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ρ
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kg/m3
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kg/m2
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�����.A7"�(��;��.����#&�8��#>�~(���E��7"#������i� (B�~$ "N�% (B#�'��;�B#��$�� �8�%F 'W�~$�A�(B#��/�/ �8�+�#�L����#
�e"8'W#��M4$"#�$����]'M"#3�3 #����/��# &)�� ��5 � ,�9����'�1,� �


��Y#]� "#�$�%�V�'6�NA7"#��#�3��f&$�B#�����N������L����#�����f�7"�"y#]'W�~(B# �>�e"8'W#]���$�'6:(��#��/�P(6"#�� �
25/3 = 8.3"#�$�N�e"8'W# �#'W�~(B#�$®�)�%&�3�&$� (6"#�� �

31500/80 = 394
� 2 &�( $N"#�B#�(�*"#3jA�(B�8A'#�(��� #��]"#3��B�a� &�3Gn$3�3m����#

"#A�A�(B�Mh% $N"#�� �8�!3� $���/�]�� �LP(��� ( 	���� *V"#�$� ( 	�� � *�4

d

tf
= 28/3 = 9.33 > 5.77

6Ef tfd
2

Ect2c
=

6× 31500× 3× 282

80× 252
= 8891 > 100.
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X�(B�~$ �LP�� ( 	�� � *�4C����#�����(B#��/�B#����%&�#i�B�¤%'#��$�%�����"�(B#Â(B#M"8�%�3�0�� �8&��$�f�b
V��#d�e"8'W#�"#�$��'W�~(B#
����(B#��6�B#��]"�(B#

σf =
MzEf
D

� �~( tc
2
< |z| < tc

2
+ tf , σc =

MzEc
D

� �~( |z| < tc
2
.

( 	�� � *
l�#��$'W#E4C����#i����(B#��6�B#��&"E"�(�0Z3����#M"�(�3�0g�V������� #M"8'6�j$N"#�B#�(�*"#3e41%�&�������#�(B#i���" @k&�$�A G� ����#
����(B#��6�]"#�]����#I� "8'W# �#'W�~(B#Y��)�B#�(k� "8'W#
�

�1�T����#��6"�$®#<$N"#����#�(�"8�`"�%'��" #E4)"O�y#���#�(6"#3m��#�n$����� �8�i'M"#�i"#3��B�¾%'#V� �8&��$��� �~(L����#�����#M"�(
����(B#��6���% �8�$�����#�(]"#�Â#�3 #�$®#��)�

dx
�#�C"]%'#M"�$ "8�������>�V�i��-XC���� 	�� � �%
���#;����#M"�(`� �~(/'W#!$D&$���

%7"#3*"#�$'W#Y����#Y'6�7"#���y#O��U����#Y�% (B#�'�������(B#��/��nY#�3��

σx

z

dx

σx + dσx
dx
dx

x
σx

τxz

σx + dσx
dx
dx

τxz + dτxz
dz

dzτxz

XC��E&�(B#]	�� ������#M"�$ �B#�'��� �8�
dx

��#�n$������/#�P)&��3� %�(��&�$ � �~(�"���&�%%F1"�(B#M"��
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dσx
dx

+
dτxz
dz

= 0 =⇒ τxz =

∫ (d+tf )/2

z

dσx
dx

dz
( 	�� ��� *

�V��#��U&$�/��������7"#�
τxz((d+ tf )/2) = 0

�����>�Y4%&$������ �LP'� ( 	�� � *V"#�$�
dM/dx = Q

� #O�y#��

τxz =
Q

D

∫ (d+tf )/2

z
Ezdz =

QB(z)

D

( 	�� �
��*

�V��#�(B#
B(z)

��.����#��=��&�� : ��: �(���C� 
 )��1�1)
�'�1�\����#='W�~(B#&$N"#�B#�(�*"#3C� �~( |z| ≤ tc/2
����#an�(/���

$®�~$®#��)�!�#�9"�(5#�"���

B(z) =
Ef tfd

2
+
Ec
2

(
tc
2
− z
)(

tc
2

+ z

) ( 	�� ��	 *

0( #�3��%����T����#Y����#M"�(�����(B#��/�V�������#Y'W�~(B#

τc(z) =
Q

D

[
Ef tfd

2
+
Ec
2

(
t2c
2
− z2

)] ( 	�� ��� *

"#�$�U�� $��3*"�(�3�0-�������#I�e"8'W#���� �~(
tc/2 ≤ |z| ≤ tc/2 + tf

B(z) =
Ec
2

(
tc
2

+ tf − z
)(

tc
2

+ tf + z

)
=⇒ τf (z) =

Q

D

Ef
2

(
t2c
4

+ tctf + t2f − z2

)
.

( 	�� ���3*

���#Q$N" h% $D&�$ ����#M"�(�����(B#��6�]"#A�A'#M"�(/�;"#�V����#O��#�&���(6"#3C" h(��M4%d� #
�%� �~(

z = 0

τc,max = τc(z = 0) =
Q

D

(
Ef tfd

2
+
Ect

2
c

8

) ( 	�� �� *

"#�$������#Y����#M"�(�����(B#��/�V������Y#O'W�~(B# �>�e"8'W#O��)�B#�(k�e"8'W#Q%'#�'W�~$®#��

τc,min = τf,max =
Q

D

(
Ef tfd

2

)
.

( 	�� � � *

X�(B�~$ �LP'� ( 	�� ��� *H��]��]�B#W#������7"#�]����#Y����#M"�(�����(B#��/�V�������#¾�8&��B#�(Vn�%�(B#¾�#�C����#I�e"8'W#��V�� /�#�(B�
�V���'6��$=&$���p%'#O����#Y'M"8�B#;� �~(�"=� (B#W#O�/&�(k� "8'W#
�

� ��� � ,>,&03Er*¾2546:�9�25E<7&DM257©9�N&.¬�-N>.8:p0���9Y03.8DYD

���#O�% S #�(B#��$'W#Q%'#��1� #W#���$N" h( $D&�$ "#�$�Â$���� $D&�$ �/��#M"�(]����(B#��/���������#O'W�~(B#I���3 #��/�V���7"#�
�8��#OA'#�(/'W#��)��G�

4Ef tfd

Ect2c
> 100.

( 	�� ��� *
�1�$�B#�(��������� �~(H�8&�(p$N"#�B#�(�*"#3@A�(B�8A'#�(��� #����E " #��

4Ef tfd

Ect2c
= 212 > 100.
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����(B#��6�]"#�]����#Y'W�~(B# �>� "8'W#Y��)�B#�(k� "8'W#Y��V���)&$�]3 #��6�V���7"#�«�8��#OA'#�(/'W#��)���
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	������ �(,;5K5\Q;W A 2 X Q;BLBLW 2�� � 5KQ9
p� 2 �Q�

� ��� �-@J4 46:p0 � E<G½:p,>,>0'Er*¾2546:�9�25E<7&D
Q;�/��&�$��������#M"#:-'W�~(B#

Ec << Ef
4%�/��#O�/��(B#��/�B#��V'M"#�U���>�F%'#O�p(�����B#��

σc(z) = 0 σf (z) =
MzEf

(D0 + 2Df )

τc(z) =
Ef tfd

2(D0 + 2Df )
τf (z) =

Q

D0 + 2Df

Ef
2

(
t2c
4

+ tctf + t2f − z2

)
.

( 	�� ��� *

� ��#�������#V'W�~(B#���b� #M"#:j4
Ec << Ef

4 "#�$������#H� "8'W#��f"�(B#�������<4
tf << tc

48����#�������#H� �~(�$D&�3*"
(B#��%&$'W#��]�B������#Y�� $�A�3 #����]A'�E�/�� %�3 #I� �~(�$

σc(z) = 0, σf (z) = ±M
tfd

, τc(z) =
Q

d
,
"#�$�

τf (z) = 0.
( 	�� ��� *
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 � � �  � � �  � � �  � � �  � � �  � � �  � � �  � � �  � � �  � � �  � � � !#"%$

Ec << Ef Ec << Ef &('*) tc >> tf
+-,/.1020435,7698;: &(< 8;, '4=

! � $

XC��E&�(B#]	�� � �$?; (B#�'�� ( " *V"#�$�U����#M"�( ( % *H�/��(B#��/�B#���� �~(]�% S #�(B#��)�]3 #�" #�3��<�#�L"#A�A�(B�Mh( $N"#�� �8�$���

� �7> � N&.¬�Q:<7>=]\F2BA3N^)@?/.8Ah9
 �8�$�����#�(C"H���~$®�8�y#���#W�8&$�h%'#M"�$ �V����D"H�E " #�� A �8&����-, �K$®�)�%&�3�&$�

E
4M"#�$�a"H�E " #��a����(B#����E���K�

 �"#3�'�&�3*"#�B#i����#N� #���E�)�M4X%'#��$�%����[���� S ��#��/�="#�$�g����(B#����E���j�#�]����# %'#M"�$ "#�$�g�B#��D����#�$ �B�
&�����10 �
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�
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t

2t

4t

� � ������� ���
����� 	 ��� � ��� ���
���
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t/2
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� �~(/'W#Y"8�]G3�3�&$�/��(6"#�B#�����!XC���� 	���� �
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% ���'&�
��� � � � ���!	 � � 	�� ���

6 ( 	 ��� �*) ��	 � �
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τ

τ

τ

τ

τ

τ

γ

γ0

dx

γ0

γdx
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γdx

�

X�On$�$�T������M4 � #]��#W#��T�B�YA'#�(k� �~(�$ "#�N��)�B#��
(6"#�� �8�Â��"y#�(f����#]3 #����E���§�#�j����#<%'#M"�$U4 %�&��Ln�(/���
����#�����#M"�(O���� S ��#��/��$D&$���-%'#=:)���>�V�K�jXY�~(Y"N�y#���#�(6"#3L'�(B�E�/�kF �5#�'��� �8�[����# &�9��1)�� &(�!� �C���4&4&
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�#�H����#�"#A�A$3G #��R3 � "8�+#�P)&7"#3��I����#�����(6"#���#���#�(��E0¤�#�`����#���0%���B#�$��j
���#�����#M"�(Y���� S ��#��/�

S
��

� �8&��$�¤%)0['M"#3�'�&�3*"#������\����#T"�" #�(6"#�y#T����#M"�(a"#���E3 #®�#�H����#T'�(B�E�/�kF �B#�'��� �8�<4 dws
dx

4j�V��#�(B#
ws

��
����#Y�%���A�3*"8'W#�$®#��)�.�%&Y#I�B�T����#M"�(."8�

1

2
Q
dws
dx

=
1

2

∫
τxz(z)γzx(z)dz,

�V��#�(B#Q%)0-��#�n$����� �8� dws
dx
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∫
1dy

%'#�'W�~$®#��O&�����10y�jX�(B�~$ XC���� ��� 	 4m����#=��%FeA�3*"#��#=� �~(/'W#=��[����#=&�A�A'#�(Y"#�$�K3 �>� #�(I� "8'W#
'M"#��%'#O�p(�����B#��

N1 = −
∫ tf/2

tf/2

[
Ef (z − d/2)

d2wb
dx2

]
dz =

Ef tfd

2

d2wb
dx2

=
D0

d

d2wb
dx2

N2 = −
∫ tf/2

tf/2

[
Ef (z + d/2)

d2wb
dx2

]
dz = −Ef tfd

2

d2wb
dx2

= −D0

d

d2wb
dx2
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M0 = N1(−d
2

) + (−N2)
d

2
= −D0

d2wb
dx2

.
( ��� ��� *
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Mc = −
∫ (d−tf )/2

(d−tf )/2

[
Ec(z)

d2wb
dx2

]
dz = −Ect

3
c

12

d2wb
dx2

= −Dc
d2wb
dx2

( ��� �
��*

"#�$������#I� "8'W#��

Mf = −
∫ tf/2

tf/2

[
Efz(z − d/2)

d2wb
dx2

]
dz = −

Ef t
3
f

12

d2wb
dx2

= −Df
d2wb
dx2

.
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M = −(D0 +Df +Dc)
d2wb
dx2

= −Dd
2wb
dx2

.
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D
"#�$������#Y����#M"�(����� S ��#��/�

S
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D = − M

d2wb/dx2

"#�$�
S =

Q

dws/dx
.
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d2w

dx2
= −M

D
+

1

S

dQ

dx
.
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dx
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#�P)&��3� %�(��&�$¬�#�C%'#��$�%���� $®�~$®#��)�/�M4$��V���� �8&��$�����7"#�
dM/dx = Q

4<"#�$�¤%)0\&$�����������#T��#�n$����� �8�$�]�#� �LP'�
( ��� ��� *;� #=n$�$��"§(B#�3*"#�� �8��%'#��1� #W#��
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dws
dx

= −D
S

d3wb
dx3

( ��� � � *
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q +
dQ

dx
+N

d2w

dx2
= 0.
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dx

dw
dx

dw
dx

qdx

dx

� �������
���
q = f(x)

dN
dx + d2N

dx2

dM
dx + d2M

dx2

dQ
dx + d2Q

dx2

dw
dx + d2w

dx2

XC��E&�(B#]��� ���$?;��/�B�~(��B#���%'#M"�$ #�3 #�$®#��)���

Ä0� ����! � $��
 � ��	 � ¸ � �%	���$� �%�
W!#��<(�������� �LP'� ( ��� ��� *��E "y#��

S
d2ws
dx2

+N
d2w

dx2
= −q. ( ��� ��� *

�1�N����#.'M"8�B#!�#�JA�&�(B#!%'#��$�%����J�~(`��$N"#3�3m��#�� �~(�$N"#�� �8�$�H�V��#��
N
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��
wb

D +
d4wb
dx4

−N d2w

dx2
= q.
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ws
"#�$�

wb
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D
d4w

dx4
=

(
1− D0

S

)(
q +N

d2w

dx2

)
.
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L1
4 ����#

%'#��$�%����«$®�~$®#��)�a��Y'W�8�$�/�6"#�)�D"#�$��#�P)&7"#3��
P (L2 − L1)/2
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P (L2− x)Px

L1

L2
P P

P P

M

x

P (L2− L1)/2

Q

x
−P

+P

XC��E&�(B#]��� � �$5½�~$®#��)�."#�$���)��#M"�(��%*"#�
(6"�$U4
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• wb(0) = ws(0) = wb(L2) = ws(L2) = 0

• dwb
dx (L2/2) = dwc

dx (L2/2) = 0
��0�$¥$®#���(�@'W�8�$�%��� �8�$�

• 'W�8�)����)&���10U"#�]A'�8��)�/�H�#�C3 � "8�%����
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w(
L2 − L1

2
) =

P (L2 − L1)2(L2 + 2L1)

48D
+
P (L2 − L1)

4S
,

( ��� 	���*
%)0N��&�A'#�(�A'�E�/��� �8�K�%
���#!$N" h% $D&�$ ��#�?Y#�'��� �8�U"#�H����#;'W#��)��(B#-�#�@����#!%'#M"�$ 'M"#�§%'#.�p(�����B#��

w(
L2

2
) =

P (L2 − L1)(2L2
2 + 2L1L2 − L2

1)

96D
+
P (L2 − L1)

4S
.
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σf = ± M

tfdb
= ±P (L2 − L1)

2tfdb
,

"#�$�
τc =

P

db
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Dxy
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u = u0 + xxψx, v = v0 + zyψy
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εx =
∂u

∂x
, εy =

∂v

∂y
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γxy =

∂u
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+
∂v

∂x
,
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=
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2

(
1− νxyνyx)
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N
�& '�V���#� � ����/��A+ 8��)�]3! "8�%���� �

Q ����D&�3*"#��! 8�  #�=���#�Z�6"#�$�%�V�'6� )+�M",� �� �.&7",�����%�!A+ 8��)�U3� "8�	��"8��A+�%�k�& '�B�����	��
Q � X A X+��� "#:(����!"8��CE"#�)�6"#�3�� #����0P�Q�����B��0 45 8��3�0I 8�#���7"#3G�E #�H���#�N)+�M",� ��"8�Y����D&�3*"#����� �
� �#�V�6"#�$�%�V�'6�Q)+�M",� ��b�3�3�&$���B�6"#������G�TXC�� � ���a��� ( " * "#3! 8���O�V��������#�V��3!�%�����)�f�%�C(���! 8��&$�����
������#�N����D&�3*"#��! 8� � � �#� �.&7",�����%�DA+ 8��)�a� "#�3�&����N3! "8�Z��D"#A$A�3����� "8�="U��&��k�e"8'$��3! "8�  C3�%�
����E�)� ��3!�%�����)�/�;"8�]���# >�V�U��!X_�� � ���a��� (	) * � � �#�O��)�����$����10J #�C���#�Y��&��k�e"8'$�I3! "8����V���)&$�

σ =
P/2

A
=

2000 N

20× 70 mm2
=

20

14
N/mm2 =

10

7
MPa

���



 Hl.Q;B � �LW ��� � � X�� ���O^

��� �������	��
���

����� ���	������ ���
tf

tc
tf

��� �������	��
���
��� �������	��
��� � � ������������ !�"���� �������	��
�#�$�tf
� � ���

tc
���$�"���

%&��� '(�����
)
��*+ !���

� & � , �
� �2= < 3 & < 8;, ' , � <���	 =5&('*) � 8 � � � 	7& : �

��� �"- � 	 : 	 ' < �(358 ) �4= 	7) 8 ' <���	 . + �/. � = 8;: �
� & < 8;, ' , � <���	 =5&('*) � 8 � � � 	 & : 8 '10 �*& 3 <�	 3 0 , 8 ' <� 	 '2) 8 ' � �32 ' � � , '�	 �2& ��� 8 = = 8;: �

� & <�	7) ) ��	-< , = �9:�: 	 < 3 � �
X_��E&���� ��� ��� � X "#�$�%�V�'6�W)+�M",� �%������$��! 8�$�;"#�$�J��������&$�G���-��!Q � X A X+�

� �#�V3! "8����f"#A�A�3�!���T��T�B�N"#3�3���$'%���%�����)�/�f&$������D"#&��� '�N"#���']������V�/����A�A�����Y�� -���$��&����V���7"#�
���#�i"#�7"#3�0(����a�V�3�3f�/ 83�3! >� ���#�N���B��&$'���&���� , �D3! "8�(F �����/A+ 8�$���d'�&��BCD� � #E 8�������#�d'$ '���d"#�$�����#�
�e"8'����� ��",���Y����D&�3*"#�����U&$������T���#� ��3*"8�����'-�N"#���%��*"#3@A��� 8A+�%����!����3G��/�����-�� � ",)�3!� � �a� �

X#�� '� ���#�d�/��D&�3*"#��! 8� ������&�3��/�D���#�d'$ '��A������/���CD�d���B�����/�a��g���#�T�/ ",� &��$���%�=���#�N3! "8�
)+�M",������ �H��"8�f�& 8&��$�N�� *)+� ���a�

MPa
� Q A�3! 8�H #�@���#���B�6"#�$�BCD�%�/���.���B�����6�����

σz
��d���#�.A7",���H #�

���#�S)+�M",� &��7���%�H���#�;3! "8�])+�M",�������������# >�V�i��-XC�� � ���a��� ( " * � � �#�.&�3�����N"#���O'$ '��A������/���CD�
���B�������E���  #�.���#��'$ '���-�� ���a� F ���a�

MPa
"8'�'$ '�/�%����Z�G K���#� �N"#�)&%�e"8'��/&����%� � ��� � � � �)&$�����#�

����D&�3*"#��! 8� ������&�3��/�T"#3��� K3!�M"8� �� K���#��'% 8�7'�3�&$�/! 8�����7"#�����#�-'%��&$��������  #�.���#��'$ '���i&��$�#�F�
���#�Y3! "8�_)+��",�/G�$�d'M"#&$�����U���#� �M",��3�0i�e"#�3�&����" #�b���#� )+��",� � � �#�YQ � X A X ����D&�3*"#��! 8�$�;"#3��� 
���# >�H��� ���7"#�d���#�!� "8'$���d�7"8� �# 8�M���M"8'6�#��� ���#����N�e"#�3�&����!�����$�/�3!�\���B�������E��� � XC�� � ���a��� ( '�*
���# >�]�`���#�.�/�#�M",�H���B�����/�����f��d���#�U)+�M",� �V���'6�-'$ '�B������A+ 8�$���H�� a���@�.���#�M",�H�%*"#���6",� ��iXC�� �
��� � � � �#�O���#�M",�]���B�����/�����]",��� /��F�G �G�����#�O'$���)�B���- #�C���#�Z)+�M",� )+���1�H�$�����/�#�;3! "8� )+�M",������ �
"#�$�U'$ 8�$���6"#�)�U 8�����#�Y�������� �

� �@�U������&�3��`�/�� '� ���#�;'$���)�B���;�� 8A�"#�$�])+ 8���� '� �/�B�6"#��i�c"#&��3���H�� �M"8'6�-�������V",���.A�3! 8�������
��!XC�� � ���a� � �+X ��$'$�O���#�Y�c"#&��3���]�H�%���YA�3*"8'$���U��U���#�-������%3!�" #�b���#�-)+�M",��"#�$���# 8�]&��$�#�F�
���#�a3! "8�W)+�M",������ �;�H�%���Y�e"#�3�&����a��  8:�A�3*"8'$�E47���#�"�����/&�3��/�.�� ���.�# 8�.�E�CD�D"#�)0���%�& '�B�N"#��! 8�
 8�_�N" h(��D&�� �e"#�3G&#���Y���B�6"#�����U���#�I� "8'����� � �
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Q.3����# 8&��E�����#�i&�3�����N"#���-�����$���3!�-���B�������E���
σfu

 #�.���#�d�e"8'$�-"#�$� ���#�i&�3�����N"#�������#�M",�
���B�������E���

τfu
 #�@���#�.'$ '���;'M"#�i�# 8� )+���/ 8&��$�N�	�� '� ���#��������� �����/&�3��/�M4c�� �N"M0�)+��A+ E�6���)�3!���� 

n$�$�U���#�Y�����$���3!�-�� )�%&�3�&$�
Ef

��U���#�I�e"8'$�a"#�$�U���#�a���#�M",� �� )�%&�3�&$�
Gc

��U���#�a'$ '���Y�V�#���
����&$�%0(����T���#�O3G��#�M",��A7",���  #�C�/�#�I3! "8� �#����?@��'��/! 8�K'�&��BC3�O��UXC�� � ���a��� )+���& '���;�e"#�3�&���� �
������� � � 2 ��= '=[6<?'4 A = ��� �<;<A7;<?

Ef
256�� � �:13=>? 	T=#2 1 ��� �<; A ; ?

GcX#�� '� )+�M",� ���#�$ '��0N�e"#�3�&����I��V�/&�A�A+ E�����-�� ��6"#:3�IA�3*"8'$�Y"#�V���#�O'$���)�B���  #�C���#�Z)+�M",� � � �_�H�
:(�# >� �/�#�N����?@��'���! 8� "#�a���#�N'$���)�B���L #�V���#��)+�M",� "#�$�Z���#�d"#A�A�3�!���Z�/ '�/'$�E4<�H�N'M"#�g�� 83�CD�
���#�Y)+�M",� ��Pc&7"#��! 8�$�Y"#�$�\n$�$�\���@� ?@��h%&��6"#3 ����E��%��10

D
"#�$�[���#�M",�I�/�� S �#���/�

S
"8�I���# >�V�

��iQ�A�A+���$�%Gh # ��� � � �#� �N" h%��D&�� ����?@��'���! 8��"#�f���#�.'$���)�B���S #�J���#� )+�M",� �� �.&7",�����%�V"#�$�
� ����/�UA+ 8G�(� )+���$�%����L)+��'$ '���

∆1 =
11

768

P1L
3

D
+

1

8

P1L

S

∆2 =
23

1296

P2L
3

D
+

1

6

P2L

S

( ��� �3*

"#�$�U�� 83�C(������& '�
D
"#�$�

S
�E�C3���

D =
7

1728

(
P1L

3P2

3P1∆2 − 4P2∆1

)

S =
7

2

(
P1LP2

297P1∆2 − 368P2∆1

) ( ���a� *

�V�#�%���

P1 =
&�3�����N"#���Y3! "8���� �.&7",�����%�]A+ 8��)� )+���%n$���

P2 =
&�3�����N"#���Y3! "8���� � ����/��A+ 8��)� )+���%n$���

L = L2,
3!�����E���W)+���1�H�$���\ 8&����%� )+�M",������ �

X#�� '� �LP � ( ���a� *L"#�$� �LP � ( ���a��� *9���#�]�����$���3!� �� )�%&�3�&$�  #�J���#�V�e"8'$�."#�$�T���#�����#�M",�<�� )�%&�3�&$�
 #�b���#�O'$ '��� �N"M0M)+�-��h%A������/�����J))0

Ef =
2D

d2tf
Gc =

Stc
d2

( ��� � *
�V�#�%���

tf =
�e"8'$�I�����'6:(�#���/�

[mm]

tc =
'$ '���O�����'6:(�#���/�

[mm]

d = tf + tc,
�%��/�6"#�$'$�-)+���1�H�$���!���#�O'$���)�����  #�b���#�;�e"8'$���

[mm]

�1�W 8&����������/���H�a�� T�# 8��:(�# >� ���#�a����?@��'���! 8�["#�����#�a'$���)�B���* #�9���#� )+�M",�U4m"#�$�!����$'$�Y���#�
�e"#�3�&����D��  8:UA�3*"8'$�D&��$���%�- 8�#�Y #�f���#�D3! "8�\)+�M",������ �M4m�H�D'M"#3�'�&�3*"#�������#��",)+ C3�Y��P)&7"#��! 8�$�
�� ����#��0i&$�G�I���#�Y����?@��'���! 8�!&��$���%�]���#�O3! "8�J)+�M",������ �;"8�V���A�&��<�

D =
1

216

(
P1L

3P2

3P1∆2 − 4P2∆1

)

S =
1

2

(
P1LP2

40P2∆1 − 27P1∆2

)
.

( ��� � *

� �
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-1.754
-1.509

-1.264
-1.02

-.775052
-.530422

-.285792
-.041163

.203467
.483044

ANSYS 6.1
OCT 16 2003

11:21:29
PLOT NO.   1

� & ��� 3 & '4= � 	 3 = 	 = < 3 	 = = σz 8 ' & = 	 � < 8;, ' , � <���	 � 	7& : �2'2)�	 3 , '�	 � 	7& 358 ' � �

X
Y

Z

-138.155
-110.655

-83.156
-55.657

-28.158
-.658344

26.841
54.34

81.84
113.267

ANSYS 6.1
OCT 16 2003

11:13:58
PLOT NO.   1

��� ����	 '4= 8 , ' &('*) � , :�043 	 = = 8;, ' = < 3 	 = = 	 = σy 8 ' <���	 =5& '*) � 8 � � �

X
Y

Z

-2.219
-1.689

-1.158
-.626849

-.09597
.434909

.965788
1.497

2.028
2.634

ANSYS 6.1
OCT 16 2003

11:14:24
PLOT NO.   1

��� � � ��	 & 3 = < 3 	 = = τyz 8 ' <���	 =5&('*) � 8 � � �
XC��E&���� ���a��� � X �B�����/�����]������#�Y�6"#�$�%�V�'6�W)+�M",� "#�V� "#�3�&���� ����



��� � � �NB 2 ��� � # � �.? � �I^ 2 X X Q �;? ���� Hl # �fQ.5 X

� ����� � � ^Y"#&��3�-)+ 8���� '�� ����� � � ^Y"#&��3�-)+ 8���� '�
� ����� � � ^O"#&��3�O�� 8A� ����� � � ^O"#&��3�O�� 8A

�: "8� � � �

� � �
	

���

�

������������������������������������������������

��� �
���a���
��� �
���a���
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��� �
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�

XC��E&���� ���a� � � X �B�6"#��^C%� � 3! "8� � B93! 8�/�* #�����#�N���B�6"#�����^�M"8'6�Z�e"8'�����K"#�a���#�T'$���)�B���] #�����#�
)+�M",� �

X#�� '� ���#� �N"8'6����#��3! 8�D�H��'M"#�N�3���f�/�#�."#A�A�3�!���T�& '�/'$� � ������.'�&��BCD�E4)"#�$�N�/��$'$�]���#�]3! "8�%����
CD��3! )'���10=��b:(�# >�V�T�H�Hn$�$�����#�V����?@��'���! 8�i"#�L���#��3! "8�Q)+�M",������ �9�/�� '� ���#�V����3*"#��! 8�

δ = vt
�

� �������T���# >�V� �� XC�� � ���a��� �V�#�%���-���#�!"#A�A�3�!����3! "8�����A�3! 8������� "8�T"\� &��$'���! 8�  #�;���#�
�%���A�3*"8'$�%�����)� � � �#��� ����3!��'�������IC8"#3�&#���D�/ '�D���#�d3! "8����"#�$� ����?@��'���! 8�$�=�	�� '� ���#�i'�&��BC3���

� ����/��A+ 8��)�]3! "8��.&7",�����%��A+ 8��)�]3! "8�
?Z��?@��'���! 8� � �Q� �

�  ��
�� ��
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�������
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�

XC��E&���� ���a��� �<X@ '�/'$�NC(� � ����?@��'���! 8� � Q.�O���$���<4j��O�6"#:D���Z�� '����A+ >�H�%�Y�� �����?@��'��Y���#�N)+�M",�
���#�a� ",���Y����/�6"#�$'$�Y�� �.&7",�����%�.A+ 8��)�.3! "8�%����d���7"#�\�� � ����/�UA+ 8��)�.3! "8�%����-"8�����#�Y3! "8�
)+�M",������ �;",���O'�3! E�G�%�V�� ����#�-������%3!�  #�b���#�-)+�M",� �
��	XC�� � ���a��� 4H�H�K�#�$��� �� �N"#:3�[��&����K���7"#�-���#� CE"#3�&#���U",���R"8'�'�&��6"#���Z"#�$� �V�������	���#�
3���#�M",�M�����E����  #�O���#�\������� �EX ��&$�%0)���� XC�� � ���a��� ��$�%�'M"#�����i���7"#�]CE"#3�&#���L)+���1�E�$��� ��� F ���
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mm
����?@��'���! 8�-��`&$� ",)�3!�E4%"#�$�d�G��3!��'��/G�$�YCE"#3�&#����"#�

20 mm
����?@��'���! 8�-�E�C3���H���#�]�& 83�3! >�V����

3! "8���<�
∆1 = 20.94 =⇒ P1 = 2259/b

∆2 = 20.53 =⇒ P2 = 1621/b.

� ����]�E�C3���
D = 63784098 =⇒ Ef = 54238 [N/mm2]

S = 275 =⇒ Gc = 9 [N/mm2]

�V�#�%���
b
��L���#�]�V��%���] #�J���#�V)+�M",� , � X#�� '� ���#� �S '�/���6"#�$�%�V�'6�]����A+ '��� � � �7���#�V� "8'$�]�����$���3!�

�� )�%&�3�&$�
Ef

��d�& 8&��$� �� )+�
31500 [N/mm2]

"#�$� ?;�C(��)0('$��3�3e4H�/�#� �N"#�)&%� "8'���&��G�F�W #�
���#���/ ",� A��� C(������D"��/�#�M",� �� )�%&�3�&$�

Gc � 31 [N/mm2]
� � �#�L�F���� '�/�Y��^ 8&��"������&�3��/�D",���

���#�%�����& '���

eEf =
54238− 31500

31500
100% = 72%

( ���a� *

eGc =
31− 9

31
100% = 65%.

( ���a� *
� �#�"�N"#�� ���M"8�� 8�\�/ '�.���#�����DA+  '�U�����/&�3��/�I",���a���#�*C3�%��0�3! >���# '�B�N"#3b���B�6"#��$�.��\���#�a� "8'$�

σ

ε

σfu

XC��E&���� ���a� ��� � 0)A��'M"#3
σ/ε

'�&��BC3� ��� �#�I�B�N"#3�3mA7",�����V�������-���#�I'���/'�3��I��$�%�'M"#���������#�;'�&��BCD���
��!XCG� � ���a��� �
 #�����#��)+�M",� �%&#���� ����#�L�M",��3�0K��$�����)�6"#��! 8� "#�$�R�e"#�3G&#���� #�����#�N'$ '��� � � �#�N'�&��BCD����$������
���#�i'���/'�3!�d�� XC�� � ���a� � �3�3�&$���B� "#�����N 8&��D�/ '�/'$� �#����?@��'���! 8� '�&��BCD���M4@�V���3!�i���#�N3*",���3�-'�&��BC3�
�3�3�&$���B�6"#���������#�i�/ '�/'$� �#����?@��'���! 8� '�&��BC3�i�	�� '� "\�����/���V����# 8&����M",��3�0�� "#�3�&������%&#�-�� ['$ '���
'%��&$�������� � � �#�I���M"8��&#����� CE"#3�&#���J)+��'% '��� C3�%��0 ��7"8'�'�&��6"#����"#�$�	3!��"8�	�� A+  '�J������&�3��/�
�V�#���!'M"#3�'�&�3*"#������d���#�-�N"#���%��*"#3@A��� 8A+�%����!��� �

��������� � =[?  �<1 � ��= �<;T1D=
� �#�9�������  8&���3���#���a",)+ CD�L'$ 8�)�6"#��$�_"H� "8���@"#�$�Y�����A�3!�9A��� )'$���%&����9�& '�<�������%�B���������.� "#�$�%�V�'6�
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ν = 0.3
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wmax = 0.0611F
a2

Et3
.

� � ²%¬7�
�! PO%$4<4Z4+k<�"*©�"*;nPJ+LPJ©L-�"*©[PK+  P�-L"*;nP�"=-!WHª=©cª=Z4© p�§5¨Tr�¨ -�%;�Z4)j"*+�.ª=$_©[P/-fZ4)%+�%$4&T%$x;#"�¸%he
;�Z4; M4PJ��P/98+�.ª=$|"*+?9/P8$3+f©[P�ª*W�+  P5<4)j"*+[P!�

wmax = 0.0611× 1000 N× 1252 mm2

70000 N/mm2 × 1.23 mm3
= 7.89 mm.
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σ =
F/4

A
=

F/4

(
6V.MO+  

/20)2
=

30000/4 N

(285/20)2 mm2
= 36.93 N/mm2 = 36.93 MPa.
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Ep = Ek

mgh =
1

2
mv2

h =
Ek
mg

=
v2

2g

v =
√

2gh
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= 3.0 m =⇒ «
= 7.7 m/s

"*$NM
Ek = 182.4 J 

= 3.5 m =⇒ «
= 8.3 m/s

"*$NM
Ek = 212.8 J.
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V = πr2h+
1

2

4

3
πr3 = π × 3.752 × 15 +

2

3
× π × 3.753 = 773.1 cm3
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ρ =
m

V
=

6200 g

773.1 cm3
= 8.02 g/cm3.
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A = 116.40 MPa

B = 839.27 MPa

C = 0

n = 0.1453.

M  P�<��.P/9/P86��.-[P,)��%$NPV"*©K;nª3M4P8) �.-5"#;nª3M�hs�9V"*+��.ª=$vª*Wl+  P �Tª  $N-[ª=$Oe � ª3ª=�o;nª3M4P8)�6  P8©[P
+  P,M4P8<DP8$NM4P8$N9/Pnª=$|+  P,PJg®P/98+��%«(Pm<4)j"=-f+��.9,-[+f©L" �%$

(A + Bεnp )
�.-Y©[P8<4)j"=9/P/Mq±31|"#<��.P/9/P86��.-[P

)��%$NPV"*©
W�Z4$N98+��.ª=$#ª*WD1��.P8).M'-f+f©[P/-[- r «TP8©[-fZN-
PJgiP/98+��%«TP!<4)j"=-f+��.9k-f+f©�" �h$
εp
² p &T" �%$#"*©[P!+  Pk-[+f©[P/-[-]e

-f+f©L" �%$^98Z4©f«TP/-��%$^� �%&N² � ²�� "*<4<4©[ªV¸�%;#"*+[P/M®UR"*$NM^"m)��%$NP5±DP8+:6!P8P8$^+  P5<Dª��%$3+[-
ε = 0, σY = 1000

ε = 15, σY = 1402

�.-kZN-[P/Mx+[ª,;nª3M4P8)¦+  P51��.P8).M®²
p <4<DP8$NM�h¸ � ²�� -  ª76c-  ª76 +  PK;#"*+[P8©��j"*){<4©[ª=<DP8©f+��.P/-?ª*Wt+  PK9/ª=©[P�"*©[P �%;'<4).P8;nP8$3+[P/M �%$

p � M��Y¹ r5§ ²
�!�



�z²��O² p ��M��Y¹ r5§ � � �ip � M ¨ � � � �¦p M � � §5¨

� �  ���� �� A¡ 
R�  ®  � �¯¥ �0
� �x¤:�   � 
 £ ¥¦¡ 

M  P�+  ©[P/Pm9/ª=©[P�Wa" �%)%Z4©[P�;nª3M4P8).-KM4P/-[98©��%±DP/M�"*±Dª7«(P �.-Y-��%;�Z4)j"*+[P/M|ZN-��%$4&y+  P�&A©��.M|-  ª76c$ �%$
� �%&N² �z²�� ² p -?-[P/P8${UD"'Z4$��hWbª=©f;¶&A©��.M^6��%+  ¬V#P8).P8;nP8$3+[- �%$o+  P  P��%&  +5"*$NM �O¬�P8).P8;nP8$3+[- �%$
+  PY6��.MO+  �.-SZN-[P/My+[ªm;nª3M4P8)i+  PK-L"*$NMO6��.9  ²�M  PY+  �.9L�z$NP/-[-!ª*W¦+  PY6  ª=).PK-L"*$NMO6��.9  <4)j"*+[P
�.- �O¬

mm
"*$NMmPV"=9  Wa"=9/P��.- �

mm
² � �%+  ¬VYP8).P8;nP8$3+[- �%$m+  P  P��%&  +VU*+  Pl+  �.9L�z$NP/-[-�ª*WDPV"=9  

P8).P8;nP8$3+k±DP/9/ª=;nP/- �O²%¬
mm

"*$NMd+  ZN-VUz+  PKP8).P8;nP8$3+[-c"*+!+[ª=<_"*$NMd±Dª=+f+[ª=; ª*W¦+  PK-L"*$NMO6��.9  
<4)j"*+[P?"*©[P!&��%«(P8$,Wa"=9/P!<4©[ª=<DP8©f+��.P/-l"*$NM,+  PkP8).P8;nP8$3+[- �%$Oea±DP8+:6SP/P8$d"*©[P!&��%«(P8$n9/ª=©[Pk<4©[ª=<DP8©f+��.P/-V²
M  P�©[P/-fZ4)%+[-5"*©[P�9/ª=;'<�"*©[P/M|6��%+  +  PmMN"*+L"nWH©[ª=;¶+  P �%;'<�"=98+Kª=$3+[ªy+  P�sN©[-f+�<4)j"*+[P�6  �%9  
6SP8©[Pn9/ª=$NMOZN98+[P/M�WH©[ª=; �O²�

m
² M  P'«TP8).ª39��%+:1�"*$NM����%$NP8+��.9nP8$NP8©f&A1�ª*WS+  P'<4©[ª*\fP/98+��%).P#"=- �%+

 �%+[-c+  PK<N)."*+LP �.-k+  P8©[PJWHª=©[P �z² � �
m/s

"*$NMv¬ �!�O²��
J
²

� �%&AZ4©[P �z²�� ��� �%&AZ4©[P#ª*Wk+  PnZ4$��hWbª=©f;�&A©��.M�ZN-[P/M �%$�+  P#-��%;�Z4)j"*+��.ª=$N-�6  P8©[P#+  Pn+f©L"=9/P/-"�%$
� �%&N² �z²��O² � 6SP8©[PK9V"*).98Z4)j"*+[P/M®² M  P5-L"*$NMO6��.9  x "=-c"�ZN$��hWHª=©f;�&A©��.Md6��%+  ¬VmP8).P8;nP8$3+[-��%$w+  P
 P��%&  +Y"*$NM �O¬5P8).P8;nP8$3+[-	�%$x+  P56��.MO+  ²

M  PmsN&AZ4©[P/- �z² ���a"(� "*$NM �z² ����±R� -  ª�6c-  ª76 +  P,«A"*©��.ª=ZN-5Wb" �%)%Z4©[P';nª3M4P/-5Wbª=©5+  Pn9/ª=©[P
9/ª=;'<�"*©[P5+[ªm+  PK+[P/-f+[P/Mw«A"*)%ZNP/-
�%$w� �%$NP8+��.95P8$NP8©f&A1w"*$NMxM4PJ��P/98+��.ª=${² M  PK� �%$NP8;#"*+��.95P8$NP8©f&A1
"*$NM»M4PJ��P/98+��.ª=$»W�©[ª=; +  Px+[P/-f+n6SP8©[PxWbª=Z4$NMº±31��%$3+[P8&A©L"*+��h$N&�+  P^"=9/9/P8).P8©L"*+��.ª=$}+[P/-[+#MN"*+L"
$3Z4;nP8©��.9V"*)%)%1^"=-cM4P/-[98©��%±DP/M �%$ ¨ P/98+��.ª=$ �O² �N² � ²

p -K-[P/P8$ �%$q+  P�s�&AZ4©[P/-K+  Pm-��h;mZ4)j"*+��.ª=$N-K6��%+  9/ª=©[Pm;nª3M4P8).-�"*<4<4©[ªV¸�%;#"*+[P/M|W�©Lª=;�ª=Z4©
� �



� Q�pY� Mk� µ �z²º¹ r5§�p � � � ¨ � ��� �{p M � � §5¨

� �.P/9/P86��.-[P��|ª3M4P8)�(ª  $N-Lª=$Oe � ª3ª=�� ª=$_� �.-[P/-M�P/-f+
M
�%;nPy�

ms
�

� �
 
� �
� J
�

�������¬

¬ �A
¬V�A
¬ �A
¼A
� 
�A


$&%('�� ��5 /23 % 6�� � /25 / � �9-�6 ��%�� /��27

� �.P/9/P86��.-[P��|ª3M4P8)�Tª  $N-[ª=$Oe � ª3ª=�� ª=$_� �.-[P/-M�P/-f+
M
�%;nP#�

ms
�

� 
� �
�� 	 �
� m

m

�

�������¬

�A�
�A
¬V�
¬V
�


$:9!' = /��;/ � 6���� 5#6 ��%�� /��27
� �%&AZ4©[P �z² � � � ).ª=+[-yª*WK+  P_���%$NP8;#"*+��.9oP8$NP8©f&��.P/-d"*$NM»M4PJ��P/98+��.ª=$N-nWH©[ª=; +  P_+[P/-f+y"*$NM�+  P
-��%;�Z4)j"*+��.ª=$d6��%+  «="*©��.ª=ZN-XWa" �%)%Z4©[P?;nª3M4P/- �%$#+  P�9/ª=©[PA²LM  PY"=9/9/P8).P8©L"*+��.ª=$xM�"*+L"�ZN-[P/M#+[ª�sN$NM
+  P5� �%$NP8;#"*+��.9�P8$NP8©f&A1_"*$NM_M4PJ��P/98+��.ª=$|"*©[PKW�©[ª=; +  P �%;'<�"=98+?ª=$3+[ª'<4)j"*+[P�ª=$NPA²

9/ª=;'<4©[P/-[-��.ª=$�+[P/-f+[-t"*©[PX-f)��%&  +[)h15+[ª3ª�-[ª*WH+V² � P/-[-¦���%$NP8+��.9lP8$NP8©f&A1 �.-¦©[P8+fZ4©f$NP/M�+[ªc+  PX<4©[ª*\]P/98+��%).P
"*+0+  PcP8$NMnª*Wi+  P��%;'<�"=98+X±DP/9V"*ZN-[Pc;nª=©[PcP8$NP8©f&A1 �.-0ZN-[P/M#"=-
<4)j"=-f+��.9c6Sª=©f� �%$n+  Pc-L"*$NMO6��.9  
9/ª=©[Po"=-#-  ª76k$ �h$}� �%&N² �z²�� ² M  P^M4PJ��P/98+��.ª=$¯ª*W5+  Px<N©[ª*\]P/98+��%).P|"*).-[ª�±DP/9/ª=;nP/-y+[ª�)j"*©f&(PA²

� �.P/9/P86��.-[P�)��%$NPV"*©�Tª  $N-[ª=$Oe � ª3ª=�� ª=$_� �.-[P/-

M
�%;nP#�
ms
�

� �
 
� �
� J

�

�����¬

¬VA
�A
� 
�T
�A


� �%&AZ4©[P �z²�� � � )j"=-f+��.9S6Sª=©f� �%$m+  Pl-�"*$NMO6��.9  <�"*$NP8)O-��%;�Z4)j"*+[P/Mm6��%+  +  ©[P/PSM�hg®P8©[P8$3+�-[+f©[P8$4&A+  
;nª3M4P8).-SWbª=©S+  PY9/ª=©[PA² p +k"*±Dª=Z4+ �N²��

ms
U36  P8$w+  P�<4©[ª*\fP/98+��%).PY).PV"V«TP/-S+  PK-L"*$NMO6��.9  <4)j"*+[PAU

$Nª';nª=©[P5<4)j"=-f+��.956Sª=©f�x"*©[P�9/ª=$NMOZN98+[P/M®²
Q ª76SP8«(P8©VUi+  P � ª=$�� �.-[P/-Y1 �.P8).Mq98©��%+[P8©��j"d;nª3M4P8).-K+  P,+[P/-f+KMN"*+�"y«TP8©f1o"=9/98Z4©L"*+LP=U¦"*$NM|+  �.-
Wa" �%)%Z4©[P5;nª3M4P8) �.-k+  P8©[PJWbª=©[P5ZN-[P/MwW�Z4©f+  P8©V²

� �  ���� 	 #®¤�� ¢ ¡ 
 �¯¥ �0
 ���x¤:�   � 
 � # £ ¤:�  "�
M  P�"*±Dª7«TP5-��%;�Z4)j"*+��.ª=$N-c6SP8©[P59/ª=$NMOZN98+[P/M_6��%+  +  P��4"*+[P8©��j"*) ¨ +f©[P/-L-  ¨ +f©L" �%$xWb" �%)%Z4©[PK;nª3M4P8)
�%$�+  P'Wb"=9��%$4&(-V² M�ªxsN$NM�ª=Z4+  ª76 ª=Z4©�;#"*+[P8©��j"*)XWb" �%)%Z4©[Pn<4©[ª=<DP8©f+��.P/- �%$�-f+f©[P/-[-�"*$NM�-f+f©L" �%$
"*&A©[P/P�6��%+  PV"=9  ª=+  P8©VUR-��%;�Z4)j"*+��.ª=$N-�6!P8©[P�"*).-Lª#9/ª=$NMOZN98+[P/Mo6��%+  Wb" �%)%Z4©[P�;nª3M4P8).-	�O"*+[P8©��j"*)

�A�



�z²��O² p ��M��Y¹ r5§ � � �ip � M ¨ � � � �¦p M � � §5¨

¨ +f©[P/-[-�"*$NM �4"*+[P8©��j"*) ¨ +f©L" �%${² M  P,� �%$NP8;#"*+��.9nP8$NP8©f&A1�"*$NM�M4PJ��P/98+��.ª=$�ª*WS+  P,<4©[ª*\fP/98+��%).P �.-
<4).ª=+f+[P/M �%$}� �%&N² �z² � �b"(� "*$NM»� �%&N² �z² � ��±R� ² � +��.-y-[P/P8$»+  "*+y+  PoM�hgiP8©[P8$N9/P �%$»+  Po-f+f©[P/-[-

�|"*+7² ¨ +f©L" �%$�|"*+V² ¨ +f©[P/-[-�q"*+V² ¨ +f©[P/-L-  ¨ +f©L" �%$M�P/-f+
M
�%;nPy�

ms
�

� �
 
� �
� J

�

�������¬

¬ �A¬ � ¬ �T¬ �A¬VA
�A
� 
�T
�A

$&% '�� ��5 /23 % 6�� � / 5 / � � - 6 ��%�� /�� � � � 6�� / � % ��1 � � /
3 ��� /21�� � � /����5#6�� / �:%�� /(7

�q"*+V² ¨ +f©L" �%$�q"*+V² ¨ +f©[P/-[-�q"*+V² ¨ +f©[P/-[-  ¨ +f©L" �%$M�P/-f+
M
�%;nP#�

ms
�

� 
� �
�� 	 �
� m

m

�

�������¬

�A�
�A
¬V�
¬V
�


$:9!' = / � / � 6���� 5 6 ��%�� /�� � � � 6�� / � % ��1 � � /#3 ��� /21��� � /��� 5�6�� / � %�� / 7
� �%&AZ4©[P �z² � � � ).ª=+lª*Wi+  Pc���%$NP8;#"*+��.9�P8$NP8©f&A1n"*$NMnM4PJ��P/98+��.ª=$dª*Wi+  Pk<4©Lª*\]P/98+��%).PkWH©[ª=; +  Pk+[P/-f+
"*$NM +  ©[P/Pd-��h;mZ4)j"*+��.ª=$N-,ZN-��%$4&oWb" �%)%Z4©[Pd;nª3M4P8).-'�|"*+[P8©��j"*) ¨ +f©[P/-[-  ¨ +[©L" �%${U��|"*+[P8©��j"*) ¨ +f©[P/-[-
"*$NM_�q"*+[P8©��j"*) ¨ +f©L" �%${²
"*$NM»-f+f©L" �%$ºWa" �%)%Z4©[P_98©��%+[P8©��j"v©[P/-fZ4)%+ �%$}-f;#"*)%)?9  "*$4&(P/-��%$�+  P_©[P/-fZ4)%+[-V² M  P^98Z4©f«TP/-'W�©[ª=;
+  P��q"*+[P8©��j"*) ¨ +f©[P/-[-  ¨ +f©L" �%$ "*$NM �q"*+[P8©��j"*) ¨ +f©[P/-[-_-  ª76~+  P�PJ¸N"=9J+^-L"*;nPq©[P/-fZ4)%+[-^"*$NM
Wa" �%)%Z4©[Pcª39/98Z4©[-X+  P8©[PJWHª=©[Pc6  P8$#+  Pc-[+f©[P/-[-098©��%+[P8©��.ª=$N-S"*©[Pc©[PV"=9  P/M®² Q ª76SP8«(P8©VU(+  Pc�|"*+[P8©��j"*)
¨ +f©[P/-[-  ¨ +f©L" �%$xWa" �%)%Z4©[P�98©��%+[P8©��j"mWbª=©k+  PKWa"=9��%$4&(-��.-kZN-LP/MdWHZ4©f+  P8©V²

��$NPx)j"*©f&(P^-��%;�Z4)j"*+��.ª=$»6!"=-n9/ª=$NMOZN98+[P/M�ZN-��%$4&�+  P � ª=$�� �.-[P/-,1 �.P8).M�98©��%+[P8©��j"��%$�+  P
9/ª=©[PK"*$NMd+  PY�|"*+[P8©��j"*) ¨ +f©[P/-[-  ¨ +f©�" �h$dWa" �%)%Z4©[PY98©��%+[P8©��j" �%$d+  P?Wa"=9��%$4&(-V² § ª76}+  P�&A©��.M  "V«(P
�A#P8).P8;nP8$3+[- �%$o+  P  P��%&  +5"*$NM � � �%$o+  P�6��.MO+  "=-Y-  ª76k$ �%$|� �%&N² �z²�� Ui"*$NM^+  P�©[P/-fZ4)%+[-
"*©[Px9/ª=;'<�"*©[P/Mº6��%+  "|-��%;�Z4)j"*+��.ª=$ºZN-��%$4&�+  Pd&A©��.M �%$º� �%&N² �z²�� "*$NMu+  Pw-�"*;nPd;#"*+[P8©��j"*)
<4©[ª=<DP8©f+��.P/-V²LM  Pk� �h$�PJ+��%9?P8$NP8©f&��.P/-S"*$NMnM4PJ��P/98+��.ª=$N-0WH©[ª=; +  Pc-��h;mZ4)j"*+��.ª=$N-l"*$NMn+  Pk+[P/-f+l"*©[P

AUTODYN-3D v4.3 from Century Dynamics

� �%&AZ4©[P �z²�� � � "*©f&(Pn&A©��.M�ZN-[P/M�+[ªx-��%;�ZN)."*+LPn-L"*$NMO6��.9  <4)j"*+[P/-7²"�AwP8).P8;nP8$3+[-"�%$v+  P  P��%&  +
"*$NM � �'P8).P8;nP8$3+[-��%$_+  P56��.MO+  ²

� �



� Q�pY� Mk� µ �z²º¹ r5§�p � � � ¨ � ��� �{p M � � §5¨

<4).ª=+f+[P/M �%$|� �%&N² �z²�� ² � +Y9V"*$|±DP�-[P/P8$o+  "*+Y+  Pm-f;#"*)%)�"*$NMo)j"*©f&(P�&A©��.Mo-��%;�Z4)j"*+��.ª=$N-K-  ª76 "

� "*©f&(P5&A©��%M¨ ;#"*)%){&A©��%MM�P/-f+
M
�%;nP#�

ms
�

� �
 
� �
� J

�

�������¬

¬ �A¬ � ¬ �T¬ �A¬VA
�A
� 
�T
�A

$&%('�� ��5 /23 % 6�� � /25 / � �9-�6 ��%�� /��27

� "*©f&(P�&A©��.M¨ ;#"*)%)¦&A©��.MM�P/-f+
M
�%;nP#�

ms
�

��
� �
�� 	 �
� m

m

�

�������¬

�A�
�A
¬V�
¬V
�


$:9!' = / � / � 6���� 5#6 ��%�� /��27
� �%&AZ4©[P �z²�� � ���%$NP8;#"*+��.9kP8$NP8©f&��.P/-0"*$NM,M4PJ��P/98+��.ª=$N-�WH©[ª=; -��%;�Z4)j"*+��.ª=$N-09/ª=$NMOZN98+[P/M'ª=$n"�-f;#"*)%)
&A©��.Mx6��%+  WbP86´P8).P8;nP8$3+[-Y"*$NM^"m)j"*©f&(P5&A©��.Mx6��%+  ;#"*$31wP8).P8;nP8$3+[-7²
«A"*©f1��%$4&o±DP  "V« �.ª=Z4©V² M  P#)j"*©f&(Py;nª3M4P8)l±DP/9/ª=;nP/-,-[ª*WH+[P8©VUt"*)h).ª76��h$N&|)j"*©f&(P8©mM4PJ��P/98+��.ª=$�"*$NM
+  ZN-?"m).ª=$4&(P8©k)j"=-[+��%$4& �%;'<�"=98+V² M  �.-k±DP  "V«��.ª=Z4©c6!"=-k$Nª=+cPJ¸O<DP/98+[P/M®UN"*$NMx9/ª=;'<4)��.9V"*+[P/-?+  P
;nª3M4P8)%)��%$4&#ª*Wtª=Z4©c-L"*$NMO6��.9  <4)j"*+[P/-k-��%&A$��hs�9V"*$3+f)%1(² M�ª,9  P/9L�y6  P8+  P8©c+  PK&A©��.M �%$_� �h&N² �z²��
�.-K+[ª3ªx-f;#"*)%)X"*$NMq+  P8©[PJWHª=©[P'+[ª3ªw-[+��hg�UD+  P,+:6Sªw&A©��.M4-�"*©[P'-��%;�Z4)j"*+[P/M�"*&T" �%${Ui±4Z4+56��%+  ª=Z4+
"*$31#Wa" �%)%Z4©[PK;nª3M4P8).-��%$x+  PYWb"=9��%$4&(-V²8M  PK©[P/-fZ4)%+[-?"*©[PK<4).ª=+f+[P/M��%$x� �%&N² �z²�¼ "*$NM_"=-k-[P/P8$x+  P
9  "*$4&(P/-�"*©[P'«TPJ©[1|-f;#"*)%)a² M  �.-5;nPV"*$N-�+  "*+�+  P'M�hg®P8©[P8$N9/P �%$�ª=Z4©�-[;#"*)%)X"*$NM�)j"*©f&(P'&A©��.M
-��%;�Z4)j"*+��.ª=$N-	�.-k$Nª=+?MOZNP5+[ª,+  P5;nP/-  P/-cZN-[P/M®²

� "*©f&(P¨ ;#"*)%)
M
�%;nP#�

ms
�

� �
 
� �
� J

�

�������¬

¬ �A¬ � ¬ �T¬ �A¬VA
�A
� 
�T
�A

$&%('�� ��5 /23 % 6�� � /25 / � �9-�6 ��%�� /��27

� "*©f&(P¨ ;#"*)%)
M
�%;nP#�

ms
�

��
� �
�� 	 �
� m

m

�

�������¬

�A�
�A
¬V�
¬V
�


$:9!' = / � / � 6���� 5#6 ��%�� /��27
� �%&AZ4©[P �z²�¼ �����%$NP8;#"*+��.9�P8$NP8©f&��.P/-Y"*$NM_M4PJ��P/98+��.ª=$N-cWH©[ª=; -��%;�Z4)j"*+��.ª=$N-?6��%+  WHP86 "*$NM_;#"�$z1
P8).P8;nP8$3+[-?6  P8$_+  PKWb" �%)%Z4©[P5;nª3M4P8) �.-k$Nª=+cZN-[P/M �%$_+  PKWb"=9��%$4&(-V²

M  Pl-Lª*W�+[P8$��%$4& �%$m+  Pl)j"*©f&(PS-��%;�Z4)j"*+��.ª=$,;�ZN-f+�+  PJ©LP�Wbª=©[Pl±DPS9/ª=$4$NP/98+[P/Mm6��%+  ª=Z4©�Wa" �%)%Z4©[P
;nª3M4P8) �%$y+  P?Wa"=9��%$4&(-V²z� �%&N² �z²%¬V -  ª76}+  P?Wa" �%)%Z4©[P �%$d+  P?Wb"=9��%$4&(-lWHª=©S+  PY-f;#"*)%)®"*$NMy)j"*©f&(P
P8).P8;nP8$3+�;nª3M4P8)a² �  P8$m;nª=©[PSP8).P8;nP8$3+[-0"*©[PlZN-LP/M�;nª=©[Pl).ª39V"*)zWb" �%)%Z4©[Pk"*©[ª=Z4$NM�+  PS<4©[ª*\]P/98+��%).P

���



�z²��O² p ��M��Y¹ r5§ � � �ip � M ¨ � � � �¦p M � � §5¨

+L"*�TP/-�<4)j"=9/PA² M  P"�%$3+[P8©f$�"*)
P8$NP8©f&A1 �%$^Wa" �%).P/MoP8).P8;nP8$3+[-5"*©[P�).ªA-f+K"*$NMo$Nª=+�©[P8+fZ4©f$NP/M|+[ª#+  P
<4©[ª*\fP/98+��%).Py6  P8$ +  P��%;'<�"=98+ �.-mª7«TP8©V² ¨ �%$N9/Py+  P#).ª39V"*)!-f+��hgi$NP/-[-�ª*Wc+  P#Wb"=9/P/-�Z4$NM4P8©m+  P
<4©[ª*\fP/98+��%).P �.-m©[P/MOZN9/P/MºMOZNPd+[ª|+  PyWa" �%).P/MuP8).P8;nP8$3+[-VU�).ª39V"*)
�%$NM4P8$3+L"*+��.ª=$»ª*W�+  Pw9/ª=©[Px"*).-[ª
±DP/9/ª=;nP/-?)j"*©f&(P8©V²

� �%&N² �z²%¬V "*).-[ª�-  ª76�+  Px<N)."=-[+��.9x±DP  "V« �%ª=ZN© �%$�+  P_9/ª=©[PA² � "*©f&(P_<�"*©f+[-#ª*WK+  P_9/ª=©[P
$NPV"*©l+  P��%;'<�"=98+[P/Md"*©[PV"�-fZOg®P8©[-0<4)j"=-f+��.9?M4PJWbª=©f;#"*+��.ª=$dMOZ4©��h$N&�+  P	�h;'<R"=9J+7²3� �h&N² �z²%¬A¬ -  ª76
+f©L"=9/P/-�ª*W�+  P �%$3+[P8©f$�"*)tP8$NP8©f&��.P/-	�%$_+  P5Wb"=9��%$4&(-�"*$NM_+  P�9/ª=©[P�"*$NMxWHª=©c+  P  ª=).P�-L"*$NMO6��.9  
Wbª=©X±Dª=+  +  P�-f;#"*)%)i"*$NM#)j"*©f&(P�&A©��.My-��%;�Z4)j"*+��.ª=${²n�N©[ª=;�"*±Dª=Z4+@�N²��

ms
+  P	�%$3+[P8©f$�"*)iP8$NP8©f&A1

Material Status

Failed 23

Failed 31

Failed 12

Failed 33

Failed 22

Failed 11

Bulk Fail

Plastic

Elastic

Hydro

Void

$&% ' ) % ��1 � � /�� 1�� 6 � �80 / 1 / 34/25.6�� ��5@6�� /
� /�� ���.6 % 5 �
7�� ��5�6�� / 	 � � 6�� � � 6�� /�� 1 % 6�/(7

Material Status

Failed 33

Failed 22

Failed 11

Bulk Fail

Plastic

Elastic

Hydro

Void

Failed 31

Failed 23

Failed 12

$:9!' ) % ��1 � � /�� 1�� 6 �

� 0 / 1 / 34/25.6�� ��5�6�� / � /���� �.6 % 5 �
? � ��5�6�� / 	 � � 6�� � � 6�� /�� 1 % 6�/(7

� �%&AZ4©[P �z²%¬V �D�R" �%)%Z4©[P�<4).ª=+[-�+:6Sªy-��%;�Z4)j"*+��.ª=$|6��%+  -f;#"*)%)�"*$NM^)j"*©f&(PmP8).PJ;nP8$z+[-K"*+ �O²��=�
ms
²

M  P5¬AU �K"*$NM �K"�¸4P/-0"*©[Pc"=9/9/ª=©[M�%$4&�+[ªY+  PS©��%&  +  "*$�M,©fZ4).P!6��%+  +  P4��e�M�%©[P/98+��.ª=$#<Dª��%$3+��%$4&
Z4<36!"*©[M4-7²
�%$�+  P'-f;#"*)%)0&A©��.Mv-��%;�Z4)j"*+��.ª=$ �.-5©[P/MOZN9/P/M®U{6  �%).P').P/-[- �%$3+[P8©f$�"*)XP8$NP8©f&A1��%$�+  P')j"*©f&(P'&A©��.M
-��%;�Z4)j"*+��.ª=$ �.-w©[P8+fZ4©f$NP/M�±DP/9V"*ZN-[Pq;nª=©[P �.-dZN-LP/M}6  P8$�Wb" �%)%Z4©[Pq+L"*�(P/-w<4)j"=9/PqMOZ4©��%$4&º+  P
�%;'<�"=98+V² Q ª76SP8«TP8©VUD+  Pm)j"*©f&(P,&A©��.Mq-��%;�Z4)j"*+��.ª=$ �%-5-f+��%)%) �%$q&(ª3ª3Mv"*&A©[P/P8;nP8$3+56��%+  ª=Z4©K+[P/-f+
©[P/-fZ4)%+[-lM4P/-f<��%+[Pc+  P!Wa"=98+0+  "*+X+  Pc-f;#"*)%)�&A©��.M#-��%;�Z4)j"*+��.ª=$d"*©[P?98).ªA-[P8©V²T�oª=©[P?P8).P8;nP8$3+[-X&��%«TP/-
&(P8$NP8©L"*)%)%1n;nª=©[P�"=9/98Z4©L"*+[P?©[P/-fZ4)%+[-7U3"*$NM#� �%&N² �z²%¬V4��±R� -  ª76»+  Pc;nªA-f+X©[PV"*)��.-f+��.9cWb" �%)%Z4©[P?<4).ª=+V²
M  P�«��.-[Z�"*){MNPJ)j"*; �%$�"*+��.ªA$o<�"*+f+[P8©f$_WH©[ª=; +  P�+[P/-f+?-  ª76k$��%$^� �%&N² �O²��!� �.-c«(P8©f1d).ª39V"*)t"=-��%$
� �%&N² �z²%¬V4��±R� ²

M  PK-��%;�Z4)j"*+��.ª=$_MN"*+L"'"*©[PK9/ª=;'<�"*©[P/Mx6��%+  +  PK+[P/-f+kMN"*+L"�±31#$3Z4;nP8©��.9V"*)%)%1 �%$3+[P8&A©L"*+��%$4&
+  P�"=9/9/P8).P8©L"*+��.ª=$oW�©[ª=; +  P�<4©[ª*\]P/98+��%).PA²R¹YZNP5+[ªn+  P�<4©[ª=±4).P8;n-YM4P/-[98©��%±DP/M �%$ ¨ P/98+��.ª=$ �O² �N² �
+  Px"=9/98P8).P8©L"*+��.ª=$»MN"*+L"��.-m+L"*�TP8$�WH©[ª=; +  Pd-[P/9/ª=$NM��%;'<�"=98+'ª=$3+[ª|+  Py<4)j"*+[PA² M  �.-m; �%&  +
&��%«TPK"�-[ª=;nP86  "*+k+[ª3ª�Wa"=-f+ �%;'<�"=98+VUO-��%$N9/P�+  PY6Sª=©f�#6��%+  98©fZN-  �%$4&,+  P�Wb"=9/PK"*$NMw9/ª=©[P5"*©[P
;nªA-f+f)%1'M4ª=$NP��%$#+  P!sN©[-f+ �%;'<�"=98+V² p -
+  Pc<4©[ª*\]P/98+��%).P  �%+[-0+  Pc<4)j"*+[Pk+  P?-[P/9/ª=$NM'+��%;nPc;nªA-f+
ª*W�+  P��%$z+[P8©f$�"*){6Sª=©f� �.-?M4ª=$NP�"*$NMx+  P��%;'<�"=98+?±DP/9/ª=;nP/-?;nª=©[P�P8)j"=-f+��.9A²

¹YZNP5+[ª'+  P/-[P5ª=±N-LP8©f«="*+��.ª=$N-c+  P5)j"*©f&(P5&A©��.M��.-kZN-LP/MdWHZ4©f+  P8©��%$x+  P5$NPJ¸O+ ¨ P/98+��.ª=${²
� �  �� � �� A¡ #®¤:�  # ¢  �
u¡ 
� ¢ �a  �
��Z4© �%;'<�"=98+[P/M¯-�"*$NMO6��.9  <4)j"*+[P/-y6SP8©[PoP/�3Z��%<4<DP/M}6��%+  -f+f©L" �%$}&T"*Z4&(P/-dª=$}+  P^+[ª=<�"*$NM
±Dª=+f+[ª=;�Wb"=9/P/-V² M  P/-[P_&T"*Z4&(P/-#;nPV"=-fZ4©[P_+  P^-f+f©L" �%$ �%$»+  PwWa"=9��%$4&(-#MOZ4©��%$4&�+  P��%;'<�"=98+V²

�!�



� Q�pY� Mk� µ �z²º¹ r5§�p � � � ¨ � ��� �{p M � � §5¨

¨ "*$NMO6��.9  UN)j"*©f&(P¨ "*$NMO6��%9  U�-f;#"*)%)
� ª=©[PAU4)j"*©f&(P��"=9/PAU4)j"*©f&(P

� ª=©LP=U�-f;#"*)%)�R"=9/PAUN-f;#"*)%)
M
�%;nP#�

ms
�

� �
 
� �
� J

�

�������¬

¬ �A
¬ � 
¬ �T
¬ �A
¬VA
�A
� 
�T
�A


� �%&AZ4©[P �z²%¬A¬!� � $3+[P8©f$�"*)5P8$NP8©f&��.P/- �%$�+  P^Wa"=9��%$4&(-VUl+  Pq9/ª=©[P�"*$NM»Wbª=©d+  P  ª=).Pq-L"*$NMO6��.9  
9/ª=;'<�"*©[P/MxWbª=©c-��%;�Z4)j"*+��.ª=$N-?6��%+  ",-f;#"*)%)�"*$NM^"m)j"*©f&(P�&A©��.M®²

� )j"*+[P	�OUD6  �.9  6!"=- �%;'<�"=98+[P/M|WH©[ª=; �O²��
m
 "=-K-f+f©L" �%$|&T"*Z4&(P/-K<4)j"=9/P/M�"=-K-  ª76k$ �%$q� �%&N²

�O²%¬ � ² � $ p ��M��Y¹ r5§ U��%+ �.-{<DªA-[-��%±4).P
+[ªcM4P/98)j"*©[PXP8).P8;nP8$3+[-t"=-{+L"*©f&(P8+�P8).P8;nP8$3+[-V²�M  P/-[P
+L"*©f&(P8+
P8).P8;nP8$3+[-�).ª=&(-�«A"*©��.ª=ZN-�<�"*©L"*;nP8+[P8©[-,MOZ4©��%$4&o+  P#-��%;�Z4)j"*+��.ª=${² ��$OWHª=©f+fZ4$�"*+[P8)%1TU�-f+f©L" �%$N-m"*©[P
$Nª=+c).ª=&A&(P/M �%$_+  P/-[P�P8).P8;nP8$3+[-VUN±4Z4+c+  P�-f+f©[P/-[-k+f©L"=9/P/-?9V"*$^±DP5©[P8+f©��.P8«(P/M®² M  P5)j"*©f&(P�;nP/-  
M4P/-[98©��%±DP/M �%$d+  P�<4©[P8« �.ª=ZN-!-[P/98+��.ª=$w6!"=-SZN-[P/My+[ª�;nª3M4P8)D+  PK-L"*$NMO6��.9  U4"*$NMy+L"*©f&(P8+!<Dª��%$3+[-
"=9/9/ª=©[M�%$4&_+[ªd+  P,-[+f©L" �%$q&T"*Z4&(P/-��%$�+  P �%;'<�"=98+5+[P/-f+K6SP8©[P'M4PJsN$NP/M®² ¨ +f©[P/-[-LP/-�WH©[ª=;�+  P/-[P
+L"*©f&(P8+S<Dª��%$3+[-S6SP8©[P?WHª=Z4$NMw"*$NMy-[+f©L" �%$N-S9V"*).98Z4)j"*+[P/MyW�©[ª=; Q ª3ª=�D��-X)j"V6 �%$y+  ©[P/PYM�%;nP8$N-��.ª=$N-
M4PJsN$NP/Mo"=-

εx =
σx
E
− ν

E
(σy + σz).

M  Pc-f+f©[P/-L-[P/- �%$n+  Pk28e�M�%©[P/98+��.ª=$w"*©[Pk-[;#"*)%)�"*$�M'$NP8&A)%P/98+L"*±4).P�9/ª=;'<�"*©[P/Mn+[ª
σx
"*$NM

σy
² M  P

-f+f©L" �%$ �%$_+  PK¸3e�M�%©[P/98+��.ª=$��.-k+  P8©[PJWbª=©[P�9V"*).98Z4)j"*+[P/Mo"=-

εx =
σx
E
− ν σy

E
,

6  P8©[P
E = Ex = Ey = 31500 MPa

"*$NM
ν = 0.2

² M¦6Sª^-[+f©L" �%$�&T"*Z4&(P/-�WH©[ª=;�+  P#+[ª=<
Wa"=9��%$4&NUO-��%+fZ�"*+[P/Mx"*+ �T�

mm
"*$NM �=�

mm
W�©[ª=;�+  PK9/P8$3+f©[P5ª*W¦+  PY<4)j"*+[P��%$d+  P5�e�M�%©[P/98+��.ª=$

"*©[Py9/ª=;'<�"*©[P/M�6��%+  +  P#-��%;�Z4)j"*+[P/M�-[+f©L" �%$N-V²¦� �%&N² �z²%¬ � -  ª76c-�+  P#+f©L"=9/P/-�WH©[ª=;�+  P#+[P/-f+
"*$NMw+  P5-��%;�Z4)j"*+��.ª=${² p -k-[P/P8$w+  P5-��%;�Z4)j"*+[P/M_-f+f©L" �%$N-c"*©[PK;�ZN9  +[ªm).ª76�² p +c"*±Dª=Z4+�¬A²��

ms©[PV"=9  P/-X+  PcP8).P8;nP8$3+l+L"*�TP8$d"=-X-f+f©L" �%$#&T"*Z4&(P�¬k+  PkWa" �%)%Z4©[Pc;nª3M4Pc)��%; �%+VUz"*$NMn+  P?-f+f©[P/-[-l"*©[P
-[P8+k+[ª,2VP8©[ª4² ¨ +f©L" �%$_&T"*Z4&(P �,-��%+fZ�"*+[P/MwW�Z4©f+  P8©�"V6!"V1#WH©[ª=;�+  PK).ª("=M_"*©[PV",-  ª76 «TP8©f1y)��%+f+f).P
-f+f©L" �%${²

¨ +[©L" �%$�&T"*Z4&(PS��"*$NM � W�©[ª=; +  PX±Dª=+f+[ª=; <4)j"*+[P!"*©[Pl"*).-[ª�9/ª=;'<�"*©[P/M�6��%+  +  Pl-��%;�Z4)j"*+��.ª=$
"*$NM�+  P
+f©L"=9/P/-�"*©[P0<4).ª=+f+[P/M �%$�� �%&N² �z²%¬ � ² p 9/9/ª=©[M�%$4&�+[ªk+  P�sN&AZ4©[P0±Dª=+  +[P/-f+�"*$NM�-��%;�Z4)j"*+[P/M
-f+f©L" �%$�-f+L"*©f+�"*+�"*±Dª=Z4+mO²��

ms
² �?<v+[ª^"*±Dª=Z4+ �

ms
"*©[P'+  Pn-f+f©L" �%$N- �%$�&(ª3ª3M�"*&A©[P/P8;nP8$3+

6��%+  PV"=9  ª=+  P8©[-7U4±4Z4+!WH©[ª=;�+  PJ©LP5&T"*Z4&(P � �%$N98©[PV"=-LP/-c+[ª3ª';�ZN9  ²
¨ +[©L" �%$N-d"*©[P_&(P8$NP8©L"*)%)h1  "*©[M�+[ªv-��%;�Z4)j"*+[PA² � $»ª=Z4©#+[P/-f+[-VU0-f+f©L" �%$N-��%$»+  P^�e,"*$NM}¼A�e

M�%©[P/98+��.ª=$ «A"*©��.P/-m"_).ª=+�MOZNP#+[ª^+  Py-f+L"=9L� �%$4&oª*Wc+  PnWb"=9��%$4&(-VUt"*$NM�+  �.-�±DP  "V«��.ª=Z4© �.-�$Nª=+
�A¼



�z²��O² p ��M��Y¹ r5§ � � �ip � M ¨ � � � �¦p M � � §5¨

p ��M��Y¹ r5§ U4-f+f©L" �%$_&T"*Z4&(P �p ��M��Y¹ r5§ U4-f+f©L" �%$_&T"*Z4&(Pn¬M�P/-f+VUN-f+f©L" �%$_&T"*Z4&(P �M�P/-f+VUN-f+f©L" �%$_&T"*Z4&(Pn¬

M
�%;nP#�
ms
�

� � 
�� �
��
�

¼�������¬

O² �
O²��
O² �
O²��
O²��
O²%¬


� �%&AZ4©[P �z²%¬ � � ¨ +[©L" �%$q<4).ª=+[-�W�©[ª=;�+[P/-f+5"*$NM|-��%;�ZN)."*+��%ª=$vª*WX+:6Sªy&T"*Z4&(P/-5ª=$|+  Pm+[ª=<oWa"=9��%$4&N²
M  P�-f+f©L" �%$^&T"*Z4&(P/-K"*©[P�-��%+fZ�"*+[P/M��h$o+  P��e�M�%©[P/98+��.ª=${Ui"*+ �=�#"*$NM��T�

mm
WH©[ª=; +  P�9/P8$3+f©[P

ª*W�+  PK<N)."*+LP=UN©[P/-f<DP/98+��%«TP8)%1(²

p ��M��Y¹ r5§ U4-f+f©L" �%$_&T"*Z4&(P �p ��M��Y¹ r5§ U4-f+f©L" �%$_&T"*Z4&(P��M�P/-f+VUN-f+f©L" �%$_&T"*Z4&(P �M�P/-f+VUN-f+f©L" �%$_&T"*Z4&(P��

M
�%;nP#�
ms
�

� � 
�� �
��
�

¼�������¬

O² �
O²��
O² �
O²��
O²��
O²%¬


� �%&AZ4©[P �z²%¬ � � ¨ +f©L" �%$m<4).ª=+[-¦W�©[ª=; +[P/-f+t"*$NM�-��h;mZ4)j"*+��.ª=$mª*WN+:6Sª?&T"*Z4&(P/-tª=$�+  PX±Dª=+f+[ª=; Wa"=9��%$4&N²
M  P�-f+f©L" �%$^&T"*Z4&(P/-K"*©[P�-��%+fZ�"*+[P/M��h$o+  P��e�M�%©[P/98+��.ª=${Ui"*+ �=�#"*$NM��T�

mm
WH©[ª=; +  P�9/P8$3+f©[P

ª*W�+  PK<N)."*+LP5©[P/-f<DP/98+��%«TPJ)%1T²

¼A



� Q�pY� Mk� µ �z²º¹ r5§�p � � � ¨ � ��� �{p M � � §5¨

©[PJ��P/98+[P/M �%$_ª=Z4©?-��%;�Z4)j"*+��.ª=$N-V² § ªmWHZ4©f+  P8©?"*+f+[P8;'<4+[-Y"*©[PK+  P8©[PJWbª=©[P�9/ª=$NMOZN98+[P/M �%$^-��%;�Z4)j"�e
+��%$4&#-f+f©L" �%$N-��%$x+  PYWa"=9��%$4&(-cZN-��%$4& p ��M��Y¹ rK§ ²

¼O¬



� �������	��
 �

� ��� �����
	
��� ��
���
	�� �¶���  � ����� 	��

��������� � ��� ��	�� ��������	������

����� � / ? � % F��,E ? - % /
¹Y1z$�"*; �.9��%;'<�"=98+#-��%;�Z4)j"*+��.ª=$N-d"*©[Px&(P8$NP8©L"*)%)%1u;�ZN9  ;nª=©[P_PJ¸O<DP8$N-��%«TP_"*$NM�9/ª=;'<4)��.9V"*+[P/M
+  "*$#-f+L"*+��.9c-��%;�Z4)j"*+��.ª=$N-7²(� �%$NM�%$4&�ª=Z4+06  P8+  P8©l-f+L"*+��.9c-��%;�Z4)j"*+��.ª=$N-l9V"*$'±DPkZN-[P/M'+[ªK;nª3M4P8)
MO1z$�"*; �.95+[P/-f+[-��.-c+  P8©[PJWHª=©[P�ª*Wt&A©[PV"*+��%$3+[P8©[P/-[+V²

� $¯+  Po<4©[P8« �.ª=ZN-x9  "*<4+[P8©[-x-L"*$NMO6��.9  <4)j"*+[P/-  "V«TPo±DP/P8$�+[P/-f+[P/M "*$NM�-��%;�Z4)j"*+[P/M}Wbª=©
-f+L"*+��.9�"*$NMoMO13$�"*; �.9�).ª("=M4-V² � $_+  �.-�9  "*<N+[P8©Y-[ª=;nP�9/ª=;'<�"*©��.-[ª=$N-�±DP8+:6SP/P8$o+  P�-f+L"*+��.9�"*$NM
MO1z$�"*; �.95+[P/-f+[-?"*$NM_-��h;mZ4)j"*+��.ª=$N-�"*©[P�9V"*©f©��.P/M_ª=Z4+V²

���]� � % � E H! : � �;HJI HKE ? - % /
M  P?Wbª=©[9/P?WH©[ª=;�"�MO1z$�"*; �.9 �%;'<�"=98+!+[P/-[+��.-lWHª=Z4$NMy±31n;mZ4)%+��%<4)%1��%$4&,+  P5"=989/P8).P8©L"*+��.ª=$_+f©L"=9/P
±31^+  Pm6SP��%&  +5ª*Wl+  P�<4©[ª*\fP/98+��%).Pn"=9/9/ª=©[M�%$4&x+[ª § P86k+[ª=$N- �*$NM|)j"V6�U

F = ma
² § Z4;nP8©��.9V"*)

�%$3+[P8&A©L"*+��.ª=$ �.-k<DP8©]WHª=©f;nP/M_+:6��.9/P�ª=$_+  P�"=9/9/P8).P8©L"*+��.ª=$oMN"*+L",+Lª,©[P8+f©��.P8«TP5+  P�M4PJ��P/98+��.ª=${²
��ª=Z4©�Wbª=©[9/PJe�M4PJ��P/98+��.ª=$º+f©L"=9/P/-'"*©[Py<4).ª=+f+[P/M��h$u� �%&N² �O²%¬ ² M  PdMO1z$�"*; �.9y+[P/-f+,MN"*+L"|"*©[P

+L"*�TP8$ WH©[ª=; +  P �%;'<�"=98+nª=$3+Lª|<4)j"*+[P�¬wM4P/-[98©��%±DP/M �%$ ¨ P/98+��.ª=$ �O² �N² � "*$NM +  Px-f+L"*+��.9d+[P/-f+
MN"*+L"�"*©[PwWH©[ª=; +  P_+[P/-f+#M4P/-[98©��%±DP/M �%$ ¨ P/98+��.ª=$ �O²�� ² M  P p ��M��Y¹ r5§ �%;'<�"=98+y+f©L"=9/P �.-
ª=±4+L" �%$NP/M�ZN-��%$4&?+  P0;nP/-  �%$�� �%&N² �z²�� "*$NM�+  P pY§5¨Tr�¨ -[+L"*+��.90+f©L"=9/P �.-{WH©[ª=; +  PX-��%;�Z4)j"*+��.ª=$
9/ª=$NMOZN98+��.ª=$��%$ ¨ P/98+��.ª=$ � ²��O²�� 6��%+  ).ª("=M�"*©[PV" � �.MO+   ;�AO² p ).-[ª4U�+  PmM4PJ��P/98+��.ª=$|WH©[ª=; +  P
"*$�"*)%1z+��.9V"*)¦-Lª=)hZN+��.ª=$_6��%+  ª=©f+  ª=+f©[ª=<��.95Wa"=9��%$4&(-?M4P/-[98©��%±DP/M��%$ ¨ P/98+��.ª=$ �N² � �.-c9V"*).98Z4)j"*+[P/M®²

� +S9V"*$y±DPY-[P/P8$y+  "*+S+  P�+f©L"=9/P/-XWH©[ª=; +  PY-f+L"*+��.9K"*$NMyMO1z$�"*; �.9�+[P/-f+[-!"*©[P	�%$d«(P8©f1n&(ª3ª3M
"*&A©[P/P8;nP8$3+,6��%+  PV"=9  ª=+  P8©V² Q ª76SP8«TP8©VU¦+  P#;#"�¸�%;�Z4; WHª=©[9/P/-m9V"*).98Z4)j"*+[P/M��%$�+  Py-f+L"*+��.9
"*$NMoMO1z$�"*; �.9�-��%;�Z4)j"*+��.ª=$N-K"*©[P�-f)��%&  +f)%1x+[ª3ª  �%&  ² M  P�;#"�¸ �%;�Z4;¶WHª=©[9/P"�%$^+  P�MO1z$�"*; �.9
�%;'<�"=98+l+[P/-f+ �.-l"*<4<4©[ªV¸�%;#"*+[P8)%1_¬ �AAA

N
² M  �.-0WHª=©[9/P��.-l"*<4<4)��.P/M �%$n+  P?"*$�"*)%1z+��.9V"*)R-[ª=)%Z4+��%ª=$

6��%+  ª=©f+  ª=+f©[ª=<��.9�Wa"=9��%$4&(-c©[P/-fZ4)%+��%$4&��%$o"nM4PJ��P/98+��.ª=$oª*Wc¬ �N²��
mm

² M  �.-	�%-�",±��%+?).P/-[-c+  "*$
�%$�+  P,+[P/-f+[-�"*$NM�-��%;�Z4)j"*+��.ª=$N-7U{"*$�M��.-K<4©[ª=±�"*±4)%1�MOZNP,+[ªw+  P,)j"=9L�|ª*WS$Nª=$4)��%$NPV"*©�;#"*+[P8©��j"*)
<4©[ª=<DP8©f+��.P/-V² M  P/-[PmWHª=©[9/PJe�M4PJ��P/98+��.ª=$�98Z4©f«(P/-�9V"*$q±DP,ZN-[P/M|+[ªd;nPV"=-[Z4©[P,+  Pm<4)j"*+[P'-f+��hgi$NP/-[-
K
W�©[ª=;

F = Kx
UO6  P8©[P

F
�.-k+  P5).ª("=M^"*<4<4)��.P/Mo"*$NM

x
+  P5©[P/-fZ4)%+��%$4&yM4PJ��P/98+��.ª=${²

� Wi+  P!WH©[P/�3ZNP8$N981,ª*W{PJ¸O9��%+L"*+��.ª=$w"*<4<4)��.P/Mn+[ª�"5-f+f©fZN98+fZ4©[P��.-0).P/-L-
+  "*$#©[ª=Z4&  )%1nª=$NPc+  �%©[M
ª*W�+  PS-f+f©fZN98+fZ4©[P=��-�).ª76SP/-f+t$�"*+fZ4©L"*)zWH©[P/�TZNP8$N981TU7+  PJ$,+  PSPJgiP/98+[-�ª*W �%$NP8©f+��j"Y9V"*$m±DPl$NP8&A).P/98+[P/M
"*$NMo+  P�<4©[ª=±N)%P8; �.-Y�3Z�"=-��he�-f+L"*+��.9 � ¬V¼ ��² M�ª#sN$NMqª=Z4+Y6  P8+  P8©K+  P �%;'<�"=98+[-59/ª=$NMOZN98+[P/M �%$

¼!�



� Q�pY� Mk� µ �O² � �Y� �DpYµ��°§K³ ¨ M p M � � p�§ ¹ ¹ r5§�p � � � Mk� ¨ M ¨xpY§ ¹
¨ � ��� �{p M � � §5¨

p $�"*)%13+��.9V"*)¦M4PJ��P/98+��.ª=${UR�
�
¬ �AAA §p $N-f1O-k9/ª=;'<4©[P/-[-��.ª=$o-��%;�Z4)j"*+��.ª=$p Z4+[ª3MO13$ �%;'<�"=98+�-��%;�Z4)j"*+��.ª=$¨ +L"*+��.9�9/ª=;'<4©[P/-[-��.ª=$^+[P/-f+¹Y13$�"*; �.9 �%;'<�"=98+?+[P/-f+

¹KPJ��P/98+��.ª=$ �
mm

�

� 	 �

� N

�

�A��A¬V�¬V�

�A�AAA
�AAAA
¬V�AAA
¬VAAA
�AAA



� �%&AZ4©[P �O²%¬!�N��ª=©[9/P5<4).ª=+f+[P/Mo"*&T" �%$N-f+?M4PJ��P/98+��.ª=${²

+  �.-m+  P/-��.-m±DP  "V«TPd�3Z�"=-��he�-f+L"*+��.9AU�+  Pd$�"*+fZ4©L"*)SW�©[P/�3ZNP8$N981�ª*W?+  Pw-L"*$NMO6��.9  <4)j"*+[P/-m;�ZN-f+
±DP�Wbª=Z4$NMx"*).ª=$4&,6��%+  +  P�WH©[P/�3ZNP8$N981yª*WtPJ¸O9��%+L"*+��.ª=${² Q ª76SP8«TP8©VUz«(P8©f1#)��%+f+f).P �%$OWbª=©f;#"*+��.ª=$_ª=$
 ª76º+LªKª=±4+L" �%$n+  P!$�"*+fZN©L"*)OWH©[P/�3ZNP8$N981mª*Wi-L"*$NMO6��.9  <4)j"*+[P/-��.-X"V«=" �%)j"*±4).PAUA±4Z4+l"*$#"*$�"*)%13+��.9V"*)
PJ¸O<4©[P/-[-��.ª=$ºWbª=©'WH©[P/Px«��%±4©L"*+��.ª=$ �%$}"�-��%;'<4)%1º-fZ4<4<Dª=©f+[P/M}-L"*$NMO6��.9  <4)j"*+[P_6��%+  �.-[ª=+f©[ª=<��.9
Wa"=9��%$4&(-��.-cM4P8©��%«TP/M��%$�� � � �t"*$NM��.-k&��%«(P8$o"=-

wmn =

[(mπ
a

)2
+ n2

]
√√√√√

D
ρ∗b4(1−ν2)

1 + π2θ
[(

mπ
a

)2
+ n2

] U46��%+  θ =
D

S(1− ν2)b2
.

Q P8©[PAU
ρ∗

�.-#+  PoM4P8$N-��%+:1�ª*W�+  P^-�"*$NMO6��.9  <4)j"*+[PA² M  �.-dPJ¸O<4©[P/-[-��.ª=$ �.- �h;'<N)%P8;nP8$3+LP8M �%$
� p��X� �}"*$NMx+  P5).ª76SP/-f+c$�"*+fZ4©L"*){W�©[P/�3ZNP8$N981 �%$_+  P5-�"*$NMO6��.9  <4)j"*+[P/-c±DP/9/ª=;nP/-

w11 = 1735
1

s
.

�N©[ª=; +  P �%;'<�"=98+�+[P/-f+[-VUN+  P�9/ª=$3+L"=98+�±DP8+:6SP/P8$o+  P�<4©[ª*\fP/98+��%).P�"*$�M_+  P�<4)j"*+[P �.-cWHª=Z4$NM_+[ª
)j"=-f+,"*±Dª=Z4+

Tc = 8 ms
²¦�X-f+��%;#"*+��%$4&|+  Pd9/ª=$3+L"=98+,MOZ4©L"*+��.ª=$º"=-  "*)hW?+  P#<DP8©��.ª3MvWbª=©�W�©[P/P

« �%±4©L"*+��.ª=$N- � ¬ ��U4+  P�"*<4<4)��.P/MwWH©[P/�3ZNP8$N981d±DP/9/ª=;nP8-

wa =
π

Tc
=

π

0.008 s
= 392

1

s
.

M  P8©[PJWbª=©[PAU
wa
w11

=
392

1735
≈ 1

4
<

1

3
,

"*$NM_ª=Z4©��%;'<�"=98+?+[P/-f+[-?"*©[P56SP8)%){6��%+  �%$_+  P5©[P8&��%;nP�ª*W��3Z�"=-��he�-f+L"*+��.9 �%;'<�"=98+[-V²
� $^� �%&N² �O²%¬ UN+  P5Wbª=©[9/PJe�M4PJ��P/98+��.ª=$|+f©L"=9/P/-cWbª=©c+  P�-f+L"*+��.9�"*$NM^MO1z$�"*; �.9�+[P/-[+[-?-  ª76 +  P

-L"*;nPm±DP  "V«��.ª=Z4©V² M  P8©[PJWbª=©[PAU®"*<4<4)%1 �%$4&w+  Pm;#"�¸ �%;�Z4;�WHª=©[9/P�W�©[ª=;�+  PmMO1z$�"*; �.9 �%;'<�"=98+
+[P/-f+ �%$�+  Pq-f+L"*+��.9q9/ª=;'<4©[P/-L-��.ª=$ +[P/-f+d&��%«TP/-w+  Pq-L"*;nPqM4PJ��P/98+��.ª=${² M  ZN-VUS+  Pº>=@=BRC=E,FbG
F�BRG 
��[C*I � �/C(G/` �&


DIF
M4PJsN$�P8M�"=-y+  P^©L"*+��.ª�ª*W�+  PoMO1z$�"*; �.9^+[ª�-f+L"*+��.9oM4PJ��P/98+��.ª=$ � ¬ � �

±DP/9/ª=;nP/-5"*<4<4©[ª7¸ �%;#"*+[P8)%1^Z4$��%+:1T²<�?W�+[P8${UDMO1z$�"*; �.9�).ª("=M4-�©[P/-fZN)h+ �%$o)j"*©f&(P8©5M4PJ��P/98+��.ª=$q+  "*$
-f+L"*+��.9 � ¬ � ��²

¼!�



�O²��O²�� � µ � � ��¨ ²4¹K�0� � � � M � � §

M  P^MO13$�"*; �.9 �%;'<�"=98+y+[P/-f+[-y"*©LPx$Nª76 Wbª=Z4$NM�+[ª�±DP^�3Z�"=-��he�-f+L"*+��.9o"*$NM�+  P^MO1z$�"*; �.9
�%$N98©[PV"=-[PwWb"=98+[ª=© �.-mWbª=Z4$NMu+[ª|±DP_"*<4<4©[ªV¸�%;#"*+[P8)%1 Z4$��%+°1(² M  �.-';nPV"*$N-'+  "*+'+  PxMO1z$�"*; �.9
�%;'<�"=98+?+[P/-f+[-c9V"*$_±DP5;nª3M4P8)%).P8M^6��%+  &(ª3ª3M^"=9/98Z4©L"=981wZN-��%$4&#-f+L"*+��.95;nª3M4P8).-V²

p 9/ª=;'<�"*©��.-Lª=$n±DP8+:6SP/P8$n+  PkMN"*;#"*&(PcMOZNP!+[ª5-f+L"*+��.9!).ª("=M�%$4&m"*$NM'MO13$�"*; �.9��%;'<�"=98+X9V"*$
$Nª=+�±DP�<DP8©]Wbª=©f;nP/M®UR-��%$N9/P�+  P�-L"*$NMO6��.9  <4)j"*+[P�+[P/-f+[P/M��%$o-f+L"*+��.9�9/ª=;'<4©[P/-[-��.ª=$o6!"=-?).ª("=M4P/M
Z4<_+[ªmWa" �%)%Z4©[P�"*+�"*±Dª=Z4+��AAAA

N
²

¼ �



� �������	��
 �

 ��� � ��� � � ��� � �����´������	�� �

M  �.-,+  P/-��.-'9/ª=$N-��.-f+[-'ª*W�+:6Sª|;#"�\fª=©,<�"*©f+[-��
"o+[P/-f+��%$4&�<�"*©f+n"*$NM�"|-��%;�Z4)j"*+��.ª=$º<�"*©f+V² p )%)
+[P/-f+[-  "V«TPn±DP/P8$ 98ª=$�MOZN98+[P/M "*+ ¨ �:§ Mk�0�´�q"*+[P8©��j"*).- M�P/9  $Nª=).ª=&��.P/- �%$ 98ª3ª=<DP8©L"*+��.ª=$u6��%+  
"*$Nª=+  P8©c-f+fZNM4P8$3+V² � $d+  P�WHª=)%).ª76��%$4&NUO+  PYM���g®P8©[P8$3+!+[P/-[+[-k"*$NM  ª76¯+  PJ1d"*©[PK-��%;�ZN)."*+LP8M_"*©[P
<4©[P/-[P8$3+[P/M®²

����� 5K� ' ' + ���
* � ��� � �� 
 ��� �
 � � 
��

M¦6Sª5-L"*$NMO6��.9  ±DPV"*;n-
6SP8©[P!+[P/-f+[P/M �%$mWbª=Z4©�<Dª��%$3+
±DP8$NM�%$4&�"=9/9/ª=©[M�%$4&�+[ªY+  P p5¨ Mk� � �A¼!�
-f+L"*$NMN"*©[M��%$v" ¨ 9  P8�TP,�
).P/98+f©[ª Q 1OMO©L"*Z4)��.9 ¨ +f©L" �%$v�q"=9  �%$NPA²��?$OWbª=©f+fZ4$�"*+[P8)%1o±Dª=+  ª*Wl+  P
±DPV"*;n-c±4©[ª=�TP5Z4$NM4P8©c+  P5).ª("=Mx±DPV"*©��%$4&(-�"*$NMx$Nª=+��%$_+  PK; �.M4MO).P�"=-k<4©[P/M�.98+[P/M_±31d+  P/ª=©f1T²

p $ pY§K¨Tr�¨ -��%;�Z4)j"*+��.ª=$'6!"=-09/ª=$NMOZN98+[P/M#"�WH+[P8©�+  P!+[P/-f+VUA"*$NM,+  Pk9/ª=;'<4©[P/-[-��.ª=$#-f+f©[P/-[-[P/-
�%$o+  Pm9/ª=©[P�6SP8©[P�<4©[P/M�.98+[P/M®² M  P�-[+f©[P/-[-[P/-	�%$o+  Pm9/ª=©[P�±DP8$NPV"*+  +  P�).ª("=Mo±DPV"*©��%$4&(-Y6SP8©[P
 �%&  P8©K+  "*$q+  Pm9/ª=;'<4©[P/-[-��.ª=$q1��.P8).M|-[+f©[P/-[-�)��%; �%+K<4©[ª7«��.M4P/M|±31_+  P�;#"*$3ZOWb"=98+fZN©[P8©V² ¨ �%$N9/P
+  Pm±DPV"*;n-Y±4©[ª=�TP�Z4$NM4P8©K+  Pm).ª("=Mo±DPV"*©��%$4&(-7UDZ4)%+��%;#"*+[P�Wa" �%)%Z4©[P,-f+f©[P/-[- �%$q+  P�Wa"=9��%$4&(-5"*$NM
-  PV"*©S-f+f©[P/-[- �%$#+  P?9/ª=©[P�9/ª=Z4).M#$Nª=+l±DPkWHª=Z4$�M®² r ª=Z4$4&���-X;nª3MOZ4)%ZN-XWbª=©X+  PkWa"=9��%$4&(-S"*$NM#+  P
-  PV"*©c;nª3MOZ4)%ZN-cWHª=©k+  P�9/ª=©[P56SP8©[P�9V"*).98Z4)j"*+[P/M®U�±4Z4+c+  P�"=9/98Z4©L"=981w6!"=-c<Dª3ª=©V²

� ��� ��� � � 	�  ����� � 
 � � � ����
 ��
 � � � � � � ��

��$NP'-L"*$NMO6��.9  <4)j"*+[P,6!"=-K+[P/-f+[P/M��%$�-f+L"*+��.9'M4PJ��P/98+��.ª=$ �%$q+  P ¨ 9  P8�(P'�
).P/98+f©[ª Q 1OMO©L"*Z4)��.9
¨ +f©L" �%$q;#"=9  �%$NPA² M  P�<4)j"*+[Pm6!"=-K-��%+fZ�"*+[P/Mqª=$�"y�3Z�"=MO©L"*+��.9,-f+[P/P8)�WH©L"*;nP,"*$NM�"#<4©[ª*\]P/98+��%).P
6!"=-m<4©[P/-[-[P/M �%$3+[ªo+  Pd9/P8$3+f©[Pdª*W?+  Py<4)j"*+[PA² p ).ª("=Mze�M4PJ��P/98+��.ª=$�98Z4©f«TPd"*$NM -[+f©L" �%$�&T"*Z4&(P
+f©L"=9/P/-c6SP8©[P5©[P8+f©��.P8«TP/MwWH©[ª=;�+  P5+[P/-f+c©[P/-fZ4)%+[-V²

M  Pn<4)j"*+[PyM4PJ��P/98+��.ª=$�6!"=-�-��%;�Z4)j"*+[P/M �%$ p�§5¨Tr�¨ U¦"*$NMv+  P#M4PJ��P/98+��.ª=$ ±DP/9V"*;nP#«(P8©f1
98).ªA-[Pm+[ªy+  P�+[P/-[+Y©[P/-fZ4)%+[-V² Q ª76SP8«TP8©VUR+  P �h$��h+��."*)0-f).ª=<DPmª*WX+  P,-��%;�Z4)j"*+[P/MoWbª=©[9/PJe�M4PJ��P/98+��.ª=$
98Z4©f«TP#±DP89V"*;nPy+[ªo-f+��hg
² M  �.-�; �%&  +�±DPyMOZNP#+[ª��%$��%+��j"*)%)h1�±4©[ª=�(P8$ 9/P8)%).- �%$�+  PnWHª("*; "*$NM
<Dª3ª=©�9/ª=$3+L"=98+�±DP8+:6SP/P8$�+  P
Wb"=9��%$4&(-t"*$NM�9/ª=©[PA²�M  PX-f+f©L" �%$�&T"*Z4&(PX©[P/-fZ4)%+[-¦6SP8©[PX9/ª=$N9��.M4P8©L"*±4)%1
M�hg®P8©[P8$3+	�%$^+  P��e!"*$NMo¼A�e�M�%©[P/98+��.ª=$N-YMOZNP�+[ªn+  P�)j"V1zZ4<^ª*W
+  P5Wa"=9��%$4&(-V² M  �.-?±DP  "V«��.ª=Z4©
6!"=-d$Nª=+ �h;'<N)%P8;nP8$3+LP8M �%$3+[ª ª=Z4©w-��%;�Z4)j"*+��.ª=$�;nª3M4P8).-x"*$NM}+  P|-��%;�Z4)j"*+[P/M�-f+f©L" �%$N-d6SP8©[P
+  P8©[PJWbª=©[P5$Nª=+��%$_«(P8©f1d&(ª3ª3M^"*&A©[P/P8;nP8$3+?6��%+  +  P�-f+f©L" �%$N-?ª=±N-[P8©f«TP/MxPJ¸O<DP8©��%;nP8$3+L"*)%)%1(²

p $|"*$�"*)%1z+��.9V"*)t;nª3M4P8)�6!"=-K"*).-[ªyM4P8«(P8).ª=<DP/M^Wbª=©�-f+L"*+��.9�M4PJ��P/98+��.ª=$qª*WX-L"*$NMO6��.9  <4)j"*+[P/-V²
M  �.-�;nª3M4P8)X6!"=-"�%;'<4).P8;nP8$3+[P/Mu"*$NM�-[ª=)%«(P/MvZN-��%$4&^� pY�0� �c² M  P#M4PJ��P/98+��.ª=$�Wbª=Z4$NM�6!"=-

¼A�



¼O²��O² � � § � � � ¨ � � §

�%$x«(P8©f1#&(ª3ª3M_"*&A©[P/P8;nP8$3+?6��%+  +  PKM4PJ��P/98+��.ª=$xWH©[ª=;�+  P p�§5¨Tr�¨ ;nª3M4P8){ZN-��%$4& ¨zQ � �{� ¼O¬
P8).P8;nP8$3+[-VUN6  �.9  ©[P8)%1wª=$_+  P�-L"*;nP�"=-L-fZ4;'<4+��.ª=$N-�"=-cª=Z4©�"*$�"*)%1z+��.9V"*){;nª3M4P8)a²
� ��� ����� ��
 ����
 � 
 � � � � � � �� �

M  ©[P/Pv-L"*$NMO6��.9  <4)j"*+[P/-x6SP8©[P�+[P/-f+[P/M �%$ "uMO©[ª=<´6SP��%&  +_©��%&N² M  �.-x+[P/-f+x©��%&  "=M ±DP/P8$
ZN-[P/MwPV"*©f)��.PJ©7Uz±4Z4+!$Nª76¯+  PY<4©[ª*\fP/98+��%).PY6!"=-!P/�3Z��%<4<DP/Md6��%+  "*$x"=9/9/P8).P8©[ª=;nP8+[P/©V² � $wª=Z4©lsN©[-f+
"*+f+[P8;'<4+[-VUz«(P8©f1n)j"*©f&(P�$Nª=$d<  1z-��.9V"*)DªA-[9��%)%)j"*+��.ª=$N-c"*$NMy$Nª��.-[P?6SP8©[PYª=±N-LP8©f«(P/M®² p W�+[P8©!"�).ª=+Sª*W
+[P/-f+��%$4&NUi"*)%)�$Nª��.-[P�-[ª=Z4©[9/P/-�6SP8©[P�M4P8+[P/98+[P/Mq"*$NMo©[P8;nª7«(P/M®Ui"*$NM^+  P�sN$�"*)�MO©[ª=<o+[P/-f+[-Y98ª=ZN)%M
+L"*�TP5<4)j"=9/PA²N¹YZNP5+[ªy"m6k©Lª=$4&'sN)%+[P8©�-[P8+f+��%$4&NUN+  P�"=9/9/P8).P8©[ª=;nP8+[P/©YMN"*+L"n"*©[P�+L"*�(P8$xWH©[ª=; +  P
-[P/9/ª=$NM �%;'<�"=98+�ª=$z+[ª'<N)."*+LP�ª=$NP�"*$NM_+:6Sª4UN±4Z4+?+  P�-f+f©L" �%$oMN"*+L"'6!"=-c$Nª=+	�%$O���.98+[P/M^±31d+  �.-
<4©[ª=±4).P8;_²�M  PS"=9/9/P8).P8©[ª=;nP8+[P8©
MN"*+L"c6!"=-¦W�Z4©f+  P8©�<4©[ª39/P/-[-LP/Mm"*$NM�+  PX� �%$NP8;#"*+��.9lP8$NP8©f&A1�"*$NM
+  P'M4PJ��P/98+��.ª=$�ª*Wl+  P,<4©[ª*\fP/98+��%).P,6SP8©[PmWbª=Z4$NM®² M  P/-LP,MN"*+L"d6SP8©[P'9/ª=;'<�"*©[P/M�6��%+  ©[P/-fZ4)%+[-
WH©[ª=; MO1z$�"*; �.9m-��%;�Z4)j"*+��.ª=$N-K9/ª=$NMOZN98+[P/M �%$ p ��M��Y¹ r5§ ² M  P�-��%;�Z4)j"*+[P/M|-f+f©L" �%$N-K-  ª76SP/M
+  P�-L"*;nP�9  "*©L"=98+[P8©��.-f+��.9�±DP  "V« �.ª=Z4©Y"=-k+  P�-f+f©L" �%$N-!WH©[ª=; +  PK+[P/-[+V²

� �.-fZ�"*)�%$N-[<DP898+��.ª=$N-Xª*WR+  Pk-L"*$NMO6��.9  <4)j"*+[P/-X"�W�+[P8©��%;'<�"=98+
©[P8«TPV"*).P/M,+  "*+
+  P!-L"*$NMO6��.9  
<4)j"*+[P/-K-fZOg®P8©[P/M^«(P8©f1_)��h+[+f).P�MN"*;#"*&(PA²���$4)%1o"#-f;#"*)%)�"*©[PV"#6SP8©[P�+  P"�%;'<�"=98+Kª39/98Z4©f©[P/M  "=M
« �.-fZ�"*){MN"*;#"*&(PA² § ª'MN"*;#"*&(P56!"=-?ª=±N-[P8©f«TP/M_ª=$x+  P5±Dª=+f+[ª=;¶ª*Wt+  P5<4)j"*+[P/-V²

��Z4©KMO1z$�"*; �.9�-��%;�Z4)j"*+��.ª=$N-Y6SP8©[P�sN©[-f+ �%;'<4).P8;nP8$3+[P/M|ZN-��%$4&dª=$4)%1_1��.P8).M^;nª3M4P8).- �%$o+  P
9/ª=©[PA² M  P�-��%;�Z4)j"*+[P/M^���%$NP8;#"*+��.9�P8$NP8©f&��.P/-K"*$NM^M4PJ��P/98+��.ª=$N-�6SP8©[P�$Nª76 �%$oPJ¸49/P8)%).P8$3+Y"*&A©[P/PJe
;nP8$3+Y6��%+  +  P�+[P/-f+�©[P/-fZ4)%+[-7² �  P8$q"*<4<4)%1 �%$4&#Wa" �%)%Z4©[P�98©��%+[P8©��j"��%$o+  P�Wa"=9��%$4&(-VU�+  P�;nª3M4P8)
±DP/9V"*;nPy"d±��%+5+[ª_-[ª*WH+V² p ).-[ª4Ui+  P,Wb" �%)%Z4©[Pn98©��%+[P8©��j" �%$v+  PmWa"=9��%$4&(-56!PJ©LP,«TP8©f1|-[P8$N-��%+��%«(P,+[ª
+  P�;nP/-  ZN-[P/M®² � "*©f&(P,-f+f©L" �%$|«="*©��j"*+��.ª=$N-��%$o+  P,�ec"*$NMq¼A�e�M�%©[P/98+��.ª=$N-K6SP8©[P,ª=±N-[P8©f«(P/M �%$
+  P�+[P/-f+YMN"*+L"#MOZ�P�+[ª#+  P�)j"V13Z4<qª=+�+  P�Wa"=9��%$4&(-V² M  �.-Y±DP  "V«��.ª=Z4©Y6!"=-Y$Nª=+ �%;'<4).P8;nP8$3+[P/M
�%$q+  P,-��%;�Z4)j"*+��.ª=$v;nª3M4P8).-VU{"*$NM�9/ª=;'<�"*©��.-[ª=$N-5±DP/9V"*;nP').P/-[-�"=9898Z4©�"*+[Pn"*$NMq+  P8©[PJWbª=©[P,).P/-[-
�%$3+[P8©[P/-f+��%$4&N²

 �������� � 
�� � ��� ��� � ��
 � � ��
�� � � � �� � ��� ��
 � ����� � � � ��� ��
��

� ª=;'<�"*©��.-[ª=$N-c±DP8+:6SP/P8$_+  P5-f+L"*+��.95"*$�MwMO1z$�"*; �.9K±DP  "V« �.ª=Z4©k6SP8©[P59/ª=$NMOZN98+[P/M��%$ �  "*<4+[P8©
� ²���ª=©[9/PJe�M4PJ��P/98+��.ª=$|+f©L"=9/P/-?6SP8©[P�9/ª=;'<�"*©[P/M®UD"*$�M��%+?6!"=-cWHª=Z4$NM_+  "*+?+  P�©[P/-f<Dª=$N-LP�ª*W
+  P
<4)j"*+[P/-Y+[ªy-f+L"*+��.9m"*$NM|MO13$�"*; �.9�).ª("=M4-Kª*W0+  P�-L"*;nP�;#"*&A$��%+fZNM4Pm6SP8©[P,"*)%;nªA-f+ �.M4P8$3+��.9V"*)a² � +
6!"=-'"*).-[ª|-  ª76k$ +  "*+,+  PdMO1z$�"*; �.9 �%;'<�"=98+[-,<DP8©]Wbª=©f;nP/M��%$ +  �.-m+  P/-��.-'"*©[Py6��%+  �%$u+  P
�3Z�"=-��he�-f+L"*+��.95©L"*$4&(PA²

���]� $&% />E =[�,: - % /
M  P|M4PJ��P/98+��.ª=$ ª*W�+  P �%$NM4P8$3+L"*+[ª=©w6!"=-y;nPV"=-fZN©[P/M �%$}+  P|-f+L"*+��.9|M4PJ��P/9J+��%ª=$ +[P/-f+V² M  �.-
M4PJ��P/98+��.ª=$ �.-!"�9/ª=;�±��%$�"*+��.ª=$xª*W¦+  P�&A).ª=±�"*)D±DP8$NM�%$4&'ª*W{+  PYP8$3+��%©[P�<4)j"*+[PK"*$NMy+  P�).ª39V"*)��%$Oe
M4P8$3+L"*+��.ª=$w6  P8$d<4©[P/-[-��%$4&�+  PcWb"=9/P �h$z+[ª�+  PY9/ª=©[PA²��  P8$d9V"*).98Z4)j"*+��%$4&,+  PYM4PJ��P/98+��.ª=$w6��%+  
+  P,"*$�"*)%1z+��.9V"*)�;nª3M4P8)
ª=©YZN-��%$4&w-  P8)%)�PJ).P8;nP8$3+[- �%$�"'s�$��%+[PmP8).P8;nP8$3+5-��%;�Z4)j"*+��.ª=${UD+  PmM�.-]e
+L"*$N9/Pl±DP8+:6SP/P8$m+  PXWb"=9��%$4&(-�"*©[P!"=-[-fZ4;nP/M�+[ª?±DPl9/ª=$N-[+L"*$3+V²�M  P8©[PJWHª=©[PAU�+  PSM4PJ��P/98+��.ª=$�Wbª=Z4$NM
�%$d+  P/-[P?;nª3M4P8).-!M4ª3P/-S$Nª=+!"=9/9/ª=Z4$z+lWbª=©l).ª39V"*)��%$NM4P8$3+L"*+��.ª=$xª*W{+  P�9/ª=©[PA² �  P8$y<DP8©]Wbª=©f; �%$4&
-f+L"*+��.9,M4PJ��P/98+��.ª=$v+[P/-f+[-Kª*WS-L"*$NMO6��.9  <4)j"*+[P/-VUi±Dª=+  +  P,M4PJ��P/98+��.ª=$vª*Wl+  P �%$NM4P8$3+L"*+[ª=©�"*$NM
+  PYM4PJ��P/98+��.ª=$_ª*W¦+  P�±Dª=+f+[ª=; Wa"=9/P�-  ª=Z4).My+  P8©[PJWbª=©[P�±DP�;nPV"=-[Z4©[P/M®²�M  P8${U3+  PKM4PJ��P/98+��.ª=$
WH©[ª=; "*$�"*)%13+��.9V"*)Y"*$NM»-  P8)%)?P8).P8;nP8$3+#;nª3M4P8).-y9V"*$�±DP_9/ª=;'<�"*©[P/M»6��%+  +  P_±Dª=+f+[ª=; Wb"=9/P
M4PJ��P/98+��.ª=${² p ).-Lª4U=;nª=©[PcM�"*+L"5ª=$  ª76�+  Pc9/ª=©[P�"*$NM,Wa"=9/P!<DP8©]Wbª=©f;n-0+[ª=&(P8+  P8©S"*©[Pc©[P8+f©��.P8«(P/M®²
Q ª76SP8«(P8©VU®sN$��%+[P#P8).P8;nP8$3+m-[ª=)%Z4+��.ª=$N-�ZN-��%$4&_;#"*$31�-Lª=)��.MvP8).P8;nP8$3+[-�+  ©[ª=Z4&  +  P'+  �.9L�3$NP/-[-

¼ �



� QYp�� Mk� µ ¼O² ¨ ���|� p�µtr p�§ ¹ � � § � � � ¨ � � §

ª*W0+  P�<4)j"*+[P�;nª3M4P8)�+  PmM4PJ��P/98+��.ª=$qª*W0+  P"�%$NM4P8$3+L"*+[ª=©K6��%+  &(ª3ª3Mq"*&A©[P/P8;nP8$3+V² M  P�;#" �%$
MO©L"V6k±�"=9L�ºª*WY+  �.-n;nP8+  ª3M �.-'+  "*+ �%+ �.-';�ZN9  ;nª=©[Px+��%;nPJe�9/ª=$N-fZ4; �%$N&�+  "*$»-��%;'<4)��hs�P/M
-  P8)%){;nª3M4P8).-V²

p $ �%;'<�"=98+#©��%&v±4Z��%)%+y"*+ ¨ �:§ Mk�0� 6k"=-'ZN-[P/M �%$º+  P_MO1z$�"*; �.9��%;'<�"=98+#+[P/-f+[-nª*WK+  P
-L"*$NMO6��.9  <4)j"*+[P/-V² � +d9/ª=$N-��.-f+[P/M»;#" �%$4)%1»ª*W�"v+fZ4±DP  ª=).M�%$4& +  Po<4©[ª*\]P/98+��%).Pq"*$NM¯"�-f+[P/P8)
WH©L"*;nP�-fZ4<4<Dª=©f+��%$4&d+  P�-�"*$NMO6��.9  ² p W�+LPJ©Y-[ª=;nP�"=M*\]ZN-f+f;nP8$3+[-VU�+  �.-�©��%&y<4©[ª7« �.M4P/M|"=9/98Z4©L"*+[P
"*$NMu©[P8<4©[ª3MOZN-�"*±4).Px©[P/-fZ4)%+[-#"*+#"|«(P8©f1�).ª76�<4©��.9/P_9/ª=;'<�"*©[P/Mº+[ªv"|$NP86�©��%&�±Dª=Z4&  +'W�©[ª=;
"�;#"*$3ZOWa"=98+fZ4©[P8©V² p ��M��Y¹ r5§ 6!"=-dZN-[P/M}+[ª ;nª3M4P8)K+  P|M413$�"*; �.9 �%;'<�"=98+[-V²k�4©[ª=; +  P
MO1z$�"*; �.9n+[P/-f+[-VU®+  Pn���%$NP8;#"*+��.9yPJ$�PJ©[&A1v"*$NM�+  P#M4PJ��P/98+��.ª=$�6SP8©[Pn©[P8+f©��.P8«(P/M�"*$NM�9/ª=;'<�"�e
©[P/Mo6��%+  +  Pm-��%;�Z4)j"*+��.ª=$N-V² � P8©f1_&(ª3ª3Mq"*&A©[P/P8;nP8$3+5±DP8+:6SP/P8$q+[P/-f+[-5"*$NM|-��%;�Z4)j"*+��.ª=$N-K6SP8©[P
P/-f+L"*±4)��.-  P/M�6��%+  +  P p � M��Y¹ r5§ -[ª*WH+:6!"*©[PA² M  P p � M��Y¹ r5§ -[ª*WH+:6!"*©[Pn9V"*$v+  P8©[PJWHª=©[P
±DP5©[P/9/ª=;';nP8$NM4P/M^6  P8$^-��%;�Z4)j"*+��%$4&��%;'<�"=98+�MO13$�"*; �.9/-?ª=$^-L"*$NMO6��.9  ;#"*+[P8©��j"*)%-7²

���#" � ��� ?<C H���� % ���
¹YZ4©��%$4&'+  PK6Sª=©f�y6��%+  +  �.-!+  P/-��.-7UO-[P8«(P8©L"*)®$NP86 "=-f<DP/98+[-c"*©��.-[P/M_"*$NMx9/ª=Z4).Mw;#"*�TP5"�±�"=-��.-
Wbª=©!W�Z4©f+  P8©?-f+fZNM�.P/-cª*W
-L"*$NMO6��.9  <4)j"*+[P/- �
• ¨ +fZNMO1��%$4&,-f;#"*)%).P8©!-L"*$NMO6��.9  <4)j"*+[P/-S6  �.9  sN+��%$y+  P µ ªA-�"*$NM �%;'<�"=98+S;#"=9  �%$NPY;#"�e�(P/-"�%+�PV"=-��.P8©�+[ª_<DP8©]WHª=©f; ;nª=©[P��%;'<�"=98+[-mª=$3+[ª^+  P#-L"*$NMO6��.9  <4)j"*+[P/-�6��%+  «="*©��.ª=ZN-
�%;'<�"=98+'6SP��%&  +[-#"*$NM «TP8).ª39��%+��.P/-V² ¨ �%;�Z4)j"*+[Px+  P �%;'<�"=98+[-#"*$NMu-[+fZNMO1  ª76�+  PwM�hW e
WHP8©[P8$3+��%;'<�"=98+[-d"*©[Px;nª3M4P8)%).P/M�Z�-��%$4&v+  P_-L"*;nPx<�"*©L"*;nP8+[P8©[-#Wbª=©nPV"=9  �%;'<�"=98+V² � $
<�"*©f+��.98Z4)j"*©VUD-f+fZNMO1  ª76 +  P�Wb" �%)%Z4©[P�98©��%+[P8©��j"��%$^+  P5Wa"=9��%$4&(-	�%$O���.98+Kª=$^+  P�-[ª=)%Z4+��.ª=${²
p ).-Lª4U �%;'<4).P8;nP8$3+�+  P�Wa"=9��%$4&(-K-[ªy+  Pm«="*©��.ª=ZN-5-f+f©L" �%$N- �%$q+  P,�e?"*$NMq¼A�e�M�%©[P/98+��.ª=$�-
"*©[P5©[P8<4©[P/-[P8$3+[P/M �%$x+  P5;nª3M4P8).-V²

• �  P8$,-L"*$NMO6��.9  <4)j"*+[P/-�"*©LPXZN-LP8M �%$�;#"*©��%$NP!9/ª=$N-f+f©fZN98+��.ª=$N-VU �%;'<�"=98+[-�ª=$,-L"*$NMO6��.9  P/-
-fZ4±4;nP8©f&(P/M �%$56!"*+[P8©t"*©[P
ª*W4-f<DP/9��j"*) �%$3+[P8©[P/-f+V²�M  P8©[PJWHª=©[PAU/W�Z4)%)T-[9V"*).P�+[P/-[+[-{ª=$�-L"*$�MO6��.9  
<4)j"*+[P/-�-fZ4±4;nP8©f&(P/M �%$�6!"*+[P8©m-  ª=Z4).Mv±DP#9/ª=$NMOZN98+[P/M®² ¨ +fZNMO1  ª76 +  Pn«A"*©��.ª=ZN-�<4©[ª*e
9/P/-[-[ª=©[- �%$ p ��M��Y¹ rK§ 9V"*$n;nª3M4P8)N+  �%-0<4©[ª=±4).P8; ZN-��%$4&�+  Pc9/ª=Z4<4)��%$4&�;nP8+  ª3M4ª=).ª=&A1
M4P/-[98©��%±DP/M �%$ ¨ P/98+��.ª=$ �z²��O²%¬ ²

• � P8©]Wbª=©f; �%;'<�"=98+,+[P/-f+[-,ª=$º-L"*$NMO6��.9  P/-,6��%+  M�hg®P8©[P8$3+'9/ª=©[Px"*$NM�Wb"=9/Py+  �.9L�z$NP/-[-[P/-
"*$NM -[+fZNMO1  ª76�+  Py©[P/-fZ4)%+[-'9/ª=;'<�"*©[Pd6��%+  PV"=9  ª=+  P8©V² Q ª76�M4ª3P/-n"o-��%;�Z4)j"*+��.ª=$
;nª3M4P8)t<DP8©]Wbª=©f;¶6  P8$q-L9V"*)%P/MoZ4<o+[ªy;nª3M4P8)�-L"*$NMO6��.9  P/-Y6��%+  M�hg®PJ©LPJ$z+Y&(P/ª=;nPJ+[©f1��
��-��%$4&�+  �.-S"*<4<4©[ª("=9  U3;nª=©[P	�%$OWHª=©f;#"*+��.ª=$wª=$y+  Pc©[P8)��j"*±��%)��%+:1#ª*W{+  P?-��%;�Z4)j"*+��.ª=$N-S9V"*$
±DP5©[P8+f©��.P8«(P/M®²

¼��



� ��� � ��� ��� � �

�%¬(� ¨ P8©f&(P p ±4©L"*+[PA²���E �4C(G/` �AB $ �=E ��*I�FH` ���R`�
 �OG/` � 
���I8² � "*;�±4©��.MO&(P �?$��%«TP8©[-��%+:1 � ©[P/-[-VU
¬V¼A¼!�O² �=� U ¼!�

��� � Q ² ³ ² p )%).P8${²���BRC���@�IJFjIwC=BR>
	 ��IJF��=B ����D`�
 �4G/` � 
fC����DC=BD>�(
FHG � 'cC=B�� � IJ² � P8©f&T"*;nª=$
� ©[P/-[-VU �c¸zWbª=©[M®U®¬V¼ �!� ² � U �

��� � p )hWH©[P/M p $NM4P8©[-[P8${² ³ W�©f<_+[P/-f+��%$4&N² M�P/9  $��.9V"*)¦©[P8<Dª=©f+VU ¨ �:§ Mk�0�!U �AA!�O² ���
� �;� pY§5¨Tr�¨ � $N9A²%U � "*$Nª=$N-f±4Z4©f&NU � ¨zp ²�� ���������������{I ��
  |C=B �4C��hU �AA!�O² � 
��� � �X�}� P8$  "*${U µ � � ©L"V6!Wbª=©[M®UR"*$NM � ³ p ©[;n-f+f©[ª=$4&N²  ��[G��zC=B�FHGJI �����!B��=F�B���� 
�F�B��  |C��

` � 
�FbC�� IJ² p M4M�.-[ª=$ ��P/-f).P81 � ª=$4&A;#"*$ � �%; �%+[P/M®U�-[P/9/ª=$NM_P/M�%+��.ª=${U¦¬V¼A¼ � ² ¬ �
� � � � P8$z+fZ4©f1w¹Y1z$�"*; �.9/-VU � $N9A²�� �O` �V>A@*B�� ��� �&
�@  |C=B �4C��hU �N²��'P/M�%+��.ª=${U �AA!�O² � �

��� � � P8$z+fZ4©f1w¹Y1z$�"*; �.9/-VU � $N9A²�� �O` �V>A@*B��¦I ��
  qC=B �OC���U �N²��'P/M�%+��.ª=${U�AA!�O² � �

��� ��¹Y1z+f©L"*$ � $N-[+f©fZ4;nP8$3+[- � $N9A²%Ui6k6k6�² MO1z+f©L"*${² 9/ª=;_²�?GLG ������
 �=E��8` � 
  � �3B�`HF�B�� $ �=B4I�Fb> � �

[CA`HF �=BNIJ² �A¼

��¼ � �TP8$N-���P8ZNP8©f).P��%${² § ZN;nPJ©��%9V"*)S-��%;�Z4)j"*+��.ª=$N-�ª*W
�%;'<�"=98+�±DP  "V«��.ª=Z4©mª*Wc"*)%Z4; �%$��%Z4; "*$NM
&=WH©f<^)j"*; �%$�"*+[P/-Y9/ª=;'<�"*©[P/M^6��%+  PJ¸O<DP8©��%;nP8$3+[-V²!�q"=-f+[P8© � -?+  P/-��.-VU � $N-[+��%+fZ4+[P�ª*W ¨ +f©fZN9Je
+fZN©[P MtP89  $Nª=).ª=&��%PV-VU�� M Q �RZ4©��.9  U�AA!�O² � � U � � U �A

�%¬V � M  P ¹ �°pY� ³ ©[ª=Z4<{² ¹ �%« �%$31O9/P8)%)  ea&A©L"=M4P <3«T9 Wbª("*; ;#"*+[P8©��j"*) <4©[ª=<DP8©f+��.P/-V²
6k6c6�² M�j"*±4&A©[ª=Z4<{² 9Vª=;_² � U �!� U �!�

�%¬A¬(� § ² �N² Q ª*g�² � P8$NM�%$4&�"*$NMu±4ZN9L�z)��%$4&�ª*WY©[P/98+L"*$4&AZ4)j"*©y-L"*$NMO6��.9  <4)j"*+[P/-V² M�P/9  $��.9V"*)
©[P8<Dª=©f+7U §Yp � p M § �!�!�A�OU{¬V¼A�AO² �

�%¬ � � Q ª=+f+��%$4&(P8© � "*).MO6��%$'�|P/-[-f+[P/9  $��%� ³ ;�± Q ² � ����
[CA`HF B!�  |C=B �OC��"�2 ��[C*I � 
JF B�����E	��� F # ��

IJ@*IJ` �JE  �$ $�0%�&$ $'� �!�

�%¬ � � �  "*©f).P8- � �%±Dª7«(Po"*$NM ¨ ² � ² � "*+[M4ª=©]Wf² p &(P8$NP8©L"*)?-f;#"*)%)he�M4PJ��P/98+��.ª=$}+  P/ª=©f1�Wbª=©,�R"*+
-�"*$NMO6��.9  <4)j"*+[P/-V² M�P/9  $��.9V"*)t©[P8<Dª=©f+VU § "*+��.ª=$�"*) p MO«��.-Lª=©f1 � ª=;'; �%+f+[P/P�Wbª=© p P8©[ª=$�"*ZOe
+��.9/-�� §Yp � p � M § ¬V�!� � U  +f+f<��  � �$�"=9V"O² )j"*©L9A² $�"=-�"O² &(ª7«� zU¦¬V¼A�!�O² � U �A

�%¬ �;� µ ²¦¹,²�� �%$NMO)��%${²0M  P �%$O�NZNP8$N9/Pdª*W?©[ª=+L"*©f1 �%$NP8©f+��j"|"*$NM -  PV"*©mª=$���PJ¸zZ4©�"*)l;nª=+��.ª=$N-
ª*W �.-[ª=+f©[ª=<��.9^P8)j"=-[+��.9x<4)j"*+[P/-7² " ��� 
JBRC�� ���(� � ����F �[>  ��[G��OC=BNFbGJI*)+� 
fC=B4I8CTG/`HF �AB � �_`���
�,�  	�!U � ª=)a²®¬ �OU{¬V¼A�O¬A² �

�%¬V� � § "*+��.ª=$�"*) � $N-f+f©fZ4;nP8$3+[-7²/ ��[C*I �+
JF�B����D`�
fC=F B!(
FH`��-�R`�
fC=F�B.$cC��/����IJU p <4©��%)"�AA!�O² �A¼
¼!�



µ �0��� µ � § � � ¨

�%¬ � � � P8© �K©V² � "*©[-[P8$ ��� ) ³ ² � P8©f&T"*$o"*$NM^�
&��%)��oª=)%).P/-f+L"=M®² ���VF�B��=BNF�B�� ��
�C�� %��=B4IJ`�
 �+%VI�� ���
B ��
8² M��*<��%©?��ª=©
	���NU���NMO©[P�Z��
���V«����{¬V¼A¼ � ² ¼!�

�%¬ � ���!²��N² � 	�����������O²���������(��! � $ ����"$#�
 �% &#!� ���R² �(ª�'�� � �(	)��*,+ ¨ ª��.-&� § ��/10lª=©
2��¦¬V¼ �!� ²
� � �

�%¬ � �43?² µ ���)-�-
�.�8©V²5�
'.�6�$78�:9��!ª;5�f©<��.-[«��8©�-<�6-
'.�&�*©>=��$;Hª=©
������.ª��_ª��?�
'.��±����.=�(���'ª;@��	���-
���)9
A 	�����:-7² " ��� 
B����� ��� � � ���C� ���  ��
 �D���.�E $"$� � ª�	a²{¬ �%�®¬V¼ ��FO² �

�%¬V¼ ��¹G�V« �)= ¨ ²�HI�	(2�J.- µ ª=±��8©
�'¹m² � ª3ª�2K��.=LH �(9<'M���$	N3c²PO�	)�:-
'��O² $ ����" � �Q#R"S����� � ���
���T�E <��#!� ���." ���VUW�R�.�!# ��� � �$X��$��#'�6�M���CY"B��"8² �Tª�'�� � �(	)��*,+ ¨ ª��.-Z�.�
'��%©�=[�:=�(���.ª��5�t¬V¼!�A¼O²
¼!�

���A � µ ª=±��8©
�<�]\m² ¨ �[ª=©��8©&�^�:=�(�[ª=©V² �6�.� ����� , � �#% � �(��� �  �M#_���M����
��"$�
«Tª�	(J��`��¬&FO²�!�O²
\6�`�8©��)9&�� ¨ ª�9��)�$�a*?;bª=© M@�:-
���(���?��.=,HI����8©����	)-&�{¬V¼A¼��z² FO¬

���O¬(� ¨ �<� A '.���`Ot²AM
�(�nª�-
'.����2TªG��.= ¨ ² �vª��(�NªZ/b-
2D*�c �K©��)�����8©V²�� �� ��
$Y ��� ' �(��# �B"d�����,���� � �T"J²
He9 ³ ©<�&/gf �(	(	 � ª�	(	)������¹ �%«Q�®¬V¼�FA¼O² �A

���!� �h0'²�H ²iVJ`��.=kjK² ³ ²�H �(	(	)�8©V² � �.-��f©
J��`�������:= �(� A ��9��l���:-
���m�.��ª; A ª�	(*D�`�8©��)9N������8©����	)-V²
M@�:9<'����(9&�	l©�� A ª=©
�&�nHI����8©����	)- ³ ©[ª�J A � ¨ 9<'Nª3ª�	lª;N3������(�.�:�8©��(��� ¨ 9��)���.9:�:-&���6���%«��8©�-��(�o*ª; ¨ ª�J��
'�'��� A �[ª��n� �AAO¬A² � �

���!� � �p�*©f©���� � 0lª�J����N²[q �&�&
 %�r " � ��
$X ���(�" � ��
k"�#�
��B"B"?���M�["�#�

���R��²sHt9 ³ ©<�&/>cuf	�(	(	vj!ª3ª�2
� ª�� A ���*�� � �
'[�:=�(���.ª��5�{¬V¼!�A¼O² � �

��� �;��¹G�� ������2��J©��V²��d� �B��#�
 �Z���� :#!� ����� � �����M�&(��! �� $ ����"�#�
 �� :#!� ����²�3������(�.�:�8©��(���wHI����8©����	)-
\b=O« �)-[ª=©
* ¨ �8©f« �)9:�:-bx5��=®²(�{¬V¼A¼�FO² � � � � ¬ � � � � � ��� � ¼!�

¼A¼



� ��� �������	�
���

���



� ���������
	�� �

�  ��� � �	� ����� ��� � �

����� ���� "!$#&%('*),+.-0/*�.), 1-2'3�. 24�!$+.!657!$ 8/9'(:2;<��=?>A@CBEDF:2;G�F=?>A@IH0D
:EJLKM�N�O�6PQ�L#, 2RS:EJLKM�N�UTQ�

VXWZY.[]\_^]`badcfeXg�hZi_j_k]jmlnj�hpopkbq]g]iVbr.sptXu]sptvcwe�g�hpipj_k]jmlnj�hpopkbq]g]ivcxobyboV]z_r�`vc|{b{b{b{]{b{b{_{b{b{b{b{~}baZ�.s_[_tb^bt�z_r.`bu_^]}�YX�br�\�{b{b{b{b{b{b{b{_{b{b{b{b{b{b{b{b{b{b{b{b{b{b{b{b{_{V]z_r�`vcV]z_r�`��br�[�Y.�b�p� �br�[�Ym�_�_� ���ba][b[��m�n� ���ba][b[p�n�Vbr.sptXu]spt
� {b{b{]{b{�ub^]}_^]`babt]ab}Z��{b{b{b{]{� Y.�_tX�p�_�]�b�bVb�tp�XW_�]�tp�]zb�b�b�a_�p�XW]^_zXap�_�X�b�b�_�� �]�Z��Wb^_zXap�b�]�b�_�ub}_�]�p�XWb^_zXa_�b�v���m�a_�p�]zbr�}bap�b�]�ub}_�]�p�]z_r�}ba_�b�v���_�
[ZrX^]�_�n�m� �b� \_�
ab[bab`]ab\_t_�_�X�
� {b{b{]{b{b{b{b{]{b{b{_{b{b{b{b{b{b{b{b{b{b{b{b{b{b{b{_{b{b{b{b{b{b{b{� { �br�[ZY.�_�p� {� {b{b{]{b{b{b{b{]{b{b{_{b{b{b{b{b{b{b{b{b{b{b{b{b{b{b{_{b{b{b{b{b{b{b{
V�ub}ba]up�� {b{b{]{b{b{b{b{]{b{ � aZr�`ba_t]}b��{b{b{b{b{b{b{b{b{_{V���Y.a � c���c��?�x�?c�{.�v�x�_� c��v�x�_�VX^]\ � [badc���c¡{��]�¢ c��¢ cf� c � Y.�_t]�¢ c��?c � Y.�_t]�vc � Y��_t]�¢ cx�vc]c � Y.�_tX�¢ � ab\vcf� c���c£�vc��¤cbcbcxtp�XW¢ � ab\vcf� c���c£�vc��¤cbcbcxtp�]zb¥]tp�XW¢ � ab\vcf� c���c£�vc��¤cbcbcxtp�]zb¥_�_¦�tp�XW[dcf� c|�
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� {b{b{]{b{b{b{b{]{b{~`p^bt]ab}�Y�^][Uub}Zr�uba]}_tZY.aZ�Z{b{b{b{b{b{b{b{b{b{� �br�[ZY.�Ua][bab`bab\bta_tvc���cf�br�[�Ym�_�p�
� Wb^_z�a`budc£ab�vc���c£ab�p�XW_^_zXa �_� \ZV�lbl.-]�X�`budc£a]�dc���c£ab�p�XW_^_zXa`budc£a0/?c���c£ab�p�XW_^_zXa`budc � �]�dc���c � �]���XWb^_zXa`budc � �+/?c���c � �]���XWb^_zXa`budc � �0/?c���c � �]���XWb^_zXa`budc£u]}_�]�dc���c£ub}p�]�Z�XWb^_zXa`budc£u]}b�+/?c���c£ub}p�]�Z�XWb^_zXa`budc£u]}_�0/?c���c£ub}p�]�Z�XWb^_zXa
� z_r�}]a`budc£ab�vcf� c£ab�p�]zpr�}ba`budc£u]}_�]�dcf��c£ub}p�]�Z�]z_r�}ba
� {b{b{]{b{b{b{b{]{b{~`_aZ����Y.\ � {b{b{b{b{b{b{b{b{b{[Z��ab[vcf� c£[ba]\ � tb�dcbcxtp�XW[baZ�_Y1/Xadcx^][][dcbc_cf�[Z��ab[vcf� c£[ba]\ � tb�dcbcxtp�]z[baZ�_Y1/Xadcx^][][dcbc_c��[Z��ab[vcf� c£[ba]\ � tb�dcbc � Y.�_t]�[baZ�_Y1/Xadcx^][][dcbc_c£ab[bab`bab\_t
`_^btvc|��b`baZ�.�dc��`_^btvc���b`baZ�.�dcf�`_^btvc|��b`baZ�.�dc��
� {b{b{]{b{b{b{b{]{b{�2�r.s_\b�_^]}b��z_r�\b��Y.tZY]r�\Z�Z{b{b{b{b{b{b{b{b{b{\Z��ab[vcf� c£[ZrXz?cx�dc���Z���b`vcf���b`b`vcx�\Z��ab[vcf� c£[ZrXz?c£�3c���Z���b`vcf���b`b`vc£�
\Z��ab[vcf� c£[ZrXz?cx�dc � Y.�_t]�\Z��ab[vcx^vc£[ZrXz?c£�3c � Y.�_t]�\Z��ab[vc£}dc£[ZrXz?c3/vc���dcx^][][dc s4/?cx�
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� {b{b{]{b{b{b{b{]{b{~[�rX^]��{b{b{b{b{b{b{b{b{b{\Z��ab[vcf� c£[ZrXz?cx�dc��?c � Y.�_t]�ZV��.�\Z��ab[vc£}dc£[ZrXz?c£�3c��?c � Y.�_t]�ZV��.�\Z��ab[vc£}dc£[ZrXz?c3/vcxtp�]zb¥_�_¦�tp�XWaZ��[b\�XW]adc£^][b[dc�� c£ub}_aZ� cbc|{~[ZrX^]�
� {b{b{]{b{b{b{b{]{b{��_r�[]sptZY]r�\�{b{b{b{b{b{b{b{b{_{^][b[Z�.ab[Vb�br�[Xs^]\_t]�]ubadcf�Xt]^btZY]z�br�[b�]aWZY.\�YX���
� {b{b{]{b{b{b{b{]{b{m^b\_^][b�Z�_Y.\ � }baZ�.s_[btp�Z{b{b{b{b{b{b{b{b{b{V�uZrb��t��\Z�br�}btvc s3c3/ cbc��¦ � a_t?c£�ba_Wb�_��`_^_�vcf�br�}_tvcbc£`_^b�Wp�.s_`vc��?cx^][][¦ � a_t?cxtprXt][prX^]�p�p� cxWp�.s_`dcxW0/ � [ZrX^]�WZY.\�YX���
u_^]}Z��^]�V]zX[bab^]}dcC\prb�Xtb^]}btVXWZY.[]\_^]`badcfeXg�hZi_j_k]jmlnj�hpopkbq]g]iu_^]}b}]aZ�
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V�ub}ba]up�� {b{b{]{b{b{b{b{]{b{ � aZr�`ba_t]}b��{b{b{b{b{b{b{b{b{_{V���Y.a � c���c��?�x�?c�{.�v�x�_� c��v�x�_�VX^]\ � [badc���c¡{��]�¢ c��¢ cf� c � Y.�_t]�¢ c��?c � Y.�_t]�vc � Y��_t]�¢ cx�vc]c � Y.�_tX�¢ � ab\vcf� c���c£�vc��¤cbcbcf�_¦�tp�XW_¥]tp�]z[dcf� c|�[dc��?c��[dcx�vcx�[dc��?cx��dc���c�� c��?cx�?cf� cf�?c��?c��
� {b{b{]{b{b{b{b{]{b{~`p^bt]ab}�Y�^][Uub}Zr�uba]}_tZY.aZ�Z{b{b{b{b{b{b{b{b{b{� �br�[ZY.�Ua][bab`bab\bta_tvc���cf�br�[�Ym�_�_�}dc���cx�?c�� � ���]`b`ba_t]}ZYXz���tb^_z ¢ Ym\ �}b`Zr�}]a}b`Zr�}]adc���cbc£tp�XWdcf� cbcxtp�]z
� Wb^_z�a`budc£ab�vc���c£ab�p�XW_^_zXa �_� \ZV�lbl.-]�X�`budc£a]�dc���c£ab�p�XW_^_zXa`budc£a0/?c���c£ab�p�XW_^_zXa
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`budc � �]�dc���c � �]���XWb^_zXa`budc � �+/?c���c � �]���XWb^_zXa`budc � �0/?c���c � �]���XWb^_zXa`budc£u]}_�]�dc���c£ub}p�]�Z�XWb^_zXa`budc£u]}b�+/?c���c£ub}p�]�Z�XWb^_zXa`budc£u]}_�0/?c���c£ub}p�]�Z�XWb^_zXa
� z_r�}]a`budc£ab�vcf� c£ab�p�]zpr�}ba`budc£u]}_�]�dcf��c£ub}p�]�Z�]z_r�}ba
� {b{b{]{b{b{b{b{]{b{~`_aZ����Y.\ � {b{b{b{b{b{b{b{b{b{[Z��ab[vcf� c£[ba]\ � tb�dcbcf�_¦�tp�XW_¥]tp�]z[baZ�_Y1/Xadcx^][][dcbc_c��[Z��ab[vcf� c£[ba]\ � tb�dcbc � Y.�_t]�[baZ�_Y1/Xadcx^][][dcbc_c£ab[bab`bab\_t�b`baZ�.�dcx^][b[
� {b{b{]{b{b{b{b{]{b{�2�r.s_\b�_^]}b��z_r�\b��Y.tZY]r�\Z�Z{b{b{b{b{b{b{b{b{b{\Z��ab[vcf� c£[ZrXz?cx�dc���Z���b`vcf���b`b`vcx�\Z��ab[vcf� c£[ZrXz?c£�3c���Z���b`vcf���b`b`vc£�\Z��ab[vcf� c£[ZrXz?cx�dc � Y.�_t]�\Z��ab[vcx^vc£[ZrXz?c£�3c � Y.�_t]�\Z��ab[vc£}dc£[ZrXz?c3/vc���dcx^][][dc s4/?cx�
� {b{b{]{b{b{b{b{]{b{~[�rX^]��{b{b{b{b{b{b{b{b{b{\Z��ab[vcf� c£[ZrXz?cx�dc��?c � Y.�_t]�ZV��.�\Z��ab[vc£}dc£[ZrXz?c£�3c��?c � Y.�_t]�ZV��.�\Z��ab[vc£}dc£[ZrXz?c3/vcxtp�]zb¥_�_¦�tp�XWaZ��[b\�XW]adc£^][b[dc�� c£ub}_aZ� cbc|{~[ZrX^]�
� {b{b{]{b{b{b{b{]{b{��_r�[]sptZY]r�\�{b{b{b{b{b{b{b{b{_{^][b[Z�.ab[Vb�br�[Xs^]\_t]�]ubadcf�Xt]^btZY]z�br�[b�]aWZY.\�YX���
� {b{b{]{b{b{b{b{]{b{m^b\_^][b�Z�_Y.\ � }baZ�.s_[btp�Z{b{b{b{b{b{b{b{b{b{V�uZrb��t��\Z�br�}btvc s3c3/ cbc��¦ � a_t?c£�ba_Wb�b�X`_^_�vcf�br�}_tvcbc£`_^b�Wp�.s_`vc��?cx^][][¦ � a_t?cxtprXt][prX^]�p�_�?cxWp�.s_`dcxW0/ � [ZrX^]�� V�aZ�.�_^]ubadc|�� ub[b�ZY]��uWZY.\�YX���
u_^]}Z��^]�V]zX[bab^]}dcC\prb�Xtb^]}btVXWZY.[]\_^]`badcfeXg�hZi_j_k]jmlnj�hpopkbq]g]iu_^]}b}]aZ�
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� {b{b{]{b{b{b{b{]{b{�2�r.s_\b�_^]}b��z_r�\b��Y.tZY]r�\Z�Z{b{b{b{b{b{b{b{b{b{\Z��ab[vcf� c£[ZrXz?cx�dc���Z���b`vcf���b`b`vcx�\Z��ab[vcf� c£[ZrXz?c£�3c���Z���b`vcf���b`b`vc£�
\Z��ab[vcf� c£[ZrXz?cx�dc � Y.�_t]�\Z��ab[vcx^vc£[ZrXz?c£�3c � Y.�_t]��dcx^][][dc s4/?cx�
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Vb�br�[Xs^]\_t]�]ubadcf�Xt]^btZY]z�br�[b�]aWZY.\�YX���
� {b{b{]{b{b{b{b{]{b{m^b\_^][b�Z�_Y.\ � }baZ�.s_[btp�Z{b{b{b{b{b{b{b{b{b{V�uZrb��t��\Z�br�}btvc s3c3/ cbc��¦ � a_t?c£�ba_W��~�n��`p^b�vcf�br�}_tvcbc£`_^b�Wp�.s_`vc��?cx^][][¦ � a_t?cxtprXt][prX^]�¤�m�n��cxWp�.s_`dcxW0/ � [ZrX^]�WZY.\�YX���
u_^]}Z��^]�V]zX[bab^]}dcC\prb�Xtb^]}btVXWZY.[]\_^]`badcfeXg�hZi_j_k]jmlnj�hpopkbq]g]iu_^]}b}]aZ�

� {b{b{]{b{b{b{b{]{b{b{_{b{b{b{b{b{b{b{b{b{b{b{b{b{b{b{_{b{b{b{b{b{b{b{� { ���ba][b[p�n� {� {b{b{]{b{b{b{b{]{b{b{_{b{b{b{b{b{b{b{b{b{b{b{b{b{b{b{_{b{b{b{b{b{b{b{
V�ub}ba]up�� {b{b{]{b{b{b{b{]{b{ � aZr�`ba_t]}b��{b{b{b{b{b{b{b{b{_{V���Y.a � c���c��?�x�?c�{.�v�x�_� c��v�x�_�VX^]\ � [badc���c¡{��]�¢ c��¢ cf� c � Y.�_t]�¢ c��?c � Y.�_t]�vc � Y��_t]�¢ cx�vc]c � Y.�_tX�[dcf� c|�[dcx�vcx�^vc���c�� c��?cx�
� {b{b{]{b{b{b{b{]{b{~`p^bt]ab}�Y�^][Uub}Zr�uba]}_tZY.aZ�Z{b{b{b{b{b{b{b{b{b{a_tvc���cf���bab[][p�n�¤c��?c��¢ ab�Zr.u_tvc���cx�?c�� � ^][][N[_^]�bab}p�¢ ab�Zr.u_tvc���cx�?c�� � �X^X\b� � YXz�� r.u_tZY]r�\}dc���cx�?c�� � ���]`b`ba_t]}ZYXz��Xt]^_z ¢ Y.\ �}b`Zr�}]a}b`Zr�}]adc���cbc£tp�XW}b`Zr�}]adcf� cbc£tp�]z
� Wb^_z�a`budc£ab�vc���c£ab�p�XW_^_zXa �_� \ZV�lbl.-]�X�`budc£a]�dc���c£ab�p�XW_^_zXa`budc£a0/?c���c£ab�p�XW_^_zXa`budc � �]�dc���c � �]���XWb^_zXa`budc � �+/?c���c � �]���XWb^_zXa`budc � �0/?c���c � �]���XWb^_zXa`budc£u]}_�]�dc���c£ub}p�]�Z�XWb^_zXa`budc£u]}b�+/?c���c£ub}p�]�Z�XWb^_zXa`budc£u]}_�0/?c���c£ub}p�]�Z�XWb^_zXa
� z_r�}]a`budc£ab�vcf� c£ab�p�]zpr�}ba`budc£u]}_�]�dcf��c£ub}p�]�Z�]z_r�}ba
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� {b{b{]{b{b{b{b{]{b{~`_aZ����Y.\ � {b{b{b{b{b{b{b{b{b{[Z��ab[vcf� c£[ba]\ � tb�dcbc � Y.�_t]�[baZ�_Y1/Xadcx^][][dcbc_c£ab[bab`bab\_t^]`baZ�.�dc��
� {b{b{]{b{b{b{b{]{b{�2�r.s_\b�_^]}b��z_r�\b��Y.tZY]r�\Z�Z{b{b{b{b{b{b{b{b{b{\Z��ab[vcf� c£[ZrXz?cx�dc���Z���b`vcf���b`b`vcx�\Z��ab[vcf� c£[ZrXz?c£�3c���Z���b`vcf���b`b`vc£�
\Z��ab[vcf� c£[ZrXz?cx�dc � Y.�_t]�\Z��ab[vcx^vc£[ZrXz?c£�3c � Y.�_t]��dcx^][][dc s4/?cx�
� {b{b{]{b{b{b{b{]{b{~[�rX^]��{b{b{b{b{b{b{b{b{b{\Z��ab[vcf� c£[ZrXz?cx�dc��?c � Y.�_t]�ZV��.�\Z��ab[vc£}dc£[ZrXz?c£�3c��?c � Y.�_t]�ZV��.�aZ��[b\�XW]adc£^][b[dcf��c£ub}_aZ� cbc|{~[ZrX^]�
� {b{b{]{b{b{b{b{]{b{��_r�[]sptZY]r�\�{b{b{b{b{b{b{b{b{_{^][b[Z�.ab[Vb�br�[Xs^]\_t]�]ubadcf�Xt]^btZY]z�br�[b�]aWZY.\�YX���
� {b{b{]{b{b{b{b{]{b{m^b\_^][b�Z�_Y.\ � }baZ�.s_[btp�Z{b{b{b{b{b{b{b{b{b{V�uZrb��t��\Z�br�}btvc s3c3/ cbc��¦ � a_t?c£�ba_W_����`_^_�vcf�br�}_tvcbc£`_^b�Wp�.s_`vc��?cx^][][¦ � a_t?cxtprXt][prX^]�Z�n��cxWp�.s_`dcxW0/ � [ZrX^]�WZY.\�YX���
u_^]}Z��^]�V]zX[bab^]}dcC\prb�Xtb^]}btVXWZY.[]\_^]`badcfeXg�hZi_j_k]jmlnj�hpopkbq]g]iu_^]}b}]aZ�

� {b{b{]{b{b{b{b{]{b{b{_{b{b{b{b{b{b{b{b{b{b{b{b{b{b{b{_{b{b{b{b{b{b{b{b{b{b{b{b{b{b{b{_{b{b{b{b{b{b{b{Vbr.sptXu]sptvcwe�g�hpipj_k]jmlnj�hpopkbq]g]ivcxobybovc_cx^]ububab\b�¦.� � }ZY�t]adc£�]a_Wb�Z��`_^b�vc£�ba_Wb�_�X`_^b�vc£�bapW��m�n��`_^b�vc£�ba_W_�n��`_^b�dcxtprXt][ZrX^]�_�p� cxtprXt][ZrX^b�_�_�?cxtprXt][ZrX^]���m�n��cxtZrXt][ZrX^]�p�n�
� � � � � � � � � � � � � � � �Vbr.sptXu]spt
¦.[�Y]��tvc£}baZ�ms_[_t_^btvcxtb�bt
� `_^ ¢ aUt]a_�n{mt]^ 2b[baVbr.sptXu]sptvcwe�g�hpipj_k]jmlnj�hpopkbq]g]ivcxo_j]yV]z_r�`vc����Zj����mh
	]o_g���k]j��� �Xj�hpo_j����mh��V]z_r�`vc����Zj����mh
	]o_g�����k]g�����	 ��� ��� ��� ���V]z_r�`vc �br�[�Y.�b�p���U�br�[ZY.�_�_���U���]ab[b[p�b���U���bab[b[_�n�����V]z_r�`vc�� ��k�~hZj
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¦.� � }ZY�t]adc£�]a_Wb�Z��`_^b�vc£�ba_Wb�_�X`_^b�vc£�bapW��m�n��`_^b�vc£�ba_W_�n��`_^b�
� � ��� � ��� � ��� �V]z_r�`vc��]j�hpi	Xo_g ����k]g����V]z_r�`vc��]j�hpi	Xo_g ��k]j�Vbr.sptXu]spt

��� � ��#,%94,!�57!$'��ND :2;<��=?>A@CB !$+�!657!$ 8/
VXWZY.[]\_^]`badcfe��p���V�\Zr�u]} � ��� ���_j_ebeNq��po ���po
� {b{b{]{b{�ub^]}_^]`babt]ab}Z��{b{b{b{]{� Y.�_tX�p�_�]�b�bVb�tp�XW_�]�tp�]zb�b�b�
[ZrX^]�_�_�]�b�v�£�_� �N� \ZV�lbl.-]�X�
ab[bab`]ab\_t_�]�b�
ab[p� � Y.�_t]�ZV.ab[ba_`bab\_t
� {b{b{]{b{b{b{b{]{b{b{_{b{b{b{b{b{b{b{b{b{b{b{b{b{b{b{_{b{b{b{b{b{b{b{� { �br�[ZY.�_�p� {� {b{b{]{b{b{b{b{]{b{b{_{b{b{b{b{b{b{b{b{b{b{b{b{b{b{b{_{b{b{b{b{b{b{b{
V�ub}ba]up�� {b{b{]{b{b{b{b{]{b{ � aZr�`ba_t]}b��{b{b{b{b{b{b{b{b{_{V���Y.a � c���c��?�x�?c�{.�v�x�_� c��v�x�_�VX^]\ � [badc���c¡{��]�¢ c��¢ cf� c � Y.�_t]�¢ c��?c � Y.�_t]�vc � Y��_t]�¢ cx�vc]c � Y.�_tX�¢ � ab\vcf� c���c£�vc��¤cbcbcxtp�XW¢ � ab\vcf� c���c£�vc��¤cbcbcxtp�]zb¥]tp�XW¢ � ab\vcf� c���c£�vc��¤cbcbcxtp�]zb¥_�_¦�tp�XW[dcf� c|�[dc��?c��[dc��m� c��[dc��~�?c��m�[dcx�vcx�[dc��?cx�[dc��.��c��b�[dc��m� c��.��dc���c�� c��?cx�?cf� cf�?c��?c���dcf� cx�?c��?c�� c��?c~�m�?c��b��c��.��dc��?c|�m�?c��b��c��.�?c��m�?c��~�vc��.� c��m�� � []sbadc���cf��c��
� {b{b{]{b{b{b{b{]{b{~`p^bt]ab}�Y�^][Uub}Zr�uba]}_tZY.aZ�Z{b{b{b{b{b{b{b{b{b{� �br�[ZY.�Ua][bab`bab\bta_tvc���cf�br�[�Ym�_�p�
� Wb^_z�a
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`budc£ab�vc���c����.�]�_� �_� \pV~lbl.-]���`budc£a]�dc���c����.�]�_�`budc£a0/?c���c��b�]�b�`budc � �]�dc���cx�b�b�_�`budc � �+/?c���c����~�p�`budc � �0/?c���c����~�p�`budc£u]}_�]�dc���c��v�f�`budc£u]}b�+/?c���c��v�f�`budc£u]}_�0/?c���c��v�f�
� z_r�}]a`budc£ab�vcf� c��]�`budc£u]}_�]�dcf��c��v���_�
t 2dc 2ZY]�br cf�t 2b�_^]tb^vc���c|�¤�x� � �
�Xj_k�i�e.o��_jpebet 2b�_^]tb^vcf� cx�v�x�p�]�b� � t_g�h��_j.hpo l�q�i ��k��ne

� {b{b{]{b{b{b{b{]{b{~`_aZ����Y.\ � {b{b{b{b{b{b{b{b{b{[Z��ab[vcf� c£[ba]\ � tb�dcbcxtp�XW[baZ�_Y1/Xadcx^][][dcbc_cf�[Z��ab[vcf� c£[ba]\ � tb�dcbcxtp�]z[baZ�_Y1/Xadcx^][][dcbc_c��[Z��ab[vcf� c£[ZrXz?cx�[Z��ab[vcx^vc£[ZrXz?c£�[Z��ab[vc£}dc£[ba]\ � tb�dcbc � Y.�_t]�[baZ�_Y1/Xadcx^][][dcbc_c��b�[Z��ab[vcf� c£[ZrXz?cx�dc � Y.�_t]�[Z��ab[vcx^vc£[ZrXz?c£�3c � Y.�_t]�[Z��ab[vc£}dc£[ba]\ � tb�dcbc � Y.�_t]�[baZ�_Y1/Xadcx^][][dcbc_cf�]�?cx�d���
`_^btvc|��b`baZ�.�dc��`_^btvc���b`baZ�.�dcf�`_^btvc|��b`baZ�.�dc��
� {b{b{]{b{b{b{b{]{b{�2�r.s_\b�_^]}b��z_r�\b��Y.tZY]r�\Z�Z{b{b{b{b{b{b{b{b{b{\Z��ab[vcf� c£[ZrXz?cx�dc���Z���b`vcf���b`b`vcx�\Z��ab[vcf� c£[ZrXz?c£�3c���Z���b`vcf���b`b`vc£�
\Z��ab[vcf� c£[ZrXz?cx�dc � Y.�_t]�\Z��ab[vcx^vc£[ZrXz?c£�3c � Y.�_t]�\Z��ab[vc£}dc£[ZrXz?c3/vc���dcx^][][dc s4/?cx�
� {b{b{]{b{b{b{b{]{b{~[�rX^]��{b{b{b{b{b{b{b{b{b{\Z��ab[vcf� c£[ZrXz?cx�dc��\Z��ab[vc£}dc£[ZrXz?c£�3c��\Z��ab[vc£}dc£[ZrXz?c3/vcxtp�]zb¥_�_¦�tp�XWaZ��[b\�XW]adc£^][b[dc�� c£ub}_aZ� cbc£[ZrX^]�
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� {b{b{]{b{b{b{b{]{b{��_r�[]sptZY]r�\�{b{b{b{b{b{b{b{b{_{^][b[Z�.ab[Vb�br�[Xs^]\_t]�]ubadcf�Xt]^btZY]z\b[ � apr�`dcfr�\�br�[pzbr�\_t]}Zr.[dcfrX\\Z�.s02p�Xtvc£\Z� 2Z�Xtbudc£\Z�12b`_�vc£\Z�12b`b\¢ 2pz?cx�^Xsptpr�tp� cfr�\\ba��_Y.tvc��m�b�ub}bab�vcfr�\[b\Z��}_zX�dcfr�\\pzX\b�vcf�
� r.sptXub}dcx^][][dcx^b[b[r.spt]}]aZ� cx^][][dcx^b[b[
�br�[b�]aWZY.\�YX���
� {b{b{]{b{b{b{b{]{b{m^b\_^][b�Z�_Y.\ � }baZ�.s_[btp�Z{b{b{b{b{b{b{b{b{b{V�uZrb��t��Vbr.sptXu]sptvcwe.�p� �dcxobyboV]z_r�`vc � [pq]g]i1�ba_W]�p��`_^b�N�]a_Wb�p�Xt��ba_W]�p�12��Xt]}_�p��t��XtX}_�p�12��X�p�Xt����p�12Vbr.sptXu]sptVbr.sptXu]sptvcwe.�p� �Z�_e�o��_g��mh3cxobyboV]z_r�`vc � [pq]g]iS��� �b� �X� �]� �b�Vbr.sptXu]spt
¦ � a_t?cf�br�[]sZ�b�Xtbabudcx^_z]tZY.�badc��?cf�br�[]s*c£\pzX`Z�b�¦.�Zr c���c���cf�]r�[]sn�b�Xt]abu��a_tvc]cbcbcbcbc]c �Wp�.s_`vc��?cx^][][¦ � a_t?cxtprXt][prX^]�3cxWp�.s_`dcxW0/ � [ZrX^]�� `pg]y�i_j��pq �mlng]o��]q.h\Z�br�}btvc s3c3/ cbc��¦ � a_t?c£�ba_Wb�_��`_^_�vcf�br�}_tvcbc£`_^b�\Z��ab[vcx^][b[¦ � a_t?c£�ba_Wb�_�Xtvcx\Zr��badc£\Zr��ba����?c��?c��n���¤c s3c3/¦ � a_t?cf�Xt]}_�_�Xtvcx\Zr��badc£\Zr��ba����?c��?c��n���¤c£abu_tpr cx�¦ � a_t?cf�X�p�Xt?c£\ZrX�badc£\Zr��ba����?c��?c��n���¤cw� cx�\Z��ab[vcx^][b[¦ � a_t?c£�ba_Wb�_�12dcx\Zr��badc£\Zr��ba����?c��?c���� c s3c3/¦ � a_t?cf�Xt]}_�_�12dcx\Zr��badc£\Zr��ba����?c��?c���� c£abu_tpr cx�¦ � a_t?cf�X�p�12vc£\ZrX�badc£\Zr��ba����?c��?c����¤cf�?cx�
\Z��ab[vcx^][b[¦ � a_t?cf����c£\pr��ba3cf�]�n�m�b�?c£abu_tpr cx�¦ � a_t?cf�b� c£\pr��ba3cf�]�n�.�]�?c£abu_tpr cx�¦ � a_t?cf�]�?c£\pr��ba3cf�]�n�m�b�?c£abu_tpr cx�¦ � a_t?cf�]�?c£\pr��ba3cx�_�?c£abu_tpr cx�¦ � a_t?cf�b� c£\pr��ba3cf�]�?c£abu_tpr cx�
� {b{b{]{b{
Vbr.sptXu]sptvcwe.�p� �dcxobybovcbcx^]ububab\b�¦.� � }ZY�t]adc � c|{m��¦�tprXt][ZrX^]�dc|{~�ba_Wb�p��`p^b�vc|{~�ba_Wb�p�Xtvc|{~�ba_Wb�Z�12dcf�Xt]}_�p�Xtvcf�Xt]}_�p�12dcw�X�p�Xtvcf�X�p�12
�pY �pY � � � � � � � � � � � � � �
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Vbr.sptXu]sptVbr.sptXu]sptvcwe.�p� �Z�_e�o��_g��mh3cxobybovcbcx^]ubu_ab\b�¦.� � }ZY�t]adc � c|{m��¦�tprXt][ZrX^]�dcf����cf�b� cf�b�?cf�]�?cf�b�
�pY �pY � � � � � � � � � �Vbr.sptXu]sptVbr.sptXu]spt¦.ab\b�]�ZrWZY.\�YX���
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�_jpe�o_g �bo��

����������������������! �"#�%$�&� %�'���(�*)+�-,.���%�0/1�����2/0�43��657�'���(��89)+�-,:�����;�����<�!,��% =�>8@?BA�C+DFEHG6IJELK%M<N=G6OPC
?QDREHG!IJESK%MTN=G�C+DREUG�VWESK%M<N=G6OS -�0/X?QDFEHG�VWELK%M<N=G�CYEUG6OPZ

> [ ���¤�(�£���bhZg � ��k�� � ���ne �we ���ne �f�]zn�m�bzn��cxiZe]qbk]\_j �	Xi�� ��� � [ �£y �¤cxy!^b���.��{~uZVb�_¦�ypV��Z� c [ �������b�� c [ �xy �������¤cxy �(_[ ���Z�1�x���bhpg � ��k�� � ���ne �we ���ne �f�]z_�]�X�Z� c�iZe]qbk]\_j �	Xi�� ��� � [ �£y �¤cxy!^b���.��{~uZVb�_¦ �£[Z�Z{~[�����V �w�_¦.�Z���¤c£��� [ � �£[Z�bVb�����b�� c [ �xy �������¤cxy �(_[ ���p���x���bhpg � ��k�� � ���ne �we ���ne �f�]z_�]�XaZ� c�iZe]qbk]\_j �	Xi�� ��� � [ �£y �¤cxy!^b���.��{~uZVb�_¦ �£[Z�Z{my ��V��Z�?c [ �£[Z���.�b�� c [ �xy ����� �¤cxy �(_
w ` b1 := x→ − 1

12

P x3

D ` + C1 x

w ` b2 := x→ −1

8

P (L2 − L1 )x2

D ` − 1

8

P (−L2 + L1 ) L2 x

D ` + D2

w ` b3 := x→ −1

4

P x2 L2

D ` +

1

12
P x3

D ` − 1

6

(−P L2 3 + 6 E2 D ` )x

L2 D ` + E2

a 8'�����2���(&1��/0 =,�bc5]�(�0/1���<���(�08:�<�ed��0/c�����������T�6�=,f %�'���(�g57���08<�< ��-�'87Z

>
zn�(�x�peXqbk]\_j �£��� [ ���¤��� ���£[Z�Z{m[�����Vb���.�X��� [ ������� ���£[��Z{~[�����Vb���¤c�zn���(_�Z�1�£�pe]qbk]\bj � [ ���¤� ���£[Z�Z{~[�����Vb���.� [ ����� ���£[Z�Z{~[�����Vb���¤c£�Z���(_aZ�1�£�pe]qbk]\bj � [ ���Z� ���£[Z�]¥X[�����Vb���.� [ ����� ���£[Z�]¥X[�����Vb���¤c£aZ���(_

C1 := − 1

16

P (−L2 + L1 ) (L2 + L1 )

D `
D2 :=

1

96

P (−L2 + L1 )3

D `
E2 := − 1

48

L2 (3 L1 2 + L2 2)P

D `
h ���0/1�����2������8����! =,:/0�43��657�'�����iZ

> [ �_eZ�(�£�XuZVb�_¦�ypVb�0_[ �_eX�1�x�XuZV]�_¦ �£[Z�Z{m[�����V �f�_¦]���(_[ �_e����x�XuZV]�_¦ �£[Z�Z{.y ��Vb�0_
w ` s1 :=

1

2

P x

S

���+5
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w ` s2 :=
1

4

P (L2 − L1 )

S

w ` s3 :=
1

2

P (L2 − x)

S

0&����6,f��"�����8'�����2�'����8<����&��'���(�087C����	��
 �1V	��
987Z

> [ �(�x���]hZg � ��k�� ��� [ ���¤� �xy �.¥ [ �_eZ���¤cxy �(_[ �1�£���bhZg ����k�� ��� [ ����� �xy �.¥ [ �_e]���¤cxy �(_[ ���£���bhZg ����k�� ��� [ ���Z� �xy �.¥ [ �_eX���¤cxy �(_

w1 := x→ − 1

12

P x3

D ` −
1

16

P (−L2 + L1 ) (L2 + L1 )x

D ` +

1

2
P x

S

w2 := x→ −1

8

P (L2 − L1 )x2

D ` − 1

8

P (−L2 + L1 ) L2 x

D ` +

1

96
P (−L2 + L1 )3

D ` +

1

4
P (L2 − L1 )

S

w3 := x→ −1

4

P x2 L2

D ` +

1

12
P x3

D ` − 1

6

(−P L2 3 − 1

8
L2 (3 L1 2 + L2 2)P )x

L2 D `

− 1

48

L2 (3 L1 2 + L2 2)P

D ` +

1

2
P (L2 − x)

S

���������������� ���6$�&� =�<���(�08 �<��di�0/c�'���@3���0&�,� -� ,]� ���>/1��� b��  -�0/ 8����6 %,.8<�<��� ���%8'8:�C������(�iK-Z
�9&� =,��<�!,������>���:���- =/1������C ESK��;K6N=G=EHGe�>� �(�1G�Z�� ����,f/��0 %,��:� �- -/1�>���0C ESK��;K%N��=EUG
h ��,f8<�7C������;�6$0&� %�'���(��8 ) �=,.������/0�43��657�'� �(�* =�95]�=�-�<�!,:�-)S�����;���! �" �>8 )+�(&1�0/iZ

>
k���Xh¤���x�]i_j_kXo_g � �~�_�pe ���ne ��	Xup�Xu � �~�vc£[Z�]�X[dc£[��m�n�.V_�_¦.[�� c [ � �£[Z�bVb�����(_k����h��1�x�]ibj_kXo_g � �]�_�pe ���ne ��	�up�Xu � �X�vc£[��]�X[dc£[��m�n�.V]�p¦.[�� c [ � �£[Z�bVb�����(_e]qbkbe0�x� �weXqbk]\_j ��	_k���Xh¤��cfk���Xh���� c�	��Z�?cf�������(_

lign1 := δ1 =
11

768

P1 L
3

D ` +

1

8
P1 L

S

lign2 := δ2 =
23

1296

P2 L
3

D ` +

1

6
P2 L

S

sols := {S = −7

2

P2 LP1

−297 δ2 P1 + 368P2 δ1
, D ` =

7

1728

P2 L
3 P1

4P2 δ1 − 3 δ2 P1
}

� ����/0�43��657�<���(� &1�0/0�!,:���������- =/ ���! =,f������87Z

>
k���Xh¤���x�]i � �~�_�pe ���ne ��	�up�Xu � �~�vc£[Z�]�X[dc£[��m�n�.Vb�_¦.[��?c [ � ���£[Z�Z{~[�����Vb�����(_k����h��1�x�]i � �X�_�pe ��ne ��	�up�Xu � �X�vc£[Z�]�X[dcx[��m�n�.V]�p¦.[�� c [ � ���£[Z��{~[�����Vb�����(_e]qbkbe0�x� �weXqbk]\_j ��	_k���Xh¤��cfk���Xh���� c�	��Z�?cf�������(_

lign1 := d1 =
1

96

P1 L
3

D ` +

1

8
P1 L

S

lign2 := d2 =
5

324

P2 L
3

D ` +

1

6
P2 L

S

sols := {S =
1

2

P2 LP1

−27 d2 P1 + 40P2 d1
, D ` = − 1

216

P2 L
3 P1

4P2 d1 − 3 d2 P1
}

��� 	



��� 5 � � �
��	������ �
� ��� ��	 �����������
�

� � � � - 57! % ��� #I+N=? 8/*!$4&% # /*��), 

>
�_jpe�o_g �bo�� [ ��o�� � ��kbqXoZe ���

�����	��
�������	�������������������������������� �!�����#"������$���	�%�	& 
����'�

( �6 =/* -5757�%� �6,� %�'���(� /0 =�T �Z

>
g��x���_j]g]ibi_g]o_g �*) � �£o_jpe�o��mh��ZVXW_g_kbk_e]k]g��pV�u�pq]\_j��pV_q �biXhZg_V �Xh�� ��kbqXopV �¤���]�b�b�_�]�_�]g�� � �£obybo
)�cf� ���,+ � �b�

>
h �x��h�q��ne ��g��(_ � �x�n�.V]�b�b�b�b���

n := 241

- &1"��!,f�>57 =� ���-�<�!�-,� =�'���(�iZ

>
\��x�bg����_g�� ���¤�b� h ���\ � �����x�b�v�£�b���.+ � lnV_e��i��x�]g����_g�� ���¤�b� h ���i � �����x�b���/+ � lbl��
�pq � � ���pq~l�� opq�hUipq\ � �.���x�7\ � �p{_�~�n{ ��¦X�v�x�n��¦ ��g � �p{_��cf�X�_¥_g � ��cf�X� ��Vb�1�i � �.���x�]i � �p{_�~�n{ ��¦Z�m�b�b�p¦ �F\ � �p{_�~�_¥7\ � ��� ��Vb�1�j�hpi�ipq1�

0 ,��! =�<� �1���=�<�< -�0�>���>�>8<�<87Z

>
\��x� � e�j�1 � � g � ��c��~�vcF\ � ���b�vc �X�n�¤�b� h �m���j��x� � eXj�1 � � \ � ��c��m�vc��.Vb�_¦X�v���_¦f\ � ��cf�X� -]�X�vc �X�n�¤�b� h �m���i��x� � eXj�1 � � \ � ��c��m�vcxi � ���b�vc �X�n�¤�b� h �m�i�

2 ���-�'8 �-)S�����;8'�-��&��'� �(�087Z

>
q �����bibj7\��x���mhpo_j����_g��Xj � ��kbq]obi_j7\�� �Xj����
��kbq�oZeXj]o ��� �
3 �ne 3 c ��kbq�opq��po����Zo_� 3 h��Xl �mhpop�.h��_�n�¤� ��e 3 c ��kbqXopq �po��]q.hneX� 3 �]qbkbq �vc h�q���q �bi_j�� 3 ��_k�be.o���kbqXo �F\vcfk]j��pj�hpi_��)|�pj_kbq_e���o � � lnV_e ��)�c �]qbkbq �_�����_jbj�h �(_
��kbq�oZeXj]o ��� �
3 �ne 3 c ��kbq�opq��po����Zo_� 3 h��Xl �mhpop�.h��_�_�?� ��e 3 c ��kbqXopq �po��]q.hneX� 3 �]qbkbq �vc h�q���q �bi_j�� 3 ��_k�be.o���kbqXo ��j?cfk]j��pj�hpi_��)|a]hZj���� � �54 ��)�c �Xqbkbq �_���_j]i �(_
��kbq�oZeXj]o ��� �
3 �ne 3 c ��kbq�opq��po����Zo_� 3 h��Xl �mhpop�.h��_�b�v� ��e 3 c ��kbqXopq �po��]q.hneX� 3 �]qbkbq �vc h�q���q �bi_j�� 3 ��_k�be.o���kbqXo �xivcfk]j��pj�hpi_��)|�pj��pk]j���o��]q.h � lbl ��)�c �]q]kbq �_����k��Zj �(_
��kbq�oZeXj]o ��� �fq �����_i_j7\ �(_k�be.o���kbqXo �F\vcfk]j��pj�hpi_��)|�pj_kbq_e���o � � lnV_e ��)�c �]qbkbq �_�����_jbj�h �(_k�be.o���kbqXo ��j?cfk]j��pj�hpi_��)|a]hZj���� � �54 ��)�c �Xqbkbq �_���_j]i �(_k�be.o���kbqXo �xivcfk]j��pj�hpi_��)|�pj��pk]j���o��]q.h � lbl ��)�c �]q]kbq �_����k��Zj �(_

��� "
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� ��� �  "#,+��8/9��� #I+ '*),+.-0/*�.), �/9) '3#, 2R��G�f� ��� +.# /*! �G�m/ � )&%*/ �2) /3% )
	
�2�f� L #:� �. "4

>
�_jpe�o_g �bo��

�W8'8�&0" �0�'�����087Z

• �'`� << �'`���������������������

•  `�� <<  L`�!�#"$����%&��'�(��
2 �� =�T��/1�>"��=��8'���(�08 Z

>
op� ���x�]���op� ���x�_�b�1�i��x�Xop� �_¥]o_� �0�g��x�b�]�b���
� �x�]g��

)  =�T�6,f�� =� �0,�� ���6,��'� �%87Z

>
aZ� �by��£�b�n�.�]�b���h���� �by ���x�]�v���1�aZ� �����x�b�n�m�]�b���h���� � �by��x�]�v���1�� � �]y ���x�b�]�b�b���aZ� ���x�b�b���� � ���x�b�n��_�b�Xy��x� � � � �b¦�i4-]���XVXop� ��_�b�����x�_�b�Xy1_

G ` c := 31

S ` x :=
24304

25

S ` y :=
24304

25

h ����1&�,� =�U,f�����>/0�>�'���%87Z

>
�Z�Xy��x� �£aZ� �byZ¦�op� �Z¦�i4-]����Vb�0_�Z�����x� �£aZ� � �Z¦�op� ��¦�i4-]����Vb�0_�Z�Xy����x�_�_¦ � � � �by ��¦�op� �Z¦�i4-]����Vb�0_

D ` x := 37044000

D ` y := 37044000

D ` xy := 14112000

E �- =/ Z
>

�0�x�bg_V]�]���
�1�x�]�b�b�b�b�0_
1p�~l_h �x�bj7\bg_k � �x�pV ��gp¦ � �X¦��mhpo � �mhpo � �bV � � -]���X¦be��mh � l�¦.u
�b¦�yZV]g��X¦be��mh � hn¦.u
�b¦ �pV�� �¤c �_� � ��{��
��Vb� �b��� �Z¥ � ��Vb���¤c�y_� ��g�{�� ��Vb�?�b����gb¥�� �XVb�����(_

Q := 30000

q ` mn := 14.96896526(cos(1.649336143n)− 1. cos(1.492256511n))

(cos(1.649336143m)− 1. cos(1.492256511m))/(nm)

h ��&�,f���!,/0 ���+* 57���%���'87Z

��� �



������	��
!�������� � ������	 � ����	 

>
� �~lph �£��{_�.V �f�b�XyZ¦]�b��� �X¦ ���.V_�_¦.�Z�Xy �Z¦ ��� l�¦.u
�]V]g�� -X�Z¦.�Z�XypV ���]{�h���� �by �Z¦.h���� � �by �b{
� l�¦mu
�]V]g��1-]�_¦ � hn¦�u
�]V�� � -]�_¦ � h���� �by �Z¦��Z�Xy_¥�h���� � �byZ¦.�Z��� ��V ���]{�h���� �by �Z¦mh���� � �by �.¥
� hn¦mu
�]V�� �1-��Z¦.�Z���ZV ���]{�h���� �by �Z¦mh���� � �_y ���.¥ � l�¦.u
�]V]g�� -]�_¦ �£hn¦.u
�]V�� � -]�_¦
�£�Z��yZ¦.�Z������V ���]{�h��� �by �Z¦mh���� � �by ���b{ � � l�¦.u
�]V]g�� -]�_¦�Z�Xy_V �f�b�Xyp¦ ���]{�h��n� �by �Z¦mh���� � �by ���.¥ � h�¦.u
�]V�� � -]�_¦.�Z���pV �f�b���Z¦ ���]{�h���� �by �Z¦mh���� � �by �����{_�.V]�_¦.�Z�Xy��Z¦ ���.Vb�_�XyZ¦ � l�¦.u
�]V]g�� -]�]¥n�.V_�b���Z¦ � hn¦.u
�]V�� � -]���b{p��_

>
�p�~lph��]�����x�n�.Vb�_¦ � l�¦.u
�]V]g�� -b�_¦.�Z�XyZ¦.�Z�Xy �pV ���]{�h������by �Z¦mh���� � �by �.¥ � l�¦.u �]V]g�� -X�p¦
� hn¦mu
�]V�� �1-]�_¦ �£�Z�]yZ¦.�Z���pV ���]{�h���� �by �Z¦.h���� � �by �b{~�Z�Xy �Z¦ � h��n� �by �Z¦.�Z�Xy_¥�h���� � �byZ¦��Z��� ��V
�f�_¦ ���]{�h��Z� �by �Z¦mh��� � �by �����b{_�.Vb�_¦ � l�¦�u
�]V]g��X¦ � hn¦.u
�]V�� � -���¦.�Z���Z¦.�Z�Xy �pV
���]{|h���� �by��Z¦mh���� � �by �.¥_�b���Z¦ � l�¦.u
�]V]g��]¦ ��� l�¦.u
�]V]g�� -]�_¦.�Z�XyZV ���]{�h���� �by �Z¦mh���� � �_y �.¥
� hn¦mu
�]V�� �1-]�_¦ �£�Z�]y �_¥�h���� � �byZ¦.�Z�XypV ���b{�h���� �by �Z¦mh���� � �by ��� �(_

>
�Z�~lph��]�Xy��x��{_�.Vb�_¦ � hn¦.u
�]V�� � -]�_¦.�Z���Z¦.�Z�Xy �pV ���]{�h��n� �by �Z¦mh���� � �by �b{ � l�¦�u
�]V]g�� -]�_¦
� hn¦mu
�]V�� �1-X�p¦ �£�Z�]yZ¦.�Z���pV ���]{�h���� �by �Z¦.h���� � �by �b{~�Z�Xy �Z¦ � h��n� �by �Z¦.�Z�Xy_¥�h���� � �byZ¦��Z��� ��V
�f�_¦ ���]{�h��Z� �by �Z¦mh��� � �by �����.¥n�.Vb�_¦ � l�¦�u
�]V]g�� -��Z¦ � hn¦.u
�]V�� �]¦.�Z�XyZ¦.�Z�Xy �pV
���]{|h���� �by��Z¦mh���� � �by �b{��b�XyZ¦ � hn¦.u
�]V�� �]¦ ��� hn¦.u
�]V�� � -]�_¦.�Z���ZV ���]{�h���� �by �Z¦mh���� � �_y �.¥
� l�¦mu
�]V]g��1-]�_¦ �£�Z�]y �_¥�h���� �by �Z¦.�Z���pV ���b{�h���� �by �Z¦mh���� � �by ��� �(_

>
/_�~lph �£� ��� l�¦.u
�]V]g��X¦��p�~lph��b���pVb�b���n{ � hn¦.u
�]V�� �X¦.�Z�mlph��b�XypVb�b�Xy �(_
W ` mn := −.002729168161m4 π4 − .01323646560m2 π4 n2 − .002729168161n4 π4

− .1445078635m2 π2 − .1445078635n2 π2 − 1

X ` mnS ` y := 4.525128708m5 π5 + 21.94687423m3 π5 n2 − 4.525128708mπ5 n4

+
12152

7125
mπ (118.7673130m2 π2 + 67.18836565n2 π2)

Y ` mnS ` x := −4.525128708n5 π5 − 21.94687423m2 π5 n3 + 4.525128708m4 π5 n

− 12152

7125
nπ (118.7673130n2 π2 + 67.18836565m2 π2)

Z ` mn :=
5

2770656
mπ(4.525128708m5 π5 + 21.94687423m3 π5 n2

− 4.525128708mπ5 n4 +
12152

7125
mπ (118.7673130m2 π2 + 67.18836565n2 π2))

− 5

2770656
nπ(−4.525128708n5 π5 − 21.94687423m2 π5 n3

+ 4.525128708m4 π5 n− 12152

7125
nπ (118.7673130n2 π2 + 67.18836565m2 π2))

�W�43��657�'� �(�iZ

> [ �x� �xy?c �vc�� �b{�� ��g]ibi ��g]ibi ��j \_g_k � �|{ � �~lphn¦ 1p�~lph�V /p�~lphn¦be��mh � l�¦.u
�b¦�ypV]g �X¦be��mh � hn¦.u
�b¦ �pV]g���¤c ln�n�¤�b��� �¤c hZ�n� �b��� ���(_
[ ��gbVb� c ��V]� cf�]���(_

w := (x, y, k)→ add


add


evalf


−

W ` mn q ` mn sin(
mπ x

a
) sin(

nπ y

a
)

Z ` mn


 , m = 1..k


 , n = 1..k




24.20504183

�U�68<� 57�(���-�!,��-�=��57��Z

>
o��x�]o��|lnj � ���
[ � �£� [ ��g_V]� c ��Vb� c~�����
� ��obj����x� �]� �?c��?c��.�b�]�vc � ��c [ �3c��m�b�]�b����pq � � ���pq~l � ���U� opq��]�b� [ � �]k]jNg���e ��� ��obj�� � h�q �ne ��� ��o_j�� �¤c��]� ���]�v�|� ipq[ ���]qbkXi��x� �]q ��� � [ � ���[ � �£� [ ��g_V]� c ��Vb� c � ���
� ��obj����x� � q � ��� ��opj�� �¤c � ��c [ �3c�� [ ��{ [ �n�bqbkXi ��V [ �n¦Z�m�b�]�b���[ ���]qbkXi��x� �]q ��� � [ � ���j�hpi�ipq1�o���l�j � �b{mo1_
���.h��XlH�x���
��o_j�� � hnq �ne ��� ��o_j�� �¤c��~��_ lngbyp�Xi_j����x��� ��o_j�� � h�q ��e ��� ��o_j�� �¤cf�X��_

15.062

�����
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k ` num := 37

max ` def := 24.49051030

0 �(���-�!,��-�=��57� �1���=�7Z

>
��kbqXoZe � k�be�o���kbqXob� � � eXj�1 � � � ��o_j�� � ��c��~�vc�� ��o_j�� � ��cf�X�b�vc �X�n�¤�b� h�q �ne ��� ��o_j�� ���m� �(_
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