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Abstract

Gear design, like many other areas in mechanical engineering , is influenced by a number of

factors.Direct factors can be accounted for by application of  the physics and mathematics .In order to

include the more indirect factors in design ,through a lots of experiments and trial-and-error tests, a

series of tables and charts have been provided.

  Experience shows that, the interpretation of the physical phenomenon in hand and utilization of

correct chart or table differs from one designer to another, which in turn, will affect the out coming

result.      

  Through this paper, an attempt has been made to show that, applying  the finite element theory to

gear design offers a more straight forward approach to the results. Recent advances in computer

technology allows us to use more and better elements, which has a detrimental effect on results.
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1 Introduction

1.1 Purpose

The bending fatigue life of spur, bevel and hypoid gears is directly related to the magnitude of the

tensile bending stress in the fillet regions  of the gear tooth. It is possible therefore,to predict the

bending fatigue life of a gear design prior to manufacture if tensile bending stress can be determined

through theoretical stress analysis.

  Cantilever beam theory has been applied to two-dimensional models of gear teeth by WILFRED

LEWIS1 in order to estimate the fillet bending stresses. This model has been extended to three-

dimensional bevel and hypoid gear teeth by introducing factors to account for the influence of tooth 

proportion,stress concentration and contact pattern position.The accuracy of these stress calculation

methods is dependent on the accuracy of the two-dimensional model and the assumption made in

deriving various factors.

  The overall accuracy is often compromised because it is not possible to account for all possible

interaction between variables. There is a need for a more accurate and consistent method of

calculating gear tooth stress. The purpose of this paper is to apply finite element method for stress

calculation of gear tooth without incorporating any additional multiplying factors. 

1.2 Scope

This paper applies to spur, straight bevel and hypoid gears.

  The adapted approach is as follows:

A real gear tooth geometry has been used to model a spur gear and then a straight bevel an eventually

a hypoid gear. A verification of each model has been obtained by comparing it to analytical and

experimental results as well as to various standards.Lubrication has not been accounted for. Design

criterions are tensile bending stress at the fillet regions and surface contact stress. A modified form of

Lewis equation has made the foundation for tensile stress calculation,while Hertz2 contact theory has

been adapted to deal with contact stresses. A particular gear has been selected using charts from

AGMA ,   (American Gear Manufacturers Association).

---------------------------------------------------------------------------------

1 LEWIS, W. “ Investigation of the Strenght of Gear Teeth” Proceeding  Engineers Club, Philadelphia

Pa. ,1893

2 HERTZ, HEINRICH (1857-1894)  German physicist who experimentally proved the existence of

electromagnetic waves in 1888.He also developed the theory of elastic contact.
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2 Background

2.1 Introduction

  

Gears are used to transmit motion and therefore power between one shaft and another. The simplest

type of gears is SPUR GEAR, these gears transmit rotary motion between parallel shafts, they are

usually cylindrical and the teeth are straight and parallel to the axis of rotation.

2.2 Terminology and Definitions

The terminology of gear teeth is illustrated in Fig.2-1, where most of the following  definitions are 

shown:

Fig.2-1 Terminology [2]                                                                                                                        2



-The Pitch circle is a theoretical circle on which all calculations are usually based. The pitch circle of

a pair of mating gear are tangent to each other.

-A Pinion is the smaller of two mating gears. The larger is often called 

 the GEAR or the WHEEL.

-The Circular Pitch p  is the distance,measured on the pitch circle,from a point on one tooth to a

corresponding point on an adjacent tooth.

-The Diametral Pitch P  is the number of teeth on the gear per inch of pitch diameter. The units of

diametral pitch are the reciprocal of inch. Note that it can not actually be measured on the gear itself. 

-The Module m  is the ratio of the pitch diameter to the number of teeth. The module is the index of

tooth size in SI.

-The Addendum a  is the radial distance between the top land and the pitch circle.

-The Dedendum b  is the radial distance from the bottom land to the pitch circle.

-The Whole depth h  is the sum of addendum and dedendum.

-The Clearance circle is a circle that is tangent to the addendum circle  of the mating gear [2].

-Diametral pitch 
d

N
P =

 where N =number of teeth

      d =pitch diameter

-Module 
N

d
m =

-The circular pitch 
N

d
p

∗
=

π
  π∗= mp

-Addendum ma =

-Dedendum  mb ∗=
6
7

-The whole depth mbah ∗=+=
6
13

-The addendum circle diameter mddk ∗+= 2

-Face width mb ∗= 5  min   m∗12   max
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2.2.1 Fundamental Law of Toothed Gearing

Mating gear teeth acting against each other to produce rotary motion. When the tooth profiles are

shaped so as to produce a constant angular  velocity ratio during meshing, the surfaces are said to be

conjugate.

  It is possible to specify any profile for one tooth and then to find a profile for the mating tooth so

that the surfaces are conjugate. One of these solutions is the INVOLUTE profile, which, with few 

exceptions, is in universal use for gear tooth. The action of a single pair of mating tooth as they pass

through an entire phase of action must be such that the ratio of the angular velocity of the 

driving gear to that of the driven gear remains constant.

  This is the fundamental criterion which governs the choice of the tooth profiles. If it were not true of

gearing, very serious vibration and impact problems would exist, even at low speeds.

  The angular-velocity-ratio theorem states that the angular-velocity ratio of any mechanism is

inversely proportional to the segments into which the common instant center cuts the line of centers.

  In Fig 2-2 two profiles are in contact at A ,let profile 2 be the driver and 3 be the driven. A normal to

the profiles at the point of contact A  intersects the line of centres 32OO  at the instant center P .

In gearing, P  is called the pitch point and BC  the LINE  OF ACTION .

Designating the pitch-circle radii of the two profiles as 2r  and 3r ,then 

we have:       
2

3

3

2
r

r
w

w =     [2] .

2.2.2 Tooth Action

If mating tooth profiles have the shape of involute curves,the condition that the common normal at all

points of contact is to pass through the pitch point is satisfied. An involute curve is the path generated

by a tracing point on a cord as the cord is unwrapped from a cylinder called the base cylinder.  This is

shown in Fig.2-3,where T  is the tracing point.

  Note that the cord AT  is normal to the involute at T  and that the distance AT  is the instantaneous

value of the radius of curvature. As the involute is generated from the origin 0T  to 1T ,the radius of 

curvature varies continuously,it is zero at 0T  and greatest at 1T . Thus the cord is the generating

line,and it is always normal to the involute.

4



Fig. 2-2   Line of action

  In Fig.2-4,we can examine how involute profile satisfies the requirement for the transmission of

uniform motion.Two gear blanks with fixed centers 2O  and 3O  are shown having base cylinders

whose respective radii are AO2  and BO2 .

  We now imagine that a cord is wound clockwise around the base cylinder of gear 2 ,pulled tightly

between points A  and B ,and wound counter-clockwise around the base cylinder of gear 3 .

  If now the base cylinders are rotated in different directions so as to keep the cord tight,a point T  will

trace out the involutes CD  on gear 2  and EF on gear3. The involutes thus generated simultaneously

by the single tracing point are conjugate profiles.

  Next imagine that the involutes of Fig.2-4 are scribed on plates and the plates are cut along the

scribed curves and then bolted to the respective cylinders in the same positions.The result is shown in

Fig.2-5.The cord can now be removed and if gear 2  is moved clockwise, gear 3 is caused to move

counter-clockwise by the cam-like action of the two curved plates.  The path of contact will be the

line AB  formerly occupied by the cord. Since the lineAB   is the generating line for each involute,it

is normal to bothprofiles at all points of contact. Also, it always occupies the same position because it

is tangent to both base cylinders. Therefore point P is the pitch point; it does not move; and so the

involute curve satisfies the law of gearing [2].

5



Fig.2-3  Tracing  point for an involute curve [2]

                 

Fig.2-4  Transmission of uniform motion [2]       Fig.2-5  The path of contact of two involutes [2]
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2.3 Gear Tooth Drawing

In order to illustrate the fundamentals of spur gears a step by step procedure is explained through the

actual layout of a pair of gears [2]. New formulas and terms will be introduced as we progress, other

definitions are found in section 2.2.

  The whole procedure has also been programmed in order to be used for different

gear dimensions in conjunction with a CAD  program.

  For given information we will select a gear with the following dimensions:

pD =50mm        pitch circle diameter

m =4                  module

φ = o20               pressure angle

n =12                tooth number

Step 1 draw a circle 50mm in diameter, this is pitch circle.

Step 2  Find the base circle diameter, with pressure angle of 20o ,we have,

       bD = φcos∗pD  

Step 3 Generate an involute curve: first divide the base circle into equal parts

       0A , 1A , 2A ,...now construct the radial lines 0OA , 1OA , 2OA .Next construct

       perpendiculars to these radial lines.The involute begins at 0A .Fig.2-6

       The second point is found by laying off twice 10 AA  on the perpendicular

       through 1A .The next point is found by laying off twice 10 AA  on the  

       perpendicular through 2A ,and so on.

Step4 Connect these points together with a spline and filter the points out 

      and erase them.

Step5 Find the diameters of addendum and dedendum circles with the help of 

 following formulas:

      kD = mD ∗+ 20       addendum

      mDD f ∗−= 5.20     dedendum

      and construct the circles.

Step6  Find the half angle of tooth as follows: 
4

2 0

n
D ∗∗∗= πγ
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Step7  Mirror the involute curve from step 3  about a radial line and the angle found in step6 .

Step8 Trim any unnecessary circle and line segments.

Step9  Copy the obtained gear tooth n  times[2].

Fig.2-6  Step by step gear tooth drawing [2]

2.3.1 Involutometry

The study of the geometry of the involute is called involutometry. In Fig.2-7 a base circle with center

O  is used to generate the involute BC .

AT  is the generating line, ρ  is the instantaneous radius of curvature,and r  is the radius to any point

T  on the curve. If we designate the radius of the base circle as br , the generating line AT  has the

same length as the arc AB  an so

)( ϕαρ +∗= br                (a)

8



Fig.2-7  Geometry of an involute curve and its generating circle [2]

where α  is the angle between radius vectors defining of the involute and any point, such as T , on the

involute and ϕ  is the angle between radius vectors defining any point T  on the involute and the

origin A  at the base circle of the corresponding generating line. Since OAT  is a right triangle,

)tan(ϕρ ∗= br                (b)

Solving Eqs.(a) and (b) simultaneously to eliminate ρ  gives

ϕϕα −= )tan(                (c)

which can be written 

ϕϕϕ −= )tan()(inv        (d)

and defines the involute function. The angle ϕ  in this equation is the variable involute pressure

angle, and must be specified in radians. If ϕ  is known, )(ϕinv  can readily be determined. The

problem is more difficult when )(ϕinv  is given and ϕ  is to be found. One approach is to expand Eq.

(d) into an infinite series and then employ the first several terms to obtain an         

approximation [2].

Referring again to Fig.2-7,we see that

)cos(ϕ
brr =    

  To illustrate the use of the relations obtained above, the tooth dimensions of Fig.2-8 will be

determined. Here the portion of the tooth profile extending above the base circle has been drawn, and

the arc thickness of the tooth pt  at the pitch circle (point A ) is given. The problem is to determine the

tooth thickness at any point, say,T .                                                                                                      9



The various quantities shown in Fig.2-8 are identified as follows:

=br radius of base circle

=pr radius of pitch circle

=r radius at which tooth thickness is to be determined

=pt arc tooth thickness at pitch circle

=t arc thickness to be determined

=φ  pressure angle corresponding to pitch radius pr

=ϕ pressure angle corresponding to any point T

=pβ angular half-tooth thickness at pitch circle

=β angular half-tooth thickness at any point T

The half-tooth thickness at any point A  and T  are

            pp
p r

t
∗= β

2
            r

t
∗= β

2
                                       (f)

so that 

            
p

p
p r

t

∗
=

2
β              

r

t

∗
=

2
β                                        (g)

Now we can write 

r

t

r

t
invinv

p

p
p ∗

−
∗

=−=−
22

)()( ββφϕ                   (h)

The tooth thickness corresponding to any point T  is obtained by solving eq.(h)

for t :           

          )
2

(2 ϕφ invinv
r

t
rt

p

p ++
∗

∗=                                            (i)
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Fig.2-8  Dimensions for calculating a gear tooth [2]

2.4 Types Of Bevel Gears

When motion is to be transmitted between shafts whose axes intersect, some form of bevel gear is

required. Although bevel gears are often made for a shaft angle of o90 , they can be produced for

almost any angle.

  Bevel gears are usually divided into four major groups,Fig.2-9A

- )(ConiflexBevelStraight  gears,Fig.2-9A(a)

A bevel gear with straight teeth which,if extended inward, would intersect at the axis.A coniflex gear

has straight teeth with the ends relieved.

- Zerol  gear,Fig.2-9A(b)

A bevel gear with curved teeth which are in the same general direction as the straight bevel teeth.

- BevelSpiral  gear,Fig.2-9A(c)

A bevel gear with curved teeth which are at an angle to the direction of a straight bevel tooth. If

extended inward,they would not intersect the axis.

- Hypoid  gears,Fig.2-9A(d)

They are similar in appearance to spiral bevel gears.They differ from spiral bevels in that the pinion

axis and gear axis are not in the same plane but are offset from each other.It is frequently desirable, as

in the case of automotive-differential [1].

11



Fig.2-9A(a)                 Fig.2-9A(b)

 

Fig.2-9A(c)                Fig.2-9A(d)                  

Fig.2-9A Types of bevel gear [1]

2.4.1 Bevel Gear Nomenclature

General bevel characteristics:Fig.2-10

- :diameterPitch

the diameter which is the basis of all gear calculations for determination of reduction ratios and gear

tooth proportions. It is the diameter of the theoretical circle on which all of the teeth are spaced. On a

bevel gear it is at the large end.

12



Fig.2-9B Tooth shape of different bevel gears [1]
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- :angleSpiral Fig.2-9(c)

When looking at the top of a spiral bevel or hypoid gear, the spiral angle is the angle between the side

of the tooth and the centerline of the gear drawn through the tooth.

- :spiralofHand

When viewing a bevel or hypoid gear from the small to the large end,a right hand spiral curves in a

clockwise direction and a left hand spiral curves in a counter-clockwise direction.

- :memberPinion

The member of a pair with the smaller number of teeth or driving member of a pair of gears.

- :memberGear

The member of a pair with the larger number of teeth or the driven member of a pair of gears.

- :angleShaft

The angle between the axes of the members of a pair of bevel gears. For hypoid this angle is

measured in a plane parallel to both axes.

- :intsin pogCros

The point of intersection of the axes of the members of a pair of bevel gears. For hypoids it is the

point on the axis which is intersected by the line which is perpendicular to both axes of the 

pair.Fig.2-10

- :patterncontactTooth

The area of a tooth surface which contacts the surface of the mating tooth.

General surface characteristics: Fig.2-11

- :sideTop

The upper side of the tooth located at the nine o’clock position when viewing a bevel gear from its

small end towards its large end. [1]

- .sideBottom

The lower side of a tooth located at the nine o'clock position when viewing a bevel gear from its small

end towards its large end.

- :sideConcave

Is the side of a tooth produced by the outside diameter of a circular cutter. Also known as the coast

side.

- :sideConvex

Is the side of a tooth produced by the inside diameter of a circular cutter. Also known as the drive

side.

- :Toe

the toe of a bevel gear tooth is the portion of the tooth surface at the small end.

14



- :Heel

the heel of a bevel gear tooth is the portion of the tooth surface at the large end.

- :Top

the top of a bevel gear tooth is the upper portion of the tooth surface.

- :Flank

The flank of a bevel gear tooth is the lower portion of the tooth surface.

- :landTop

The top land of a gear tooth is the surface of the tooth between sides [1].

Fig.2-10 Bevel gear nomenclature [1]

15



Fig.2-11 Bevel-gear tooth nomenclature [1]
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2.4.2  Bevel-Gear Tooth Geometry

Bevel gears have pitch surfaces which are cones, these cones roll together without slipping, as shown

in Fig.2-12.These gears must be mounted so that the apexes of both pitch cones are coincident,

because the pitch of the teeth depends upon the radial distance from the apex.

Fig.2-12  Pitch cone surfaces [2]

  The true shape of a bevel-gear tooth is obtained by taking a spherical section through the tooth,

where the center of the sphere is at the common apex, as shown in Fig.2-13.Thus,as the radius of the

sphere increases, the same number of teeth must exist on a larger surface, so the size of the teeth

increases as larger and larger spherical sections are taken .

  We have seen that the action and contact conditions of spur-gear teeth may be  viewed as a plane

surface taken at right angles to the axes of the spur gears. For a bevel-gear teeth, the action of contact

conditions should be viewed on a spherical (instead of a plane surface).We can even think of spur

gears as a special case of bevel gears in which the spherical radius is infinite, thus producing a plane

surface on which the tooth action is viewed  [2].

17



Fig.2-13 Spherical cross section [2]                            

  It is standard practice to specify the pitch diameter of bevel gears at the large end of the teeth. In

Fig.2-14 the pitch cones of a pair of bevel gears are drawn and the pitch radii given as 2r  and 3r ,

respectively, for the pinion and gear. The angles ��� 1 and ��� 2 are defined as the pitch angles, and their

sum is equal to the shaft angle  Σ . The velocity ratio is obtained in the same manner as for spur gears

and is 

  

                
2

3

3

2

3

2

N

N

r

r
==

ω
ω

                                                  (a)

  In the kinematic design of bevel gears the tooth numbers of each gear and the shaft angle are usually

given, and the corresponding pitch angles are to be determined. Although they can easily be found a

graphical method, the analytical approach gives exact values. From Fig.2-14 the distance OP may be

written as 

)sin( 2

2

γ
r

OP =     or   
)sin( 3

3

γ
r

OP =                                     (b)
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Fig.2-14  Geometry of two interacting cones in general [2]

so that

                )sin()sin(*)sin( 2
3

2
3

3
2 γγγ −Σ∗==

r

r

r

r
                         (c)

                                                        

or              )cos)sin()cos()(sin()sin( 22
3

2
2 Σ−Σ∗= γγγ

r

r
               (d)                        

Dividing both sides of eq.(d) by )cos( 2γ    and rearranging gives

        )cos()(

)sin(

)cos()(

)sin(
)tan(

2

3

3

2
2

Σ+

Σ
=

Σ+

Σ
=

N

N

r

r
γ

                               (e)                    

Similarly

         )cos()(

)sin(
)tan(

3

2
3

Σ+

Σ
=

N

N
γ

                                                        (f)
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For a shaft angle of o90  the above expressions reduce to

         
3

2
2 )tan(

N

N
=γ                                                                           (g)

and      
2

3
3)tan(

N

N
=γ                                                                         (h)     

  The projection of bevel gear teeth on the surface of a sphere would indeed be a difficult and time-

consuming problem. Fortunately, an approximation is available which reduces the problem to that of

ordinary spur gear. This method is called Tredgold’s approximation, and as long as the gear has eight

or more teeth, it is accurate enough for practical purposes. It is almost universally used, and the

terminology of bevel-gear teeth has evolved around it [2].

  In using Tredgold`s method, a back cone is formed of elements which are perpendicular to the

elements of the pitch cone at the large end of the teeth. This is shown in Fig.2-15.The length of a

back-cone element is called the back-cone radius. Now an equivalent spur gear is constructed whose

pitch pitch radius is equal to the back-cone radius. Thus from a pair of bevel gears we can

obtain,using Tredgold`s approximation, a pair of equivalent spur gears, which are then used to define

the tooth profile, they can also be used to determine the tooth action and contact conditions exactly as

for ordinary spur gears.

From the geometry of Fig.2-16, the equivalent pitch radii are

         
)cos( 2

2
2 γ

r
re =        

)cos( 3

3
3 γ

r
re =                                               (i)           

the number of teeth on the equivalent spur gear is

         
p

r
N e

e

∗∗
=

π2
                                                                        (j)

Where p  is the circular pitch of the bevel gear measured at the large end of the tooth [2].

Fig.2-16 and 2-17 define additional terms of bevel gears. 
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Fig.2-15  Similarities between bevel and spur gears [2]

Fig.2-16  Additional dimensions of a bevel gear [2]
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Fig.2-17  Practical mounting distances of a pair of bevel gears[2]
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2.5 Gear Manufacture

2.5.1 Methods of Generation

Generation is the basic process in the manufacture of bevel and hypoid gears in that at least one

member of every set must be generated. The theory of generation as applied to these gears involves

an imaginary generating gear, which can be a crown gear, mating gear, or some other bevel or hypoid

gear.The gear blank or workpiece is positioned so that when it is rolled with the generating gear,the

teeth of workpiece are enveloped by the teeth of the generating gear.

  In the actual production of the gear teeth, at least one tooth of the generating gear is described by the

motion of cutting tool or grinding wheel. The tool and its motion are carried on a rotatable machine

member called a cradle, the axis of which is identical with the axis of the generating gear. The cradle

and the workpiece roll together on their respective axes exactly as would the workpiece and the

generating gear.

  The lengthwise tooth curve of the generating gear is selected so that it is easily followed with a

practical cutting tool and mechanical motion.Fig.2-18 illustrates the representation of a generating

gear by a face-mill(single indexing) cutter [7].

Fig.2-19 shows the basic machine elements of a bevel-gear face-mill generator.

Fig.2-18  Method of generation [7]

  Most generating gears are based on one or two fundamental concepts. The first is complementary

crown gears, where two gears with o90  pitch angles fit together like mold castings. Each of the

crown gears is the generating gear for one member of the mating set. 
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  Gears generated in this manner have line contact and are said to be conjugate to each other. With the

second concept, the teeth of one member are form-cut without generation. This member becomes the

generating gear for producing the mating member. Again,gears generated in this manner are

conjugate to each other.

  Another method is face hobbing(continuous indexing),which requires a second rotational coupling

(electronic gear box)between the cutter head rotation and the workpiece rotation, for this reason the

method is also called three axis process,Fig.2-20 shows the orientation of the blade groups on a cutter 

head(right side of figure),the single indexing method for comparison is shown [7].

Fig.2-19  Face-mill generator [7]

Fig.2-20  Orientation of blades in milling and hobbing cutter heads [7]
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2.5.2    Localization of Contact

Any displacement in the nominal running position of either member of a mating conjugate gear set

shifts the contact to the edges of the tooth. The result is concentrated loading and irregular motion. To

accommodate assembly tolerances and deflections resulting from load, tooth surfaces are relieved in

both the lengthwise and profile directions. The resulting localization of the contact pattern is achieved

by using a generating set-up which is deliberately modified from the conjugate generating gear [1].

2.6 Gear Design Consideration

Bevel an hypoid gears are suitable for transmitting power between shafts at practically any angle and

speed. The load, speed, and special operating conditions must be defined as the first step in designing

a gear set for a specific application. A basic load and suitable factor encompassing protection from

intermittent overloads, desired life, and safety are determined from:

1.the power rating of the prime mover, its overload potential, and the uniformity of its output torque.

2 .The normal output loading,peak loads and their duration,and the possibility of stalling or severe

loading at infrequent intervals

3.Inertia loads arising from acceleration or deceleration.

  The speed or speeds at which a gear set will operate must be known to determine inertia

loads,velocity,factor,type of gear required,accuracy requirement,design of mountings, and the type of

lubrication.

Special operating conditions include:

1.Noise-level limitation

2 .High ambient temperature

3.Presence of corrosive elements

4 .Abnormal dust or abrasive atmosphere

5.Extreme,repetitive shock loading or reversing

6 .Operating under variable alignment

7 .Gearing exposed to weather

8 .Other conditions that may affect the operation of the set [7].
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2.6.1 Gear Tooth Failure

The failure of any gear tooth falls into one of two forms:

(a)complete fracture of the gear tooth; this usually occurs at the root of the tooth which breaks away

in one whole section

(b)damage or destruction of the working surface of the gear tooth

  Either of these forms of failure may be the result of one or a combination of any of the following

factors.

1.Tooth overloading, either from internal or external forces

2 .Initial stresses

3.Poor tooth design

4 .Use of an incorrect material

5.A material defect

6 .Incorrect heat treatment for the selected material

7 .Defective case or surface hardening

8 .Poor mounting and casing design

9.Surface damage in final machining or grinding operation

10.Poor lubrication-either lack of lubrication or excessive lubrication

11.Excessive operating temperature

12.Malalignmenet of mountings

13.Excessive vibration created by poor finish in machining,eccentricity,or incorrect arrangement of

mountings and bearings

14.Inadequate protection from the physical and atmosphere conditions surrounding the gear train

Gear tooth failure can usually be classified under either tooth fracture or tooth surface failure [7].

2.6.2  Tooth Fracture

Almost all gear tooth which fail by fracture start the process of failure with a fatigue crack, which

usually begins at or in close proximity to the bottom of the fillet radii on the loaded face of the tooth

or from some form of imperfection in the tooth surface in the fillet radii. Such imperfections can be

the result of defective material, surface damage during machining, or due to poor packing or handling

during transit between manufacturing processes, a defect in the case or surface hardening process, a

surface defect caused by grinding or a combination of any these factors.
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  Tooth fracture can also be the result of one of the following:

(a)a foreign body in the gear tooth mesh

(b)continual application of severe shock or vibratory loading

(c)continual loading

(d)uneven contact of the gear teeth, which creates very high concentrations of stress on only a small

percentage of the total tooth face width

  Fatigue fractures are usually identifiable by the smooth nature of the fractured surfaces,which would

tend to point to the fact that a crack has existed for some time and has grown progressively until final

failure occurred. But if the failure is the result of a foreign body being caught in the meshing zone of

the gear teeth, or a sudden shock loading on gears manufactured in a material with a brittle nature,

then similarly the fracture will be clean with smooth surfaces. However, in the case where a crack has

been in existence for any length of time, evidence of some form of corrosion within the cracked area

should be identifiable when the broken surfaces are closely examined [7].

2.6.3 Tooth Surface Failure

Gear tooth surface failure fall into one of the following categories:

1.Failure by the formation of cracks in the involute surfaces of the gear tooth.These cracks extend

below the surface and emerge further along the same surface. This action results in sections of

material being removed from the tooth surface when load is applied and includes a group of failures

such as pitting, cracking and flaking.

2 .Failure by the momentary welding together of the tooth mating surfaces when working under load,

or as it is also known, plastic deformation of the gear tooth.

  Such terminology fully describes the action that takes on the tooth surfaces and it has been known

by such names as scuffing, scoring or picking-up.

One of the most decisive factors in this type of failure is lubrication.

3.Failure caused by the removal of metal particles from the involute surfaces of the teeth on one gear

by the mating surfaces of the teeth on any gears which mesh with it,in a very similar way to a milling

or grinding operation. This type of failure is usually classified under abrasion and lapping or wear.

4 .Other varying forms of surface failure can be listed, the majority of which are traceable to a variety

of imperfections both in design and manufacture and include ridging, rippling, gear hammer, surface

cracks and metallurgical defects  [7].
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2.6.4 Selection of Gear Type

Straight-bevel gears are recommended for peripheral speeds up to s
m8  where maximum

smoothness and quietness are not of prime importance. However, ground straight-bevels have been

successfully used at speeds up to s
m120

  Plain bearings may be used for radial and axial loads and usually result in a more compact and less

expensive design. Since straight-bevel gears are the simplest to calculate, set up, and develop, they

are ideal for small lots. Spiral-bevel gears are recommended where peripheral speeds are in excess of

s
m8 .

  Motion is transmitted more smoothly and quietly than with straight-bevel gears. So spiral-bevel

gears are preferred also for some lower-speed applications. Spiral bevel have greater load sharing,

resulting from more than one tooth being in contact.

  Zerol bevel gears have little axial thrust as compared to spiral-bevel gears and can be used in place

of straight-bevel gears. the same qualities as defined under straight bevels apply to Zerol bevels.

  Hypoid gears are recommended where peripheral speeds are in excess of s
m8

and the ultimate in smoothness and quietness is required. They are somewhat stronger than spiral

bevels. Hypoids have lengthwise sliding action, which enhances the lapping operation but makes

them slightly less efficient than straight-bevel gears [7].

2.6.5  Estimated Gear Size

Figures 2-21 and 2-22 relate size of bevel and hypoid gears to torque, which should be taken at a

value corresponding to maximum sustained peak or one-half peak, as outlined below [1].

  If the total duration of the peak load exceeds 10000000 cycles during the expected life of the gear,

use the value of this peak load for estimated gear size. If however, the total duration of the peak load

is less than 10000000 cycles, use one half the peak load or the value of the highest sustained load,

whichever is greater. Given gear torque and the desired gear ratio, the charts give gear pitch diameter.

  The charts are based on case-hardened steel and should be used as follows:

1.For general industrial gearing, the preliminary gear size is based on surface durability.
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2 .For high-capacity spiral-bevel and hypoid gears, the preliminary gear size is based on both surface

capacity and bending strength. Choose the larger of the gear diameters, based on the durability chart

and strength chart.

3.For high-capacity ground spiral-bevel and hypoid gears, the gear diameter from the durability chart

should be multiplied by .08.0

4 .For hypoid gears, multiply the gear pitch diameter by E
ED

D
,

)( +  being hypoid offset [1].

Fig.2-21  Relation of bevel gear and applied torque[1]

Fig.2-22  Relation of hypoid gear and applied torque[1]                                                                    29



2.6.6 Number of Teeth

Figure 2-23 gives the recommended tooth numbers for spiral-bevel and hypoid gears. However within

limits, the selection of tooth numbers can be made in an arbitrary manner. More uniform gears can be

obtained in the lapping process if a common factor between gear an pinion is avoided. Automotive

gears are generally designed with fewer pinion teeth [1].

Fig.2-23  Recommended teeth number for bevel and hypoid gears [1]

2.6.7 Diametral Pitch

The diametral pitch is calculated by dividing the number of teeth in the gear by the gear pitch

diameter. Because tooling for bevel gears is not standardized according to pitch, it is not necessary

that the diametral pitch be an integer [1].
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2.6.8 Hypoid Offset

In the design of hypoid gears, the offset is designated as being above or below center.Fig.2-24 a and b

illustrates the below-center position, and Fig.2-24 c and d illustrates the above-center position. In

general, the shaft offset for power drives should not exceed 25  percent of the gear pitch diameter and

on very heavily loaded gears, the offset should be limited to 5.12  percent of the gear pitch diameter.

  Hypoid pinions are larger in diameter than the corresponding spiral-bevel pinion. This increase in

diameter may be as great as 30 percent, depending on the offset, spiral angle and gear ratio [1].

Fig.2-24  Hand of hypoid gears [1]
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2.6.9 Spiral Angle

In designing spiral-bevel gears, the spiral angle should be sufficient to give face contact ratio of at

least 25.1 .For maximum smoothness and quietness, the face contact ratio should be between 50.1

and 00.2 .high-speed applications should be designed with a face contact ratio of 00.2  or higher for

best results. For hypoid gears, the desired pinion spiral angle can be calculated by

D

E

n

N
p ∗+∗+= 90525ψ

where  pψ   is in degrees [1].

2.6.10 Pressure Angle

The commonly used pressure angle for bevel gears is o20 , although pressure angles of o5.22  and

o25  are used for heavy-duty drives. In the case of hypoids, the pressure angle is unbalanced on

opposite sides of the gear in order to produce equal contact ratios on two sides. For this reason, the

average pressure angle is specified for hypoids. For automotive drives, use o18  and o20 ,and for

heavy-duty drives, use o5.22  and o25  [1].

2.7 Materials and Heat Treatment

The selection of specific material and treatment combinations should be used on an analysis of the

overall requirements and conditions, some of the fundamental factors to be considered when making

material and treatment selections for gearing are as follows:

(a) Information is required as to such things as factor of safety, loading, duty cycle, mounting, gearing

enclosure, lubrication, and ambient atmospheric conditions which will dictate the material and

hardness requirements.

(b) Annealed carbon steels, barstock, forging, or castings, are usually satisfactory for pinions and

gears for uniform or moderate shock loads when the size of the gear is not an important factor.

(c) Alloy-steel pinions are used where increased loads or greater life are desired
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(d) Alloy-steel pinions and gears, heat treated, should be used with the higher hardness ranges when

space limitations is a factor, where a smaller center distances and face widths may be necessary.

(e) Steel pinions and gears which are to be machined and cut after heat treatment should have the

pinion hardness specified as follows:

-Ratios up to 1:2 , pinion and gear to be same minimum hardness.

-Ratios from 1:2  to 1:8 , minimum hardness of pinion to be Bhn40  higher than minimum gear

hardness.

-Ratios of 1:8  and higher, pinion to be more than Bhn40  harder at minimum than gear.

(f) Steel pinion and gears hardened to Bhn400  or higher after cutting are generally specified with the

same hardness, unless extremely high hardness is desired for the pinion.

(g) Where impact load exists, the use of alloy, as well as lowering of hardness are recommended, for

carburized gears and pinions . Common used materials are listed in table 2.1.  [7].

 

2.8 Tooth Contact Pattern

Tooth contact pattern technique is a method of inspection of either assembled gears or gears mounted

on a testing machine. It provides an indication of correct shape both up and down the tooth profile and

lengthwise on the tooth.

  It evaluates that portion of the gear tooth surface which actually makes contact with its mate. With

this technique, the areas that contact can be observed by coating the teeth with a marking compound,

and running the gears for a few seconds under light load. When the active profiles of the teeth are

examined, the areas where contact was made can be seen. Fig.2-25.Illustrates tooth bearing patterns.

  A central toe bearing, as shown in Fig.2-25(a),is usually preferred when the gears are mounted in

their final running position, since, in practice the tooth bearing nearly always shifts towards the heel

under load. Some allowance should be made for movement of the bearing toward the toe, but the

greater amount should be toward the heel, otherwise, the load might become concentrated at one end

of the tooth, thereby causing breakage. For highly accurate and lightly loaded bevel gears, a centrally

located tooth bearing is preferred [7].
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Table.2-1  Common used materials [7]
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Fig.2-25  Tooth contact pattern [7]
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3. Conventional Stress Analysis

3.1 Introduction

Checking the strength of the gears, should be carried out by checking the pair of gears for their

resistance to tooth breakage and surface failure. Resistance to tooth breakage is normally dependent

upon the bending stress occurring in the root area of the tooth, and the resistance to surface failure

usually depends on contact stress occurring on the tooth surface.

3.2 Strength of A Gear Tooth

At the beginning of action between a pair of gear teeth, the flank of the driver tooth makes contact

with the tip of the driven tooth. Neglecting friction, the total load  nW  is normal to the tooth profile

and is assumed to be carried by this one tooth, W  ,the load component of load   nW perpendicular to

the centerline of the tooth, produces a bending stress at the base of the tooth.

  The radial component   rW  is neglected. The parabola shown in Fig.3-1 outlines a beam of uniform

strength [3].

Fig.3-1  Using a beam of uniform strength to approximate a gear tooth [3]

36



  Hence the weakest section of the gear tooth is at section A-A where the parabola is tangent to the

tooth outline. The load is assumed to be uniformly distributed across the face of the gear.

The induced bending stress is   22
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  The ratio 
cph

t

∗∗6

2

   is a dimensionless quality called form factor y ,values for which are tabulated

in Table 3.1  .This form factor y  is a function of the tooth shape, which depends primarily on the

tooth system and the number of the teeth on the gear [3].

Table.3-1 Values of  y  for different gear teeth number and pressure angles [3]

37



  For convenience,W   is approximated by the transmitted force F  ,which is defined as the torque

divided by the pitch radius.Therefor, substituting F  for      

W    and y  for
cph

t

∗∗6
   ,we have the usual form of the LEWIS  equation

for ordinary design conditions, the face width b  is limited to a maximum of 4  times the circular

pitch.

Letting cpkb ∗=    , where 4≤k

                        cpybsF ∗∗∗=                                                                (c)

  In the design of a gear for strength, the pitch diameter is either known or unknown.If the pitch

diameter is known, the following form of LEWIS equation may be used:

                        
F

ks
ym

11 2
2 ∗∗∗=

∗
π                                                      (d)

where s =allowable stress, 4=k  upperlimit, =F transmitted force,
D

M t∗2
  .Then the above

expression gives an allowable numerical value for the ratio y
m

∗2

1
   witch controls the design, since it

is based on an allowable stress.

  If the pitch diameter is unknown, the following form of the LEWIS  equation may be used:
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M
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π                                                        (e)

where s =stress<allowable stress,  tM =torque on weaker gear; 4=k ,upper limit

4=N , number of teeth on weaker gear.This expression gives a value for the induced stress in terms

of the module.

  Strength design of a straight bevel gear may be based on the LEWIS equation.It should be noted

that the tooth tapers and becomes smaller in cross section as it converges to the apex of the cone. The

LEWIS equation is modified as follows to correct for this situation [3].                                                

  The permissible force F  that may be transmitted is 

                    m
L

bL
ybsF )(

−
∗∗∗= π                                        (f)
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where 

=s allowable bending stress

=y form factor based on the formative number of teeth and type of tooth profile

=L the cone distance

=b the face width of the gear

=m the module based on the largest tooth cross section

  The formative or virtual number of teeth for a bevel gear is the number of teeth,having the same

pitch as the actual gear,that could be cut on a gear having a pitch radius equal to the radius of the back

cone.

                         
)cos(α

N
N f =

where     =N actual number of teeth on the gear and   =α  pitch angle

  For ease of manufacture and satisfactory operation of bevel gears,it is recommended that the face

width be limited to between 3
L  and 4

L ,where L  is 

the cone distance.When designing for strength the diameter of the gear may be either known or

unknown,when the diameter is known,it is convenient to use modified LEWIS equation in this form:
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and when the diameter is unknown, the following form can be used:
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3.3 Wear Tooth Loads

To ensure the durability of a gear pair,the tooth profiles must not have excessive stress as determined

by the wear load wF .
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where 

pD =pitch diameter of smallest gear(pinion)

b  =face width of gear

K  =stress factor for fatigue

Q  = )/(2 gpg NNN +∗

gN  =number of teeth on gear

pN  =number of teeth on pinion
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where

=ess surface endurance limit of a gear pair

=pE modulus of elasticity of the pinion material

=gE modulus of elasticity of the gear material

 =φ pressure angle

  The surface endurance limit may be estimated from

                      2/)70)(75.2( mMNBhnses −=                                              (k)

where Bhn  may be approximated by the average brinell hardness number of the gear and pinion up

to a Bhn  of about 350 for steel. Several values of K  for various materials and tooth forms have

been tabulated in table 3-2.

  The limited wear load for straight-bevel gears , wF   ,may be approximated from

                     
)cos(

75.0

α
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F p
w

∗∗∗∗
=                                                     (l)

where KbD p ,, and Q  are the same as for spur gears,except that Q  is based on the formative number

of teeth [3].
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Table.3-2  Values of K for various materials and tooth forms [3]

3.4 Formulas For Bending and Contact Stresses

The basic equation for contact stress in bevel and hypoid gears is
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and the basic equation for bending stress is
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where

 =ts calculated tensile bending stress at root of the gear

 =cs calculated contact stress at point on tooth where its value will be  maximum

 =pC elastic coefficient of the gear-and-pinion materials combination
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 =gp TT , transmitted torques of pinion and gear, respectively

 =00 ,CK overload factors for strength and durability, respectively

 =vv CK , dynamic factors for strength and durability, respectively

 =mm CK , load-distribution factors for strength and durability, respectively

 =fC surface-condition factor for durability

 =I geometry factor for durability

 =J geometry factor for strength [1]

3.5 Explanation of Strength Formulas and Terms

The elastic coefficient for bevel and hypoid gears with localized tooth contact pattern is given by
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where

=gp µµ , Poisson’s ratio for materials of pinion and gear respectively( 3.0  for ferrous materials)

=gp EE , Young’s modulus of elasticity for materials of pinion and gear, respectively

  The overload factor makes allowance for the roughness or smoothness of operation of both the

driving and driven units. Table 3.3  can be used as a guide in selecting the overload factor [1].

Table 3.3  Selecting guide for overload factors[1] 
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  The dynamic factor reflects the effect of inaccuracies in tooth profile, tooth spacing, and run-out on

instantaneous tooth loading. For gears manufactured to AGMA class 11 tolerances or higher, a value

of 0.1  may be used for dynamic factor. Curve 2  in Fig.3-2 gives the values of vC    for spiral bevels

and hypoid of lower accuracy or for large, planed spiral-bevel gears. Curve 3 gives the value of vC

for bevel of lower accuracy or for large, planed straight-bevel gears [1].

Fig.3-2  Values of Cv for spiral and hypoid gears [1]

  The load-distribution factor allows for misalignment of the gear set under operation conditions. This

factor is based on the magnitude of the displacement of the gear and pinion from their theoretical

correct locations. Table 3.4 can be used as a guide in selecting the load-distribution factor.

Table 3.4  Guide for selecting load-distribution factor [1]
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  The surface-condition factor depends on surface finish as affected by cutting, lapping, and grinding.

It also depends on surface treatment such as lubrizing, and can be taken as 0.1  provided good gear

manufacturing practices are followed.

  The geometry factor for durability I  takes into consideration the relative radius of curvature

between mating tooth surfaces, load location, load sharing, effective face width, and inertia factor.

  The geometry factor for strength J  takes into consideration the tooth form factor, load location, load

distribution, effective face width, stress correction factor, and inertia factor.The geometry factors I

and J  can be found from Fig.3-3 and Fig.3-4. When using Fig.3-4,vlues should be read from upper

or lower horizontal axes according to number of teeth [1].

Fig.3-3  Selection chart for geometry factor I [1]

3.6 Allowable Stresses

The maximum allowable stresses are based on the properties of the material. They vary with the

material, heat treatment, and surface treatment. Table 3.5 gives nominal values for allowable contact

stress on gear teeth for commonly used gear materials and heat treatment. Table 3.6  gives nominal

values for allowable bending stress in gear teeth for commonly used gear materials and heat

treatments.
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Fig.3-4  Selection chart for geometry factor J

Table 3.5  Nominal values for allowable contact stress [1]
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Table 3.6  Nominal values for allowable bending stress [1]
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4. Elements of Contact Mechanics

4.1 Introduction

There is a group of machine components whose functioning depends upon rolling and sliding motion

along surfaces while under load. Both surfaces are usually convex, so that the area through which the

load is transferred is very small, even after some surface deformation, and the pressure and local

stresses are very high.

  Unless logically designed for load and life expected of it, the component may fail by early general

wear or by local fatigue failure. The magnitude of the damage is a function of the materials and by

the intensity of the applied load or pressure, as well as the surface finish.

  The intensity of the load can be determined from equations which are functions of the geometry of

the surfaces, essentially the radii of curvature, and the elastic constants of the materials, large radii

and smaller moduli of elasticity, give larger contact areas and lower pressure. Careful alignment,

smoother surfaces, and higher strength and oil viscosity minimize failure  [4].

4.2 Concentrated and Distributed Forces on Plane Surfaces

The theory of contact stresses and deformations is one of the more difficult topics in the theory of

elasticity. The usual approach is to start with forces applied to the plane boundaries of semi-infinite

bodies, bodies which extend indefinitely in all directions on one side of the plane. Theoretically this

means that the stresses which radiate away from the applied forces die out rapidly are unaffected by

any stresses from reaction forces or moments elsewhere on the body.

  A concentrated force acts at point O  in case 1 of table 4.1 ,At any point Q  there is a resultant stress

q  on a plane perpendicular to OZ , directed through O  and of magnitude inversely proportional to

)( 22 zr + , or the square of the distance OQ  from the point of load application. This is an indication

of the rate at which stresses die out. 

  The deflection of the surface at a radial distance r  is inversely proportional to rand hence, is

hyperbola asymptotic to axes OR  and OZ . At the origin, the stresses and deflections theoretically

become infinite, and one must imagine the material near O  cut out,say,by a small hemispherical

surface to which are applied distributed forces is obtained by the yielding of the material  [4].
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Table 4.1  Stress and deflection in different load cases  [4]

  An analogous case is that of concentrated loading along a line of length l  (case 2 ).Here the force is

l
P  per unit length of the line. The result is a normal stress directed through the origin and inversely

proportional to the first power of distance to the load, not fading out as rapidly. Again, the stress

approaches infinite values near the load. Yielding, followed by workhardening, may limit the

damage. Stresses in a knife or wedge, which might be used to apply the foregoing load, are given

under case 3 .The solution for case 2  is obtained when πα =2 , or when the wedge becomes a 

plane  [4].

  In the deflection equation of case 1, we may substitute for the force P , an expression that is the

product of a pressure p , and an element area, such the shaded area in Fig.4-1.This gives a deflection

at any point, M , on the surface at a distance sr =  away from the element, namley
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where ν  is the poisson ratio. The total deflection at M  is the superposition or integration over the

loaded area of all the elemental deflections, namley
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where η   is an elastic constant  
E

)1( 2ν−
.

Fig.4-1  Area element [4]

  If a rod in the form of a punch, die or structural column is pressed against the surface of a relatively

soft material, one with a modulus of elasticity much less than that of the rod, the rod may be

considered rigid, and the distribution of deflection is initially known. For a circular cross section ,with

deflection w  constant over the circle, the results are listed in case 5  .

  The pressure p  is least at the center, where it is avgp∗5.0 , and it is infinite at the edges. The

resultant yielding at the edges is local and has little effect on the general distribution of pressure. For

a given total load, the deflection is inversely proportional to the radius of the circle [4].

4.3  Contact Between Two Elastic Bodies In The Form of Spheres

When two bodies with convex surfaces, or one convex and one concave surface, are brought together

in point or line contact and then loaded, local deformation will occur, and the point or line will

enlarge into a surface of contact.
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  In general, its area is bounded by an ellipse, which becomes a circle when the contacting bodies are

spheres, and a narrow rectangle when they cylinders with parallel axes. These cases differ from those

of the preceding section in that there are two elastic members, and the pressure between them must be

determined from their geometry and elastic properties.

  The solution for deformation, area of contact, pressure distribution and stresses at the initial point of

contact were made by HERTZ .

  The maximum compressive stress, acting normal to the surface is equal and opposite to the

maximum pressure, and this is frequently called the HERTZ  stress. The assumption is made that the

dimensions of the contact area small, relative to the radii, though varying, may be taken as constant

over the very small arcs subtending the area. Also, the deflection integral derived for a plane surface,

eq.(b) section 4.2, may be used with very minor error. This makes the stresses and their distribution

the same in both contacting bodies.

  The methods of solution will be Illustrated by the case of two spheres of different material and radii

1R    and 2R    .Fig.4-2 shows the spheres before and after loading, with the radius a of the contact area

greatly exaggerated for clarity [4].

Distance RrRRRRRz ∗≈∗∗≈+−−≈∗−= 22....)21()cos( 222 γγγ

because )cos(γ  may be expanded in series and the small angle Rr≈γ .

  If points 1M    and  2M   in Fig.4-2, fall within the contact area, their approach distance 21MM  is

                2

21

2

21 )
11

(
2

rB
RR

r
zz ∗=+=+                                                  (c)

where B  is a constant  )11)(21( 21 RR + .If one surface is concave

as indicated by the dotted line in Fig.4-2,the distance is  )11)(2( 21
2

21 RRrzz −=−               

which indicates that when the contact area is on the inside of a surface the numerical value of its

radius is to be taken as negative in all equations derived from eqn.(b) section 4.2.

The approach between two relatively distant and strain-free points, such as 1Q    and 2Q  , consists not

only of the surface effect 21 zz + , but also of the approach of 1Q    and 2Q     relative to 1M    and 2M ,

respectively, which are the deformations 1w   and 2w   due to the, as yet, undetermined pressure over

the contact area. 
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Fig.4-2  Contact between two spheres before and after loading [4]

The total approach or deflection δ , with substitution from eqn.(b) and (c),is

           ∫∫++∗=+++= φηη
π

δ psdrBwwzz ))(
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2121               (d)

where
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with rearrangements

                      ∫∫ ∗−=
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π

ηη
                                             (e)   
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  For symmetry, the area of contact must be bounded by a circle, say of radius a , and Fig.4-3 is a

special case of Fig.4-1.A trial will show that eqn.(d) will be satisfied by a hemispherical pressure

distribution over the circular area.Thus the peak pressure at center O  is proportional to the radius a ,

or acp ∗=0   , then, the scale for plotting pressure is apc 0= . To find 1w  and 2w  at M  in

eqn.(d), an integration, pds , must first be made along a chord GH , which has the half-length 

GN= 21222 )sin( φ∗+ ra .

  The pressure varies as a semicircle along this cord, and the integral equals the pressure scale c

times the area A  under the semicircle, or

           ))(sin(
2

. 2220 φπ
ra

a

p
cAdsp −

∗
∗

==∫                                             (f)

  By a rotation of line GH  about M  from 0=φ  to 2πφ = (half of the contact circle), the shaded

area of Fig.4-3,is covered. Doubling the integral completes the integration in eqn.(e), namely

          22
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0

22210 ))(sin(
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rBdra
a

p ∗−=−+
∫ δφφηη π

                              (g)

hence
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                                           (h)

  Now the approach  δ  of centers 1Q  and 2Q  , is independent of the particular points M  and radius

r , chosen in the representation by which eqn.(h)was obtained. To make the equation independent of

r  the two 2r  terms must be equal, whence it follows that the constant terms are equal. The 2r

terms, equated and solved for a , yield the radius of contact area

          
B

p
a

∗
+∗

=
4

)( 210 ηηπ
                                                                         (i)

  The two constant terms when equated give

           
B

p

∗
+∗

=
4

)( 210 ηηπδ                                                                        (j)
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  The integral of the pressure over the contact area is equal to the force P  by which the spheres are

pressed together. This integral is the pressure scale times the volume under the hemispherical

pressure plot, or

         Pa
a

p
=∗∗ )

3

2
( 30 π                                                                           (k)

and the peak pressure has the value

        avgpaPp ∗=∗∗= 5.15.1 2
0 π                                                          (l)

  Substitution of eqn. (l) and the values of B  below eqn.(c) gives to eqns.(i)    and (j)the same forms

shown for case 1 of table 4.2.

  If both spheres have the same elastic modulus EEE == 21  , and the poisson ratio is 30.0 ,a

simplified set of equations is obtained. With a ball on a plane surface, ∞=2R ,and with a ball in a

concave spherical seat 2R  is negative.All stresses can now be found by the superposition

orintegration of those obtained for a concentrated force acting on a semi-infinite body.

  An unusual but not unexpected result is that pressure, stresses and deflections are not linear

functions of load P , but rather increase at a less rapid rate than P .This is because of the increase of

the contact or supporting area as the load increases. Pressures, stresses and deflections from several

different loads cannot be superimposed because they are non-linear with load [4].

Fig.4-3  Area of contact bounded by a circle [4]                                                                                53



4.4 Contact  Between  Cylinders  and  Between  Bodies  of  General  Shape

Equations for cylinders with parallel axes may be derived directly, as shown for spheres in Section

4.3.The contact area is a rectangle of width b2  and length l .The derivation starts with the stress for

line contact (case 2  of table 4.1). Inspection of the equations for semiwidth b , and peak pressure 0p

indicates that both increase as the square root of load P . The equations of the table except that given

for δ , may be used for a cylinder on a plane by the substitution of infinity for 2R .

  The semiwidth b , for a cylinder on a plane becomes 21
121 ]))([(13.1 RlP ηη + .All normal stresses

are compressive, with yσ  and zσ  equal at the surface to the contact pressure 0p . Also significant is

the maximum shear stress yzτ  ,with a value of 0304.0 p∗  at a depth b∗786.0 . Case 3  of table 4.2

pictures a more general case of two bodies, each with one major and one minor plane of curvature at

the initial point of contact. Axis Z  is normal to the tangent plane XY , and thus the Z  axis contains

the centers of the radii of curvature. The minimum and maximum radii for body 1 are 1R  and 1R′ ,

respectively, lying in planes ZY1 and ZX1 . For body 2 , they are 2R       and 2R′ , lying in planes ZY2

and ZX 2 , respectively. The angle between the planes with the minimum radii or between those with

the maximum radii is ψ . In the case of two crossed cylinders with axis at o90 ,such as a car wheel on

a rail, o90=ψ  and  ∞=′=′ 21 RR .

  This general case was solved by HERTZand the results may be presented in various ways. Here

two sums )( AB + and )( AB − , obtained from geometry and defined under case 3  of table 4.2 are

taken as the basic parameters.The area of contact is an ellipse with a minor axis b2 and a major axis

a2 .The distribution of pressure is that of an ellipsoid built upon these axes, and the peak pressure is

5.1  times the average value baP ∗∗π .However, for cylinders with parallel axes, the results are not

useable in this form, and the contact area is a rectangle of known length, not an ellipse.

The principal stresses are shown in the table occur at the center of the contact area ,where they are

maximum and compressive .

  At the edge of the contact ellipse, the surface stresses in a radial direction (along lines through the

center of contact) become tensile. Their magnitude is considerably less than that of the maximum

compressive stresses only 0133.0 p∗   with  two spheres and  30.0=ν  by an equation of case1,table

4.2,but the tensile stresses may more significance in the initiation and propagation of fatigue cracks.

The circumferential stress is everywhere equal to the radial stress, but of opposite sign, so there is a

condition of pure shear [4].
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Table 4.2  Different contact cases  [4]
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4.5  Finite Element Analysis of Contact and Nonlinearity 

4.5.1  Fundamental Conditions of Linearity

A linear approximation is a fast and efficient solution for many engineering problems. However,

most of the world is nonlinear. The degree of nonlinearity, or the variance between a nonlinear

solution and a linear approximation, will determine how valid the linear results are.

  In many cases, simply understanding  the effects of the nonlinearity can enable one to make sound

design decisions on linear results.In the physical world, there is fine line between linear and

nonlinear behaviour. Just as continuous volumes are represented with discrete pieces called elements

in FEA, a continuous or smooth physical process must be modelled in discrete steps. The abrupt

transitions between stiffness in a point-to-point stress-strain curve representation, or the abrupt

change in load path when two parts contact each other, force the solution to try to numerically

reconcile an instantaneous change. The fact of the matter is that even a nonlinear solution is still only

solving many linear steps iteratively and successively [5].

  Before attempting to identify nonlinear behaviour, it is important to understand

the underlying assumption of linear behaviour. These are the conditions a system must exhibit to

make an attempt at modelling with linear solution. Once they are understood, examining most real

world problems to determine if the basic assumption are violated become possible.

STRESS-STRAIN 

The relationship of stress to strain over the strains being studied must be linear and elastic. For all

practical purposes, stress is proportional to strain via Young's modulus. If the strain rate is known,

the stress state is easily determined. In addition, the part or system must return to the starting state

elastically when all external loads are removed. Most materials will exhibit a change in stiffness or

modulus before inelastic or plastic is encountered [5].

STRAIN DISPLACEMENT

The displacement and rotations must be small, such that the relationship of strain to displacement can

be approximated as linear. This is a difficult concept to grasp. The following standard assumption is

common:

")tan()sin(" θθθθ == orORSMALLBEMUSTNTSDISPLACEME

When local displacements and rotations are small, higher order terms in the constitutive equations are

negligible and only the linear terms are required to calculate a precise solution to a static problem.

However, when displacements become large, these nonlinear terms begin to become significant and 
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must be accounted for. In addition, as displacements become large, the tensile uniaxial or biaxial 

stress field begin to induce resistance  to further deformation. The parts stiffen over and above 

material properties and, consequently alter the final structural results.

LOAD CONTINUITY

The magnitude, orientation, and distribution of loads must not change between the unloaded

(undeformed) and deformed conditions. This essentially means that no loads, such as resulting

contact reaction forces between two surfaces that are initially separated, can be introduced after the

initial load is applied, and that the loads applied do not change direction as the feature they are

applied to begins to deform. This assumption is usually valid if the assumption of small displacement

is valid [5].

4.5.2 Common Symptoms of Nonlinear Behavior

STRESS LEVELS  APPROACH THE YIELD POINT

It usually calls for problem to assume that a structure will not yield because the yield point for the

material is 200GPa and the FEA results show a maximum stress of 198GPa.There is a likelihood that

nonlinear material behaviour is beginning to affect the results. Most materials will exhibit a

significant range of nonlinear elastic behaviour long before the yield stress is reached. Another

important consideration as stresses approach plasticity is that the yield stress is typically an estimated

quantity, derived graphically by offsetting the linear slope of the stress strain curve 20% and noting

the stress where the offset line crosses the test data, this yield stress value may be higher or lower

then the elastic and plastic behaviour.

COUPLED DISPLACEMENS ARE RESTRAINED

When a long, flat plate is supported at its ends and loaded with a uniform pressure, it wants to

assume some curvature. For the length of the neutral surface to remain constant, longitudinal

translation of one or both ends must occur. In this case, longitudinal displacement is coupled to the

normal displacement by the shearing forces in the plate. When the ends of the plate are restrained,

the plate can bend only if the neutral surface stretches. This stretch will generate significant inplane

tensile stresses, which will serve to stiffen the plate due to the geometric stiffening mentioned

earlier. This example highlights the contribution of axial in-plane tensile stress to system

nonlinearity.

LARGE DISPLACEMENTS ARE EXPECTED

In many cases, the desired performance of a part involves large displacement.

Parts such as wire ties and springs must deflect substantially just to achieve their purpose. In these 
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cases, it is best to assume that a nonlinear solution will be required.

TWO SURFACES OR CURVES PENETRATE

Because contact is a nonlinear solution and therefore more time consuming, modelling a system with

potential contact as a noncontact linear approximation and examining these results before proceeding

is common. If penetration occurs in one or more of the suspect regions, a contact condition should be

modelled and a nonlinear solution employed. Of course, there are many situations where contact

cannot be avoided. In fact, contact and its resultant reactions may be key items of interest in the 

study [5].

4.5.3 Direct Versus Iterative Solutions

A linear model is solved just as the name suggests, linearly or sequentially.

It is analogous to solving a set of equations where the number of unknowns matches the number of

equations. This is part of the reason why linear solutions are so fast. When there are more unknowns

than equations, you must resort to some iterative approach, such as Newton-Raphson, to complete the

problem. In this type of solution, a guess at one of the unknowns is made and the problem is solved.

  Base on the results of this solution, an error estimate is made on the initial guess. Using this error

estimate, the guess is adjusted and the solution is repeated. This cycle continues until the error

estimate is below some  predetermined minimum. A nonlinear solution requires an iterative 

approach [5].

4.6 Three Common Types of Nonlinear Behaviour

4.6.1 Material Nonlinearity

Most nonlinear behaviour can be categorized into one of three common types:material,geometric,and

boundary nonlinearity.Material nonlinearity is the type most commonly thought of when the topic of

nonlinearity is suggested. A stress-strain curve is typically known to be nonlinear, therefore it

requires a nonlinear analysis. However, the other two types are probably more common in design

analysis for one simple reason:  They are easier to setup. They require no properties and converge

more quickly. In many cases, if material nonlinearity is present, one or both of the other types will be

required as well [5].

A solution requiring a nonlinear material model is probably the most difficult type of nonlinearity 
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problem. The degree of difficulty is proportional to the degree of nonlinearity. A nonlinear elastic 

problem is easier to solve than a moderately plastic problem.                                                            

  The success and efficiency of a nonlinear material solution are dependent on the choice of material

model. Some models require very little input while others require detailed stress-strain data.

  A linear analysis requires that stress and strain be proportional through a constant called modulus of

elasticity. If this modulus is the initial slope of the stress-strain curve, also required by a nonlinear

analysis, it can be called Young's modulus. In a nonlinear material model,two,three,or more modulii

are required to define the stress-strain relationship. A key feature of nonlinear solution is the need to

continually re-evaluate the strain state to determine which modulus, or stiffness, should be applied to

an element at any given load step [5].

  When plastic behaviour is desired or expected, you will need to tell the solver which criteria to seek

to imitate yielding. Yield criteria are a function of the stresses in the model. Materials, or local

elements with the assigned material model, are assumed linear if the criteria are less than 0  and

plastic if the criteria are greater than or equal to 0 .Some of the more common yield criteria follow.

-TRESCA,which looks at the maximum shear stress in the model and provides a reasonable

calculation of the brief plasticity in more brittle materials.

- MISESVON  looks to the von mises stress to determine yielding and is best criterion for crystalline

plastic and ductile metals.
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where � � �� � �� � �1, 2, 3 are first, second and third principal stresses, repectively.

- COULOMBMOHR_ ,which evaluates a combination of maximum and minimum principal stresses

to determine yielding, is somewhat more accurate for plasticity in moderately brittle materials.

- PRAGERDRUCKER_  combines data from the first and second stress invariants,

eqn.(n)and is better for problems involving materials such as soil and concrete. It provides the best

model for yielding that is first invariant dependent such as crack tips and in amorphous plastics.
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I1,  I2,  I3 are called ,STRESS INVARIANTS.I1, or the first invariant, is internal hydrostatic pressure.

  A hardening rule determines how the material model responds to repeated stress reversals, or

switching between tension and compression. In ductile material that
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has never experienced plasticity, the yield point in tension can be expected to equal the opposite of

the yield stress in compression. However, once tensile yielding has occurred, some materials

experience a phenomenon known as RBAUSCHINGE  effect, which causes the yield point in

compression to be somewhat less than the compressive equivalent of the initial yield stress.

Consequently, nonlinear solution have implemented hardening rules to allow for adjustment of the

yield point in stress reversals.

  An isotropic hardening model does not take the Bauschinger effect into account and the

compressive yield always equals the tensile yield, the absolute value of both equals the initially

defined stress.

  A  kinematic hardening model will take into account the reduction in the compressive yield point

after a stress reversal. A kinematic model is more computationally intensive and should not be used

unless a portion of the model is expected to yield in tension then in compression. Most materials do

experience strain hardening and will see an improvement in accuracy if the kinematic hardening

model is used when needed [5].

4.6.2 Geometric Nonlinearity

Geometric nonlinearity primarily refers to stiffness changes that are independent of material

properties. These stiffness changes can be related to geometry constraints and /or the magnitude of

strains. Geometric nonlinearity is as common in certain types of parts  or systems as it is hard to

identify. Unlike material nonlinearity, which has a fairly well-understood and visible point to

estimate the transition from linear to nonlinear behaviour, geometric stiffening has no hard transition

marker.

  As mentioned previously, the common characteristics of most geometric nonlinear scenarios are

high in-plane or axial tensile stresses induced by the deformation [5].

4.6.3  Boundary Nonlinearity

There are two common occurrences of boundary nonlinearity or change in boundary condition due to

resultant deformation: contact and follower forces.

a)  CONTACT

Contact conditions are common in most design analysis. Setting up contact conditions in FEA can

either be easy or extremely complex and time consuming, depending on preprocessor and solver

capabilities. Some codes allow you to specify surface or curve pairs that derive contact stiffness from
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the material properties of the underlying elements.

  Because contact is typically difficult to set up. It should be used only when necessary.  Given that

contact is a nonlinear problem, the runs will take longer than a linear solution, and sometimes much

longer. Contact conditions allow parts or portions of the same part to touch or lift off each other. This

capability may be necessary to model the interactions of certain systems.[5]

  Contact is a changing-status nonlinearity. The stiffness of the system depends on the contact

status,Fig.4-4 illustrates this fact:

Fig.4-4  Different status of contact [6]

  Contact is highly nonlinear, because both the normal and tangential stiffness at contact surfaces

change significantly with changing contact status

As shown in Fig.4-5

Fig.4-5  Open and close contact case [6]

Other factors that make contact analysis complicated include:

-the region of contact is typically unknown at the start of analysis.                                                   61



-most contact problems include friction, friction is a path-dependent(energy-dissipating) phenomenon

that requires an accurate load history with small time steps.

-Parts might be unconstrained except for contact with other parts, prior to establishment of contact,

such parts are initially unconstrained free bodies, with zero overall stiffness.

In static anlysis unconstrained free bodies are mathematically unstable.                                            

b) FORCESFOLLOWER

Follower forces represent loads that are dependent on the orientation of the structures to which they

are applied. It should be clear that if a feature deflects so much that the orientation of the load

becomes of interest, geometric nonlinearity should probably be considered. Nonlinear forces can be

defined as displacement or velocity based, they can be defined to follow the orientation of a feature

or scale with displacement or velocity magnitudes in a particular degree of freedom. As with contact,

follower forces may be straightforward or difficult to set up depending upon the preprocessor [5].

4.7  Contact Analysis and ANSYS

4.7.1 Contact Compatibility

The AnalysisElementFinite  program used throughout this paper is ANSYS .

In the following sections explanations are given to show how ANSYS deals with contact problems,

together with its capabilities and limitations.

  The ANSYS  program uses contact elements to:

-Track the location of contact

-Enforce contact compatibility(preventing contacting surfaces from passing through each other)

-Transfer the contact stresses(normal pressure and friction)between contacting surfaces.

Contact can be modelled in ANSYS using three different types of elements:

- surfacetoSurface −−

- surfacetoNode −−

- nodetoNode −−

  Different element types have quite different element features and analysis procedure.

Additionally, the contacting bodies can be either rigid or deformable, giving two general classes of

models:

- flexibletoRigid −−

One surface is modelled as being perfectly rigid-no strains, no stresses, no deformations other than

rigid body motions.
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Only valid if one surface is significantly stiffer, and if the stresses in the stiffer body are of no

interest.

- flexibletoFlexible −−

where both bodies are made up of deformable finite elements.

  Each of three types of elements supports both rigid_to_flexible and felxible_to_flexible models.

Surface-to-surface elements are used whenever two surfaces of any arbitrary shape come into

contact.

-The exact location of contact need not be known beforehand.

-The two surfaces can have different meshes.                                                                                     

-Large relative sliding is supported.

-Large strains and large rotations are supported.

  Surface-to-surface contact can model metal shaping, such as rolling operation.

Node-to-surface elements are used whenever a single point will come into contact with a surface of

arbitrary shape.                                             

  Multiple node-to-surface elements can be used to model contact between an edge and a surface.

Node-to-node elements are used whenever a single point come into contact with another uniquely

identifiable point. This requires that you must know the exact location of contact beforehand, when

you create the model. Multiple node-to-node elements can be used to model contact between two 

multi-element surfaces. In this case the mesh on each surfaces must be identical. Relative sliding

deformations must remain small. valid for small rotation response only [6].

Physical contacting bodies do not interpenetrate. Therefore, the program must establish a relationship

between the two surfaces to prevent them from passing through each other in the finite element

analysis. When the program prevents interpenetration, it enforces contact compatibility.

Fig.4-6 illustrates this fact.

Fig.4-6  Contact surface penetrating target surface [6]
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The methodPenalty  of enforcing contact compatibility uses a contact "spring"  to establish a

relationship between two surfaces.                                                                               

  The spring stiffness is called the parameterpenalty  or, more commonly, the StiffnessContact .

The spring is inactive when the surfaces are apart(open status),and becomes active when the surfaces

begin to interpenetrate(closed status). The spring will deflect an amount ∆ , such that equilibrium is

satisfied: ∆∗= kF  where , k  is the contact stiffness.

                                                                                                                                                            

  Some finite amount of penetration,∆ , is required mathematically to generate a contact force at the

interface. This contact force is needed for equilibrium. Thus,∆ , must be greater than zero for

equilibrium. However, physical bodies do not interpenetrate. Therefore for best accuracy, the goal is

to minimize the amount of penetration that occurs at contact interface. Minimum penetration gives

maximum accuracy, which implies ,ideally, the contact stiffness should have a very great value.

However, too high a value can lead to convergence difficulties.

  If the contact stiffness is too great, a slight penetration will generate an excessive contact force,

potentially the surfaces apart in the next iteration.

  An alternative method, the MultiplierLagrange  method, adds an extra degree of freedom(

essureContactPr ),to satisfy impenetrability condition. Most ANSYS  contact elements can combine

both the penalty method and the lagrange multiplier to enforce contact compatibility. This is called 

LagrangeAugmented  method. In the first series of iteration, contact compatibility is determined

based on the penalty stiffness. Once equilibrium is achieved, the penetration tolerance is checked. At

this point, is necessary, the contact pressure is augmented and the iterations continue.

  The contact stiffness is the most important parameter affecting both accuracy and convergence

behaviour. The best value is often problem-dependent. Program-supplied default value may not be

appropriate.

  Some experimentation may be required to determine an appropriate value that generates solution

within an acceptable level of accuracy. For the surface-to-surface elements, you specify the contact

stiffness as a factor( FKN ).That is, the program determines the contact stiffness by

multiplying the stiffness of the underlying element times a factor that you specify:

unerlyingcontact fkFKNk ∗=  

  For these elements, the contact stiffness has units of stiffness per unit area, or 2)( LLF .

A good value for contact stiffness is often obtained by making the contact stiffness equal to the

stiffness of underlying elements. As a starting value:

FKN=10    for bulky solids in contact.

FKN=0.1   for more flexible(bending-dominated)parts [6].
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4.7.2 Penetration Tolerance

The penetration tolerance also affects convergence and accuracy, although to a lesser extent than the

contact stiffness. As the penetration tolerance is tightened, the accuracy may improve, but at the

expense of more difficult convergence. As with the stiffness, you specify the penetration tolerance

by means of a factor( FTOLN ).

  The program determines the penetration tolerance by multiplying the depth of the underlying

element(h ) times a factor that you specify: hFTOLNTolerance ∗=  see Fig.4-7.  Best convergence

behaviour is usually obtained if the contact stiffness does most of the work of enforcing

compatibility [6].

Fig.4-7  Relation between penetration tolerance and underlying element[6]

4.7.3  Designating Contact and Target Surfaces

Contact and target surfaces are definitions in ANSYS . The program defines the contact surface by a

set of discrete contact  points(the element POINTSGAUSS ).

  The program defines the target surface as a continuous surface. The two surfaces can interpenetrate

between the Gauss points, without contact being recognized. This causes inaccuracies.Fig.4-8.
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Fig.4-8  Penetration at Gauss points [6]

  The amount of unrecognized interpenetration can be reduced by careful designation of the target

and contact surfaces. For flexible-to-flexible contact, best accuracy is achieved by maximizing the

number of contact points, however if a surface has a coarse mesh and the other a fine mesh, the

surface with the coarse mesh should be the target surface, consider what would happen if the

designation were reversed,Fig.4-9.

Fig.4-9  Significance of fine mesh [6]

4.7.4 Preventing Rigid Body Modes

In a static analysis of two or more bodies that are initially unconnected, a rigid body motion can

result before the contact is established. If at any point in the solution the two bodies are disconnected,

the stiffness matrix will become singular. ANSYS will issue a negative pivot warning message.
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  There are several options for overcoming rigid body modes due to initially unconnected bodies. The

three most used are as follows(which are categorized under adjusting the initial contact conditions):

-Initial contact closure,( ICONT ):moves the nodes on the contact surface, within the adjustment

band, to the target surface [6].

-Initial allowable penetration range( PMINPMAX & ):physically moves the rigid surface into the

contact surface.

-Automated CNOF  adjustment: the program calculates CNOF  to close the gap.

  The real constant ICONT can be used to specify an " BandAdjustment " around the target surface.

Any contact points with the adjustment band are shifted to the target surface. Only small correction is

recommended, as discontinuities can occur as a result of too large value of ICONT .Fig.4-10

Fig.4-10  Adjustment band around target surface to initiate contact [6]

  The real constants PMAXPMIN &  specify an initial penetration range.

ANSYS  physically moves the entire target surface and the attached deformable body to be within the

range of penetration specified by PMAXPMIN & . 

If the target has predefined constraints of zero, the initial adjustment using

PMAXPMIN &  will not be performed [6].

  The initial adjustment is an iterative process. ANSYS  uses a maximum of 20  iterations to bring the
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target surface within the range of PMAXPMIN & . When the target surface is moved, the bodies are

no longer separated by a gap, but are in initial state of closed contact.Fig.4-11.                                

Fig.4-11  Illustration of Pmax and Pmin [6]

  It has been proved by experience, that one should place the contacting bodies as close to each other

as possible, then run the nonlinear contact analysis to a small fraction of applied load. ANSYS

provides information about any existing initial gaps, using this information the target surface can

now be brought to a TOUCHINGJUST −  position and subsequently using the least amount of real

constant ICONT .This procedure will be shown later with examples [6].

4.8 Test case of Cylinder-Cylinder Contact

In this section an attempt has been made to build a finite element model of a rather classical case of

two parallel cylinders in contact. The main reason for choosing this case is the availability of the

analytical solution for comparison. This has been shown in table 4.2  case 2 .

  Due to symmetry of the problem only half of it is being analysed in D−2  version. Mapped

meshing has been adopted, with finer mesh at the areas of contact to maximize the contact points. 

Elements used are as follows:

-Eight node quadratic:          82PLAN

-Three node contact element:    172CONTA     surfacetosurfaceD −−−2   

-Target element:                169TARGE
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Contact stiffness, FKN , has been set equal to the sYOUNG'  modulus of the hardest cylinder, which

is 30000.This has been accomplished by using a factor of 1.

Penetration tolerance, 0=FTOLN

Initial contact closure, ICONT , was chosen to be 003.0 ,for preventing rigid body modes.

According to case 2 ,table 4.2 and knowing that, 300001013 121 === ERR                             

3.025.029120 212 === ννE , we find b , half width of the 

contact-zone width to be equal 201437.1  and the vertical displacement,δ , to be equal 418110.0

Results from ANSYS  analysis show that, 218693.1=b and )(412832.0 abs=δ ,which both are in

close agreement with the analytical values.

Fig.4-12 shows the element setup. Fig.4-13 shows the deformed shape.

Fig.4-12 Element setup shows the finer mesh around contact areas
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Fig.4-13 Vetical displacement
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5.  Finite Element Model of A Gear Tooth

5.1 Introduction 

The gear tooth geometry obtained in section 2.3 is now imported into ANSYS  using an IGES1

command, during which some unnecessary items are being imported too, such as extra keypoints.

  This imported unit is in form of lines, which shape the boundary of the tooth area,Fig.5-1(a)

illustrates this unit.

Fig.5-1(a)  Imported gear face geometry

---------------------------------------------------------------------------------

1 IGES (Initial Graphics Exchange Specification). Is a way to transfer solid model geometry

from one software package to another.
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Fig.5-1(b)  Single tooth geometry

A center shaft hole,13mm in radius has been cut out of the gear blank. This is according to the

standards.

  First a pair of equal gear teeth with center distance of 50mm will be built and analysed, and results

will be compared to analytical values mentioned earlier. When the validity of the model has been

established, then it will be expanded to bevel and hypoid gear-tooth. Types of elements used will be

explained while in progress under the different analysis.

5.2 Finite Element Model of a Spur-Gear Tooth 

Mapped meshing, due to its lower number of DOFs and better results when used with brick

elements, seemed to be better choice, although it usually is more difficult to achieve.

  Face area ),2(, D− of the tooth was mapped meshed and then swept through D−3  model, then the

original area was cleared for area elements. 

  Mapped meshing the whole area of the tooth with rectangular elements is impossible, due to its

irregular shape, so it has to be divided into smaller, more regular areas. This also gives the benefit of

isolating the fillet area, which is of special interest.Fig.5-2 shows these areas.
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Fig.5-2  Gear tooth face divided into three areas

  Rectangular elements with midside nodes(8-nodes)represent the geometry better, but the model was

also analysed with elements without midside nodes(4-nodes).

Elements used are:  
)2(882

)2(442

DNODEPLAN

DNODEPLAN

−−
−−

 

                    

When swept the counter parts in D−3  must be used, which are:

               

                    
)3(2095

)3(845

DNODESOLID

DNODESOLID

−−
−−

                    

In fig.5-3(a) the volums and areas created after sweep operation is shown,along with the local

coordinate system, which is a polar one and the gear is rotating around the z-axis.This leaves the

tooth body with only one rotational DOF around this axis.These boundary conditions have been

imposed on the model by first assigning this local coordinate system to all the nodes of the two lower

volumes and then preventing these very nodes from having any movement in X and Y directions.

Fig.5-3(a) also shows the area numbering.

Fig.5-3(b) shows meshed gear tooth.
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Fig.5-3(a) Volumes and areas created after sweep operation along with the local coordinate system

Fig.5-3(b)  Gear tooth meshed with cubic elements                                                                           74



             

Fig.5-3(c)  Pressure applied to area 6

5.3 Bending and Contact Stresses in Spur-Gear Tooth 

The meshed gear-tooth from section 5.2 is now being analysed under application of bending and

contact loads.

  A 335 N/mm2  of load is applied to the area 6  of the tooth, which corresponds to  100 Nm of shaft

torque. Fig.5-3(c) shows this load.

Following gear-tooth dimensions were used with LEWIS equation,eq(a),section 3.1:

NW

mmt

mmb

mmh

3717

80.6

20

317.9

=
=
=
=

  By setting these values in to LEWIS equation, we get the first principal stress to be equal 224  Mpa.

Figs.5-4 and Fig.5-5 show  the first principal (tensile) stress for 8-node and 20-node elements

respectively.                                                                                                                                        
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Fig.5-4(a) First principal (tensile) stress ,nodal solution 8-node elements

Fig.5-4(b)First principal (tensile) stress ,element solution 8-node elements
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Fig.5-5(a) First principal (tensile) stress ,nodal solution 20-node elements

Fig.5-5(b) First principal (tensile) stress ,element solution with 20-node elements
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As we see, there is a gap between finite element results and analtical results.

  The explanation could be the underestimation of gear tooth profile which makes the basis of

LEWIS function. By further studing the finite element solutions, we see in each case that the

difference between nodal(averaged) and element (unaveraged) solution is very little,which in turn is

an indication of correct mesh. Fig.5-6(a) shows to gear-teeth assembled in a real life situation,50mm

apart, contacted at pitch point, with one tooth held stationary while the other one is pushed against it

with 100Nm torque. 

Fig.5-6(a)  Two meshed teeth in contact at pitch point 
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  A little manipulation of case 2  in Table 4.2 will give us the HERTZ  contact stress, if we do the

following replacement 

2211 rRrR

bl

WP

→→
→
→

     

1r  and 2r   are the radius of curvature at the contact point, which at pitch point we have

2

)sin(

2

)sin(
21

φφ ∗
=

∗
= gp d

r
d

r                                                             (a)

This gives us the stress equation:

                    
])1([])1([

)1()1(

)cos( 22
2

1
2

1

212

EE

rr

b

W
c ννφπ

σ
−+−

+
∗

∗∗
=             (b)  

which upon substitution gives  ��� c=1352 MPa

  Third principal (compression) stresses will be investgated to find the contact pressure.

Figs.5-6(b),(c),(d) show the deformed shape and FEM  results.

Fig.5-6(b)  Deformed shape                                                                                                               
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Fig.5-6(c) Third principal (compression) stress, nodal solution

Fig.5-6(d) Third principal (compression) stress ,element solution                                                     80

  



One of the mating tooth has been removed to give better insight to deformed shape and distribution

of stress,see Fig.5-6(e) 

Fig.5-6(e) Deformed shape and stress distribution

  To see the contact pattern see fig.5-6(f)

A few words about contact status in ANSYS :

ANSYS  designates an integer number to the current status of contact:

STAT=0  open and not near contact

STAT=1  open but near contact

STAT=2  closed and sliding

STAT=3  closed and sticking
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Fig.5-6(f)  Contact elements involved and contact pattern 

  In this particular case,a contact penalty stiffness factor of 10 has been used. This factor,then was

increased to 35, but the results were unaffected.

Fig.5-6(g) shows a cut-out of real constants of contact elements.

Fig5-6(g) Contact element real constants

All these information could be observed in ANSYS  output window after Solution command has been

issused.Fig.5-6(h)
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Fig.5-6(h) ANSYS  output window with information about contact elements

5.4  Finite Element Model of a Straight Bevel-Gear Tooth

Now that the gear-tooth mesh proved to react satisfactory to applied load, it can be expanded to

model a pair of straight-bevel gear teeth. Fig.5-7 shows such a pair of gear. As in section 5.3 only

two teeth(pair) will be cut out and analysed.

  The meshing procedure is as before,i.e.,the outer area of the tooth is meshed first and then swept

through the volume. Obtaining the gear-tooth shape is somehow different in this case. The difference

is the constant change, both in profile and thickness, that the tooth is going through. This comes from

the fact that, these teeth are cut out of cones.

  This constant change of shape can be modelled by a special extrude command in

ANSYS  named VEXT , which allows a surface to be extruded in any direction with any rate of

change. Since everything in bevel-gear calculation is based on the heel-end (big-end)

profile, this area has made the basis for extrusion with the VEXT  command.
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Fig.5-7  A pair of straight bevel gear with 900 shaft angle

Figs.5-8 and 5-9 show the result. 

Fig.5-10 illustrates force components on a bevel-gear tooth.
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Fig.5-8  Single straight bevel tooth

Fig.5-9  Meshed tooth 
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Applied force is divided into three components:

tW         tangential component       
avg

t r
TW =

rW         radial component           )cos()tan( γφ ∗∗= tr WW

nW         axial component            )sin()cos( γφ ∗∗= ta WW     

φ     is pressure angle, 020  in this case

γ     is cone taper angle 0017.3  in this case

Load is considered to be concentrated in the middle of the tooth,at the distance

avgr  from the axis of rotation.

Fig.5-10  Forces on a straight-bevel gear tooth
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5.5 Bending and Contact Stresses in Straight-Bevel Gear Tooth

Again a 100Nm of torque is applied and carried by a single tooth.

According to eqs.(n) in section 3.4 and Fig.3-2,Fig.5-11 and table 3.3and 3.4, we find the factors to

be

K0=1    Km=1.1    Kv=0.9       J=0.23    Kv=0.9    I=0.065  

and    F=8 mm   D=90mm   Tg=100Nm    Tp=100Nm   N=29  n=29 

 which gives the bending stress to be equal to  570MPa

Fig.5-11  geometry factor J[1]

  A few words about correction factors:

These correction factors have been chosen with the help of diagrams or by experience,which makes

the ending results very sensitive to any individuals choice.If we, in this particular example, had

chosen 0.7 instead of 0.9 for Kv we would have had 732MPa  for bending stress.

 Fig.5-12(a) and (b) show how and where the load is applied along with the FEA results.
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Fig.5-12(a)  First principal (tensile) stress ,nodal solution

Fig.5-12(b)  First principal (tensile) stress ,element solution                                                             88



  As in the case of spur gears, a pair of tooth has been singled out to carry a 100Nm  of torque, as

before, one tooth is held stationary and the mating one pressed against it.Following figures show the

load application and FEA results.

Fig.5-13(a) Third principal (compression) stress ,nodal solution

Fig.5-13(b) Third principal (compression) stress ,element solution                                                   89



Fig.5-13(c)  Distribution of stress and deformed shape

Fig.5-13(d)  Contact pattern                                                                                                               90



Substituting the above mentioned values in eq.(m) section 3.4, will result in a contact stress of

-1961MPa, which again is very sensitive to the choice of correction factors.

Elements used are as follows:

AREA    ELEMENTS:         PLAN   82       8-node quadratic

VOLUME  ELEMENTS:         SOLID  95       20-node cubic 

CONTACT ELEMENTS:         CONTA  174      Surface-to-surface

TARGET  ELEMENTS:         TARGE  170      Surface-to-surface

and contact element real constants:

FKN=10                Normal penalty stiffness

ICONT=0.03         Initial contact closure factor

FTOLN=0.01        Penetration tolerance  

  Another set of analysis was done with different Normal Penalty Stiffness, FKN=1, which gave the

results -1502 and -1481 for element and nodal solution respectively. As the FKN was increased

gradually the results became closer and closer to those of FKN=10 and there were no further increase

with growing  FKN  beyond 10.

5.6 Geometry of a Hypoid-Gear Tooth

The geometry of hypoid gears are more complicated than other types of bevel gears. It is due to the

offset and the blank shape which they are cut from. These gears are sections of hyperboloids,

hyperbola of revolution, a quadratic surface, that comes in two varieties:

The hyperboloid of one sheet,Fig.5-14 and the hyperboloid of two sheets,Fig.5-15.Hyperboloid of

one sheet is asymptotic to a cone.

            

Fig.5-14 Hyperboloid of one-sheet        Fig.5-15 Hyperboloid of  two-sheets 

A hyperboloid of one sheet can implicitly defined by:

             1
2

2

2

2

2

2

=−+
c

z

b

y

a

x
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and its counterpart by:

              1
2

2

2

2

2

2

=−−
c

z

b

y

a

x

In our case a=b=1.

  A 12 teeth pinion and 39 teeth crownwheel were chosen for analysis.

The following explains how the geometry is build up.

Pinion:

A 12 teeth 2-D CAD model is extruded with a successive use of following   commands in ANSYS :

a=1.05

r=4

c=500

*DO,I,1,10

asel,s,loc,z,r* I-r

vext,all,,,a,8,r,a*(sqrt(((r*r)/(c*c))+1))

allsel

*ENDDO

allsel

vplot                                                                          

then the produced volumes will be added together and a center hole cut out.

Fig.5-16 shows the end result.

Crownwheel:

In this case a single tooth will be cut out from a hyperboloid-formed blank, and will be copied 39

times around the center. Basis of the blank is a circle of 156mm in diameter, which again with a

VEXT command is extruded to the shape of the counterpart of that of the pinion, as follows:

a=1

r=2

c=6

*DO,I,1,5

asel,s,loc,z,r* I-r

vext,all,,,a,-(0.3* I-0.3),r,a*sqrt(((r*r)/(c*c)+1)*(1/cos(2*I*3.14/180)))

allsel

*ENDDO                                                                         

allsel

vplot                                                                                                                                                  92



Fig.5-16  Hypoid pinion
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Fig.5-17  Crownwheel gear blank

Fig.5-18 Single crown wheel tooth after extrusion                                                                              
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Fig.5-19 Pinion and crownwheel in mesh

5.7 Finite Element Model of a Hypoid-Gear Tooth

The method from previous sections is being applied again,i.e.,meshing the outer surface and

sweeping it through the volume. Fig.5-20 and Fig.5-21 show the meshed result of a single tooth of

pinion and crownwheel respectively.
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Fig.5-20 Meshed pinion tooth

                                                                     

Fig.5-21 Meshed crown wheel tooth                                                                                                  96



                                                                             

 





  Due to hypoid offset, the pinion of a pair of hypoid-gear set is larger than of its counterparts, which

in turn makes it stronger. This leaves the crownwheel teeth to be the weaker part of the assembly.

This implies that analysis should primarily be concentrated on crownwheel teeth.

5.8 Bending and Contact Stresses in Hypoid-Gear Tooth.

Again a 100Nm of torque is applied and carried by a single tooth. According to eqs.(n) in section 3.4

and Fig.3-2,Fig.5-11 and table 3.3and 3.4, we find the factors to be

K0=1    Km=1.1    Kv=0.9       J=0.23   Kv=0.9    I=0.15 

and    F=25 mm   D=156mm   Tg=325Nm    Tp=100Nm   N=39  n=12 

which gives the bending stress to be equal to  305MPa.

First analysis was done by using 20-node elements with a relatively coarse mesh and then the mesh

was refined. We see the results in following figures:

Fig.5-22(a) First principal (tensile) stress with coarse mesh ,nodal solution
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Fig.5-22(b) First principal (tensile) stress with coarse  mesh ,element solution

Fig.5-23(a) First principal (tensile) stress with fine mesh ,nodal solution
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Fig.5-23(b) First principal (tensile) stress with fine mesh, element solution

  Substituting the above mentioned values in eq.(m) section 3.4, will result in a contact stress of

-760MPa, which again is very sensitive to the choice of correction factors.

Elements used are as follows:

AREA    ELEMENTS:             PLAN   82          8-node quadratic

VOLUME  ELEMENTS:         SOLID  95         20-node cubic 

CONTACT ELEMENTS:        CONTA  174      Surface-to-surface

TARGET  ELEMENTS:          TARGE  170      Surface-to-surface

and contact element real constants:

FKN=10                Normal penalty stiffness

ICONT=0.3           Initial contact closure factor

FTOLN=0.01        Penetration tolerance  

Another set of analysis was done with different Normal Penalty Stiffness, FKN=1, which gave the

results -1502 and -1481 for element and nodal solution repectively.

  As the FKN was increased gradually the results became closer and clser to those of FKN=10 and

there were no further increase with growing  FKN  beyond 10. Following figures show the FEA

results.
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Fig.5-24(a) Third principal (compression) stress nodal solution

Fig.5-24(b) Third principal (compression) stress element solution                                                   100



Fig.5-24(c) Stress distribution

Fig.5-24(d) Contact pattern 
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5.9 Error Estimation

The finite element solution calculates stresses on a per-element basis,  which means, stresses are 

individually calculated in each element. When we plot nodal stress contours, however, we will see

smooth contours because the stresses are averaged at the nodes. If  we plot the element solution, we

will see unaveraged data, which shows the discontinuity between elements.

  The difference between averaged and unaveraged stresses gives an indication of how  “good” or how

“bad” the mesh is.This is the basis for error estimation.

  Error estimation is available only in postprocessing  mode and is valid only for:

-linear elastic structural and linear steady-state thermal analysis

-solid elements (2-D and 3-D) and shell elements

   Element  energy error (SERR) is the energy associated with the stress  mismatches at the nodes of 

the element. This is the basic error measure from which the other error quantities are derived.SERR

has units of energy. Generally, the elements with the highest SERR are candidates for mesh

refinement .Fig.5-25 , 5-26, 5-27 show  the error estimation for spur, straight-bevel and  hypoid

crownwheel tooth in bending ,repectively.  As we see from the error estimation values, we can

conclude that the mesh in the areas of interest (fillet areas) is satisfactory [6].

 

Fig. 5-25  SERR for spur gear tooth
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Fig. 5-26  SERR for straight-bevel gear tooth

Fig. 5-27  SERR for hypoid crownwheel tooth
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6. Summary and Conclusion

Stress analysis of different type of gear is certainly very dependent on many known and unknown

factors. Some of them have been accounted for through numerous tests and feedback results from real

life use. Experience shows,  as the shape of the gear-tooth becomes more complex, the design factors

grow in number. Despite the existence of different tables and standards, estimating the factors is

highly a judgement call for the engineer.

  Finite Element Method represents another way to approach this problem without using any factors,

which through this paper some of it proven to be in very close proximity of the analytical values.    

  Analytical results are very sensitive to certain factors, like the geometry and dynamic factors.

If careful attention is paid to geometry in early stages of design, the finite element analyses can

produce very accurate results, specially if it is backed up by laboratory tests. 
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