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COUPLED-CLUSTER THEORY REVISITED

PART II: ANALYSIS OF THE SINGLE-REFERENCE COUPLED-CLUSTER EQUATIONS

MiHALY A. CSIRIK'"*® AND ANDRE LAESTADIUS?

Abstract. In a series of two articles, we propose a comprehensive mathematical framework for
Coupled-Cluster-type methods. In this second part, we analyze the nonlinear equations of the single-
reference Coupled-Cluster method using topological degree theory. We establish existence results and
qualitative information about the solutions of these equations that also sheds light of the numerically
observed behavior. In particular, we compute the topological index of the zeros of the single-reference
Coupled-Cluster mapping. For the truncated Coupled-Cluster method, we derive an energy error bound
for approximate eigenstates of the Schrédinger equation.
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1. INTRODUCTION

The present article is concerned with the analysis of the single-reference Coupled-Cluster (SRCC) equations
and its truncated variants. It is known that the truncated CC equations have a large number of solutions, some of
which exhibit unphysical behavior. Recall that the truncated CC equations are not equivalent to the truncated
CI equations (see Sect. 2.3 of Part I), hence, there is no obvious connection with the Schrédinger equation in
general — truncated CC solutions can be very far from the desired Full CI solutions. Also, the SRCC method is
typically unreliable for treating degenerate states.

Since the early days of the CC method, researchers in quantum chemistry have been interested in understand-
ing the complicated behavior of the (truncated) CC equations [17-22, 30, 32,44, 45]. This line of investigation
mainly consisted in somehow “connecting” the truncated CC solutions to the untruncated ones, thereby iden-
tifying which truncated solutions can be considered “physical” and which should be discarded as “unphysical”.
The comprehensive investigation by K. Kowalski and P. Piecuch [32] classifies solutions based on a certain
homotopy. While the universality of this approach is unclear (see Rem. 4.30 below), Kowalski and Piecuch
[32] demonstrates without doubt that the solutions of the truncated CC equations exhibit rather complicated
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behavior, which signals the need for a deeper analytical investigation. Since the CC equations are a system of
quartic polynomial equations, the complete set of solutions can be computed by numerical means (Kowalski
and Piecuch used the HOMPACK software [40]). However, in our analysis we view the CC equations as an
abstract nonlinear equation and disregard their polynomial structure (this route was also taken by the seminal
[37] and its follow-up works, discussed below). The main reason for this is that system is very large, and this
seems prohibitive for the application of algebraic approaches.

In this article, we analyze the CC equations and the homotopy of Kowalski and Piecuch using a standard tool
of nonlinear analysis, topological degree theory. In order to do this, we need to restrict ourselves to the finite-
dimensional case (Rem. 3.1). The present article differs in flavor from the previous mathematical investigations,
which where more standard “numerical analysis” approaches. However, a closer look at the qualitative properties
of the (truncated) CC equations seems necessary, that, in addition to the ground-state also describes excited
states.

1.1. Previous work

Similarly to Part I, our approach is based on the analysis of the single-reference CC method by R. Schneider
[37]. In that seminal work, a thorough description of the basic building blocks of the method, namely excitation-
and cluster operators, and their algebraic and functional-analytic properties are given. Under certain assump-
tions, the CC equations (a nonlinear system of equations consisting of quartic polynomials) are formulated in
terms of a locally strongly monotone and locally Lipschitz operator defined on an appropriate space. Under fur-
ther hypotheses, this establishes local existence and uniqueness of a (Galerkin projected) ground-state solution
of the equation and moreover quasi-optimality of the projected CC solution (Thm. 5.8 ibid.). Perhaps the most
important contribution of [37] is a quadratic energy error estimate (Thm. 6.3 ibid.). It is worth emphasizing that
Schneider’s analysis is a local one: “[...] experience indicates that, in general, it cannot be expected that strong
monotonicity always holds, or the constants might be extremely bad. Therefore we expect to get local existence
results at best.” (ibid. p. 30)

Schneider’s original analysis was carried out in the finite-dimensional case only. This was remedied in two
subsequent articles by T. Rohwedder [35] and then by both of them [36]. The article [35] establishes important
technical tools and rigorously proves that the untruncated CC problem is equivalent to the Full CI problem in
the infinite-dimensional case, i.e. to essentially the Schrodinger equation. Using the said tools, the subsequent
paper [36] also establishes local uniqueness and existence of a solution to the truncated CC equations in a
neighborhood of the untruncated CC solution, under certain assumptions. Further, Rohwedder and Schneider
[36] also extends the energy error estimates of [37] to the infinite-dimensional case.

This line of investigation was continued by S. Kvaal and A. Laestadius [24] for the Extended CC (ECC)
method based on the “bivariational principle” [1]. In this case, local strong monotonicity for the ECC mapping
can be established so that quasi-optimality follows along similar lines as previously done by Schneider and
Rohwedder. In the ECC theory, the traditional CC theory is recovered as a special case.

Furthermore, the local strong monotonicity-based analysis was applied to a variant of the traditional CC
method by F.M. Faulstich et al. [12], namely to the Tailored Coupled-Cluster (TCC) method. The TCC approach
splits the computational task of evaluating the ground state energy into two parts: solving for the statically
correlated wave function on a complete active space, and then on top of that accounting for the dynamical
correlation using the CC method. Numerical investigations based on [12] were conducted in [13].

Finally, we mention the survey article [23] for more details on the use of local strong monotonicity-based
methods in the analysis of CC methods.

1.2. Outline

While the knowledge of the notations and results of Part I is not strictly necessary for this Part II, some of
the results in Section 4 do employ excitation graphs to a certain extent, introduced in Section 3.2 of Part I.
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To make the present work as self-contained as possible, we define all the necessary concepts without the use of
Part I; in other words, in the “traditional” second-quantized way.

In Section 2, we describe the setting of the quantum-mechanical problems the CC theory is aimed at. In
Section 3 we state a few results that we use from finite-dimensional topological degree theory.

The analysis of the single-reference CC (SRCC) method begins in Section 4. Basic properties of the SRCC
mapping are discussed in Section 4.1. After this, the local properties of the SRCC mapping, such as strong
monotonicity and topological index in both the non-degenerate-, and in the degenerate case are considered in
Section 4.2. We also look at the complex SRCC mapping in Section 4.3.

In Section 4.4, an important class of homotopies is defined that can be used for proving the existence of a
solution to the truncated SRCC mappings. In Section 4.5 a homotopy is considered that was invented specifically
to connect CC methods of different truncation levels. We prove an existence result and calculate the topological
index of the homotopy. Finally, we derive an energy error estimate in Section 4.6 using the results of Appendix B.

2. BACKGROUND

The usual notation B(a,r) is used for the open ball of radius r and center a, also B*(a,r) = B(a,r) \ {a}
denotes the punctured ball.

The spectrum of a linear operator A is written o(A), the elements of its discrete spectrum as &, (A), where
n=0,1,2,...,if Ais bounded from below. We use the usual notation [A, B] = AB — BA for the commutator.
The (conjugate) transpose of A is denoted as AT. For normed spaces V and W, the symbol £(V, W) denotes
normed space of bounded linear mappings V' — W endowed with the operator norm || - || z(v,w). Furthermore,
V* denotes the (continuous) dual space. As usual, [a, b] denotes the (closed) line segment between a,b € V.

2.1. Second quantization

In this section, we first briefly review the framework of second quantization. The notations mainly follow
[25, 39]. Next, we formulate the Schréodinger Hamiltonian in second quantization. Finally, we introduce the
excitation-, and cluster operators and cluster amplitude spaces through the use of creation-, and annihilation
operators.

2.1.1. Fermionic Fock space

For simplicity, and because the Hamiltonian we will be considering is spin-independent, we neglect spin and
consider h = L?(R®) as the one-particle Hilbert space. The tensor powers of h are denoted by hV = ®Nh
and antisymmetric powers of h are denoted by hY = /\Nh for any V > 0, where we introduced the notation
h? = C and h? = C. The fermionic Fock space is then the Hilbert space given by the infinite direct sum
Fa = Bpnsohd =0 @bl & b2 ® ..., in other words

Fa= QW= (000, ) N € bl (V> 0), W)= D [[pN]fyx < o0 ¢,

N>0

endowed with the inner product (¥, Wa)s = ZN20<¢{V71/’§]>|;N7 for any ¥y = (¢{,%1,...) € §, and ¥y =

(¥9,43,...) € Fa. The vacuum state is the distinguished element 2 = (1,0,...) € F4. The space h can be
identified as a subspace of §,, in this context it is called the N -particle sector of . For ¥; € ¥ and Uy € h1V2
define Uy A Wy € hN1HN2 g

\I’IA\I’Q(le"'va1+N2) :CNth Z (Sgn U)Wl(xg(l)’""XU(Nl))\IIQ(XU(N1+1)""’XU(N1+N2)>’

0EG N, +No

with the normalization constant Cn, n, = (N1INo!(Ny + NQ)!)*I/Q. Here, &,, denotes the permutation group
of {1,...,n} and sgno the sign of the permutation o.
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Let {¢p}p21 C b be an orthonormal basis and define the Slater determinant ® 1= o, A ... A Pay € h for
every multiindex o € Név with a3 < ... < ay. Then {®,}, is an orthonormal basis of bflv.
2.1.2. Creation-, and annihilation operators

For fixed ¢ € b, the (fermionic) creation operator a'(p) : Fo — T is defined as a’ ()P = AV for any ¥ € h¥
and extended boundedly and linearly to the whole space. Also, for fixed ¢ € b, define the (fermionic) annihilation
operator a(¢) : Ta — Fao as the adjoint of al(y), i.e. <‘I’17(IT(()0)\I’2>3 = (a(p) ¥y, \I/2>3 for all ¥y, ¥y € §,. It is

an easy calculation to show that (a(¢)¥)(xy,...,xn_1) = N~V2 [ p(x)¥(x,x1,...,xn_1)dx for all ¥ € h¥
(N >1) and a(p)f2 = 0. The canonical anticommutation relations (CAR)

a'(p)a(y’) + a(¢)al(¢) = (0, ")y 15,
a'(p)al (¢') +a'(¢")al () = 0,
a(p)a(e’) + a(¢')a(p) = 0,

hold true for any ¢, ¢’ € b, where 13, : Fo — Fo denotes the identity map on §,. Since both af(p) and a(y) are
linear and bounded in ¢, it is enough to specify them on an orthonormal basis {¢p}p>1 C b, i.e. a}; = al(pp)
and a, = a(yp,) (p > 1) completely determines the families {a'(p)},ecp and {a(¢)}pep. It is then clear that
any Slater determinant ®, € hY can be “created” from the vacuum state as ®, = af,, ---af,  £2.

2.1.3. First-, and second quantization of one-, and two-body operators

Let h: h — b be a linear operator. Define its first quantization as Zl<j<N hj: hY — pY where

hi=1®...®1 h 31®...®1.
i=1®...919_h ®11®...®
jth

Here, 1 denotes the identity on . The second quantization of h is defined as 0 ® @y~ D 1<j<n Pyt Fa — Ta-

Analogously, one can define the first quantization of a two-body operator W : h2 — b2 as > <ij<N Wij -
hN — pI, where

Wij=10..91 W ®1...19 W ?1®...®1.
ith jth

The second quantization of W is 0 ® 0 @ ®N22 EngjgN Wij : §a — 8o Both the one-, and the two-body
operators can be expressed using creation-, and annihilation operators as follows.

Theorem 2.1. Let {¢p}p>1 C b be an orthonormal basis. Then

0 @ Z hj = Z <h<pp,<pq>a;gaq.

NZ>11<j<N p,q>1
and
oe0add > Wi= Y (W, Apg e Aps)alalaras.
N>21<i<j<N 1<p<gq
1<r<s

2.2. Schrodinger Hamiltonian in second-quantized form

For convenience and in accordance to Part I, we define the N-particle fermionic spaces
N
£ =0 = ANL’(R?), and $':=g2nH'R),
endowed with usual inner products (-, -) and (-,-) 5., and norms ||- || and ||- |51, see Section 2.1 in Part I. We also

set H2:= £2N H2(R3N), and H~! := (H1)* as usual. Henceforth, we employ the same convention as explained
after Remark 2.1 in Part L.
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Recall (see Sect. 2.2 of Part I) the Schrédinger Hamiltonian H : £2 — £2, which is the self-adjoint operator

D>

1<i<N

+ Z UJ(Xi —Xj),

1<i<j<N

1

with domain D(H) = $2, where V,w : R — R are Kato class potentials: V,w € L3/2(R3) + L>(R?) and w is
even. The quadratic form corresponding to H is denoted as £(¥) = (HW¥, ¥), and has form domain Q(€) = H'.
Recall that there is a constant M > 0, such that

(HW, @) < M|V gt [|®]lg: (2.1)

for all ¥, ® € $§'. Thus, H can be extended to a bounded mapping H' — $~!, which we denote with the same
symbol. We say that ¥ € §' and £ € R satisfy the weak Schridinger equation if (H¥,®) = E(¥, ®) for all
P e Hl.

According to Theorem 2.1, H can also be given in the second quantized form

H= Z hpqa aq + Z qu’,«sa al §aras,

p,q>1 1<p<q
1<r<s

where hpq = %<V(ppa V‘Pq> + <V<Pp7 @q> and Wpgrs = <W<Pp N Qg or N <Ps>-

2.2.1. Truncation of the orbital basis

Our analysis of the CC method is restricted to the finite-dimensional case due to reasons described later
(Rem. 3.1). Let K > N and assume that an L2-orthonormal (spin-)orbital set {¢p}1<p<ix C H'(R?) is given.
We define

Br={2,€9 :1<a;<...<ay <K},

as in Section 2.1 of Part I. Then B is £2-orthonormal. Set
Hr = SpanBg C H.

We define Hx : 9k — (9)* to be the projection of H : H! — $H~! onto the finite-dimensional subspace
9t C 9 e (Hk®,¥) = (HP, ¥) for all &, ¥ € §L.. Then ¥ € Hi. and € € R are said to satisfy the projected
Schrodinger equation if

(HgW,®) = (T, ) forall & c H.

For a convergence theory for this eigenvalue problem, see e.g. Theorem 5.11 of [41]. Vaguely speaking, if
Uxsniepti<p<k is dense in H*(R?), then convergence of the projected eigenvalues to the discrete spectrum
of H is guaranteed as K — oo (see [37]).

From the computational standpoint, orbital basis truncation is always necessary when solving the Schrodinger
equation. Of course, the spectral structure changes (the essential spectrum disappears in finite dimensions), and
this means that we replaced the original problem with one having different qualitative properties. However, the
CI and CC methods are mainly used to approximate the ground-state-, or the first few excited energies (and
other quantities related to the lowest eigenstates). With a sufficiently good choice the orbitals {¢p }1<p<k, these
energies can be approximated rather well in a lot of situations. Therefore, it is safe to regard the rest of the
projected spectrum as “junk”, and simply ignore it. We can conclude that the restriction to finite dimensions
allows for a meaningful theory that is still relevant to CC methods.
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2.3. The Hartree—Fock method

In practice, the CC method usually takes the HF orbitals as an input and builds up correction based on
them, as described in Section 2.3 of Part I. Here, we collect the basic facts about the HF method that will be
used later on.

The HF method! is based on the minimiziation of the energy over Slater determinants. It is fairly easy to
see by direct calculation that the energy £(®) = (H®, ®) of a Slater determinant ® = o1 A... Ay € H, with
{@;}iL, € H'(R?) being L?-orthonormal is given by

N N
1
Errom) = €@ =33 [ Vel + 3 [ Vie
1=1 =1

N N

1

b5 [ I 1Pl ®F - 3 bl | wlx-y) dxdy,
2 J Jrsxrs ij—1 i=1

see e.g. [7]. Hence the task is to determine the HF energy
EHF = 5((I)HF) = min 5(()01, ey ()DN)7 (22)
1,pn EH(R?)
(Pirp;)=0i;

along with a HF minimizer (or HF determinant) ®yp. The existence of a HF minimizer ®yr is guaranteed for the
case of positive ions and neutral atoms and molecules (corresponding to the electronic molecular Hamiltonian).

Theorem 2.2 ([27]). If N < Z + 1, then there exists a minimizer Pup to (2.2).

Following the seminal work [27], much more has been discovered about the mathematical structure of the HF
energy functional [14,26,28]. As usual, a minimizer satisfies the corresponding Euler—Lagrange equations (which
are called Hartree—Fock equations in this context). In practice, it is this system of nonlinear integro-differential
equations which is discretized and solved. To describe the HF equations, we make a definition that will be
convenient for later purposes. Fix ® = @1 A ... A ¢n, where {¢,})", C H'(R?) is L?-orthonormal. Define
the lower semibounded, self-adjoint operator Fp : L?(R?) — Lz(Rf) with domain D(Fp) = H?(R?) via the
instruction

N
(Fs) () = —5 A0 (x) + V(w(x) + (Z | wix- y>|soi<y>|2> e
=1 ’

- i_vz(/ w(x - y)oi(y)e(y) dy) pi(x)

for all v € D(Fp) and all x € R3. The operator Fy is called the mean-field operator®. The form domain of
Fy is HY(R?). The essential spectrum of Fy is [0, +00). We summarize the basic properties of the mean-field
operator in the next theorem. Let

Fg) = min max Fap, ¢
.Un( ) Y1, EH(R?) wespan{¢1,~»~’¢n}< >
(@i, pj)=0ij lll=1

denote the min-max values of Fg.

La.k.a. Self-Consistent Field (SCF) method
2Tt is sometimes called the Fock operator, but we reserve that name for its N-particle version, i.e. its first quantization.
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Theorem 2.3. Assume that there exists a HF minimizer dyp = o1 A ... Apn.

(i) (Hartree-Fock equations) There exists a unitary matriz U € CVN*N so that §; are eigenfunctions of Fg
corresponding to its N lowest eigenvalues \1 < ... < Ay,

Fop; = Ajp;, forall j=1,...,N, (2.3)

where (P1,...,on) = U(p1,...,0N)-
(ii) (Aufbau principle) If un+1(Fo) is an eigenvalue of Fg, then Ay = pun(Fo) < pn+1(Fp) < 0.

Proof. See, for example [4]. O

The eigenvalue Ay corresponds to the highest occupied molecular orbital (HOMO) and Ayi1 to the lowest
unoccupied molecular orbital (LUMO). Their difference, epin := Ant1 — An is called the HOMO-LUMO gap,
which is an important quantity in quantum chemistry [2].

The first quantization of the mean-field operator Fy is called the Fock operator Fgp : £2 — £2 with domain
D(Fs) = \" D(Fp) = $?,

Fo=FeR1I®..I+.. +I®..01R% Fs.

Henceforth we omit ® from the notation, and let F := F¢ whenever ® is clear from the context. It is immediate
that the HF determinant ®( := ®yp is an eigenfunction of F,

N
f‘bo = Ao(p()7 with AO = Z)\z
i=1

The Fock operator gives rise to a splitting of the molecular Hamiltonian
H=F+W, where W:=H-F (2.4)

is called the fluctuation operator.

For the rest of the section, we consider the finite-dimensional case. In practice, the Galerkin projection of
the Hartree-Fock equations equations (2.3) are solved to obtain the orbitals {¢;}¥ . Since the mean-field
operator Fg is self-adjoint, its eigenfunctions can be used to extend these orbitals to an orthonormal basis
{pi}E | C H}(R?). Similarly to Hx we introduce the projected versions of F and W, denoted as Fx and We.
In the orbital basis {¢;}%£,, the Fock operator takes the diagonal form Fy = 21}(:1 /\ia;rai.

Furthermore, if &, = o, A ... A pa,y With a1 < ... < ay that is obtained from &y = ¢1 A ... A pn by
swapping r orbitals ¢y, with ¢, where I; € {1,..., N}, A; ¢ {1,...,N} (j=1,...,r < N), then

N T
FPo = Aa®a, With Ag =) Ao, =Ao+a, o= Aa, — s, (2.5)
i=1 j=1

We would like to emphasize that in the finite-dimensional case, it is possible to have Ay < 0 < Ani1°.

Unfortunately, in the infinite-dimensional case, it might not be possible to construct a complete eigenbasis
{pi}2, € HY(R3) for the mean-field operator F.

3The addition of diffuse functions of the form e~#1x* for B < 1 can significantly reduce the HOMO-LUMO gap €min-
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2.4. Excitation-, and cluster operators

We now briefly recall the basic properties excitation-, and cluster operators using the second-quantized
language. Alternatively, the reader may consult Section 3.2 of Part I. Here, we introduce the concepts in
arbitrary dimensions for completeness, although we only need the finite-dimensional case in the sequel.

Suppose that ®g := $up = @1 A ... A @y is a HF minimizer for some orthonormal {¢,})";, as discussed
in the preceding section. The wavefunction @ is called the reference determinant or simply the reference. The
functions {gop}ll,vzl are called occupied orbitals and are extended to a complete orthonormal basis of H, (R?) with
the virtual orbitals {p}s_ . (here, K = oo is allowed). According to Section 2.1.2, any Slater determinant

®, may be obtained from the Fock vacuum via a string of creation operators, in particular ®¢ = aJ{ e a}LVQ.
Here, and henceforth, the symbol 0 denotes (1,..., N) as multiindex.

As in the preceding section, we may partition the indices oy < ... < ay into occupied-, and virtual ones
by letting I,4+1 < ... < Iy be the a;’s which lie in {1,...,N} and A; < ... < A, be the a;’s which lie in
{N+1,N+2,...}, where r is the number of virtual indices in «, also called the rank of a. Now let I < ... < I,.
be given by {I1,...,I;} ={1,..., N}~ {I;41,...,In}, then we can write

_ T
Qo =ay, ar, -+ ay ar,Po,

since the string of creation and annihilation operators acting on ®q clearly swaps the occupied orbital ¢y,
with @4, in @ for all j = 1,...,r, yielding precisely ®,. Then X, = aLlah -~-af4ra1r is called an ezcitation
operator. We say that the Slater determinant @, (or the multiindex «), is singly- (S), doubly- (D), triply- (T)
etc. excited if the rank of a is 1, 2, 3, etc.

This way we constructed a family of bounded operators X, where a runs over all possible nonzero multi-
indices. The adjoint of an excitation operator X,, denoted X1, is called a de-ezcitation operator. Notice that

[e'R)
both excitation-, and de-excitation operators conserve the particle number.

Theorem 2.4. The following properties hold true.

(i) The product of (de-)excitation operators is an (de-)excitation operator, or, zero.
(if) (commutativity) XoXs = XX, and XiX; = XgXl.
(iii) (nilpotency) X2 =0 and (X})? =0.

Linear combinations of excitation operators are called cluster operators, i.e. operators of the form C' =
Y oa £0 CaXq. Clearly, there is a one-to-one correspondence between C' and the so-called cluster amplitude
(ca)asto. We use the standard convention that capital letters C, T, S, ... denote cluster operators and small
letters ¢, t, s, ... their corresponding (unique) cluster amplitudes. Clearly, there is a one-to-one correspondence
between functions ¥ € $! with (¥, ®y) = 0 and the cluster operators Cy defined as

Cy = Z caXa, where ¢, = (T, d,). (2.6)
a#0

Theorem 2.5 ([35]). Fiz ¥ € 9, such that (¥, ®¢) = 0. Then the following properties hold true.

(i) The wvector space of cluster operators extended with the identity is a closed, commutative, nilpotent subal-
gebra of L(HY). In particular, TNt =0 for any T.
(ii) The cluster operator Cy satisfies Cy € E(f)l,f)l). Furthermore, there is a constant b > 0 independent of
U such that ||\I/Hf)1 S ||C\p||£(y3175:)1) S bH\I/Hle
(iii) C’}, € L(H, 9Y), and there is a constant b’ > 0 independent of ¥ such that HC‘}HL:(E)I,.@I) <V||¥| g1, and
there cannot be a uniform lower bound in terms of || ¥ g:1.
(iv) Cy can be extended to L(H™, H7L).
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According to Lemma 5.2 of [35], for any cluster operator C' € L£(H!, "), there exists a cluster operator
T € L(H',H'), such that I + C = e This T is uniquely given by log(I + C'). We would like to point out, that
the exponential representation is only true in the untruncated case, i.e. when all cluster amplitudes (t,) and all
excitation operators X, are considered. If some truncation is in effect (see below), the set {e? ®(} is unknown.

2.5. Cluster amplitude spaces

As mentioned in the previous section, the linear combination coefficients ¢ = (¢,) of a cluster operator
expansion T' = ) £0 ta X, are called cluster amplitudes. If some truncation scheme is present, some of the
to’s and X, ’s will be missing (again we refer to Sect. 3.5 of Part I for the precise formulation). This truncation
procedure is crucial for a feasible implementation of the CC method, and most commonly only the singly- (S),
or singly and doubly- (SD), or the singly, doubly and triply (SDT) excited amplitudes are kept.

The vector space of (possibly truncated) cluster amplitudes form a subspace of £2. We define the (cluster)
amplitude space

V={tel:|T®|s < oo},

endowed with the inner product (t, s)y, = (I'®g, S®) 1. Analogously to ' C £2 C H1, the spaces V C (2 C V*
form a Gelfand triple, so Remark 2.1 of Part I applies. To V| there corresponds the functional amplitude space

V= {Td; € H':tcV}

In accordance to the concepts developed in Part I, we denote the full, i.e. untruncated amplitude space and the
corresponding functional amplitude space by V(G™!) and B(G™M), respectively.

Remark 2.6. In the case K < oo, and assuming that HOMO-LUMO gap satisfies e > 0 (no matter how
small), following [37], we introduce the norm

17 == ealtal® forall teV,

a#0
where €, denotes the eigenvalues of the Fock operator Fg, see (2.5). It was shown in [37] that under certain
assumptions, the constants in the norm equivalence ||| ~ || - ||v are independent of K. Finally, we also define
the norm ||-||| on B via || T®o|| := |||¢t|| for any ¢ € V.

3. TOPOLOGICAL DEGREE THEORY

In this section, we give a short introduction to the basic notions of finite-dimensional topological degree
theory, and state the results that we will need in the forthcoming analysis of the CC method. While topological
degree theory is well-known in the field of nonlinear analysis and dynamical systems, it is not so ubiquitous
in mathematical physics (a nice application is furnished by Ginzburg-Landau theory, see e.g. [9], Sect. 2.4).
Therefore, an inclusion of a brief summary of this important and powerful tool in the present article seems
justified.

Here, we mainly follow the set of notes by Dinca and Mawhin [9] (which was released as a book recently
[10]), where the proofs may be found. The concept of the topological (a.k.a. mapping-, or Brouwer-) degree of a
mapping goes back to Kronecker, Poincaré and Brouwer; Leray and Schauder extended the concept to infinite
dimensions and demonstrated its usefulness in the theory of partial differential equations. (See Chap. 23 of [9]
for a fascinating historical perspective.) The standard textbooks on the topic are [8,29,43].

Remark 3.1. Unfortunately, there cannot be a “topological degree theory” for general continuous mappings
in infinite dimensions. The reason for this, roughly speaking, is that such a theory would imply the Brouwer
fixed point theorem, but that does not hold in Hilbert space as pointed out by Kakutani ([11], Example 5.1.7).
There are many generalizations of topological degree theory to infinite dimensions, all requiring some stringent
assumptions on the class of mappings considered [11,29,31, 38].
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3.1. Construction and basic properties

The first result gives an axiomatic characterization of the topological degree as the unique additive homotopy
invariant that can be attached to continuous mappings (up to normalization).

Theorem 3.2 (Existence and uniqueness of the degree). There exists a unique integer-valued function
(A’ D’ Z) = deg(A7 D? Z)?

where D C R™ is an open, bounded and nonempty subset, A € C(D,R") and z € A(OD), such that the following
properties hold true:

(i) (Normalization) If z € D, then we have deg(id, D, z) = 1.
(ii) (Additivity) Let Dy, Dy C D be disjoint open subsets such that z ¢ A(D~ (D1UDy3)). Then deg(A, D, z) =
deg(A, D1, 2z) + deg(A, Do, 2).
(iii) (Homotopy invariance) If K € C(D x [0,1],R") and z ¢ K(OD x [0,1]), then X — deg(K(-,\), D, 2) is
constant.

Among the many useful properties of the degree we highlight the following few.
Corollary 3.3.

(i) (Bxcision property) Let D C R™ be an open, bounded and D' C D open. If = ¢ A(D ~ D'), then
deg(A, D, z) = deg(A, D', 2).
(ii) (Emistence property) If z ¢ A(D), then deg(A, D, z) = 0. Said differently, if deg(A, D,z) # 0 for some
open, bounded D C R™ such that z ¢ A(OD), then there is a solution uw € D to A(u) = z.
(iii) (Additivity property) Suppose that {D;} C D is a sequence of open and disjoint sets. If = ¢ A(D \ |J D,),
then deg(A, Dj,z) = 0 for all but finitely many j, and deg(A, D, z) = 3, deg(A, D, z).

The following formula is essential for the practical computation of the degree.

Proposition 3.4. Let A € C(D,R") N CY(D,R") such that z ¢ A(OD) and det A'(u) # 0 for all u € A71(2).
Then deg(A, D, z) = 3 ,c a-1(,) sgndet A'(u).

Based on this, we call a point u non-degenerate if det A'(u) # 0 and degenerate otherwise. When talking about

an isolated solution u of A, i.e. a point u € A~1(z) such that there is a ball B(u,r) with A=1(2)NB(u,r) = {u},
the concept of the index is useful.

Definition 3.5. Let A € C(D,R") and let u be an isolated solution. Then the (topological) index of A at u is
defined as i(A, u) = deg(A, B(u,7),2), where A~1(2) N B(u,r) = {u}.

It follows from the excision property that i(.A, ) is independent of r (for sufficiently small values of r > 0),
so the definition makes sense.

Proposition 3.6.
(i) Let A€ C(D,R") such that z ¢ A(OD) and A~'(z) is finite. Then deg(A, D, z) = Duea-1(z) HA ).

(ii) Let u € R™ be a zero of A € C(D,R™), where D an open neighborhood of u. If A is differentiable at u with
det A'(u) # 0, then i(A, u) = sgndet A’ (u).

The topological degree (resp. index) can be naturally extended to continuous mappings of type A: X — Y,
where X and Y are n-dimensional oriented topological vector spaces and the degree (resp. index) is independent
of the choice of the basis. We refer the reader to Chapter 6 from [9] for details.

Theorem 3.7 ([10], Thm. 1.3.1 and [9], Thm. 6.3.1). Let A : D — Y be continuous, where X and Y are
n-dimensional topological vector spaces and D C X is an open neighborhood of u € X. Let h : X — R” and
g 'Y — R™ be linear homeomorphisms. Suppose that A is differentiable at u and that A'(u) : X — Y is
invertible. Then i(A,u) = sgndet g A’ (u)h 1.
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The following result says the degree is stable under (almost all) small perturbations of the right-hand side of
A(u) = z, and that the degree provides a lower bound for the number of solutions of the perturbed equation.

Theorem 3.8 ([8], Cor. 7.4). Let D C R™ be a bounded open set and let A : D — R"™ be a C' mapping. If
z & A(OD), then there is a § > 0 such that if 2’ € B(z,0) \ E, 5, then

deg(A, D, z) = deg(A, D, 2'),

where E, 5 C {w € B(z,0) : det A'(u) = 0, A(u) = w}. Furthermore, A=1(z) consists of a finite number m of
points, where |deg(A, D, z)| <m and m = deg(A, D, z) (mod 2).

The proof is based on Sard’s theorem, which says that E, ; has n-dimensional Lebesgue measure zero. Next,

we recall a tool that is very useful for the computation of the degree in the degenerate case.

Theorem 3.9 ([9], Thm. 6.4.2). Let X and Z be n-dimensional topological vector spaces. Let L : X — Z be
a linear mapping with ker L # {0} and V' C Z be a vector space such that Z =V @ranL. Let D C X open
and bounded, v : D — V continuous with 0 & A(OD), where A = L +r. Then, for each invertible linear map
J :ker L — V, and each projector P with ran P = ker L, the relation

deg(A, D,0) = i(L + JP,0)deg(J " r|ker 1, D Nker L, 0)
called Leray’s second reduction formula holds true.

Corollary 3.10. Let L : X — Z be a linear mapping with ker L # {0} and let Q be a projector with ker Q =
ran L. Also, let N : D x [0,1] — Z be continuous, with D C X open and bounded. Furthermore, assume the
following hold true.

(i) Lu+ M (u,A) # 0 for all u € ID and X € (0, 1].
(ii) QN (u,0) # 0 for each u € dD.

Then
deg(L +N(+,1),D,0) = i(L + Q) deg(QN(+,0)|xer ., D Nker L, 0).

Proof. We adapt the the proof of Theorem 2.2.3 from [10]. Define the homotopy
A, A) = Lu+ (1 — N)QN (u, A) + AN (u, A).

Fix A € (0,1]. Projecting the equation A(u,A) = 0 with @ and I — @Q (i.e. onto the complementary spaces
ran@Q and ran(/ — Q) = kerQ = ran L), we get that A(u,\) = 0 is equivalent to the system QN (u,\) = 0,
Lu+ AI — Q)N (u,\) = 0. But this is equivalent to Lu + AN (u, \) = 0. By assumption (i), A(u, \) # 0 for
all u € 9D and X € (0,1]. Further, A(u,0) = 0 is equivalent to the system w € ker L, QN (u,0) = 0, hence
by assumption (ii), A(u,0) # 0 for all w € dD. Using the homotopy invariance and Leray’s second reduction
formula with V =ker L, J = I and r = N(-,0), we get

deg(A(-,1),D,0) = deg(A(-,0),D,0) =i(L + Q,0) deg(QN(+,0)|xer ., D Nker L, 0).

3.2. Orientation-preserving mappings

An important class of mappings for which the degree behaves rather nicely is the following.

Definition 3.11. Let U C R" be open.

(i) A linear map L : R™ — R" is said to be orientation-preserving if det L > 0.
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(i) A mapping A € C%(U,R") is said to be strictly orientation-preserving in U if
(a) A’(u) is orientation-preserving for all u € U, and
(b) the set {u € U : det A’(u) = 0} is nowhere dense in U.

(iii) A mapping A € C(U,R") is said to be orientation-preserving if for every V. C U open with V C U is
compact, there exists a sequence {.A;} such that A; is strictly orientation preserving for all j and A; — A
uniformly on V.

Theorem 3.12 ([10], Thm. 7.2.1 and [9], Thm. 19.3.1). Let U C R™ be open, D C U an open bounded set with
D CU and let A: U — R™ be orientation-preserving. If z ¢ A(OD), then the following hold true.

(i) deg(A,D,z) > 0.
(ii) deg(A, D, z) > 0 if and only if z € A(D).
i

ii)
(iii) If deg(A, D, z) =1, then A1 (2) N D is connected.
(iv) If A(D) contains a point of some component C of R™ \. A(0D), then C C A(D).

The preceding notions are related to the well-known monotone-type mappings.

Theorem 3.13 ([10], Prop. 7.2.1 and [9], Prop. 19.4.1). Let U C R™ be open, and suppose that A:U — R™ is
monotone, i.e.

(A(u) = A(v),u = v)gn 2 0
for all u,v € U. Then A is orientation-preserving.
3.3. Holomorphic mappings
Next, we consider the complex case.

Definition 3.14. Let U C C™ be open. A complex mapping A : U — C" is said to be holomorphic at a € C™
if there is a C-linear mapping L, : C* — C™ and a mapping r, : U \ {a} — C™ with r, = o(1), such that

Ala+ h) = A(a) + Lah + 1o (h)

for all h € C such that a + h € U. In this case, L, = A’(a), where A'(a)h = h10,, A(a) + ...+ h,0., A(a) and
0., A(a) denotes the k*® complex partial derivative of A at a.

We now remind the reader of some elementary linear algebra [34]. Every complex vector space V is also
vector space over R. This space will be denoted as Vg and called the realification of V. The realification of

a linear operator A : V. — W over C is the linear map Ag : Vg — Wg. If {e1,...,e,} is a basis in V|,
then {e1,...,en,%€1,...,4€,} is a basis in Vg. Further, if {e},...,e),} is a basis in W, and A = B + iC with
some real matrices B and C, then the matrix of Ag with respect to the bases {e1,...,en,tie1,...,ie,} and
{el,...,e iel,... el } is

B -C
cC B)
The determinant of the realification Ag obeys the following important rule:

det Ag = | det AJ%. (3.1)

This motivates that we define the realification of a mapping A : U — C" with A = (A44,...,4,) as
Ag : U — R?™ vig
Ag(z,y) = (Re A1(2),Im A1 (2),...,Re A, (2),Im A,,(2)),

where x = (z1,...,2,), ¥y = (y1,...,yn) and z = x +iy. Notice that we do not explicitly denote the realification
of the set U.
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Definition 3.15. Let U C C™ be open, A : U — C™ be a holomorphic mapping and D C U a domain. The
degree of A in D is defined as the degree of the realification, deg(A, D, z) := deg(Ag, D, 2).

It can be proved using (3.1), that if A : U — C" is holomorphic, then det Ag(z,y) = |det A'(2)[? for all
z € U. This innocent-looking identity has striking consequences.

Theorem 3.16 ([9], Sect. 19.5). Let U C C™ be open, A : U — C™ be a holomorphic mapping and D C U
bounded and open. Then the following statements hold true.

(i) Ar : U — R?" s orientation-preserving. In particular, deg(A, D, z) > 0 and deg(A, D, z) > 0 if and only
if z € A(D).

(ii) Let D C U and z ¢ A(OD). If deg(A,D,z) = k, then A(u) = z has at most k solutions in D. If
deg(A, D, z) =1, then A(u) = z has a unique solution in D.

(iii) Let ¢ € D be a solution of A(C) = z and denote by C the connected component of A~1(z) containing .
Then either ¢ is an isolated solution of A(¢) = z (and hence C = {(}) or C NG # O for any neighborhood
G of OD.

(iv) Let D C U and z ¢ A(OD). Then deg(A, D, z) = 1 if and only if there is a unique non-degenerate solution
¢eD of A(C) = =.

(v) ([42], Thm. 42(b)) The number of zeros in D is finite.

From (iv) we can conclude that if ¢ is a degenerate isolated solution of A(¢) = z, then necessarily i(A, ¢) > 2.
Further in the holomorphic case, Theorem 3.8 can sharpened as follows.

Theorem 3.17. Let A: D — C™ be a holomorphic mapping and D C C™ bounded and open. If z ¢ A(OD),
then there is a 6 > 0 such that if 2 € B(z,0) \ E, then

deg(A, D, z) = deg(A, D, 2'),

where E C {w € B(z,6) : det A'(u) = 0, A(u) = w} has measure 0. Furthermore, A=*(2") consists of a finite
number m of points, where m = deg(A, D, z).

Proof. From Theorem 3.8, we have deg(A,D,z) < m and the converse inequality m < deg(A,D,z) =
deg(A, D, z) follows from Theorem 3.16(ii). O

The following result is concerned with holomorphic extensions.

Theorem 3.18 ([42], Thm. 45). Let A : R™ — R"™ be a real analytic mapping that can be extended to a
holomorphic mapping A: C* — C™. Let D C R™ be an open bounded set such that 0 & A(OD). Let

D.={xeC":RexeD, |Imz|<ce}
Then, for sufficiently small € > 0,

\deg(A, D, 0)| < deg (ﬂ, D., o), deg(A, D, 0) = deg (ﬂ, D., o) mod 2.

4. ANALYSIS OF THE SRCC METHOD

As stressed earlier, we consider the finite-dimensional case only, by which we mean that the cardinality of
the orbital basis {cpp}ff:l, K is finite. Recall the definition of $}, from Section 2.2 and the interpretation of the
projected Hamiltonian from Section 2.2.1.



558 M.A. CSIRIK AND A. LAESTADIUS

4.1. Definitions and basic properties

Let V := V(G) be the real amplitude space corresponding to some consistent excitation graph G (see Sect. 3.5
of Part I). In particular, one can take V to be the S, D, SD, SDT, etc. truncated amplitude space, or the
full amplitude space, see Section 2.5. Let U be the corresponding functional amplitude space, i.e. the set of
wavefunctions of the form T'® for any ¢t € V, where T is the cluster operator corresponding to ¢ — this convention
will be used throughout.

Define the mapping A : V — V* via the instruction

<A(t), S> = <6_THK€T(I)0, Sq)0>, (41)

for any ¢, s € V. Then, A is well-defined, because (4.1) can be rewritten as (A(t), s) = <HK6T(I)0, e_TTS<I>0> =

<H€T(I)0,€_TTS¢)0>, and here eT®( € H}, and e T'S®, € 9k
Recall the definition (see (2.6) or Thm. 4.4 of Part I) of the CC energy,

ECC(t) = <€_THK€T‘I)O,(I)O> = <HK€T¢07‘P0>,

where the second equality follows from (e_T)Jf(I)O = ®;. Note that Ecc(t) € R since the amplitude space V is
assumed to be real. The similarity-transformed Hamiltonian occurs often in the forthcoming discussion, so we
introduce the notation

Hi(t) == e THge : 9k — (9%)7, (4.2)

which is a bounded map for any fixed cluster amplitude ¢t € V. Furthermore, for a given bounded map 7 :
9k — (9%)*, we define the operator Ty : B — B via (TpV, V') = (T, V') for all ¥, ¥’ € Y. For instance, we
will often encounter the projected similarity-transformed Hamiltonian H g (¢)y.

We will also use a notation analogous to (4.2) for the similarity-transformed fluctuation operator Wk (see
(2.4)), i.e. Wi (t) = e TWgeT. In our finite-dimensional setting, the similarity-transformed Fock operator can
be given explicitly as

e T Frel = Fx + [Fr,T), and [Fk,Xa] =caXa, (4.3)

for any ¢t € V, see e.g. Lemma 15 from [12]. In particular,
(M (), UL, V] = [Wic(8), U], V1, (4.4)

for any t,u,v € V.
The following simple observation shows the equivalence of the (strong) Schrédinger equation with the Full
CC method.

Lemma 4.1. Assume that the Slater determinant basis satisfies ®,, € H% . Suppose that V = V(G and that
A(t.) = 0. Then the function ¥ = (col + C)®y € H2% satisfies the Schridinger equation HxV = EV if and only
if e (col + C) = rol + R, where (co =19 and)

Ecc(te)ro + (Hi (t) RPo, @o) = Erg
Hi (te)pRP = 53@0}' (4:5)
Furthermore,
o(Hi) ={€cc(ts)} Uo(Hk(t:)v). (4.6)

Proof. Using the splitting Span{®,} @ U, the similarity-transformed Hamiltonian is block upper triangular in
the Slater basis,
Ecolts t),®
(e = (OG0 TRt e,
0 Hi (te)s
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due to (Hx(t«)®o,®,) = 0. The proof now follows by noting that the eigenvalues of Hg(t.) and Hg are
the same, and the eigenvectors of Hx (t.) are of the form e **®, where Hx® = &'®. Formula (4.6) follows
by the fact that the spectrum of a block triangular matrix is the union of the spectra of the blocks in the
diagonal. (I

We distinguish two cases. Obviously, 7o # 0 and R = 0 is a solution to the system (4.5) if and only if
Ecc(t.) = . In this case, ¥ = eT=®; is a solution.

If, however, Ecc(ts) # £, then R cannot be 0 (because that would imply ¥ = 0). In this case, ¥ = (rol +
R)eT*®g, where 7o = (Hx (t.)R®o, ®o)/(€ — Ecc(ts.)). Note that it is possible to have 7o = 0, in which case
(¥, ®y) = 0. We return to this latter case in Remark 4.16 and discuss the case Eqc(t.) = € below.

Remark 4.2. If Ecc(t.) = &, then (4.5) reduces to
(Hi () R®g, Po) = 0 }
Hrc(te)gRPo = ERDg )

Suppose that this system has p linearly independent solutions Ri, ..., R,. Then it is easy to see, using ¥ =
(rol + R,,)e™ @y, that the wavefunctions

{eT*@g, Rie™ Dy, ..., R e" 0o}
span the eigenspace ker(Hyx — &). In particular, we have dimker(Hx — £) = p + 1. Note also that in this case
o(Hi) = o(Hk(ts)m).
Let us now recall that the CC equation A(t.) = 0 can be cast in a form that closely resembles the CI
eigenvalue problem (see (2.3) of Part I) (although it is not equivalent to it in general).

Lemma 4.3 ([37], Thm. 5.6). Let G be excitation complete, and let V = V(Q) be the corresponding amplitude
space. Then the “linked” CC equation A(t.) = 0 is equivalent to the “unlinked” (a.k.a. “energy-dependent”) CC
equation

(Hxe™ g, S0o) = Ecc(t) (e’ @, SPy) forall seV. (4.7)

Proof. We have
((Hx — Ecc(t)e™ Do, SDo) = (e T (Hx — Ecc(ts))e™™ ®o, (7)1 SDg)

= (e (Hx — Ecc(ts))e™ Do, Moy (™) 5Dy ) + <e—T* (Hi — Ecc(ts))eT ®g, g, (7)1 s<1>0>
N——————
const-®Pg

= <67T*HK6T* Dy, l_[m(eT*)‘LS(I)O>7

where second term on the right-hand side of the penultimate equality vanishes by the definition of Ecc(t.). The
proof is completed by recalling that Iy (e™)! : U — U is surjective due to Proposition 3.30 of Part I. (]

The “unlinked” form is less useful in practice, because the expansion of Hxe” does not terminate like the
Baker-Campbell-Hausdorff series

4
Hic(t) =) %[HK,T](]-). (4.8)
j=0

S

More generally, the doubly® similarity-transformed Hamiltonian Hg (t+s) = e >Hx (t)e” can also be expanded

using the Baker-Campbell-Hausdorff series but in this case

2N1

Hi(t+s) = ZE[HK(t)NS’](j)ﬂ (4.9)

j=0""

4The doubly similarity-transformation above differs from the one considered in Arponen’s Extended CC (ECC) theory [1].
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i.e. the series terminates at 2N. To see this, simply note that [Hx(t), S](2n41) consists of terms of the form
S"Hy (t)S*, where i + k = 2N + 1, so 4,k > N + 1, which, using the nilpotency of the cluster operators implies
that all terms for 5 > 2N + 1 vanish.
4.2. Local properties — real case

Next, we look at the local behavior of the CC mapping A : V — V* for general (real) amplitude spaces V.
For fixed t € V, define the modified similarity-transformed Hamiltonian,

Hic(t) =Hr(t) — Y. (Hr(t)®o, ®o)Xa, (4.10)
a€E(G)e

where Z(G)¢ = Z(GM) \ Z(GQ) and the set of excitations Z(G) was defined in (3.3) of Part I. For example,
if SD truncation is in effect, then Z(G) consists of all singly-, and doubly excited multiindices (see Sect. 2.4).
Also, if V is the full amplitude space, then Z(G) consists of all multiindices « # 0.

Definition 4.4. The amplitude space V(G) is said to be rank-regular, if
(Xa®s,®,) =0 forall 5,y € Z(G) and o € E(G)“.

We immediately get that ﬁ\K(t)m = Hg(t)y if V(G) is rank-regular. The next proposition shows that the
truncated subgraphs typically used in practice — such as ones coming from S, D, SD, SDT, etc. truncations —
are rank-regular. We refer the reader to Section 3.2 of Part I for details on truncated subgraphs of the excitation
graph.

Proposition 4.5. Suppose that the excitation graph G is a rank-truncated subgraph of the form G =
G(1,2,...,p), for some p=1,...,N or G = G(D). Then V(G) is rank-regular.

Proof. The set Z(G)¢ consists of elements of rank p+1,..., N (or empty), so that (X,®gz, ®,) =0 for all rka ¢
{1,2,...,p} and all tk 3,1k y € {1,2, ..., p}, due to the fact that X, Pz is of rank rk(a) +rk(8) & {1,2,...,p}.
The proof of the case G = G(D) is similar. O

Next, we compute the derivative of the mapping A, which explains the definition of ﬂ;(t) and of rank-
regularity.

Lemma 4.6. Let t. be a zero of A:V — V*. Then the derivative A'(t.) € L(V,V*) is given by

(A (), v) = <<7/i;(t*) - Scc(t*))Ucbo, V<I>0> (4.11)
for all u,v € V.
Proof. The derivative A" : V — L(V,V*) is readily computed as

d
a(A(t + hu),v)

<
h=0 dh h=0
= (e T (HKU = UHE)e" W o0, Vb)), _,
= <€_T(HKU - UHK)GTq)o, V‘b0>,

efohUHK eT+hU q)o’ V®O>

so using the commutativity of the cluster operators, we get

(A'(t)u,v) = ([HK(t), U]2o, VPo) (4.12)
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for all t,u,v € V. Expanding UTV®, € $k in the £2-orthonormal basis {®,}0 C 9k,

UlVd) =Y (Uda, Vo),

(e

we obtain using (Hx (£+)®o, P,) = 0 for all o € E(G),

(UHK (t)®0, V®o) = (Hi ()P0, UTV D)

= Eco(t)(UD0, VOo) + Y (Hi(t)®o, B ) (XaUo, VD0)
a€=(G)e

for all u,v € V. Inserting this into (4.12) with ¢ = ¢, we obtain the stated formula. ([l

As we noted in Section 1.1, previous analyses of the CC mapping assumed the local strong monotonicity at
a zero ty, i.e. that there is a § > 0 and a constant Cgp (¢4, ) > 0 such that

(A(t) — A(s),t — s) > Ospm(te, 0)|t — 5|3, forall ¢, s € By(ts,9). (4.13)
The following elementary theorem makes the observations in [36] more precise.

Theorem 4.7. Lett, € V be a zero of A:V — V*.

(i) If A is strongly monotone in By(t.,d) for some & > 0, then there exists &' > 0 such that A'(t. + u) is
V-coercive for all ||u|ly < §" with some constant 0 < v < Csm(ts,0), i-e.

(A'(te +u)v,v) >7|v||3 forall ve€Vand |ully <. (4.14)

(ii) Conversely, if (4.14) holds with w = 0, then (4.13) holds true with 6 > 0 chosen so that Csy(t«,0) =

v — Msd > 0, where
M5 = Ssup ||./4N(t* + C)”L(VXV,V*)‘ (415)
lI<llv<o

Proof. To see (i), fix ' > 0 and |lul]ly < 0" and write for any ||r|y < ¢’ <4,
1
Csm(t, 0)llr — ully < (At +7) = At + )7 = u) < (A (b +u)(r = w), 7 = u) + 5 Msllr — ulfy,
This implies
(Csm(ts, 0) = M5d")|lr — ullf < (A (8 +u)(r —u),r — ).

Any vector v € V can be expressed as v = a(r — u) for some a > 0 and |||y < ¢’, from which V-coercivity
follows with v = Cspm(t«,d) — Msd’, by choosing ¢’ sufficiently small.
Next, to prove (ii), write the Taylor expansions of A at t,,

A(te + 1) = A'(t)r + Ra(tsr),
At +177) = A (t)r" + Ra(te;r'),

for any ||7|lv, ||7|lv < 6 for some § > 0, from which we obtain

(Ats +71) — Alts +7"), 7 —7") = (A (t)(r —7r")yr — 7"y + (Ra(ti;r) — Ra(te;r’),r —1')
> |lr =75 + (Ra(tsir) = Raltuir’),r —17).

Using the intermediate value inequality, we have

[Ra(te;r) = Ra(tu; ') lve < Mo [lr = 7'llv,
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where

M, = max [[02R2(t:;€)|| = max [|A'(t. + &) — A'(t.)]
Eelr,r’] gelr,r’]

< max max ||A”(t. + *>5
(s, me 147 + Qe

= | sup [JA"(t« + Ollcwxvve) |6 = Mso
ligll<o

This implies (A(t. + 1) — A(ts +7'),7 — ') > (v — Ms6)||r —'||3 for all ||r||v, ||r'|lv < J. Setting ¢ = ¢, +r and
s = t, + 1’ proves the claim. a

Remark 4.8. Let V° C V be a subspace and consider the projected CC mapping A° : VO — (V°)* via
(A ("), 80>V*XV = (A(t"), 30>V*XV for all 9, 5% € VO.

Clearly, if A is strongly monotone on By(t.,5) with a constant Csy > 0 at a zero t., then A° is strongly

monotone on Byo (9, /02 — [[tL]|?) provided ||[t-||? is small enough, with the same constant Csy, where we
have set t0 = Ilyot, and t} = (I — Iyo)t,. Here, Iyo : V — V denotes the ¢?-orthogonal projector onto V°.
Note that t? is not, in general, a zero of A", hence the preceding theorem is not applicable to .A°.

Remark 4.9. The quantity Ms contains the second derivative of A. It is easy to see that
(A" () (u,v),w) = ([[Hk(t),U], V]®o, W o)

for all u,v,w € V. Using (4.4), we have (A" (t)(u,v),w) = ([Wk (t),U], V]®o, W®y), so that A" (t) only involves
the fluctuation operator Wr.

Remark 4.10 (Perturbative regime). Let V(G) be rank-regular, and consider the case when ¢, ~ 0, which is
the case considered in [36,37]. Then roughly speaking, we have H (t.) ~ Hx. Note that

(A'(t)r,r) = (KK — Ecc(t)) RPo, ROo) + O(|[t]|v).-

Consequently, if
(Hi — Ecc(te))R®o, R®o) > c(t) |75,

where c¢(t.) > 0, then local strong monotonicity holds with constant Csy = ¢(ty) — M'||t«||lv — 2Ms0 for ¢,
sufficiently close to 0. In Lemma 3.5 of [36], it is shown that such a c(¢.) exists under the assumption that Hg
has a spectral gap and that ® is a sufficiently good approximation of the ground state e’=®, (i.e. that ¢, is
sufficiently close to 0).

Proposition 4.11. If A is locally strongly monotone at a zero t., then t, is non-degenerate.

Proof. Suppose that ker A'(t.) # {0} and that A is locally strongly monotone near ¢,. Then for any 0 # r €
ker A’(t.) sufficiently close to 0, we have

Csm)Irll7 < (At +7),7) = %M"(t*)(ﬁr%ﬂ +o(|Irl[%)-

Rescaling r by a > 0 small, and letting  — 0 we obtain that Csp; = 0, a contradiction. (I
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Remark 4.12. When applying topological degree theory, we will view A : V — V* as a mapping R™ — R™ by
identifying V and V* with R". Following Section 1.3 of [10], we fix a basis {74 }aez(e) of V and define the linear
homeomorphism A : V — R" with

Vaot= Z tAaTaHh(t): Z tu€a € R™,

a€Z(G) a€Z(G)

where {eq }acz(q) is the standard (ordered) basis in R™. Also, fix a basis {7 }ac=z(q) of V* and define the linear
homeomorphism g : V* — R"™ analogously. Then

A:=goAoh ' :R" - R"
gives the desired mapping. Now suppose that two other bases {7, }aecz(e) C V and {7} }aez(q) C V* are given
and let h: V— R™ and g : V* — R"” be the corresponding linear homeomorphism. But then
gilogvohfloh:.Azgfl ogvoﬁfloiNL,
which implies A :=Go.Adoh™! =mo Ao, where m = Gog~' : R" - R" and m = hoh~! : R" — R". Using
Lemma 1.3.1 of [10] ([9], Lem. 6.1.1), we obtain
deg (.Z, h(D), E(O)) = (sgndet m)(sgndet m) deg (.%T, h(D), g(O))

for any open and bounded set D C V with 0 ¢ A(OD). We can conclude that the topological degree is
independent of the choice of the basis if V and V* are oriented the same.

Next, we determine the topological index of a zero of A. The fact that the topological index of ¢, is related
to its CC energy Ecc(t«) and the eigenvalues of the operator Hg (t«)q is interesting on its own right.

Theorem 4.13 (Index formula for SRCC — non-degenerate case). Let t. be a zero of the CC mapping A :V —

V*. Then t, is non-degenerate if and only if Ecc(ts) & a(ﬁ;(t*)m), and in this case t, is an isolated zero and
the topological index of A at t, is given by

i(Ate) = (-1)",

where

= HJ L€ (ﬁ;(t*)m) eR, & (ﬁ;(t*)m) < gcc(t*)}).
Proof. Tt is trivial to see that if ¢, is non-degenerate, then it is isolated: assume that ker A'(¢,) = {0} and write

(At + 1), A (t)r)y. = [|AE)rl5- +o(I7]13), (4.16)

for all ||r|ly = e, where ¢ > 0 is sufficiently small. This implies that A(t. + ) # 0 for all 0 < ||r|v < e.
We can apply Theorem 3.7 with the mappings h : V — R™ and g : V* — R" defined in Remark 4.12. Using
the notations of the said remark and (4.11), we have

(A (ED)eares), = (gA EIN (ea),ea)g, = (A (B (ea). 9" (e5))
= ((Hx (t) = Ecolt.)) Uao, Vi®s ),

where u, = h™1(e,) and vs = gf(eg) and a, 3 € Z(G). Here, g' : R® — V is the adjoint of g. Therefore, using
an appropriate basis transformation

i(A,t.) = sgndet A'(h (1)) = sgn [ [ (gj (@(t*)m) - Ecc(t*)>

720
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The proof is completed by noting that the elements of the matrix Ti}(t*)m are real, so its complex eigenvalues
come in conjugate pairs, hence only real eigenvalues contribute to the product above. (]

Proposition 4.14. If A is locally strongly monotone near a zero t, then we have i(A,t,) = 1.

Proof. We have that in particular A : R" — R" is monotone near h(t«), so according to Theorem 3.13, Ais
orientation-preserving near h(t,). But then Theorem 3.12 implies that i(A, t.) = (A, h(t.)) > 0. O

Using the “unlinked” form, we can determine the topological index in the Full CC case. Recall that the
eigenvalues &, (Hk), n =0,1,..., are assumed to be increasingly ordered.

Theorem 4.15 (Index formula for FCC — non-degenerate case). Let V = V(G and assume that t, € V is
a zero of the FCC mapping A : V — V*. Then eT-®q € $2 is an (intermediately normalized) eigenfunction
corresponding to some non-degenerate eigenvalue E,(Hk) if and only if t. is non-degenerate, and in this case

i(Ate) = (=1)".

Proof. First, note that V(G™) is rank-regular so Hx (t)g = Hx(t)u. We have Ecc(ts) = E,(Hx) by the
equivalence of FCC and FCI (see Thm. 2.2 of Part I).

According to Lemma 4.1, we have that e”*®g is a non-degenerate intermediately normalized eigenfunction if
and only if Ecc(ts) & o(Hi (tx)w). In fact, Ecc(ts) € o(Hi (t+)y) if and only if there exists R®y € U nonzero,
such that

(e T*Hie ™ R®o, S®g) = Ecc(ts)(RPo, SPo),

for all s € V. Since V(G!!) is excitation complete, according to Lemma 4.3 the preceding equation is equivalent
to

(HrRe™®g, S®g) = Ecc(ts)(Re™ 0o, SPy), (4.17)

for all s € V. But this precisely means that the FCI eigenstate e’* ®g is degenerate, because Re *® is another
eigenvector corresponding to the same eigenvalue Exc ().

We also conclude from (4.6) that o (Hx (t«)w) = 0(Hi) ~ {Ecc(t.)}. Applying Theorem 4.13, we obtain that
t, is non-degenerate and (A, t.) = (—1)". O

It is worth noting that, in the FCC case, the zero t. representing the intermediately normalized, non-
degenerate ground state (i.e. Ecc(ty) = Eo(Hi)) has i(A,t.) = 1. Note that this is not necessarily true in
the truncated case. While the CC method is most commonly aimed at the ground state, it can also be used
to find other intermediately normalized eigenfunctions as well. Furthermore, it can also be used to obtain
eigenfunctions which are orthogonal to the reference ®( according to the remark below.

Remark 4.16. The Equation-of-Motion Coupled-Cluster (EOM-CC) method [15] is aimed at calculating
excited energies and states (i.e. £,(Hg) for n > 0, and the corresponding eigenvectors) based on a CC ground-
state solution. This is done in two steps. Let V = V(G™). Firstly, a conventional CC calculation determines
the ground state ¥ = eT*®( such that A(t,) = 0, i.e. HxV = £V. Secondly, the targeted excited state is of the
form Ve, = (rol + R)e™=®g, where R is a cluster operator, see Lemma 4.1. We have

Hic (L) Ry = Eex R (4.18)

In other words, we need to solve the eigenproblem of the projected similarity-transformed Hamiltonian H g (¢ ).
Furthermore, similarly to the proof of Lemma 4.3, it is easy to see that A(¢.) = 0 implies

<RHK(t*)(PO, Sq)o> = gcc(t*foI)o, S(I)0> forall seV.
Subtracting this from (4.18), we get the “commutator form” of the EOM-CC equation:

<[HK(t*),R](I)Q,S<I)0> = AS<R®0,S@Q>7 where A€ = 59)( — g, (419)
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and €& = Ecc(t+) is the ground-state energy as given by the CC method. Let V be an arbitrary amplitude space.
Recalling the expression (4.12) for A’'(t), we can rephrase the EOM-CC equation (4.19) as the weak eigenvalue
problem for A'(t.) : V. — V* (¢f. [16], Sect. 13.6.3), i.e

(A (t)rj,s) = AE;(r), s), (4.20)

for j =1,...,J° and s € V is arbitrary®. Notice that the A&;’s are in general complex. Using Theorem 4.13 we
can obtain the following. Suppose that A&y, ..., A&, are given by (4.20) and are all nonzero. Then

i(AL) = (—1)", v=|{j: A& R, AL < 0}. (4.21)

Due to the nonvariational property of truncated CC (see Sect. 2.3 of Part I), it is not a priori clear whether
the (real) excited energies are higher than the ground-state energy, i.e. whether AE; > 0. Therefore, equation
(4.21) quantifies this nonvariational property through the topological index (A, t.).

Next, we draw a connection between the degeneracy of a zero t, and the Fock-splitting (2.4) of the Hamil-
tonian. Deﬁne wo(ts) = (Wi (t4) @0, ®o), which is the CC correction to the lowest eigenvalue Ay of F, so that
the CC energy at ¢, is obtained as Ecc(tx) = Ag + wo(t«)-

Proposition 4.17. Let V(G) be a rank-regular amplitude space and t. a zero of A. Define the linear operator
Q(ts) : U — U wvia its matrixz in the Slater determinant basis as

[Q(t)]ap = €abap+ Y tuyey(Xy®p, ) forall o, € E(G).
YEE(G)

Then wo(ts) € o(Q(tx) + Wk (ti)w) is equivalent to Ecc(ts) € o(Hi (t)w), i.e. to the fact that t. is a non-
degenerate zero of A.

Proof. We have using (4.3),

Ecc(ts) = (e Frel @, @) + (Wi (t.)®o, Do)
= (Fx®o, ®o) + ([Fr, Tx]Po, o) + Wk ()P0, Po)
= Ao + Wk (t.)®o, Po) = Ao + wo(ts).

Similarly,
<HK( )(I)ﬁ7 > <-7:K®ﬁ7 > <[~7:K7 ](bﬁ?q) >+ <W ( *)(I)ﬁvq)a>

= (Ao +€a)dap + Z iy Ex (Xy P, Pa) + (Wi (t4) P, Par)-
YEE(G)

Then, in the Slater determinant basis
Hi (te)g = Aol + OQ(ts) + Wk (t)w
Hence, Ecc(ts) € o(Hk (t+)g) is equivalent to wo(ts) € o(Q(t) + Wik (t«)w), which finishes the proof. O

We now consider the case of a degenerate zero. Clearly, if r € ker A’(¢.) # {0}, we have to consider higher-
order terms of the Taylor polynomial of A at t,,

Alts 1) = A(t)r + %A”(t*)(r, P) + Ra (e ),

S5Here, Rj is not to be confused with the rank-decomposition (3.6) of Part I.
6A similar relation holds if ¢, does not represent the ground state.
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where A" (t,) : VXV — V* is a bounded bilinear mapping. Here, we only consider the second-order information.
Assume from now on that V is rank-regular, so that Hx (t)y = Hx (t). Suppose that Ecc(ts) € o(Hi (t«)w)
and that R1®o, ..., R, Py € U are the right eigenvectors of Hy (t.)y corresponding to Ecc (),

(Hi (t+)R;®o, S®o) = Ecc(t)(R;®o, SPo) forallj=1,...,pand all s € V.

Also, suppose that L1 P, ..., L, Py € U are the left eigenvectors of Hx (t.)y corresponding to Ecc(t+),
(Hr(t)TLj®o, SPo) = Ecc(ts)(L;Po, SPo) forall j=1,...,pandall s € V.

The corresponding right-, and left eigenspaces are

Wgr =ker A'(t.) = Span{ry,...,r.},
Wi, = ker A'(t.)" = Span{¢y,...,0,},

and let @ : V — V be the orthogonal projector onto W,. Further, define @ 20 — W via <C§U<I>0, V<P0> = (Qu,v)
for all u,v € V. We introduce the mapping B : V — V* vig

(B(0).5) = 5{@l[Pc(t.). 71, 7100, 580 = 3 (QW(t.). 71, T}, 50) 422)

that is, the Q-projection of A" (t,)(t,t). In the second equality, we used (4.4). Also, note that B is homogeneous
of degree 2, i.e. B(at) = a?B(t). The next theorem follows esentially from Leray’s second reduction formula
(Thm. 3.9).

Theorem 4.18 (Index formula for SRCC — degenerate case). Let t, be zero of the CC mapping A:V — V*.
Suppose that Ecc(ts) € o(Hi (t«)y) and let Wr, Wi, and Q be as above. Assume that

B(t) #0 forall te€ dBy(0,1). (4.23)
Then, t, is an isolated zero and the topological index of A at t, is given by
i(A t.) = i(A(t.) + Q,0)i(Blwy, 0).

Proof. First, we prove that t, is isolated. When r ¢ ker A’(¢,) and small, it follows that A(t. +r) # 0 similarly
to (4.16). If, however r € ker A’ (¢, ), then we may write

(Alts + 1), A" () (r,r))ye = (A (L )rg, A"(8) (1, 1))y + %HA"(&)(% NI~ +O(lrl13)

for all » € B(0, ¢) for sufficiently small ¢ > 0. Condition (4.23) implies that A(t. + ) # 0 for all r € B(0,¢).
Next, we apply Corollary 3.10 with the choice D = By(0,¢), L = A'(t.) and

2N )\k72
<N(t’)‘)’3> :Z ! <[HK(t*)vT](k)(I)OaS(I)O>7

k=2

where we used (4.9). Because ran Q = ker A’(t,)T, it follows that
ker Q = (ran Q)" = (ker A'(t.)")* = ran A'(t,) = ran L.
Moreover, since t, is an isolated zero, it is possible to choose § > 0 so that the equation
ANYA(t + M) = A (E )+ AN (5, A) =0

does not admit a solution ¢ € dBy(0,d) for any A € (0, 1].
Note that QN (¢,0) = B(t) # 0 for all t € By(0,0) by assumption (4.23) and the homogenity of B. We see
that conditions (i) and (ii) of Corollory 3.10 are satisfied and the result follows. O
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The preceding theorem reduces the computation of the index to a low-dimensional problem but the zero is
still degenerate. In fact, since

(B (t)u,v) = %

we have that t = 0 is a degenerate zero of B|w,, and by assumption the only zero. Therefore, we need to apply
Theorem 3.8 to determine i(B|w,, 0).

Corollary 4.19. For a degenerate, isolated zero t. of A, dimWg = 1, and for which (4.23) holds, we have
i(A, 1) =0.

Proof. Let Wgr = Span{r} and W, = Span{¢}. We apply Theorem 3.8 to the mapping B|w,, with D = By(0,¢),
€ > 0 arbitrary. Fix 2/ = nf € ran Q = W, such that 0 < || < J. Since t = er € Wk, the equation B(t) = 2’ in
By(0,e) N Wg is equivalent to finding 0 # ¢ € R such that

(QUIMHc (1), UL T] + [[Hac (1), T1, U @0, VDo),

%«HK(t*) — Ecc(ts))R*®o, LPg) = n(LPo, LPy). (4.24)

Note that the inner product on the left-hand side is nonzero by assumption (4.23). Choose 7 to be of opposite
sign as the inner product on the left-hand side. Then there are no solutions ¢, so i(B|wy,,t«) = 0 and therefore
i(A,t.) = 0 by Theorem 4.18. O

Corollary 4.20. Let t, be an isolated zero of the CC mapping A : V — V*. Suppose that Ecc(t+) € o(Hi (t«)w)
and let Wg as above. Assume that ker B'(t) = {0} for all 0 #t € Wg. If p:= dim Wg is odd, then i(A,t,) =0
and if (i s even, then i(A,t.) is even. In particular, under the above hypotheses, i(A, t.) cannot be £1,+3,+5, ...

Proof. Let z' € B3(0,6) N Wy,. Then the equation B(t) = 2’ for 0 # t € Wg is equivalent to
1
3 (M (t:), T1, T]o, Ldo) = (Z'®o, Ldo),

for all ¢ € Wy. Let T denote the set of solutions ¢ of the preceding equation (which can be empty). By
Theorem 3.8, | 7| = m for some m finite. Notice that 7 is closed under the operation ¢ — —t, so m is even (we
also used that 0 ¢ 7), and let

T={ty,....tm,~ty,...,—tm}
using some appropriate indexing. From the linearity of ¢ — B'(t), we get via Theorem 3.7,

m

deg(B|wy, Bv(0,7) N Wg,2') = Z sgndet gB'(t;)h ™" + sgndet gB'(—t;)h~*

i=1

(4.25)

(]

=1+ (=1)") Y sgndetgB'(t;)h ",

i=1

for some sufficiently large r > 0. a

We close this section with two remarks.

Remark 4.21.

(i) Note that, according to Theorem 3.8, a zero t. of topological index 0 is “numerically unstable”, because
one could miss zeros altogether if the equations are solved with finite precision arithmetic, even in the FCC
case. Therefore, the degenerate zeros of the SRCC mapping A are not robust in general. We have already
seen that in the FCC case, the CC energy Ecc(ts) of a degenerate zero t, is a degenerate eigenvalue & of
the Hamiltonian (see Rem. 4.2). Thus, we can conclude that the SRCC method is in general unsuitable for
finding degenerate eigenstates and eigenvalues — an empirical fact that is well known among the practitioners
of the SRCC method.
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(ii) Proposition 4.14 and the preceding calculations imply that any approach that stipulates the local strong
monotonicity of A near t, can only provide an incomplete description of the SRCC method.

4.3. Local properties — complex case

We now discuss what happens when complexr amplitude spaces are considered instead. We explain the complex
case in detail, because the differences from the real case are somewhat subtle. Assume that V is a complex
amplitude space and let V* denote its anti-dual. It is clear that t — (A(t), s) is a (complex) polynomial for fixed
s € V, hence with the appropriate identifications, Ac : V — V* is a holomorphic mapping, where we used the
subscript C to highlight the difference’. Of course, a real zero t, € V to A(t,) = 0 is automatically a “complex”
zero: Ac(t.) = 0. Further, using the fact that the Hamiltonian is real (by which we mean (Hx®,, ®3) € R),
.Ac(t*) =0 if and only if Ac(%*) = 0. AAISO7 ECC (f) = ECC (t)

From Theorem 3.16(i) we immediately get that deg(Ac,U,0) > 0 for every bounded open U C V. In
particular, i(Ac,t«) > 0 for every isolated zero t.. Notice that, even if ¢, is a zero of both A and Ac, its
real and complex indices (A, t.) and i(Ac,t,) may differ; for instance we know that i(.A4,¢,) can have a sign,
while i(Ac, t.) cannot. Also, Theorem 3.16(ii) implies that i(A,t.) > 2 for an isolated, degenerate zero t..
Moreover, the following is true.

Theorem 4.22. Ift, € V is a real isolated zero of both A and Ac, then
li(A, t)] <i(Ac,ti), (A ts) =i(Ac,t.) mod 2.
Proof. The result follows from Theorem 3.18 with the choice D = By (¢, 9). O
For simplicity, we assume from now on that V is rank-regular (Def. 4.4), so that ’}T[;(t)m = Hk (t)y. Adapting
the proofs of Theorem 4.13 and 4.18 in the complex case, we have

Theorem 4.23 (Index formula for SRCC — complex case). Let t. be an isolated zero of Ac : V. — V*. Then
the following hold true.

(1) The zero t. is non-degenerate if and only if Ecc(ts) & o(Hk (t+)w), and in this case i(Ac,t.) = 1.
(ii) Suppose that Ecc(ty) € o(Hi(ts)y) and that the second-order regularity assumption (4.23) holds true.
Then
i(Ac, t*) = i(B|WR’ 0)

(iii) Suppose that Ecc(ts) € o(Hi(t)y) and that the second-order reqularity assumption (4.23) holds true.
Assume further, that ker B'(t) = {0} for all 0 # T®y € Wg. Then i(Ac,t.) = m > 2, where m is the
number of solutions 0 # R®y € Wg to the equation

((Hk(ts) — Ecc(t))R?*®o, LOo) = (Z®g, LOo) (LPo € W)
for any Z®y € W, N B*(0,9) for sufficiently small § > 0.
Proof. For (i), it is enough to note that ker A7 (¢.) # {0} follows via the same calculation as in the proof of

Theorem 4.13. Part (ii) follows since i(A¢(t.) + Q) = 1. For the proof of (iii), notice that (4.25) now reads

deg(Blwy, By(0,7) N Wg,2) = ngn| det gB'(t;)h"1? = m.
i=1

O

Corollary 4.24. For a degenerate, isolated zero t,. of Ac, dimWgr = 1, and for which (4.23) holds, we have
i(Ac, ts) = 2.

"Note that the realification of Ag, (Ac)r does not equal A (they are mappings of different type: (Ac)g : R?® — R27).
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Proof. The proof is analogous to that of Corollary 4.19, but (4.24) always has exactly two nonzero complex
solutions c. 0

We close this section with a few remarks.

Remark 4.25.

(i) Luckily, for a real zero ¢, € V, the condition Ecc(t«) € o(Hi (t«)) is formally the same as in the real case,
therefore a non-degenerate real zero is automatically a non-degenerate zero of Ac.

(ii) The degeneracy of a complex zero t, manifests itself in numerical computations as follows. Suppose the
hypotheses of Theorem 4.23(iii) hold true. Combining this with Theorem 3.17, we get that the perturbed
equation A(t) = 2’ has ezactly m solutions for almost all 2’ € V sufficiently close to zero. This is in contrast
with the real case, when one might completely “lose” solutions when the index is zero (Rem. 4.21(i)).
The appearance of multiple complex zeros in degenerate situations was conjectured based on numerical
observations in [32,33].

(iii) If the Hamiltonian is real (see above), then the index of the complex conjugate zero is the same: i(Ac, t.) =
i(Ac, ts).

(iv) The classical Bézout theorem states that if a polynomial system

Pl(xla"'wrd):()
PZ(xla"'vxd):O

Pn(mla"'vxd):()

has a finite number of zeros in C¢, then the number of zeros (counting multiplicities) is at most A =
Aq--- Ay (called the Bézout number), where Ay denotes the degree of Py. As remarked earlier, according
to the Baker—Campbell-Hausdorff expansion (4.8), for the polynomials constituting the system A(t) = 0
there holds A; = ... = Ay = 4, hence the Bézout number of the CC equations is A = 4%, where d = dim V.
This is typically a huge number. However, it is known that the Bézout number often grossly overestimates
the number of zeros. In fact, it was observed numerically that the number of zeros for the (truncated) CC
equations is much less than the Bézout number [32].

4.4. Continuation of solutions

In this section we discuss how solutions of different CC methods can be “connected” in a systematic way.
The idea is not new to this field (and certainly not new to nonlinear analysis, see e.g. [43]), and it has been a
subject of both theoretical and numerical investigations in the CC literature, as we have already mentioned in
the introduction.

The main theoretical tool we use to describe the aformentioned connection is a specific type of homotopy.

Definition 4.26. Let V! be an amplitude space with direct sum decomposition V! = V0 @ V<. Let A7 : VI —
(V7)* be continuous mappings for j = 0,1. A continuous map K : V! x [0,1] — (V1)* is said to be an admissible
homotopy, if
(i) <K(t1,0),50> = <A0(t0), SO> for all t' € V!, s € VY, and
(i) K£(-,1) = AL
Furthermore, an admissible homotopy K : V! x [0,1] — (V!)* is said to be faithful, if for every t, € V° such
that A°(t2,) = 0, there exists t£, € V< so that with ¢!, =0, +t4, € V!, there holds K(t!,,0) = 0.

Example 4.27. When A° is the projection of A := A! onto V°, a simple admissible homotopy can be given
by
(K N), sty = (At + At9), %) + (A(t), s7), (4.26)

for all t € V1, s' € VI and A € [0,1] (¢f. (4.33)).
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Let V! = V(G™) and A" be the FCC mapping, VY some rank-truncated space and A° the truncated CC
mapping. This case is particularly important due to the equivalence of FCC and FCI (see Thm. 4.4 of Part I),
so existence of a solution to the FCI problem (essentially the Schrédinger equation) can be exploited to infer the
existence of a truncated CC solution. Furthermore, the topological index of the CC solution can be determined
by the results of Section 4.2 and the homotopy invariance of the topological degree can be used relate these
quantities in certain situations (see (4.29) below).

The zero set of an (admissible) homotopy K is defined as

Z(K)={(tL,N) eV x[0,1]: K(t1, \) = 0}. (4.27)

We omit K from the notation Z(K) whenever it is clear from the context. The A-sections of Z are denoted as
Zy ={tl e VI : (t},)\) € Z}. Clearly, (Z2(K))1 = (A')71(0) for any admissible homotopy K. Furthermore,
o (Z(K))o = (AY)71(0) for any faithful, admissible homotopy K. We will sometimes explicitly label . with
the A to which it corresponds as t1(\).

Recall that any topological space can be partitioned into a family of connected components, which are maximal
(w.r.t. set inclusion), closed connected sets. We are interested in the connected components of Z(KC). The Leray—
Schauder continuation principle ([10], Thm. 2.1.3) immediately implies the following.

Theorem 4.28. Suppose that D C V! x [0,1] is a bounded open set and let K : V x [0,1] — V* be an admissible
homotopy such that
K@t A\) #0 forall (t',\) € OD. (4.28)

Then the following statements hold true.

(i) deg(K(-,0),Dy,0) = deg(A', D1,0) =: d.
(ii) If d # 0, then there is a connected component C of Z, such that

CN(Z;x{j})#0 for j=0,1.

This general theorem can be used to prove existence results, which essentially consists of establishing the
boundary condition (4.28). Furthermore, note that (i) implies that

kG0t = Y (AL E) =d. (4.29)

tl, €ZoNDy tleZ.ND;
This is a necessary condition for zeros in Z; and Z; be in the same bounded connected component.

Remark 4.29. In the case when D is possibly unbounded, one can invoke ([10], Thm. 2.1.4) to obtain the
following statement: If Z, is bounded and deg(X(-,0),D,0) # 0 for some bounded open set D D Z;, then
there is a connected component C of Z intersecting Zy x {0} which either intersects Z; x {1} or is unbounded.
The unboundedness of C has been observed numerically for a specific type of homotopy and its significance is
discussed in the next remark.

Remark 4.30. In [32], a specific type of admissible homotopy (essentially (4.26), which will be discussed in
Sect. 4.5 below) is used as the basis to distinguish “physical” truncated solutions from “unphysical” ones.
Roughly speaking, they call a truncated solution “physical” if it shares a bounded connected component with an
FCC solution (although they require more regularity of the connected component in question). They also found
that some FCC (resp. truncated) solutions cannot be “connected” to any truncated (resp. FCC) solution. While
this approach to the classification of solutions seems attractive at first, it has a serious conceptual drawback: it is
unclear why one particular homotopy is preferred over the (infinitely many) others. For instance, it is conceivable
that an admissible homotopy classifies a truncated solution as “unphysical” while another homotopy classifies
it as “physical”. Moreover, their homotopy itself does not admit an obvious physical interpretation. We will not
pursue this line of thought any further in this work, and view homotopies as purely mathematical devices.
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As an example of an admissible homotopy, we consider the linear homotopy. Let VO C V! be any subspace
(a typical choice is based on some truncation: VO = V(G(1,...,p))) and V4 := (V)L where the orthogonal
complement is taken with respect to the V-inner product. Also, to emphasize that V< is actually given by the
V-orthogonal complement of VO, we shall write ¢! = ¢° 4+ ¢+ for some unique t° € V° and t+ € (V)4 for any
tt € VI Let K : V! x [0,1] — (V1)* be given by

(Ki(t'N),s') = A)((A°(19),8%) + al(tF = ut, ) ) + A(AN (), s1)

for any t!,s* € V! and \ € [0, 1], and some fixed constants a > 0 and u € (V°)+. Then, clearly Kp,(-,1) = AL.
Further, ICL( 1.,0) = 0 is equivalent to A°(#?,) = 0 and t, = ut. Therefore, K, is a faithful, admissible
homotopy. Also, K, has the following trivial property: if t1 € V! is such that A°(¢}) = 0 and A" (¢}) = 0, then
Kr(tl, ) =0 for all X € [0,1].

As a simple application of the linear homotopy, we give a variant of the existence result ([36], Thm. 4.1).

Theorem 4.31. Suppose that tL € V' is a zero of A'. Let » = ||t |v. Assume the following hold true.
(i) A7 : VI — VI 4s CL,

(ii) L?% = SUP\|u0\|V:1<AO(t2) —A! (ti),u0> for some LY < co.

(iii) A7 is strongly monotone in By;(t),8;) with constant C’SM = C’gM( i) >0 forj=0,1.

(iv) < 5055“, where 6 = min{dp, d1}.

Then there exists a unique t9, € Byo(t2,0) such that A°(t?,) = 0. Furthermore, i(Ky(-,0),tt,) = i(A°t2) =
1.

Proof. Set a := C§y; and ut := t} in the definition of Kr,. We prove that the boundary condition Kp,(t!, \) # 0
holds true for all t! € dBy(tL,d) and A € [0,1]. Write t! = ¢! + 71, where ||r!|y = § and

(Ko(ty +r50),rt) = (1= X\)Ao + Ay
Here,
= (A2 +r0),r0) + OOty + 7 — b, ),

= (A2(t0 +70) — A°(£9), 7O) + (A°(£2) — AN (1), 70) + OOl 17

> CoulIr® I — LOsllrllv + Cullr I

> (Csullr'llv = Lol v = (C§m6 — L730)d > 0,
where we in the last step used that ||7||2 = ||r°||Z + ||7*||?. Furthermore,

Ay = (ANt + ), ety = (AL 4+ rh) — ANt r') > Capllrt I > 0.
Using Proposition 4.14 and the uniqueness of the zero t! in By(tl,d),
deg(KL(-,1), By(tL,6),0) = deg(A', By(t},6),0) = 1.

Since we have already seen that Kp,(t!,\) # 0 for all t* € dBy(tL,d) and \ € [0, 1], the homotopy invariance of
the degree can be applied to get
deg(KL(+,0), By(tL,8),0) = 1.

Using the existence property of the degree Corollary 3.3(ii), there exists t0, € VY such that (¢2,,t) € By (tL,9)
and <ICL( e 0), 30> = <A0(t2*), 50> =0 for all s° € VO, which is what we wanted to prove. Uniqueness follows
form the local strong monotonicity of A°. O
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In the special case when A° is given as a projection of A! (see Rem. 4.8), we obtain the following.

Corollary 4.32. Suppose that t} € V! is a zero of A'. Let s = ||t |lv and suppose the following hold true.

(i) L0 = SUP\|u0\|V:1<A1(t2) — A (t1),u®) for some L® < cc.
(ii) Al is strongly monotone in Byi(t},8) with constant Csy > 0.
(i) 2 < 02ty
Then there erxists a unique t°, € Byo(tL, 6 — ) such that A*(t2,) = 0.

Proof. Tt is enough to recall that A° = ITyo.A'|yo is strongly monotone with constant Cgsy in
Byo (tg, 02 — %2) D Byo (tg,é - %).

Applying Theorem 4.31 with C2; = Csm and &y = § — » gives the result. O

Condition (i) certainly holds, since the CC mapping is locally Lipschitz (see [36,37]), but the constant L°
here is possibly smaller than the usual Lipschitz constant (which, in turn, is bounded from below by the strong
monotonicity constant).

4.5. Kowalski—Piecuch homotopy

In this section, we consider another homotopy that can be used to analyze the connection between the
solutions to CC methods of different rank-truncation levels. The approach was pioneered by the chemists
K. Kowalski and P. Piecuch [32], who conducted a comprehensive numerical study based on this idea®. They
considered complex amplitudes and the following discussion is easily extended to that case.

Assumption. Let V! = VO @ V< be an ¢?-orthogonal direct sum decomposition of a real amplitude space
V! = V(G?), where V° is an amplitude space corresponding to some lower truncation level. More precisely,
assume that there is a rank p > 1, such that VO contains all amplitudes with rank < p and V4 .= (VO)J—ﬂ
contains all amplitudes with rank > p. In the notations introduced in Part I,

VO =V(G% =V(G(,...,p))NV and V4 =V(GH) =V(G(p+1,...,N))nV

where G® = G(1,...,p) NG and G+ = G(p+1,...,N)NG*. Hence, any t* € V! may be uniquely decomposed
as t* =t +t4, where t° € VO, t4 € V4 and <t0,t4>€2 =0.

Let V = V(G™) be the full amplitude space and suppose that A : V! — (V!)* is the SRCC mapping (4.1).
Write

<A(t1),sl> =(e T HK6T1<I>0,SO(I>0> + <67T1HK6T1<I>O,SZCI>O>

(
= <(€7T0 + e~ T° (67T4 — I))'HK (eTO + T (eTé — I))@o, SO<I>0> + <67T1HK6T1(I)0, SA<I>0>
(

e~ T° (e*TL — I)HKeTOCPO, SO<I>0>
(T° — I)d,, SO<I>0> n <e*T1HKeT1<I>O, 54¢>0>

= <A(t0), so> + <€_TOHK€TO (eTL — I) Oy, SO(I>0> + <A(t1), sé>,

8They call it the “B-nested equations”, 3 being the homotopy parameter.
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where in the last step the second and the third terms of the penultimate expression vanish because
T 1 2
(77 = 1) 800 = —(19) 500 — 5 ((T9)") S°®0 — ... =0,

due to the definition of the spaces VO and V4. Note that this last relation would not hold in the case V° =
V(G(D)) NV V! = V(GMY), which is actually excluded by assumption.

Motivated by the preceding calculation in (4.30), we define the Kowalski—Piecuch homotopy Kxp : V! x
[0,1] — (V1)* via the instruction

(Kip(t', ), s) == (Hg(t°)®o, S°®0) + (Hi (t')Po, S“Pg) + A<HK(t°)(eT‘ —I)®y, S°<1>0> (4.30)

for all t1,s! € V! and A € [0,1]. Here, the relation Kxp(tl,\) = 0 is the same as the system ([32], Eqs. (90),
(91) and (93)).

It is obvious that KCxp is an admissible homotopy. However, it is unclear whether it is faithful or not. In fact,
Kxp(tl,,0) = 0 is equivalent to the system

(MK (t),)P0, S o) = 0, (4.31)
(Hi(t2, +t5)®o, S“®g) =0, (4.32)

for all s' € V1. In other words, the usual SRCC equation A(t%,) = 0 (4.31), is augmented with an additional
equation for t£, (4.32), which, in turn, depends on ¢,. It is not obvious at all that (4.32) has a solution tZ,
for a given zero t0,. The extensive numerical evidence in [32] clearly indicates that (4.32) admits a solution in
various circumstances.

Before stating our existence result we recast the KP homotopy into a more convenient form, which we already
encountered in (4.26).

Lemma 4.33. The following formula holds true:

(Kip(t', X),s') = (A" + At9), s) + (A(t"), s7), (4.33)
for all t',s' € V! and X € [0, 1].
Proof. 1t is enough to prove that

(Kkp(t', \), ") = <e—T”HKeT°“T‘ ®y, S°<I>0> n <6_T1HK6T1<I>O, 54q>0>, (4.34)

because (e~ *77) 1500, = §9®. To see (4.34), note that in the expansion e” 3" = ¢7° (I + A\T4 + %T(T‘)Q +
oo+ %(T‘)N ) the quadratic and higher-order terms do not contribute because the excitation rank of
Hy (T4)Fd exceeds p for k =2,..., N, due to the fact that Hy is a two-body operator. O

To formulate the existence result, suppose that t1 € V! is a non-degenerate zero of A. Since V! is assumed
to be finite-dimensional, it is always possible to choose an a > 0 so that

(At +aDr,r') > ya|rt||§ forall r'e V!, (4.35)

for some 7, > 0. This is also true in the complex case with a “Re” added to the left-hand side.
Define the operator O, : V — V via®

(A'(t1)u', 0qv") = ((A'(t)) + al)u',v") forall u',v' eV (4.36)
Then O, is well-defined, as long as ker A’ (ti) = {0}, i.e. that t! is non-degenerate.

9The authors learned this trick from [5, 6].
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Theorem 4.34 (Existence for KP). Let t! € V! be a non-degenerate zero of A. Suppose the following.
(i) With 6y = ||TIp(O, — I)HOH%(V) and 0, = ||Tp(O4 — I)HlH%(V), there holds
Yo = 5Ms[1®alloyd 1 1

ni= (-0 —xany s pmede 2+l 2(1 70 > o,

for some € > 0 and § > 0, where Ms was defined in (4.15). Here,

A(t:) = max (o + (XD, Hic U 0, V4 ).
u V:l
o< lv=1

Also, a > 0 and v > 0 satisfy (4.35) and 0 < g < 1 is such that |<t0,t4>v| < gllt°lvl|t4|lv for all t' € V1.
(ii) With s = ||tZ|lv, there holds
2N —V2
e 2I-V2
2-V2+2,1
Let D = {tl +r' € VI [|r9)2 + [|r4||2 < £(6 — 5)2}. Then, for any X € [0,1), there exists tL,(\) € D such
that Kxp(tL,(A),\) = 0. Furthermore, deg(Kkp(-,\), D,0) = d # 0 for all X € [0,1]. In particular, there exists
tl, € D such that A(t%,) = 0.

(4.37)

For the proof, see Appendix A.

Remark 4.35.

(i) A crucial difference between the linear homotopy and the KP homotopy is that while the decomposition
used for Kp, is V-orthogonal, the decomposition for Kkp is £2-orthogonal — the computation (4.30) and
Lemma 4.33 exploit this heavily. Nevertheless, we used the V-inner product in the existence result for Kkp.
This geometric discrepancy is reflected in condition (i) above.

(ii) Using the Cauchy—Schwarz inequality it is clear that |<t0,t4>v| < ||t%|v|[t#||v for all t* € VI, due to the

()

fact that V! = V0@ V4. The maximum of the function ¢! T2l 18 attained on [|t°[)y =1, [t4]lv = 1
and this maximum may be taken as the 0 < g < 1 of condition (i).

(iii) In the coercive case, i.e. when (4.35) holds with o = 0, we have Oy = I, so that 8y = 6, = 0. Letting
¢ — 0, condition (i) simplifies to

(1—9g)(0 — 5 Ms9) .

A(ty) + Mso 2

This last condition in turn reduces to 79 > Msd as g and A(t,) approaches zero.

(iv) It is interesting to note that while the linear homotopy Kp, involves the “targeted” solution t!, the KP
homotopy Kkp does not. In this sense, Kkp is “universal”.

(v) The result is straightforward to extend to the complex case.

(vi) A careful inspection of the proof shows that the result can be generalized to the case when V! = V0 ¢ V4
is an arbitrary ¢2-orthogonal direct sum decomposition as long as the homotopy Kxp is defined via (4.33)
(¢f- (4.26)). In this more general case, A(ti) is given by a more complicated expression.

The constant A (ti) also deserves some explanation. Roughly speaking, the “defect” A (ti) measures how much

the subspace 29 C 9 deviates from being an invariant subspace of the operator (Hx + [(T))!, Hxk])w : T — V.
In addition, we can invoke (4.3) to write

Ath) = ”ury@ilK(WK + [@H] Wi ) U Do, V4.
0% llv=1
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Said differently, A(tl) = || Wk + [(THi, Wk ])w |l £ (w0, +)- Note that the term [(THT, Wk] can be eliminated
via orbital rotations (since (ti)l = 0 can be achieved according to the Thouless theorem), as it involves single
excitations only, in which case the amplitude dependence of A is removed. Hence, A quantifies how much the
operator (W )y leaves U0 invariant.

We summarize the above existence result in the corollary below that holds under the following structural
assumptions.

Assumption (KPA). A(ti) can be made sufficiently small by an appropriate choice of the orbital basis and
truncation level 1 < p < N.

Assumption (KPB). There is a 6o > 0 such that Ms, is sufficiently small.

Corollary 4.36. Suppose that t! € V! is a non-degenerate zero of A and that Assumptions (KPA) and (KPB)
hold. If ||t4|lv is sufficiently small, then there exists tl, € V! in a neigborhood of t% such that Kxp(tl,,0) = 0.

Remark 4.37. Recall that M; only involves the second derivative A” near t! (see (4.15)), so that (KPB)
can be viewed as a “perturbative” assumption. Further, as we noted in Remark 4.9, My involves the mapping
¢ [Wk(t:+¢),"],]®o. Therefore, (KPB) may be viewed as the higher-order generalization of assumption on
the smallness of the local Lipschitz constant of the mapping ¢ — Wk (tL + ()®¢ in Assumption BII of [36] (see
also Rem. 4.41(v)).

In the last step of the proof of Theorem 4.34, we could have invoked Theorem 4.28 instead to obtain the
existence of a connected component C of the zero set Z(Kkp), such that C N (Z(Kkp)); # 0 for j = 0,1. Under
the above assumptions, this provides a theoretical basis for the “solution trajectories” observed in [32]. Further,
combining Theorem 4.34 with (4.29), we get for t1, = t1 (0),

Z Z.(]CKP("O)ati*) :i(A,ti).

tL ECN(Z(Kkp))o

Since we do not have uniqueness for ., in this case, it is possible that the left-hand side may contain multiple
terms which sum up to i(A, t!1). In particular, i(Kkp(-,0),tL,) does not need to be i(A,tl).

To close this section, we calculate the topological index for a non-degenerate zero at the A = 0 endpoint of
the KP homotopy. Note that the index at A = 1 is simply given by Theorems 4.13 and 4.18.

Fix t* € V! and define the operator Hz (t!) (not to be confused with (4.10) in a different context),

Hi(t) =Hr () = > (Hr(t")®o, o) Xa. (4.38)
a€=(GY)

Notice that <7TK(t1)<I>0,SO<I>O> = 0 for all s € VO. Define the linear mapping @(tl)mo’mz : Y0 — P4
via <7@(t1)mom4 U, \Il’> = <7/i;(t1)\11,\11'> for all ¥ € P° and ¥’ € V4. We first calculate the derivative of
/CKP(‘,O).

Lemma 4.38. The derivative 0, Kkp(t1,,0) : VI — (VH* of Kxp(-,0) at a zero tL, is given by

Hi (82, ) g0 — Ecc(t,) 0 U’®, VO®,
O Kace (#1, 0)u, 1) — e o ( )< >
(O1fxce (t, O’ v7) << Hic (1, )0 0~ Hi (t,)ws — Ecc(th,) | \U“®o ) \ V<@g

for all u,v* € V1.
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Proof. A calculation analogous to the one in the proof of Lemma 4.6 shows that D(t!) := 8;Kkp(t',0) : VI —
(VH* is given by
(D(t")u', 0"y = ([Hk (t°), U°) @0, VO®o) + ([Hi (t"), U' @0, V< ®g)
= Dl(tl) + Dg(tl)
for all t},ul, vt € V1. We set t! = t!, and evaluate D; and Dy. Write

(4.39)

UV = > (U4, VOB)2,
a€E(G1)U{0}

from which,
(UM i (£2,)@0, VODo) = (Hy (t2,) @0, (U°) VD)
( o+ Y ) Hic(12,) o, @ WU Dy, VOB, ) + Ecc(t2,) (U D, VOB,).
a€ZE(G%)  a€eE(GY)e
Here, the first sum vanishes because of (4.31) and the second by the orthogonality of V and V4. Consequently,
Dy (th.) = ((Hx(t2,) — Ecc(t,))U Do, VO).
Analogously, (4.32) implies that

(UM ()P0, VEBo) = Y (Hi(t)Po, P ){(XalU“®o, VE®o) + Eccl(th,) (U B0, V- ®y),

@€E(GO)
and
(U'HK(t2)®0, VE@o) = > (Hi(th) o, Pa ) (Xal Do, V< ®y).
a€Z(GO)
Thus,
Do(tl,) = <(7TK(t1 ) — Ece(t! )>U4<I>0,V4<I>0> + <7’1}(t1*)U0<1>0,V4<1>0>,
and the stated expression now follows. O

The preceding lemma implies the index formula for the KP homotopy.

Theorem 4.39 (Index formula for KP — non-degenerate case). Suppose that tl, € V!

Then t}, is non-degenerate if and only if the conditions
(1) Ecct?.) & o (M (1,)an).
(1) Eco(tis) & o(Hr(ti)n2)

both hold true, and in this case the topological index of Kxp(-,0) at tl, is given by i(Kkp(-,0),tL,) = (—1)”0"”’4 ,
where

is a zero of Kxp(-,0).

V0= {7 &Mk (th)w0) € R, & (Hi (8,)w0) < Ecc()}],
vl = H L& (HK( **)W) €R, & (HK( **)W) <€cc(ti*)}‘.

Proof. The proof follows from Lemma 4.38 along similar lines as Theorem 4.13,

i(Kkp(-,0),tL,) = sgn [ [ (& (Hr (t2,)w0) — Ecc (12, SgHH( (HK( **)mé) *500(’51*))-

3>0 32>0
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4.6. An energy error estimate

In this this section we derive an energy error estimate for general eigenstates for the KP homotopy using the
results of Appendix B.

Theorem 4.40 (Energy error estimate). Let V! = V(G™) and suppose that tL € V' is a zero of A, and that
tl, € V1 is a zero of Kxp(-,0) = 0. If the nonorthogonality condition <eT£* Dy, eI (I>0> % 0 holds true, then
[€oc () = Eco(t)] < Ot ) [[E5 |5 (4.40)

where
HHW (eT**) oy e ®

57)1

C(tl,, C? + M(t!

( * ok *) ( ( )) |<€TE*@(],€T*1®0>|
is bounded as ||t |lv — 0. Here, C is the norm equivalence constant from Remark 2.6 and M(tL,) =
maxgepo, i) [lut = Mgz Wi (€), Ul £v,5-1)-

FE

Proof. Setting U = 7" ®; and A = 0 in Theorem B.1(II), we have

{ (o (2) = P12 T (72 - T )|

1y _ 1\ )
|Ecc(th,) — Ecc ()] (T g, 77 0o)| (4.41)

Note that using (4.3) we may write

(M (th.) = Hi (8.)) @0 = [Fr, TE]®o + (Wi (th) — Wi (t.)) o
= > ey (th),®y + Wi(th,) — Wi (£2,)) ®o.

YEE(G¥)

Hence, we can bound the numerator of the right-hand side of (4.41) as

Y eth), <q>7,nm4 (e ) y-e *@0> +'<(WK(t,{ ) — Wi (£2,))®0, Iy~ (e ) My e »«<1>0>

YEE(G4)

Using the Cauchy—Schwarz inequality, the first term may be further bounded as

) sw<tf*>7<<1>v,nw (6T3*>THMT;%> < H\tf*\HH]Hw (¢7%) Thaoe™ g

YEE(GY)
where the Fock norm ||-|| was defined in Remark 2.6. For the second term, we use the intermediate value
inequality to obtain the bound M (t1,)||tZ, ||v|/ Ty (e **)TH%LQ - <I>O||ﬁ1 O
Remark 4.41.

(i) If the nonorthogonality condition holds and ¢4, = 0, then according to (4.31) and (4.32), t?, is an FCC
solution such that <eTS* Dy, Tt <I>0> # 0. In this case, (4.40) implies that the energy error is zero: Ecc(t0,) =
Ecc (ti) .

(ii) In the practically relevant case p > 2, using (B.1), we have that Ecc(tl,) = Ecc(t?,) so the left-hand side
of (4.40) does not involve tZ, at all.
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(iii) The appearance of the quantity ||tZ,||v allows us to view the auxiliary equation (4.32) as providing an a
posteriori error estimate.

(iv) If the nonorthogonality condition does not hold, i.e. <eT£* Dy, elt ‘I>0> = 0, then Lo ®y and elr ®( repre-

sent different eigenstates if ¢! is assumed to be non-degenerate. While eTo Dy itself does not satisfy the
Schrodinger equation, it must be viewed as an approximation to an eigenstate different from eI D.

(v) Note that a local Lipschitz assumption (on a ball including ¢., and #?,) with constant L on the mapping
t — Wk (t)®g can be used to obtain the result of the theorem with M replaced by L. Such an assumption
is akin to Assumption B.II in [36] where it is used for guaranteeing the local strong monotonicity of the
CC mapping.

5. CONCLUSIONS AND FURTHER WORK

In this second part of a series of two articles, we analyzed the SRCC method. We provided background
material for the setting of the quantum-mechanical problems the SRCC method is aimed at in Section 2. Then,
in Section 3, we gave a brief summary of topological degree theory since this served as our main tool for the
analysis.

The main discussion is contained in Section 4, where we began with the definition of the SRCC mapping and
some elementary considerations in Section 4.1. We then considered the local properties of the SRCC mapping
in Section 4.2. It turned out that the topological index of the CC mapping (Thm. 4.13) is connected with the
nonvariational property of the CC method (Rem. 4.16), and the eigenvalues of the Fock operator (Prop. 4.17).
In the degenerate case, the classic Leray reduction formula provided the topological index (Thm. 4.18). We also
discussed the case when the cluster amplitudes are allowed to be complex in Section 4.3.

In Section 4.4, we discussed how certain homotopies can be used to analyze the CC method, in particular
to prove the existence of a truncated CC solution through the use of topological degree theory. This was done
using an idea well-known both in nonlinear analysis and in quantum chemistry: that an appropriate homotopy
“connects” the truncated problem with the exact problem (essentially the Schrédinger equation), therefore one is
able to infer (homotopy-invariant) information regarding the former problem from the latter. As an introductory
example, we considered the linear homotopy (Thm. 4.31).

Next, in Section 4.5, motivated by the works of the chemists Kowalski and Piecuch, we considered a homotopy
that connects CC mappings corresponding to different truncation levels. Using this, we proved an existence result
for the said homotopy (Thm. 4.34), which also implies the existence of a truncated CC solution under certain
assumptions. The index formula for the KP homotopy was also derived in the non-degenerate case (Thm. 4.39).
Using a known result about the KP homotopy (Appendix B), we also derived an energy error estimate in
Section 4.6.

Finally, let us discuss some possible directions of research. Clearly, it would be interesting to extend our
analysis to the infinite-dimensional case. An obvious next step would be the analysis of the JM-MRCC method
(see Sect. 4.2 of Part I). It would be also interesting to look at the Extended CC (ECC) [1,24] and the Unitary
CC (UCC) methods [3].

APPENDIX A. PROOF OF THEOREM 4.34

We first prove that Kxp(-,A) # 0 on D for all A € [0,1]. Set t! = ¢! + 7! and s! = ©,7! in (4.33) where
r! € 0D, and write

<K;Kp(ti +7rh N, @ar1> = <.A(t2 + 79 AL 4 M), Ho@ar1> + <.A(t,1k + rl),Hé@ar1>

= (At + ME 70 4 \rd) — At + ), MoOar) + (A(t; + 1), 047r")
=: (I) 4+ (II).
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For (I), Taylor expansion around ¢! leads to

D) =A=1)(A(t) (tf + TA),Ho@ar1> + (Ra(ty, (A — Dt +17+ M%) — Ry (ty,r'),MpOur")
> (A= DA () (t5 +19), MoOur') — M|[tE + r“|||[IoOur ||
> —(A(t) + M) ||t + TLHVHH()GQHHV’

where we used the intermediate value inequality. Here, letting W0 € Y correspond to the amplitude IIpO,r!,
(A(82) (85 +79), TIo®art) = (M (£) — Eoc (t2)) (T + RE) o, W°) = (Hic (1) (T + R) Bo, ¥°)
= ((Mx + [Hie, T2+ ) (T + RE) Do, 07) < A(6) |15 + 7|, [THo®ar |

where the first equality is (4.11), and in the last inequality we exploited that Hy decreases the excitation rank
at most by 2 (so that the single amplitudes (t}k)l of t1 only contribute). Also, the following estimate holds,

M = max H82R2 (ti,f

EEIAN=D)tL+r04Ar< rl] ) HE(V’V*)

= Al (s — A'(t. .
EE[(/\—l)tI;lfv}”(O+>\T4,r1]” (8 +€) ( )H“V’V )

< A// tl

- fE[(A—l)tr,{Ilf?)‘%—i-/\rl,rl] ||§||vcm[%x]|| (1 +0) Hﬁ(VXV’V*)

0 Z
 €l(n-1)12 4704 7rZ 1] el < Ma (el =+ ffr=lly + 2) < Mas:

For (IT), we have using (4.35), (4.36) and Taylor’s theorem,

(I) = (A (£)r", ©ar) = (Ra(ti, 71), ar) > allrt [ — 5 Ms |l 5 ]©ar v
> (Ya = 3Ms|Oallzen I 19) P 1 = (Yo — 3Msl1©all2v)8) I I

In summary, using the definitions of 6y and 6, and setting ¥ = v, — $M;|Oa || ()6,
<ICKP(ti =+ ’I”l, /\), @arl>

> Frt 5 — (A(t) + Msd) [[t2 + 77 |lv | ToOar v
A(ti) + M6

> eI = =5 (I + r“I + [ To®ar )
A(th) + M5
> (1= g (Ir°l% + IR — %(%H%Hrénw||r<||%,+||noear1||%)
A(tL) + Mso
>< )& ); g (1+max{€—|—2(1+€_1)90,2(1—|—€_1)94})>
A(ty) + Mso
x (1113 + Ir“13) - %( ? 4 V/25(5 — )
A(t) + Mso — )2
( o ); ’ max{5+2(1+5_1)90,2(1+5_1)94}><62%)
2
Mséd
_);5(% \f((; %)> )

The positivity of the last expression follows from (4.37). We also used the bound

1% + [Mo®ar |5 < (1471 [Mo(Oa — Hr' 5+ (1 + )5 + 7115
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<2(1 47 (IMo(Oa — Do) 117 + Mo (Oa = DIL[Z 0wy 7 17) + (1 + )75 + 17115
< (T4 max{e+2(1+e M0, 2L+ )OI + [|74]13)
We can now apply the homotopy invariance of the degree to get deg(Kkp(-,A), D,0) =d # 0 for all A € [0, 1],

with § decreased if necessary.

APPENDIX B. A SHORT PROOF OF THE KOWALSKI-PIECUCH THEOREM

To close this section, we present the main theorem'? of Kowalski and Piecuch [32] in a somewhat different
form. Define the KP energy as

Exp(t1,N) = (H (10 + \t¥) Do, Bg) = <HK6T0+ATA<I>0,<I>O>,

so that Exp(t!,0) = Ecc(t?) and Exp(tt, 1) = Ecc(tl). If p > 2, then according to (2.10) of Part I, we simply
have

Exp(t', A) = (Hi (t°) B, o) = <HKeT“<I>O, <I>0>7 (B.1)
although we will not exploit this property in the proof.

Theorem B.1 (Kowalski-Piecuch).
(I) Suppose that ¥ = (col + C°)®y € 9, with co € R and ® € VY, satisfies the (weak) Schridinger equation

(HgW,®) = E(V,®) forall &€ Hj (B.2)

for some £ € R and that
<eT3*<A>+*Ti<A><1>O, \Il> £0, (B.3)

where t1,(\) € V! is a zero of Kkp (-, \) for all A € [0,1]. Then
Exp(tl,(\),\) =& forall Xe[0,1].
(I) Suppose that ¥ = (col + C1)®¢, with ¢y € R and ¢* € V1, satisfies (B.2) for some € € R. If (B.3) holds
true for some \ € [0,1] and tl, =t (\) € VI with Kxp(tl,,\) =0, then
0 A\ F
<(HK (11,) = Hac (12, + M) o, T (o847 ccho>
(T AATE D, U)
0 AT
<r(t1*7x)q>0,nw (eT**'H‘T**) 04q>0>
(1=2)

<6T§’*+)\T*4* q)o’ \I/> ’

Exp (tea(N):A) — € =

where T'(t*, \) is given by (B.6) below.
Furthermore, in case the energy blows up, we have the following.

Theorem B.2. Suppose that ¥ = (col + C1)®y, with ¢y € R and ¢' € V!, satisfies (B.2) for some £ € R.
Furthermore, assume that t1_(\) € V! is a zero of Kxp(-,\) for all X in a neighborhood of some X\ € [0,1]. If
|Ekp (tL.(A), \)| = 00 as A — \g and

T 1
<F(ti*(k)7 A) @0, gy - (eT*O*“Tf*) 04‘1)0> = 0<1)\> (A = Qo) (B4)
then . B
<6T**(>\)+/\T**(/\)q)07\1;> —0 (A= Xo).

10They call it the “Fundamental Theorem of 3-Nested Equation Formalism”.
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Part (I) of Theorem B.1 says that if one can solve the Schrédinger equation ezactly on VO for an eigenvalue £
and (B.3) holds true for a zero t1, (\) € V! of Kxp(-, ) for all A, then the KP energy Exp(tL, (\), \) is identically
€. Notice that t1,(1) is not required to represent ¥, i.e. eT*l*(l)CI)O # U is allowed. Also, no regularity of the
trajectory A — t1 ()\) is demanded.

Part (II) stipulates that the Schrodinger equation can be solved on V! with an eigenvalue £ and that the
nonorthogonality condition (B.3) holds true for some t!, € V! zero of Kxp(-,\) for some A. Then, the error
in the energy can be expressed by the stated formula. If one assumes the hypothesis for all A € [0,1] in a
neighborhood of 1, then we can conclude that the KP energy Exp(tl,(\),\) tends to € smoothly, as A — 1.
Again, no regularity of A — t1_()\) is needed.

Finally, Theorem B.2 considers the case when the KP energy diverges as A — Ag. Assuming the growth condition
(B.4), we can conclude that the KP solution T NHFATE N @ becomes orthogonal to the eigenstate U.

For the proof, we need the following lemma which recasts the KP equations in an “unlinked” form.

Lemma B.3. Suppose that tL, = tL (\) € V! is such that Kgp(tL,,\) = 0 for some X € [0,1]. Then,
T
<(HK — Ekp (ti*v A))6T£*+)\Tf* (I)Oa Sl©0> = <g(ti*a )‘) q>05 Hmé <6T8*+)\Té) Sé(b0>7 (B5)

where
Moreover, G(t1,,A) = (1 — A)T'(tL,, A), where

1 X (1— Nkt (T2, +ATZ) z TO 4 AT#
D(th,A) = Y e U [y T el AT (B.6)
k=1

Proof. Assume that Kxp(tl,,\) = 0, so using (4.33) we have
(Hi (2, + MZ,) @0, S°P0) + (Hi (t,)P0, S“Po) =0 for all s' € V'
This can be rewritten as
(Hi (£, + M2 @0, S'@0) = —((Hr (th,) — Hi (£, + Xt5,)) Do, S“®) forall s' € V!,

or,
(Hi (2, + ML) ®o, S @0) = —(G(tL,, A) @0, 5“®g) forall s' eV

Then we can write

<(HK — Exp (£, )\))GT&JM\Ti ®y, 51@0> _ <6(Tf*+)\Tf*) (Hx — Exp (L, )\))eT,ELHTf* Oy, <6T3*+>\Tf*)Tsl(I)O>
_ <6(Ti’*+>\Tf*)HK6Tf*+)\Tf* B, T (eTf*Jr)\Tf*)TSl(I)O>
= —<g(ti*, ) Do, Ty - (eTi’*“Ti)Tslqno>
= —<g(ti*, 2) By, Ty~ (eT3*+ATi)TS<<I>O>

for all s' € V!. In the last step we used that ITy;~ (eTE*“‘Tf* )T maps B to zero. The “moreover” part is a simple
expansion using (4.9),

G(tl, ) = o~ (T2 AT (67(17,\)T§HK6(17,\)T§ _ HK>6TE*+>\T£

2N
(1 - )\)k —(T°, +2T% z TO 4 AT%
= I; i e ( o **) [HK7T**](k)€ o o
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Proof of Theorem (B.1). We have using Lemma B.3,

0= <(HK B SKp(ti*()\)7)\))eT*O*(’\)J”\T*A*(A)‘I)o, (col + CO)(I)O>

(€ = &xp (i (N, V) <6T’?*(/\)+/\T*A* Ny, ‘I’>

Similarly, for part (IT)

0 N\ T
<(HK (1) = Hac (12, + ML) @, Ty (€725 04<I>0>
= (M = Exp(th (), 2)e™ T Dy, (o +C + C#) Dy )

= (€ = Exp(tL ). V) (7T 0, ).

Theorem B.2 also follows from the previous equality. ([l
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