a critical point of J(u),

2.

E [L(t)a + M(t)Dira + R(t,2) Dy v l/(dz)] =0

Ro
for all Gi-measurable o € Dy 2 and all t € [0,T], where

L(t) =K(t) (825) + Dt_,_agit) + /}R Dy, agq(j) l/(dz)) . of(t)

90(t)
] Dy K (t) (W + Dyss

do(t)

M(t) = K ()= = (4.4)

20(t)
ou

)I/(dz) + DK(1)

and

R(t,2) = {K(t) + Dy 2K (1)} (823) + Diss 823) ). (4.5)

Proof.

1. It is easy to see that in this case, p(t) = K(t), q(t) = D:K(t), r(t,z) = D K(t) and
the general Hamiltonian H given by (3.10) is reduced to H; given as follows

Hy(s,z,u,w) :=K(s) (b(s,u,w) + Dsio(s,u,w) + DSJF’ZG(s,u,w)u(dz))

Ro
+DK(s)o(s,u,w) + f(s,x,u,w)

+ DS,ZK(S){Q(S, u, z,w) + Dgy 0(s,u, 2, w)}y(dz).
Ro

14



Then, performing the same calculus lead to
A =A3=A5=0,

Ay =E [ t+h{ <8b s+agf) + ROD5+,z8ggj)u(dz)>+af ()

+ | Dy (a ) Dy, 7(3))u(dz) n DSK(S)aa(S)}ads],

ou ou
t+h (s
A —F [ ()3()

S+ad$:| )

Ag=E [ /t T 5 {K(s) + Dy K(s)} (ags) + Dy 8;;28))1/((12)Ds+72ads} .

It follows that

][0 (B0 0,50 [ 5, 00
o [ ot (50 2 ) uta + D %0 o,

%Azx " =K [K( )82( )Dt+ }

%AG » =F |: - {K(t) + Dt7zK(t)} <8ggf) + Dt+,z 8git))v(dZ)Dt+’za:| .

This means that

o= [{xw (B2 + .22 4 [ b, B0y 4 20

agse) + Dyy 8;5))1/(61,2) + DK(%) agg) } a

5 Dt,zK(t)<

+ K(t)ag,l(j)DtJra + {

(&0 + D080} (5 4 D T )ota) | D1 o

Ro ou ou

and the first part of the result follows.

2. The converse part follows from the arguments used in the proof of Theorem 3.1.

By this the proof is complete. =
5 Applications to some special cases of filtrations

We consider the case of an insider who has an additional information compared to the stan-
dard normally informed investor.

15



e It can be the case of an insider who always has advanced information compared to
the honest trader. This means that if G = {G;}o<i<r and F = {F; }o<i<7 represent
respectively the flows of informations of the insider and the honest investor then we can
write that Gy O Fy ;) where d(t) > 0;

e It can also be the case of a trader who has at the initial date particular information
about the future (initial enlargement of filtration). This means that if G = {G; }o<i<7
and F = {F;}o<i<r represent respectively the flows of informations of the insider and
the honest investor then we can write that G, = F; Vo (L) where L is a random variable.

5.1 D-commutable filtrations

In the following we need the notion of D-commutativity of a o-algebra.

Definition 5.1 A o-algebra A C F is called D-commutable if for all F' € Dy 9 = D’EQ N ]DDJS2
the conditional expectation E [F |A] belongs to Dy 2 and

E[F |A] = E[DF |A], (5.1)
Dt,zE [F |A] = E [Dt,zF ’A]

Theorem 5.2 Suppose that u € Ag is a critical point for J(u). Assume that Gy is D-
commutable for all t. Further require that for all t the set of smooth Gi-measurable random
variables is dense in L*(Gy) and that E [M(t) |Gi] and E [R(t, z) |G;] are Skorohod integrable.
Then for any to € [0,T)

0—/ EL(#) |G b dt+/ E[M(t) Gy, h(t) 5B,

/ /R R(t, 2)| Gi,] h(t) N (6t, dz). (5.3)
for all h € L? ([0, T)]) with supph C [to, T].

Proof. Without loss of generality, we give the proof for the Brownian motion case only. The
pure jump case and mixed case follow similarly. Define (X,Y) = E [XY].
Let fix a ¢y € [0,7"). Then, by assumption, it follows that for all G, -measurable smooth «
and h € L?([0,T]) with

supph C [to, T], to <t <T,

I )

16



On the other hand the duality relation (2.7) implies

< [/ M) B g] >=E / M()h(t)65; B [aw}

P / M(Oh(1) <DtE[argto1>dt}

_E / MOh(t)E [ Dya| Giy] d ]

E / E[M |gt0]Dtadt]
< 0) 1G] )31, )

for all Gy -measurable smooth a. So

o[ o

Hence, by our density assumption, we obtain that

gto] / E[M(t) | Ge,) h(t)5B..

o—/ E[L(t) |G, ()dt+/OTE[M(t) 1Gu] h(£)3B:.

By this the proof is complete. m

To provide some concrete examples let us confine ourselves to the following type of filtrations
{Gt}o<t<r. Given an increasing family of {Gt}yejy ) of Borel sets G¢ O [0, ¢]. Define

T
{Gi}o<t<p where G, = Fg, =0 {/ xvu(s)dB(s); U C Gy, U Borel} VN (5.4)
== 0

where N is the collection of P-null sets. Then Conditions (5.1) and (5.2) hold (see Proposition
3.12 in [8]). Examples of filtrations of type (5.4) are

gtl_]:tJré()v
gt = OtUOv

where O is an open set contained in [0, 7.
It is easily seen that filtrations of type (5.4) satisfy conditions of Theorem 5.2 as well. Hence,
we have

Theorem 5.3 Suppose that {Gi}o<i<q is given by (5.4). Then u = u is a critical point for
J(u) if and only if Equation (5.3) holds.

From this, we get

17



Theorem 5.4 Suppose that {Gito<i<T is of type (5.4). Then there exists a critical point
u = u for the performance functional J(u) in (1.8) if and only if the following three conditions
hold:

(i) E[L(t)| 6] = 0,

(ie) E[M(t)]G] =0,

(iti) E[R(t,2)| G = 0.
where L, M and R are given by (4.3), (4.4) and (4.5).

Proof. This follows from the uniqueness of decomposition of Skorohod-semimartingale pro-
cesses of type (5.3) (See Theorem 3.3 in [9].) m

Remark 5.5 Not all filtrations satisfy conditions (5.1) and (5.2). An important example is
the following: Choose the o-field H to be o(B(T)), where {B(t)}y<;<r, is the Wiener process
(Brownian motion) starting at 0 and T > 0 is fized. Then, H is not D-commutable. In fact,
let F = B(ty) for some ty < T and choose s such that to < s <T. Then

D,E [B(to)|H] = D, (tTOB(T)> = %0
while

E[DyB(to)|H] = E [0|H] = 0.

A similar argument works to prove that (5.1) and (5.2) are not satisfied for G; = F; V o(Br)
either. It follows that the technique used in the preceding Section cannot be applied to the
o-algebras of the type F; V o(Br), and hence we need a different approach to discuss such
cases.

5.2 Smoothly anticipative filtrations

In this Section, we consider o-algebras which do not necessarily satisfy conditions (5.1) and
(5.2). The starting point is again statement 2 of Theorem 4.1.

Definition 5.6 We say that the filtration {G;}o<it<7 is smoothly anticipative if for all ty €
[0,T)] there exists a set A = Ay, C Dy1oNL*(Gy,) and a measurable set M C [to, T| such that

E[L(t)| Gl x 0,110 Mm> E M ()] Gtol-X(0,110Mm and E[R(t, 2)| Gi,]-X (0,0 t € [0,T], 2 € Ry,
are Skorohod integrable and

(i) Dia and Dy o are Gy -measurable, for all v € A, t € M.
(ii) Dira = Dia and Dy ;a0 = Dy for all a € A and a.a. t,z, t € M.
(iii) SpanA is dense in L*(Gy,).
Theorem 5.7 Suppose {Gi}o<i<r is smoothly anticipative. Suppose U € Ag is a critical
point of J(u). Then for all h(t) = Xf,.s)(t)xMm(t), t € [0,T] (and some s € [0,T])
0= EU EIL(t) [Gu] dt+/ E[M(#) ] h(£)3 B,

+ / E[R(t, 2)| Gig] h(t) N (6t, d2)
0 Ro

gto] . (5.5)
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Proof. By Theorem 4.1 we know that, for every ¢

E [L(t)a + M(t) Do + R(t, z) Dy v Z/(dz)] =0

Ro

Let o = E [F| Gy, for all F € A. Further, choose h € L? ([0, T]) with A(t) = [, () xm ().
By assumption, we see that
gt0:| ) a>

0_</E ) Gro] (dta> < [/M 3B,
< [/ | e ne N az) gto], >

On the other hand, the duality relation (2.7) and (ii) imply that

< U M{DA(E)B, g] >—E / M(1)h(t)3 By F [Frgto]]

_B / M)h(t) (DB [ F| Guy)) dt}

—E )] Gio) h(t) (DL E [ F| gtondt]

/E
/ BIM(t) |Gl 005 E[F| G

In the same way, we show that

E
< ) | Gu] ()6Bt,a>.
E R(t, 2)h(t) N (6t,d2)| Guy | , E[R(t, ) | Gi,| h(t) N (6t, d=), a
Ro Ro
Then it follows from (iv) that

0=F [/ E[L(t) |Gt b dt+/ E[M(t) |G| h(t)6 B
+ / E [R(t, 2)| Giy] h(t) N(6t, d2)
0 Ro

gt0:| .
for all h € L? ([0, T]) with supph C (to,T]. =

Theorem 5.8 [Brownian motion case] Assume that the conditions in Theorem 5.7 are in
force and 6 = 0. In addition, we require that E [M(t)| G,-] € M{y and is forward integrable
with respect to E[d~ B(t)|G;-]. Then

T
o—/ E[L(t) 1G] holt dt+/ E[M(t) |G,-) ho(t)E [ d” B |G-
/ Dy E[M(1)] G,-] ho(t)dt (5.6)

for all bounded deterministic functions ho(t), t € [0,T].
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Proof. We apply the preceding result to h(t) = ho(t)Xt, 1, ,](t), where 0 = tg <t < ... <
t; < tiy1 =T is a partition of [0,7]. From Equation (5.5), we have

o= [ B g a8 | [ NG 6 b 6]
+E{/M/R R(t, 2)| G h(t) N (6t, dz2) gtl]. (5.7)
By Lemma 2.4 and by assurnptlco)n, we know that
[ B G no0 = [ B 16 oo BO)
[ DB (M) 6o ho(t)t. (5.8)

t;

Substituting (5.8) into (5.7) and summing over all ¢ and taking the limit as At; — 0, we get

o_gg%{Ej/"“E ) Ge.] ho(t)dt

+Z; /:H E[M(t) |G, ho(t)E [B(tiﬂ)A;B(tiﬂ G,] At
n Lit1

— t Dt+E[ ( ) |th] ho( )dt}
=1 i

in the topology of uniform convergence in probability. Hence, by Definition 2.7, we get the
result. m

Important examples of filtrations satisfying the conditions of Theorem 5.7 are based on o-
algebras that are first chaos generated (see [19]). Namely, we consider o-algebras of the form

o(I(hy),i € N,h; € L*([0,T))) VN, (5.9)
where N is the collection of P—null sets. Concrete examples of these o-algebras are
G? =F,Vo(B(T)) (5.10)
or (see (5.15) below)
G =Fi Vo (Bt+d,(t)); n=1,2,... (5.11)

We first study the case (5.10).
Lemma 5.9 Suppose that G = G} = F; V o(B(T)). Then

T-—1t t—1
E[B(t) |Gt = mB(tO) + T—t(z)

B(T) for allt > to.

In particular
€

B(B(t+2)G) = BO)+ 7

(B(T) — B(t))
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Proof. We have that
to
E[B(t) | Gt) :/0 o(t, s)dB(s) + C(t)B(T).

On one hand, we have

t = BE[E[B(t) |Gy] B(T)] =E [( /0 " o, s)dB(s)) B(T)} +omT

- /O " ot 5)ds + C()T. (5.12)
On the other hand
w=E[E[B(t) |Gy B(u)] =E K/Ot ot s)dB(s)> B(u)] + Ot
_ /O " ot 8)ds + Ctyu, for all u < 1. (5.13)

Differentiating Equation (5.13) with respect to u, it follows that
o(t,u)+C(t) = 1.

Substituting ¢ by its value in Equation(5.12), we obtain C(t) = itp:tt% and then p(t, s) = 5::‘{8'
Therefore, the result follows. m

Corollary 5.10 Suppose that G, = G} = F;V o(B(T)). Then

E[d B|G-] = B@ — f(t)

dt.

Combining this with Theorem 5.8 we get

Theorem 5.11 Suppose Gy = G} = F; V o(B(T)) and 6 = 0. Suppose the conditions of

Theorem 5.8 hold. Then uw = u is a critical point for J(u) in (1.3) if and only if

B(T) - B(t)
Tt

Next we study the case (5.11). For each t € [0,7T), let {d,},—, = {0n(t)},—, be a given

decreasing sequence of numbers d,,(t) > 0 such that

E[L()|G,-] + E[ M(t)|G,-] =0 for a.a. t € [0,T]. (5.14)

t+d,(t) € [t, T] for all n.

Define
G =Gt =FiVo(B{t+d,(t); n=1,2,...) (5.15)

Then, at each time ¢, the o-algebra G/ contains full information about the values of the
Brownian motion at the future times ¢t + 6,(¢); n = 1,2,... The amount of information that
this represents, depends on the density of the sequence 0, (t) near 0. Define

1 1
)= —— (6 — Spe)In (In [ ———— ) ): k=1,2,... 5.16
et = = (5= n (1o (55— ) (5.16)
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We may regard pg(t) as a measure of how small §; — g1 is compared to dp41. If pi(t) — 0,
then §, — 0 slowly, which means that the controller has at time ¢ many immediate future
values of B(t + dx(t)); k=1,2,---, at her disposal when making her control value decision.

For example, if
1 p
o(t) = (k) for some p > 0,

then we see that
0 if p<i1

lim pp(t)=< 1 if p=1 (5.17)
hmeo oo if p>1

Lemma 5.12 Suppose that Gy = g;* as in (5.15) and that

lim pi(t) =0 a.s., uniformly int € [0,T). (5.18)

k—o0

Then
E[d™B(t) |G| =d™ B(t); t€[0,T)

Proof. For each € > 0, choose §; = 5,(66) such that

Op+1 < € < O

Then

1

cE[B(t+e) - B(t) |G,-]

1

gE B(t+¢) = B(t) | Fiyspire) V o (B(t+ 6k(1)))]

1 € — Ok41 }

- B(t + 611) + ————B(t + ) — B(t

2 |5 Bl G + £ B+ )~ B

1 €—20

=Bt + 0jp1) — B(t) + ——FL {B(t + 6;) — B(t + 6p41)}

G Ok — Ok+1

5 k1 € — Okt1

. _[B(t+4 B(t) + —— L _[B(t+6,) — B(t+6

- 5k+1 [B(t + 6k+1) — B(1)] O = 00r1) [B(t + 6k) — B(t + 0p41)]

Note that

€ — Ok1 1
e(0k = Ok1) ~ Okt1
and, by the law of iterated logarithm for Brownian motion (See e.g [23], p. 56),

lim —— |B(t + ;) — B(t + 641)|
k—000k+1

1-1[@ e (i (- ))F 0
= lm —— — n|ln|——m— =0 a.s.,
hoodpir | Tt Ok — Ok41
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uniformly in ¢, by assumption (5.18).
Therefore, since

Okt < Ok+1 <1, for all £
(Sk 13
and 5
% — 1 a.s., k — oo, again by (5.18),
k

we conclude that, using Definition 2.7,

T T B
[ o0ElaB016:) = i [ o0 ZHEI IO
0 e—0 Jg c

T _
k—oo Jo 6k+1

T
dt = /0 o(t)dB(t)

in probability, for all bounded forward-integrable G-adapted process . This proves the
lemma. =

Combining this with Theorem 5.8 we get

Theorem 5.13 Suppose G = G} as in (5.15) and § = 0. Suppose that (5.18) and the
conditions of Theorem 5.8 hold. Then uw = u is a critical point for J(u) in (1.3) if and only

if
E[L(t)|G;-]dt + E[ M(t)|G;-]1d"B(t) — D+ E[ M(t)|G-]dt =05 ¢t €[0,T].  (5.19)
6 Application to optimal insider portfolio

Consider a financial market with two investments possibilities:

1. A risk free asset, where the unit price Sy(t) at time ¢ is given by

dSo(t) =r(t)So(t) dt, So(0) = 1. (6.1)

2. A risky asset, where the unit price S;(t) at time ¢ is given by the stochastic differential
equation

dSy(t) =S1(t7) | p(t)dt + oo(t)dB~ () + /R V(t, 2)N(d"t,dz)|, S1(0)>0. (6.2)

Here r(t) > 0, u(t),o0(t), and v(t,z) > —1 + € (for some constant € > 0) are given G-
predictable, forward integrable processes, where G = {G;},<,« is a given filtration such
that o

F; C G for all t € [0, T (6.3)
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Suppose a trader in this market is an insider, in the sense that she has access to the informa-
tion represented by G; at time ¢. This means that if she chooses a portfolio u(t), representing
the amount she invests in the risky asset at time ¢, then this portfolio is a G-predictable
stochastic process.

The corresponding wealth process X (t) = X (t) will then satisfies the (forward) SDE

d-X(t) = Wdé‘o(t) + ;fl(é))d_sl(t)
— X (t)r(t)dt + u(t) [(u(t) — 7 (t)) dt + oo(t)dB ()
+ /R 0 ~(t, z)ﬁ(d—t,dz)] , telo,T], (6.4)
X(0)=z>0. (6.5)

By choosing Sp(-) as a numeraire, we can, without loss of generality, assume that
r(t) =0 (6.6)

from now on. Then Equations (6.4) and (6.5) simplify to

d-X(t) = ut) [u(t)dt+ao(t)dB_(t)~|— /R v(t,z)ﬁ(d_t,dz)], .
X0) = z>0. ’

This is a controlled It6-Lévy process of the type discussed in Section 4 and we can apply the
results of that Section to the problem of the insider to maximize the expected utility of the
terminal wealth, i.e., to find ®g(z) and u* € Ag such that

Bg(z) = sup E [U (X(“> (T))} - F [U (X(“*)(T)>] : (6.8)
u€Ag

where U : Ry — R is a given utility function, assumed to be concave, strictly increasing and

C'. In this case the processes K (t), L(t), M(t) and R(t, z), given respectively by Equations

(3.4), (4.3), (4.4) and (4.5), take the form

K(t) =U' (X(T)). (6.9

L(t) =U' (X(T)) [mt) +Deon(t) + [ Devan(tz)vla) (6.10)
+ [ Dl (T (0,2 + Divr(1:2)] vlde) + DU (X(D) 1)

M(t) = U (X(T)) oo(t). (6.11)

R(t,2) = {U (X(T)) + Dy.U' (X(T))} {3(t,2) + Dryov(t, 2)} (6.12)

6.1 Case G = Fg,, G: D [0,t]. See (5.4).

In this case, G; satisfies conditions (5.1) and (5.2). Therefore, Theorem 5.4 of Section 4 gives
the following:
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Theorem 6.1 Suppose that P{\{t € [0,T]; oo(t) # 0} > 0} > 0 where A denotes the Lebesgue
measure on R and that Gy is given by (5.4). Then, there does not exist an optimal portfolio
u* € Ag for the insider’s portfolio problem (6.8).

Proof. Suppose an optimal portfolio exists. Then we have seen that in either case, the
conclusion is that

E[L(#)]G] = E[M(t)| G| = E[R(t, 2)|Gi] =
for a.a. t € [0,T], z € Rp. In particular,

E[M(t)|G] = E [U (X(T))| G| oo(t) =0, for a.at € [0,T].

Since U’ > 0, this contradicts our assumption about U. Hence an optimal portfolio cannot
exist. m

Remark 6.2 In the case that G = Q’;, i =1 ori=3 it is known that B(-) is not a semi-
martingale with respect to G = {Qt}0<t<T and hence an optimal portfolio cannot exist, by
Theorem 3.8 in [3] and Theorem 15 in [7]. It follows that S1(-) is not a G-semimartingale
either and hence we can even deduce that the market has an arbitrage for the insider in this
case, by Theorem 7.2 in [5]

6.2 Case G, = F,Vo(B(T)). See (5.10).

In this case, G; is not D-commutable (see Remark 5.5). Therefore we apply results from
Section 5.2. We have seen that
B(T) — B(t)

dt
Tt

E[d"B|G-]=
(Corollary 5.10). It follows that

Theorem 6.3 Assume that i(t) = po, oo(t) = oo andy(t,z) = 0 and conditions in Theorem
5.7 hold. In addition, require that

1. B[M(t)|G,-] € MP,

2. imE[|Dy E[M(1)] G, ]]] < o0
Y

3. limF [|L(t)]] < oo.
T

Then, there does not exist a critical point of the performance functional J(u) in (1.3).

Proof. Assume that there is a critical point of the performance functional J(u) in (1.3). It
follows from Theorems 4.1, 5.7 and 5.8 that Equation 5.6 holds. Replacing K (t), L(t), and
M (t) by their given expressions in Equations (6.9), (6.10) and (6.11), Equation (5.6) becomes

0=E [polU(X(T)) + athU’(X(T)) 1G-] + E [U'(X(T))oo |G;-] B(TT)_f(t)

— D+ E [ooU'(X(T))| Gi-], ae t (6.13)

Taking the limit as ¢ T 7', the second term in Equation (6.13) goes to co. Therefore, there is
no critical point for the performance functional J(u) in (1.3). m
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Remark 6.4 This result is a generalization of a result in [14], where the same conclusion
was obtained in the special case when

U(z) = In(x)

6.3 Case G, =F, Vo (B(t+d,(t); n=1,2,...). See (5.11).
In this case, we have seen that if (5.18) holds then

E[d™B(t) |G| = d” B(t)
(see Lemma 5.12). Therefore, we get

Theorem 6.5 Suppose that, with G; as above, (5.18) and the conditions of Theorem 5.8 are
satisfied. Then u is a critical point for J(u) = E[U(X“(T))] if and only if

E[L®)|Gi-] = D+ E[M (1) G-] = 0, (6.14)

and

E[M(t)|G-]=0, for a.ate[0,T]. (6.15)

Proof. This follows from Theorem 5.13 and the uniqueness of the decomposition of forward
processes. W

Corollary 6.6 Suppose G; is as in Theorem 6.5 and that P (A {t € [0,T]; oo(t) # 0} > 0) >
0 where A denotes the Lebesgue measure on R. Then, there does not exist an optimal portfolio
u* € Ag for the performance J(u) = E [U(X"(T))].

Proof. This follows from Equation (6.15) and the properties of the utility function U. =

7 Application to optimal insider consumption

Suppose we have a cash flow X (t) = X (t) given by

dX(t) = (u(t)—wu(t))dt+o(t)dB(t) + o(t, z)]v(dt, dz), (7.1)
Ro .
X(0) = zeR.
Here pu(t), o(t) and 6(t,z) are given G-predictable processes and w(t) > 0 is our con-
sumption rate, assumed to be adapted to a given insider filtration G = {gt}ogtg where
Fi C G, for all t. Let f(t,u,w); t € [0,T], u € R, w € Q be a given Fp-measurable utility
process. Assume that u — f(t,u,w) is strictly increasing, concave and C! for a.a (¢,w).

Let g(z,w); x € R, w € Q be a given Fr-measurable random variable for each x. Assume
that © — g(z,w) is concave for a.a w. Define the performance functional J by

Ju)=E UOTf(t,u(t),w) dt +g (X(“)(T),w)] cueAg, u>0. (7.2)

Note that v — J(u) is concave, so v = ¥ maximizes J(u) if and only if u is a critical point

of J(u).
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Theorem 7.1 (Optimal insider consumption I).
u is an optimal insider consumption rate for the performance functional J in Equation (7.2)

if and only if

E [if(t,ﬂ(t),w)‘ gt] -5 [g/ (X@) (T),w) ‘ gt} . (7.3)

Proof. In this case we have

Therefore Theorem 4.1 gives w is a critical point for J(u) if and only if

0=FE[L(t)|G]=F [;uf(t,ﬂ(t)) gt} +E[—¢ (X@(T))|G].m

Since X (@ (T) depends on @, Equation (7.3) does not give the value of %(t) directly.
However, in some special cases @ can be found explicitly:

Corollary 7.2 (Optimal insider consumption II).
Assume that

g(z,w) = AMw)z (7.4)

for some Gp-measurable random variable \ > 0.
Then the optimal consumption rate u(t) is given by

E [;uf(t,u,w)‘gt] =E[\G]. (7.5)

u=u(t)

Thus we see that an optimal consumption rate exists, for any given insider information
filtration {G;}y<;<p- It is not necessary to be in a semimartingale setting.

Another example in the same direction is the following.

Theorem 7.3 (Complete future information).
Suppose we have complete future information, i.e.,

G = Fr forallt €[0,T]. (7.6)
Suppose we have the exponential utilities, i.e.
f(t,U,LU) = _Kl (tvw)e_aua g(wi) = _KQ(W)G_ax (77)

for some measurable process Ki(t,w) > 0 and some Fr-measurable random variable Ka(w) >
0 and some constant o > 0.
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Then the optimal consumptions rate u(t), if it exists, satisfies the equation
. 1. (Kt T
u(t) = —1In <1()> +x© (T) — / u(s)ds (7.8)
(6] KQ 0
where
T T T _
X1y =2 —I—/ wu(s)ds +/ o(s)dB(s) + / 0(s,z)N(ds,dz)
0 0 0 JRo
1s the terminal wealth when there is no consumption.

In particular, if K1(t) = Ky does not depend on t, then u(t) = u does not depend on t and
we get

it == (L (K OWAE
u(t)—u—1+T<aln<K2>+X (T)); te[0,T7]. (7.9)
Proof. By (7.3) we get
—aK(t)e ) = —qKye X (T)
or .
o1 (Kt oy L (KA (2) 0) _/ -~
u(t) = " In < e > + X(T)=u(t) = - In < e + XWN(T) ; u(s)ds,

which proves (7.8.) If K;(t) = K7 does not depend on ¢, then by (7.8) u(t) = u(t) does not
depend on ¢ either and (7.9) follows. m

For related results (based on a different method) on optimal insider consumption see [22].
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Appendix: Proof of Theorem 3.1

Proof.

1. Since u € Ag is a critical point for J(u), there exists a § > 0 as in Equation (3.2) for
all bounded € Ag. Thus

0 = L@ty (7.10)

dy

y=0

T o N o / R
= E[/O {8mf(t X(t), ())Y(t)+Mf(t,X(t),u(t))ﬁ(t)}dt+g(X(T))Y(T) ’

where ¥ = Yﬁa is as defined in Equation (3.3).
We study the two summands separately. By Corollary 2.5 and 2.12 and the product
rule, we get

/0 {a) 3225) ﬁ(t)} dt

{ Wy + 25050} a b
. [ A%« Blsw) S|
-5 /0 J(X(T)) {8§§?Y<t> + 20600y o

va[f " D (x(1)) {55y + o}

+E /0 X (T)Dy. (ag(;)Y(t) + agff)ﬁ(t)> dt]

o[ [ sy {500 + B0} uasa

rrT
tE| /0 / {9'(X(T)) + Dt g/ (X(T))} D2 <62;)Y(t) + agg)ﬂ(t)> V(dz)dt]

Ro
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[ [ {sxan B0+ pgxan®5 s [ prgxe) % v vl
v [ oo a) + 0 )5+ [ g ) B utan oo
+E /OTg D, 2 )Y(t)dt} +E [/OTg’(X(T))ag( ) Dyt )d}

v 5[ [ goxmyn, 5 )mt)dt] v 5[ [ o220 s

00(t)

T
) /0 {9/ (X(T) 4 Diog/ (X (1)} D5 Y(t)z/(dz)dt}
20(1) 00(t)

g
L
+ E /OT /RO {¢(X(T)) + Dy.¢'(X(T))} {ax + Diy =g }DH,ZY(t)y(dz)dt}
ve|f ' [ A5 K@)+ Doy (X(T)} s T Ov(d:)i

> /0 ' /R {¢/(X(T)) + Drog/(X(T))} {agf) + 0, 20 } DH,zﬂ(t)u(dz)dt]
+ Dy agg) v DH,Zagg)y(dz)) + Dtg’(X(T))ag:(Ct)

T
v [ D x(@) (%2 + b2 ) V(@) | v (]
(%)

+ E[ { p,. 27 a A DH,ZagEf)u(dz)) +Dtg’(X(T))8gfj)
v [ Doy (52 D+Za§i)) vias) |} s

v 5[ [ oDyl

ve[ [ donr >>8g< Dy sttt

ve[[ ] A @)+ Do XN B + D B Dy (i
e[ [ [ e+ g {59 + b B0 b st
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Similarly, we have using both Fubini and duality theorems,
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Changing the notation s — t, this become

+ E /OT
e[

- [ (] 5 {5

tTDa“gi)ds){ ot

(
+E/O/R</ Di d){ ()+;9()}1/(dz)dt}

o (t)

010, DH{ oty

e[ ([ 025

v + 20 )mt)}) v(dz >dt]

d)aa(

/(/TD’ ) (o

o[O3 (5

(s

(/T e
<T
+E/O

d>8g
(d

o1()
8(
RVt
A%

T of(s) af()
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and combining (3.11)-(7.11), it follows that

0=F [ /0 : {K(t) (agg) 10,270 A DH,ZagS:)u(dz)) + D ()220

+ [ bk (89(’5) + Dy fg?) u(dz)} Y(t)dt]
{ { < m+g +Rf%¢%?ww0+mK@%?

o [ ko (B Oy DO )
+E/1( Uzmym@
+—£7J£ K(t) agi)lk+6@yﬁ] (7.12)
+E;ATR{K@+lhmﬁﬂ{%g)+DH;€y}DHz(ﬂﬂ@ﬂ4
B[ o+ vy { B0+ 0 SO0 b poutazal

We observe that for all 8, € Ag given as Ba(s) := axj4n)(s), for some ¢, h €
(0,T), t+h < T, where & = a(w) is bounded and G;-measurable. Then Y (%) (s) = 0

for 0 < s <t and hence (7.12) becomes

A+ A+ A3+ A+ A5+ A6 =0

Where
T 0b(s) 0o (s)
el (32 0
[ DK (s 69“ Dy
t+h ab
A2 |: { 6 s+ 6
+ Ds zK 8;; s+ z

[t

t+h
Ay =FE [ K(s)
t

Doy B (s >ds]

30(5) Ds+ad8]
ou
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(7.13)

6(s)
Ds z
Ro + 8117

y(dz))
)(my+mK@ﬁd$}w%wm%

oz
90(s) 9f(s)
- DS+,Z ou I/(dZ)) + ou

)(@y+mK@ﬁ§?}m4




el ' [ (K DK () (%5 4 Dt 5 (a2 Da Y ) )|

As=E [ /t o [ {K(3) + DoK(9)) <ag§j) + Dy 82(;) ) y(dz)Ds+,zads]

Note by the definition of Y, with Y(s) = Y (%) (s) and s > t + h, the process Y (s)
follows the dynamics

Y () = Y (s~ )[SZ( Jds + %( VA~ B(s) +/R gi(s,z)ﬁ(dz,d_s)], (7.14)

for s >t + h with initial condition Y (¢ + h) in time ¢t + h. By Itd’s formula for forward
integral, this equation can be solved explicitly and we get

Y(s)=Y({t+h)G({t+h,s), s>t+h (7.15)

where, in general, for s > ¢,

G(t,s) := exp (/t {S:IZ (r, X(r),u(r),w) —% (gg) (r,X(r),u(r),w)} dr

5 0o _
+/t %(T,X(r),u(r),w)dB (r)

+/ts /RO {m <1 + gz (r,X(r),u(r),w)> B Zf; (r,X(r),u(r),w)} v(dz)dt
+/ts /RO {m <1 + % (T,X(T“M(r‘),w)) } N(dz, d‘r)) ,

Note that G(t,s) does not depend on h, but Y(s) does. Defining Hy as in (3.5), it
follows that

Ale[ T oH,
t

s )Y(s)ds} .

Differentiating with respect to h at h = 0, we get

ol = e[ mira] [ 2otomion

anh

Since Y (t) = 0, we see that

%E UW a(,i (s )Y(s)ds] =0

Therefore, by (7.15),

d d 0Hy
%A]_ o 7]]} |: h 8x ( )Y(t + h)G(t + h, S)d5:| -
/ ih [E)H” )Y (t + h)G(t + h, s)] ds
h=0
d 8H0
/ ah [ (s)G(t,s)Y (t + h)} . ds,
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where, Y (t + h) is given by

t+h o _
Y(t+h)= t Y(r™) [gi(r)dr + gz(r)d_B(r) + . gi(r, z)N(dz,d_r)]

t+h o ~
+ a/t [:;Z(r)dr + %(r)d‘B(r) + . %(T, z)N(dz,d_T)] -

Therefore, by the two preceding equalities,

d
%z‘h . =A11+ Ao,
where
T a _[0H, e 9b do,
Al,l = /t %E [M(S)G(t,s)a/t {au(r)dr + %(T)d B(T)
+ %(r, z)]v(dz,dr)}] ds,
Ro du h=0
and
T a _[0H, th b do
Ao = —F | — Y(ir )< — — B
o= [ gE | GRecs [ ye S + T ma s
+ %(r, z)]\Nf(dz,d_r)}} ds.
Ro Ox h=0
Applying again the duality formula, we have
T d B ob do do
Aiq = —F —(r)F —(r)D.F F D.+—
” /t 2 [a /t { CIE (1) + S0 () DA (1) + Fl(t,5)Dys 52 ()
00 00
a. D a. Dr zF ’
+ /JRO {(811,(7“’ Z) + r‘*‘,zau(ra Z)) , (t S)
00
+ D+, —(r,2)F(t, s)} V(dz)} dr} ds
" Ou h=0
T b do 90
= /t E [oz { (au(t) + Dﬁa(t) + /RO Dt+,z%(t, Z)V(dz)) F(t,s)
oo 00 00
%9 4D, F e D, < D, . F(t, :
+ STWDE(,5) +/RO <8u(t,z) Dy o, z)) -t s)y(dz)}] ds
where we have put
0H)
F(t,s) = —
(t,5) = 20 (5)G(1 )
Since Y (t) = 0 we see that
Ao =
We conclude that
Lyl =4 (7.16)
anh o 1,1 .



Moreover, we see that

d ab(t) o (t) 90(t, 2)
%AQ » =F |:{K(t) (au + DtJr ou + o DH,,zauV(dZ))
v a(;(f) + DtK(t)aaéZ ?)
00(t, z) 00(t, z)
+ Dt,ZK(t)( el DH,Z%)y(dz)} a] , (7.17)
%A4 =B [K( )82( ) Diva ] (7.18)
%AE; -E [ s {K(t) + Dy K(t)} ((90((922) + Dy 8eéi’bz))u(dz)Dt+7za] .

(7.19)

On the other hand, by differentiating As with respect to h at h = 0, we get

d _d trh do (s
h=0 h=0
d T do(s) ]
+ —F K(s D, Y (s)ds
@ [Hhm@x Vs

Since Y (t) = 0, we see that

d

d T 0o (s)
T

=@ t+hK(S)&UD5+(Y(t+h)G(t+h,5))ds]

h=0

- /t ! d‘;E :K(s)aggj)ps+ (Y(t+h)G(t+h,s)>]h:0 ds

T -
N /t ddhE _K<S>82§f) (Ds+G(t +h,s)-Y(t+h)

YD, Y(t+h) -Gt +h, s))} ds

T o
:/t diE (s >aa§;)( (t+h)Ds+G(t,s)+Ds+Y<t+h)G(t’S))Lzod8'

Using the definition of p and H given respectively by (3.14) and (3.13) in the theorem,
it follows by (7.13) that

{ aauﬁ( X(t),a(t)) gt] + E[A] =0 ae. in (t,w), (7.20)
where
d d d d
A %Ag "‘ %144 + dihAB + %AG o (721)
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2. Conversely, suppose there exists u € Ag such that (3.12) holds. Then by reversing
the previous arguments, we obtain that (7.13) holds for all B,(s) := axt 144 (5) € Ag,
where

A =E MT {K(t) (82(;) + DS+8(;§:) + DS+,Zag§j)u(dz)>

s ROD“K“<82(S) Hfgf)u(dz)+D5K<s>8g§>}y<ﬂa><s>d5}
e[ (3 o Lo )
" f ool +Ds+fzif>>u<dz>+D5K<s>3;5?}ads]
A3:E/ S) Dy V(B (s )ds]

Ay =F / S+ad8]

T
A5 =E /t [ {K(9)+ Dy K (5)} (ag;s) + Dyy 62(;))u(dz) DS+7zy(ﬂa)(s)ds]

A= E /t T [ {K(9)+ Dy K ()} (agsj) + Dyys 8255) ) y(dz)Ds+,Zads]

for some t,h € (0,T), t + h < T, where @ = «a(w) is bounded and G;—measurable.
Hence, these equalities hold for all linear combinations of 3,. Since all bounded 8 € Ag
can be approximated pointwise boundedly in (t,w) by such linear combinations, it
follows that (7.13) holds for all bounded 3 € Ag. Hence, by reversing the remaining
part of the previous proof, we conclude that

d
d—Jl(ﬁ +yp) =0, for all 3,
Yy y=0

and then u satisfies (3.11).

39



