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ABSTRACT. In this paper we prove a conjecture of Markman about the shape of the monodromy
group of irreducible holomorphic symplectic manifolds of OG10 type. As a corollary, we also com-
pute the locally trivial monodromy group of the underlying singular symplectic variety.
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INTRODUCTION

An irreducible holomorphic symplectic manifold is a compact Kähler manifold that is simply
connected with a unique closed non-degenerate holomorphic 2-form. They are fundamental
factors in the Beauville–Bogomolov decomposition of compact Kähler manifolds with trivial
canonical bundle. The first example is in dimension 2, where they are all K 3 surfaces. It is very
difficult to construct examples in higher dimension, and so far only four deformation types are
known: two families in any even dimension, namely the K 3[n ] and Kumn types; and two sporadic
families in dimension 6 and 10, namely the OG6 and OG10 types. The latter is the main object
of this paper.

Like K 3 surfaces, irreducible holomorphic symplectic manifolds are studied via their second
integral cohomology group. More precisely, Beauville, Bogomolov and Fujiki independently no-
ticed that the group H2(X ,Z), where X is an irreducible holomorphic symplectic manifold, has
a natural non-degenerate symmetric bilinear form, which generalises the intersection prod-
uct on a K 3 surface (e.g. [3]). With this bilinear form, H2(X ,Z) becomes a lattice of signature
(3, b2(X )−3). In all the examples H2(X ,Z) is an even lattice, but this is not known to hold in gen-
eral. Moreover, it is unimodular when X is a K 3 surface, but in other cases this is not necessarily
true: in particular it is not true in all the known higher dimensional examples.

It is natural to study and understand the group O(H2(X ,Z)) of isometries of the lattice, in
particular those isometries which are geometrically meaningful (in a sense to be made pre-
cise in Definition 1.2). The subgroup of these geometrically meaningful isometries is denoted
Mon2(X ), and its elements are called monodromy operators: among the elements in Mon2(X )
there are for examples isometries of the form f ∗, where f ∈ Aut(X ) is an automorphism and,
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more generally, f ∈ Bir(X ) is a birational automorphism (since the canonical bundle of an ir-
reducible holomorphic symplectic manifold is nef, the pullback of a birational transformation
is an isomorphism of H2(X ,Z) into itself, which preserves the lattice structure - see [19]). All
isometries in Mon2(X ) preserve a natural orientation of the lattice (see Remark 1.3), so they lie
in the subgroup O+(H2(X ,Z)) of orientation preserving isometries. There are isometries that do
not preserve the orientation, like − id ∈O(H2(X ,Z)), and that therefore are not monodromy op-
erator. This can be explained from a moduli theory point of view as follows: if M denotes the
moduli space of marked irreducible holomorphic symplectic manifolds of fixed dimension and
deformation type, then the pairs (X ,η) and (X ,−η) always belong to different connected com-
ponents. As remarked before, birational automorphisms induces monodromy operators. On the
other hand, any monodromy operator preserving the Hodge structure comes from a birational
automorphism, up to some exceptional reflections associated with divisorial contractions ([30,
Theorem 6.18]). We study some exceptional reflections in the context of manifolds of type OG10
in Section 3.

The knowledge of the monodromy group is of paramount importance to study any aspect
of the geometry of irreducible holomorphic symplectic manifolds. It has been explicitly com-
puted by Markman for manifolds of K 3[n ] type (see [28]), and by Markman and Mongardi for
manifolds of Kumn type (see [32] and [36]). In both cases its exact shape depends on the di-
mension, but the general feature is that Mon2(K 3[n ]) = O+(H2(K 3[n ],Z)) (when n − 1 is a prime
power), while Mon2(Kumn ) ⊂ O+(H2(Kumn ,Z)) has index 2 (when n + 1 is a prime power). The
last fact is deeply related to the geometry: it reflects the fact that there exist two families of man-
ifolds of Kumn type that are generically non-birational, but Hodge isometric. This phenomenon
was noticed by Namikawa in [41] as a counter-example to the birational Torelli theorem. Finally,
the monodromy group of manifolds of OG6 type has been recently computed by Mongardi and
Rapagnetta ([37]), who showed that it is maximal, i.e. Mon2(OG6) =O+(H2(OG6,Z)).

In this paper, we address the remaining question of determining the monodromy group of
manifolds of OG10 type. It was conjectured by Markman that Mon2(OG10) = O+(H2(OG10,Z))
(see [30, Conjecture 10.7]). In [36, Theorem 3.3]Mongardi constructs an orientation preserving
isometry that is not of monodromy type: unfortunately the construction is based on the work
[38] that contains a mistake (see [35]).

Our main result is the following affirmative answer to Markman’s conjecture.

Theorem (Theorem 5.4). Let X be an irreducible holomorphic symplectic manifold of OG10 type.
Then Mon2(X ) =O+(H2(X ,Z)).

We give an explicit description of Mon2(X ) in terms of generators when X =fMS is the O’Grady
moduli space, namely the symplectic desingularisation of the moduli space MS of rank 2 sheaves
on a projective K 3 surface S , with trivial determinant and second Chern class of degree 4 (see
Example 1.7).

As a straightforward corollary of this result (see [30, Theorem 1.3]), we get a strong version of
the global Torelli theorem.

Corollary (Global Torelli Theorem). Let X and Y be two irreducible holomorphic symplectic
manifolds of OG10 type. Then X and Y are bimeromorphic if and only if they are Hodge isometric.

Here we say that X and Y are Hodge isometric if there exists an isometry between H2(X ,Z)
and H2(Y ,Z) that respects the Hodge decomposition.

Let us outline the proof of Theorem 5.4. The first step consists in producing monodromy op-
erators. Partial results in this direction were obtained by Markman in [29], where he proved that
the group generated by two particular exceptional reflections is contained in the monodromy
group. He worked in the family of O’Grady moduli spaces. Working in the same family, we study
how the monodromy group of the underlying K 3 surface lifts to the monodromy group of the
O’Grady moduli space (see Theorem 2.10). This result was expected, but, to the best of the au-
thor’s knowledge, there is no proof in the literature.
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Using non-trivial results in birational geometry, like for example the termination of the mini-
mal model program for irreducible holomorphic symplectic manifolds ([25]), and the birational
geometry of singular moduli spaces of sheaves on K 3 surfaces ([34]), we study in Section 3 mon-
odromy operators arising as exceptional reflections around divisors that are pullback of prime
divisors of square −2 on the underlying singular moduli space.

More monodromy operators are constructed using the family of compactified intermediate
Jacobian fibrations constructed by Laza, Saccà and Voisin in [24]. If V is a generic cubic fourfold,
the LSV compactification of the fibration whose fibres are intermediate Jacobians of smooth
linear sections of V is an irreducible holomorphic symplectic manifold of OG10 type. Working
in this family, we study how the monodromy of the cubic fourfold lifts to the monodromy of the
OG10 manifold. An explicit parallel transport operator between this family and the family of
O’Grady moduli spaces is constructed in Section 4.1 (see Theorem 4.6 for the final statement).

If we denote by G ⊂Mon2(fM ) the subgroup generated by all these monodromy operators, in
Section 5 we use lattice-theoretic results to prove that G = O+(H2(fM ,Z)), thus completing the
proof.

It follows from this argument that the monodromy group is generated by monodromy oper-
ators coming from projective families: this is a highly non-trivial feature. Even though the same
statement is true for all the other known examples of irreducible holomorphic symplectic man-
ifolds, it is not clear why this should hold in general.

Finally, using recent developments in the theory of singular symplectic varieties, especially
the work of Bakker and Lehn [2], we study the locally trivial monodromy group of the singular
O’Grady moduli space MS (see Example 1.7).

Theorem (Theorem 6.1). Let Y be a singular symplectic variety locally trivial deformation equiv-
alent to MS . Then Mon2

lt(Y ) = eO+(H2(Y ,Z)).

We finish by remarking that the same computation in the case of a singular symplectic variety
of OG6 type is done in [37], where it is shown that in their case the locally trivial monodromy
group is the whole group of orientation preserving isometries. The difference between the sin-
gular OG10 and the singular OG6 cases can be explained in terms of their singularities: in fact,
singular moduli spaces of OG10 type can be either locally factorial or 2-factorial ([46, Theo-
rem 1.1]), while singular moduli spaces of OG6 type are always 2-factorial ([46, Theorem 1.2]).
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Notations. By lattice we mean a free Z-module L together with a non-degenrate symmetric
bilinear form (·, ·): L × L → Z. We usually simply write x 2 for (x , x ). We denote by L (−1) the
lattice obtained from L by changing the sign of the bilinear form.

Since the bilinear form is non-degenerate, there is a canonical embedding L ⊂ L ∗, where L ∗ =
Hom(L ,Z) is the dual lattice. The discriminant group AL is the finite group L ∗/L . If L =H2(X ,Z)
is the Beauville–Bogomolov–Fujiki lattice associated to an irreducible holomorphic symplectic
manifold X , then we simply write AX for the discriminant group.
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The group of isometries of L is denoted by O(L ), while eO(L ) denotes the subgroup of isome-
tries that act as the identity on the discriminant group. If M ⊂ L is a sublattice, we denote by
O(L , M ) the subgroup of isometries g such that g (M ) =M .

An isotropic element is a vector x ∈ L such that x 2 = 0.
Finally, U will always denote the hyperbolic plane, i.e. the unique unimodular even lattice

of signature (1, 1); A2, E8 and G2 denote the root lattices associated to the respective Dynkin
diagrams.

1. PRELIMINARIES

1.1. Irreducible holomorphic symplectic manifolds.

Definition 1.1. A compact Kähler manifold X is called irreducible holomorphic symplectic if it
is simply connected and H0(X ,Ω2

X ) =CσX , whereσX is non-degenerate at any point.

It follows directly from the definition that H2(X ,Z) is a torsion free Z-module; it turns out
to be a lattice thanks to the Beauville–Bogomolov–Fujiki form qX ([3]). This lattice structure is
indispensable for studying the geometry of an irreducible holomorphic symplectic manifold X ;
we refer to [17] and [30] for a detailed account of results on their geometry.

Let X1 and X2 be two irreducible holomorphic symplectic manifolds that are deformation
equivalent.

Definition 1.2. (1) We say that g : H2(X1,Z) → H2(X2,Z) is a parallel transport operator if
there exists a smooth and proper family p : X → B , points b1, b2 ∈ B and isomorphisms
ϕi : X i

∼−→ Xbi
such that the composition (ϕ∗2)

−1 ◦ g ◦ϕ∗1 is the parallel transport inside
the local system R 2p∗Z along a path γ from b1 to b2. Here R 2p∗Z is endowed with the
Gauss-Manin connection.

(2) If X1 = X2 = X and γ is a loop, then the parallel transport is called monodromy operator.
Such isometries form a group Mon2(X ) called monodromy group (see [30, Footnote 3 at
page 3]).

Remark 1.3. For any irreducible holomorphic symplectic manifold X , let us denote by ωX a
fixed Kähler class. In the following we write X as a pair (M , I )where M is a differential manifold
and I a complex structure. By Yau’s solution to Calabi’s conjecture ([49]) there is a hyper-Kähler
metric g on M representingωX , i.e.ωX =ωI = g (I (−),−). Since the metric is hyper-Kähler, there
exists another Kähler structure J such that I , J and I J = K satisfy the quaternionic relations.
The symplectic formσX is then defined asωJ + iωK .

The positive (real) three-space 〈ωI ,ωJ ,ωK 〉 = 〈ωX , Re(σX ), Im(σX )〉 ⊂ H2(X ,R) comes then
with a preferred orientation (given by this basis). We say that an isometry H2(X1,Z)→H2(X2,Z)
is orientation preserving if it preserves this orientation. By definition, any parallel transport op-
erator is orientation preserving. In particular, if O+(H2(X ,Z)) denotes the group of orientation
preserving isometries, then Mon2(X )⊂O+(H2(X ,Z)). We refer to [30, Section 4] for more details
about this phenomenon.

Example 1.4. An irreducible holomorphic symplectic manifold S of dimension 2 is a K 3 sur-
faces. In this case Mon2(S ) =O+(H2(S ,Z)) ([20, Proposition 5.5 in Chapter 7]).

Now we recall the construction of two families of irreducible holomorphic symplectic mani-
folds.

1.2. Moduli spaces of sheaves. Let S be a projective K 3 surface. The cohomology ring

eH(S ,Z) =H0(S ,Z)⊕H2(S ,Z)⊕H4(S ,Z)

has a natural Hodge structure of weight 2 given by putting eH
2,0
(S ,Z) =H2,0(S ,Z), and a natural

lattice structure that we now recall. If v = (v0, v1, v2) ∈ eH(S ,Z), then

v 2 = v 2
1 −2v0v2,
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where v 2
1 is the standard intersection product on H2(S ,Z). eH(S ,Z) with this lattice structure is

called the Mukai lattice. A vector v ∈ eH(S ,Z) is called a Mukai vector if it is positive in the sense
of [50, Definition 0.1].

In the following we work with a Mukai vector v ∈ eH(S ,Z) such that v = 2w , where w is prim-
itive and w 2 = 2. Once the vector v is fixed, there is a decomposition in v -chambers and v -
walls of the ample cone of S , and any polarisation in the interior of a v -chamber is called v -
generic (see [45, Section 2.1]). For a v -generic polarisation H ∈ Pic(S ), the moduli space Mv (S )
of H -semistable sheaves on S is singular exactly at those points corresponding to S-equivalence
classes of strictly semistable sheaves. Let us denote by Σv the singular locus of Mv (S ). By [40],
the smooth locus of Mv (S ) has a symplectic form.

Theorem 1.5 ([43],[47],[26],[45]). Let v and H as above.

(1) There exists a symplectic desingularisation π: fMv (S )→Mv (S ) such that fMv (S ) is an irre-
ducible holomorphic symplectic manifold of dimension 10. Moreover, fMv (S ) is the blow
up of Mv (S ) at (Σv )red.

(2) Let S ′ be another K3 surface, and choose a Mukai vector v ′ and a v ′-generic polarisation
H ′ as above. Then fMv ′(S ′, H ′) is deformation equivalent to fMv (S , H ). The deformation
is obtained by deforming the surface S ′ to S, the Mukai vector v ′ to v and the generic
polarisation H ′ to H according to the notion of OLS-triple defined in [45, Definition 2.12].

(3) The pullback
π∗ : H2(Mv (S ),Z)→H2(fMv (S ),Z)

is injective. In particular H2(Mv (S ),Z) has a pure Hodge structure of weight 2 and a lattice
structure inherited by those of H2(fMv (S ),Z). Moreover, there exists a Hodge isometry

v ⊥
∼−→H2(Mv (S ),Z).

(4) There is an isometry

H2(fMv (S ),Z)∼=U 3⊕E8(−1)2⊕G2(−1),

where G2(−1) =
�

−2 3
3 −6

�

.

Any irreducible holomorphic symplectic manifold that is deformation equivalent to a desin-
gularised moduli space fMv (S , H ) as in the Theorem above is said to be of OG10 type.

Define

(1.1) Γv :=
n�

α, k
σ

2

�

∈ (v ⊥)∗⊕Z
σ

2
| k ∈ 2Z⇔α ∈ v ⊥

o

⊂ v ⊥Q ⊕Qσ,

with the non-degenerate pairing b ((w1, m1σ), (w2, m2σ)) = (w1, w2)−6m1m2. Notice in particu-
lar thatσ2 =−6. Moreover, Γv has a natural Hodge structure as follows: v ⊥ has a Hodge structure
inherited by eH(S ,Z)) and we declareσ to be of type (1, 1).

Theorem 1.6 ([46, Theorem 3.1]). Γv is a lattice Hodge isometric to H2(fMv (S ),Z).

Example 1.7 (O’Grady moduli space). Let us fix v = (2, 0,−2). In this case, we use the short
notation fMS and MS instead of fM(2,0,−2)(S ) and M(2,0,−2)(S ). The space fMS is called O’Grady moduli
space, while the space MS is called singular O’Grady moduli space (cf. Example 1.12), since this
is the case first studied by O’Grady in [43]. The locus BS =MS \M lf

S of non-locally free sheaves is
a Weil divisor ([43, Section 3.1]) and we denote by eBS its strict transform. We notice that, by [44],
BS is not Cartier, but 2BS is. Since fMS is smooth, the divisor eBS is always Cartier and by [47],

〈 eBS , eΣS 〉=G2(−1),

where eΣS is the exceptional divisor of the desingularisation. Here 〈 eBS , eΣS 〉 ⊂ H2(fMS ,Z) is the
sublattice of the Beauville–Bogomolov–Fujiki lattice generated by eBS and eΣS . More precisely,
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Rapagnetta shows that eΣ2
S = −6, eB 2

S = −2 and (eΣS , eBS ) = 3. Moreover, Rapagnetta also explicitly
describes an isometry

H2(fMS ,Z)∼=H2(S ,Z)⊕〈 eBS , eΣS 〉,

where the inclusion of H2(S ,Z) in H2(fMS ,Z) is the composition of the Donaldson’s map and the
pullback by the desingularisation πS : fMS →MS (see also [43, Section 5]).

Finally, by [46, Remark 3.2], the isometry Γ(2,0,−2)
∼=H2(fMS ,Z) is explicitly given by the function

(1.2)
��n

2
,ξ,

n

2

�

, k
σ

2

�

7→ ξ+n eB +
n +k

2
eΣ.

For future reference, we notice that the particular case in which k = 0 is exactly the isometry
v ⊥ ∼=H2(MS ,Z) in item (3) of Theorem 1.5 in this case (loc. cit.).

Remark 1.8. The singular O’Grady moduli space MS in Example 1.7 is 2-factorial ([44]). In gen-
eral, the factoriality of Mv (S ) depends on the vector w such that v = 2w : if there exists u ∈
eH

1,1
(S ,Z) such that (u , w ) = 1, then Mv (S ) is 2-factorial; if (u , w ) ∈ 2Z for every u ∈ eH1,1

(S ,Z),
then Mv (S ) is locally factorial (cf. [46, Theorem 1.1]).

Example 1.9 (Torsion sheaves). Let S be a projective K3 surface and H a polarisation such that
H 2 = 2. Then any vector of the form v = (0, 2H , b ) gives a moduli space Mv (S ) of dimension 10.
From now on we always assume the polarisation to be v -generic. If b is odd, the moduli space
is smooth ([50]); if b = 2a is even, then we are in the situation of Theorem 1.5 and the singular
moduli space Mv (S ) admits a symplectic desingularisation that is an irreducible holomorphic
symplectic manifold of type OG10.

Let us then consider vectors of the form (0, 2H , 2a ). A general sheaf F ∈Mv (S ) is of the form
i∗L , where i : C → S is an embedding, C ∈ |2H | is a smooth curve of genus 5 and L is a line
bundle on C of degree 2a + 4. In particular Mv (S ) contains the relative Picard variety P i c 2a+4

U ,
where U ⊂ |2H | is the open subset parametrising smooth curves.

There is a natural morphism

pv : Mv (S )−→ |2H |
defined by sending a sheaf to its Fitting support (see [39, Section 1.4]). In this way Mv (S ) can
be thought as a projective compactification of P i c 2a+4

U . Composing the morphism pv with the
desingularisation morphism πv we get a morphism

(pv ◦πv ): fMv (S )−→ |2H | ∼=P5

that is a Lagrangian fibration ([33]).
Finally, if Pic(S ) = ZH , then we can directly read the factoriality property of Mv (S ) in terms

of the parity of a . Recall that v = (0, 2H , 2a ). By Remark 1.8, Mv (S ) is factorial if a in even and
2-factorial if a is odd. For example, the moduli space M(0,2H ,−4)(S ) is factorial, while the moduli
space M(0,2H ,−2)(S ) is 2-factorial (we will use this remark in Section 4.1.2).

1.3. Intermediate Jacobian fibrations. Let V ⊂P5 be a smooth cubic fourfold andU ⊂P(H0(V ,O(1))∗)
the open subset parametrising smooth linear sections.

If Y ∈U , the intermediate Jacobian of Y is the principally polarised abelian variety defined
by

JY :=H2,1(Y )∗/H3(Y ,Z),

where H3(Y ,Z)⊂H2,1(Y )∗ by integration over cycles.
Running this construction relatively over U yields an intermediate Jacobian fibration

(1.3) πU : JU −→U

that is Lagrangian with respect to a non-degenerate holomorphic closed 2-form on JU ([9]).
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Theorem 1.10 ([24]). Suppose that V is very general. Then there exists a symplectic compactifi-
cation

πV : JV −→P5

of the intermediate Jacobian fibration (1.3), such that JV is an irreducible holomorphic symplec-
tic manifold of OG10 type. Moreover, πV is a Lagrangian fibration.

Here very general means outside a countable union of divisors in the moduli space of smooth
cubic fourfolds. The hypothesis of the statement above can be relaxed to general cubic four-
folds, that is to cubic fourfolds contained in a Zariski open subset of the moduli space of smooth
cubic fourfolds (see for example [5, Remark 4.2]). We notice though that recently G. Saccà con-
structed an irreducible symplectic compactification of JU for any smooth cubic fourfold (and
even mildly singular cubic fourfolds), see [48]. Saccà’s compactification is obtained by using re-
cent developments in the minimal model program; in particular it is not constructive and, a
priori, not even unique.

1.4. Singular symplectic varieties.

Definition 1.11. A singular symplectic variety Y is a normal complex variety such that its regular
locus Yreg has a symplectic form that extends holomorphically to any resolution of singularities.

A symplectic resolution of singularities of Y is a resolution of singularitiesπ: X → Y such that
the symplectic form on Yreg extends holomorphically to a symplectic form on X . We say that
π: X → Y is an irreducible symplectic resolution of singularities if moreover X is an irreducible
holomorphic symplectic manifold.

In the following we will only be interested in singular symplectic varieties having an irre-
ducible symplectic resolution of singularities, and we refer to [2] for results and background.

The main and unique example we consider in this paper is the following.

Example 1.12. We use the same notations as in Section 1.2. Let S be a projective K 3 surface and
v = 2w ∈ eH(S ,Z) a Mukai vector such that w is primitive and w 2 = 2. For any choice of v -generic
polarisation H , the moduli space Mv (S )of H -semistable sheaves is a singular symplectic variety
having an irreducible symplectic resolution of singularity by Theorem 1.5 (see also [40] for the
existence of the symplectic form on the regular part of Mv (S )).

When the Mukai vector is v = (2, 0,−2), then Mv (S ) =MS is the singular O’Grady moduli space
of Example 1.7.

If Y is a singular symplectic variety with an irreducible symplectic resolution of singulari-
ties, then H2(Y ,Z) is endowed with a non-degenerate symmetric bilinear form turning it into a
lattice of signature (3, b2(Y )−3). More precisely, ifπ: X → Y is the irreducible symplectic resolu-
tion, then by [2, Lemma 3.5] the pullback π: H2(Y ,Z)→H2(X ,Z) is injective and the restriction
of the Beauville–Bogomolov–Fujiki form on H2(X ,Z) to H2(Y ,Z) is non-degenerate. Moreover,
by the same result, the pullback is an isomorphism on the transcendetal part and the orthog-
onal complement of H2(Y ,Z) in H2(X ,Z) is negative definite, justifying the previous claim on
the signature of H2(Y ,Z). This lattice structure is invariant under locally trivial deformations,
according to the following definition.

Definition 1.13. A locally trivial family is a proper morphism f : Y → T of complex analytic
spaces such that, for every point y ∈ Y , there exist open neighborhoods Vy ⊂ Y and Vf (y ) ⊂ T ,
and an open subset Uy ⊂ f −1( f (y )) such that

Vy
∼=Uy ×Vf (y ).

If the morphism f is smooth, i.e. the family is smooth, then the condition in the definition is
trivially satisfied. The most important example for our purpose is the following.
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Example 1.14. Let p : S → T be a smooth family of projective K 3 surfaces, and suppose that
there exists a flat section H ∈ R 2p∗Z such that Ht is a generic polarisation for every t ∈ T . No-
tice that, the second entry being 0, the Mukai vector (2, 0,−2) extends to a flat section of the
local system eR p∗Z, whose stalk at t ∈ T is the Mukai lattices eH(St ,Z). Then the relative O’Grady
moduli space f : M→ T , whose fibres are the O’Grady moduli spaces Mt = MSt

, is a locally
trivial family (see [45, Proposition 2.16]).

Definition 1.15. Let Y be a singular symplectic variety and π: X → Y a symplectic resolution
of singularities.

(1) The locally trivial monodromy group Mon2(Y )lt of Y is the subgroup of O(H2(Y ,Z)) gen-
erated by isometries arising by parallel transport along loops in a locally trivial family of
Y .

(2) The monodromy group Mon2(π) of the desingularisation π is the subgroup of the prod-
uct O(H2(X ,Z))×O(H2(Y ,Z)) consisting of pairs (g1, g2) such that g1 ∈Mon2(X ) and g2 ∈
Mon2(Y )lt, and such that g1 ◦π∗ =π∗ ◦ g2.

2. MONODROMY OPERATORS COMING FROM THE FAMILY OF O’GRADY MODULI SPACES

Let S be a projective K 3 surface, H a generic polarisation, MS the O’Grady moduli space
and fMS its symplectic desingularisation. We refer to Example 1.7 for notations. In particular, we
always denote by G2(−1) the lattice generated by the divisor eBS and the exceptional divisor eΣS .

Recall that
H2(fMS ,Z)∼=H2(S ,Z)⊕G2(−1).

In the following, O+(H2(fMS ,Z),G2(−1)) is the group of isometries fixing the sublattice G2(−1). The
restriction map

(2.1) r : O+(H2(fMS ,Z),G2(−1))−→O+(H2(S ,Z))

is surjective and O+(H2(S ,Z)) =Mon2(S ) (see Example 1.4). We want to show that, given a mon-
odromy operator g ∈Mon2(S ), there exists a canonical extension g̃ ∈O+(H2(fMS ,Z),G2(−1)) such
that g̃ ∈Mon2(fMS ). As we will see, this extension is given by the identity on G2(−1).

Let T be a curve and (S , H ) a polarised K 3 surface. Let ST → T be a deformation family such
thatS0 = S for a base point 0 ∈ T and letHT be a line bundle onST , flat over T , such thatH0 =H
(see Example 1.14). It is known that the set of points t ∈ T such that Ht is not ample is finite.
Moreover, Perego and Rapagnetta notice in [45, Lemma 2.6] that the set of points t ∈ T such
that Ht is not generic is also finite. We summarise this remark in the following statement for
future reference.

Lemma 2.1. Up to removing a finite number of points from T , we can suppose that Ht is ample
and generic for every t ∈ T .

In the following we assume that HT satisfies the conditions of Lemma 2.1.
Consider the relative moduli space MT → T (resp. Ms

T ) parametrising rank 2 semistable
(resp. stable) sheaves on the fibres of ST → T with trivial determinant and second Chern class
equal to 4 (cf. [21, Theorem 4.3.7]). Notice that Ms

T ⊂MT is open.
SinceMt is reduced and irreducible for every t ∈ T ,MT is flat over T ([12, Proposition II.2.19]

and [45, Lemma 2.15]) and we can think of it as a deformation of (singular) moduli spaces. Now,
define ΣT :=MT \Ms

T . As explained in the proof of [45, Proposition 2.16], since Ht is generic
for every t ∈ T ,Σt is an irreducible closed subvariety which coincides with the singular locus of
Mt .

Remark 2.2. Notice thatΣT has a modular description as the relative second symmetric product
S y m 2S [2]T (cf. first part of the proof of [45, Proposition 2.16]). In fact, by [43, Lemma 1.1.5], Σt =
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Sym2S [2]t . The singular locus of ΣT is then identified with S [2]T . This implies that (Σred)t = (Σt )red

for every t ∈ T .

By [12, Proposition II.2.19] we have that ΣT and (ΣT )red are flat over T . Blowing up MT at
(ΣT )red yields a projective and flat projection

(2.2) p : ÝMT −→ T

such that ÝMt = fMSt
. Notice that a priori it is not obvious that the blow-up of the family is the

family of the blow-ups: this follows from [45, Proposition 2.16].
The family (2.2) is the deformation family of O’Grady manifolds associated to a deformation

of polarised K 3 surfaces.
The first remark is the following.

Lemma 2.3. Let fMS be the O’Grady desingularisation of MS and eΣS the exceptional divisor. Any
monodromy operator g arising from a deformation family (2.2), as constructed before, must sat-
isfy the equality g (eΣS ) = eΣS .

Proof. This is clear from the discussion above. In fact, on ÝMT there is the relative exceptional
divisor eΣT which is flat over T . The associated class in cohomology is then flat in the local system
R 2p∗Z and hence preserved by any parallel transport in the same local system. �

Next, we want to understand what is the orbit of the divisor eBS under monodromy operators
arising from this kind of family. This is more subtle, because the locus BT :=MT \Mlf

T does
not have a modular description as in Remark 2.2. Here and in the following Mlf

T ⊂MT is the
open subset parametrising locally free sheaves on the fibres of ST → T . We need to work with
the Uhlenbeck compactification N∞ of the Donaldson–Yau moduli space N∞ of anti-self-dual
connections on the principal bundle of rank 2, trivial determinant and second Chern class of
degree 4 on the differentiable manifold underlying S ([13]). Recall that N∞ exists as a (reduced)
projective scheme and there is a regular morphism of schemes

φ : MS −→N∞.

Moreover, N∞ = N∞
∐

S (4), where S (4) stands for the fourth symmetric product of S (see dis-
cussion after [43, Proposition 3.1.1]). The morphism φ restricts to an isomorphism M lf

S
∼= N∞

([27]).
We want to relativise this construction to the family p : MT → T . For this, we need to run the

same arguments as in [27, Section 1, Section 2] in families.
Let QuotS/T be a Quot scheme of sheaves on the fibres of ST → T , whose open subset QT ⊂

QuotS/T parametrising semistable points with respect to the action of the algebraic group G =
PGL(N ) (for a suitable integer N ) has MT as GIT quotient. On ST ×QT there is a universal quo-
tient sheaf FT , flat over T (cf. [21, Theorem 2.2.4]).

Now let k ≥ 1 and DT ∈ |kHT | be a divisor which is smooth over T . Notice that such a divisor
DT always exists, up to shrinking the base T . Since the fibres of DT over T are smooth algebraic
curves, we can consider the relative Jacobian J g (DT )−1(DT ). Here g (DT )means the genus of the
general fibre of DT over T . Let θDT

∈ J g (DT )−1(DT ) be flat over T . Then we define the line bundle

(2.3) eLk (DT ,θDT
) := det

�

R •q1∗(FT |DT
⊗q ∗2θDT

)
�−1

where qi is the projection from QT ×DT to the i -th factor and FT |DT
is the restriction of FT to

QT ×DT . Notice that by construction eLk (DT ,θDT
) is flat over T .

Lemma 2.4. eLk (DT ,θDT
) descends to a line bundle Lk (DT ,θDT

) on MT .

Proof. SinceMT is constructed as a G -quotient fromQT , Kempf’s criterion ([10, Proposition 2.3])
says that a G -bundle E on QT descends to MT if and only if for every closed point x ∈QT with
closed orbit, the stabiliser Gx acts trivially on Ex . First we show that eLk (DT ,θDT

) is a G -bundle.
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As in the first part of the proof of [27, Proposition 1.7], we only need to show that the subgroup
C∗ ⊂ GL(N ) acts trivially on eLk (DT ,θDT

). If α ∈ C∗, the homothety α. id acts fibrewise on FT . On
the other hand, our choice of DT is such that the Euler characteristic of the fibres over T is zero,
so that α. id induces the identity on eLk (DT ,θDT

).
Now, closed points in QT are all of the form it ∗Ft , where it : St → ST is the inclusion and Ft ∈

Mt . Moreover, since Ht is assumed to be generic for every t ∈ T , Qt satisfies the hypotheses of
[27, Proposition 1.7] and therefore the proof is reduced to the proof of [27, Proposition 1.7]. �

With an abuse of notation, we denote by Lk the line bundle Lk (DT ,θDT
).

Proposition 2.5. Let (ST ,HT ) be a polarised family of K 3 surfaces over a curve T . Let Lk =
Lk (DT ,θDT

) be the line bundle on MT constructed above and suppose k ≥ 9. Then there exists
a positive integer m̄ such that (Lm

k )t is generated by global sections for every t ∈ T and for every
m ≥ m̄.

Proof. For any t ∈ T , there exists a positive integer mt such that (Lmt

k )t is generated by global
sections for every m ≥mt and k ≥ 9 ([27, Theorem 3]). Now, define

m̄ := sup
t ∈T
{mt }

and since T is quasi-compact (in the Zariski topology), m̄ <∞. �

The pushforward p∗Lm̄
k is not locally free in general, but its double dual p∗(Lm̄

k )
∨∨ is always

locally free ([18, Corollary 1.4]). The proposition above says then that the induced map

(2.4) ϕT : MT −→P
�

p∗(Lm̄
k )
∨∨�

is a regular morphism of schemes. Notice thatP
�

p∗(Lm̄
k )
∨∨
�

is flat over T (it is a projective bundle)
and that ϕT is defined fibrewise.

Let us define N T as the image of MT via ϕT . By construction (or by [12, Proposition II.2.19])
N T is flat over T and, for every t ∈ T , N t is the Donaldson–Uhlenbeck–Yau moduli space as-
sociated to the K 3 surface St ([27, Theorem 5]). The natural projection

(2.5) N T −→ T

is then a family of Donaldson–Uhlenbeck–Yau moduli spaces. If we put NT =ϕT (Mlf
T ), then we

get a relative Uhlenbeck decomposition

N T =NT

∐

S (4)T

where S (4)T is the relative symmetric product, i.e. (S (4)T )t =S
(4)
t .

Remark 2.6. Notice that S (4)T is flat over T .

Remark 2.7. The construction above is not canonical: it depends on the choice of both DT and
θDT

, so one should really write ϕT ,DT ,θDT
. Nevertheless, we suppress this dependence from the

notation for the sake of clarity.
Anyway, when T = Spec(C) is a point, Li noticed that Lk (DT ,θDT

) does not depend on DT and
θDT

. In particular, for a general base T , the claim is true fibrewise and so, if D ′
T is another smooth

divisor on MT and θD ′T
∈ J g (D ′T )−1(D ′

T ), then

Lk (DT ,θDT
)∼=Lk (D

′
T ,θD ′T

)⊗p ∗A

where A is a line bundle on T .

Proposition 2.8. BT =MT \Mlf
T is flat over T .
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Proof. Consider the surjective morphism

ϕT : BT −→S (4)T

obtained by restricting the morphism (2.4). By [12, Proposition II.2.19], it is enough to show that
there are no embedded components ofBT supported on a fibreBt , for every t ∈ T . Suppose such
a component BT ⊂ BT exists and is supported on the fibre Bt0

. Since ϕT is defined fibrewise,

ϕT (BT ) = ϕt0
(BT ) ⊂ S (4)t0

. Since S (4)T is flat over T (Remark 2.6), ϕt0
(BT ) cannot be an embedded

component of S (4)T .
We conclude that such an embedded component BT cannot exist and that BT is flat over

T . �

Lemma 2.9. Let fMS be the O’Grady desingularisation of MS , BS ⊂MS the divisor of non-locally
free sheaves and eBS its strict transform. Any monodromy operator g arising from a deformation
family (2.2) must satisfy the equality g ( eBS ) = eBS .

Proof. It follows directly from Proposition 2.8 as in the proof of Lemma 2.3. �

The main result of this section is the following proposition.

Theorem 2.10. Let g ∈O+(H2(fMS ,Z)) be such that g (eΣS ) = eΣS , g ( eBS ) = eBS and g (H ) =H . Then g
is a monodromy operator.

Proof. Let g be as in the statement. In particular g ∈O+(H2(fMS ,Z),G2(−1)) and so its image r (g )
under the restriction map (2.1) is a monodromy operator on S that preserves the polarisation of
S (i.e. it is a polarised monodromy operator – cf. [30, Corollary 7.4]). This means that there exists
a family of deformations ST → T such that r (g ) is obtained by parallel transport along a loop
γ in T centred in a point 0 ∈ T corresponding to S , and a family {Ht }t ∈T of ample line bundles
such thatH0 =H . By the proof of [20, Proposition 5.5 in Chapter 7], it follows that T can be taken
to be a curve (in fact, T is a general pencil). Notice that in the proof of [20, Proposition 5.5 in
Chapter 7] the K 3 is taken non projective, but exactly the same argument applies for projective
surfaces.

The number of points t ∈ T where Ht is not generic is finite (cf. Lemma 2.1). Let us denote by
T ′ the complement in T of these points. By [15, Théorème 2.3 in Chapter X], the induced map

π1(T
′, 0)−→π1(T , 0)

is surjective and so we can assume that [γ] ∈π1(T ′, 0).
By construction the parallel transport along γ in the family ÝMT ′→ T ′ is an isometry g ′ such

that r (g ′) = r (g ) and moreover, by Lemma 2.3 and Lemma 2.9, g ′(eΣS ) = eΣS and g ′( eBS ) = eBS .
Therefore g = g ′. �

Remark 2.11. Since the family MT → T is locally trivial (cf. Section 1.4), Proposition 2.8 implies
that any (locally trivial) monodromy operator arising from this family must preserve the divisor
2B (notice that, as recalled in Example 1.7, B is not Cartier, while 2B is, and this property is
preserved in this family). Moreover, running the same proof of Theorem 2.10 in this situation
yields the analogous statement

Mon2(S )H =O+(H2(S ,Z))H ⊂Mon2(MS )lt.

3. EXCEPTIONAL REFLECTIONS FROM SINGULAR MODULI SPACES

In this section we show the existence of monodromy reflections coming from exceptional
divisors on the singular moduli space Mv (S ).

First of all, let us explain what we mean by exceptional reflection. If L is a lattice and x ∈ L is
an element, then the reflection Rx is the rational isometry (i.e. an isometry of L ⊗Q) defined by

y 7→ y −2
(x , y )

x 2
x .
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If now L =H2(X ,Z)and x is the class of a prime exceptional divisor, i.e. a reduced and irreducible
divisor such that x 2 < 0 (cf. [30, Definition 5.1]), then Markman proved that the reflection Rx is a
monodromy operator ([31, Theorem 1.1]. In particular this implies that Rx is integral, imposing
strong conditions on the numerical invariants of the divisor class x . Geometrically, in the pro-
jective case, we remark that prime exceptional divisors are exceptional divisors of divisorial con-
tractions, possibly after a birational isomorphism of the ambient space ([11, Proposition 1.4]).
More precisely, if D is a prime exceptional divisor, then there exists another irreducible holo-
morphic symplectic manifold X ′, a birational isomorphism X ∼= X ′ and a divisorial contraction
X ′ → Y , with Y normal and projective, such that the image of D in X ′ coincides with the ex-
ceptional divisor of X ′→ Y .

We will use the notations and results introduced in Section 1.2. In particular, S is a projective
K 3 surface, v = 2w a Mukai vector such that w 2 = 2, and H a v -generic polarisation. Then we
consider the moduli space Mv (S ) and its irreducible symplectic desingularisation π: fMv (S )→
Mv (S ) (see Theorem 1.5).

Let D be a reduced and irreducible Cartier divisor on Mv (S ) and, with an abuse of notation,
let us keep denoting by D its cohomology class. Assume that D 2 = −2. By [34, Theorem 5.3], D
arises as the exceptional divisor of a divisorial contraction in some birational model (which is a
moduli space of Bridgeland stable objects on S ). Note that, by [34, Proposition 2.3] and the Cone
Theorem [23, Theorem 3.7], D is uniruled. Let eD be the strict transform of D via the morphism
π: fMv (S )→Mv (S ). By [25], the minimal model program for the pair (fMv (S ),π∗D ) terminates, and
the termination does not depend on the order of the contracted curves. Since eD is negative and
uniruled, being the strict transform of a uniruled divisor, the first step in the minimal model
program above contracts all the rational curves in eD obtaining a symplectic variety Y and a
divisorial contraction fMv (S )→ Y , where eD is the contracted divisor. It follows that eD is a prime
exceptional divisor, and so the reflection R

eD is of monodromy type. If eΣ is the exceptional divisor
of the desingularisation π, then

π∗D = eD +m eΣ

is still of degree −2 (see item (3) of Theorem 1.5). Since the reflection R
eD is integral, this forces

eD 2 =−2 and m = 0. Let us summarise this remark in the following result.

Proposition 3.1. If D ∈ H2(Mv (S ),Z) is the class of a reduced and irreducible divisor such that
D 2 =−2, then the reflection R

eD around the strict transform of D is a monodromy operator. More-
over eD =π∗D and eD 2 =−2.

Remark 3.2. Notice that if the Cartier divisor D is not reduced, then the result is false. In fact,
on the O’Grady moduli space MS (cf. Example 1.7 for notation and results) the divisor D = 2B
is not reduced and its strict transform 2 eB =π∗(2B )− eΣ has degree −8.

Example 3.3. Let S be a projective K 3 surface of genus 2 with polarisation H , and suppose that
Pic(S ) =ZH +ZK such that K 2 =−2 and (H , K ) = 0. Let v = (2, 0,−2) be the Mukai vector of the
O’Grady moduli space and consider the class (−1, H + K ,−1) ∈ v ⊥, that defines an irreducible
and effective divisor Z on MS via the Hodge isometry in item (3)of Theorem 1.5. By construction
Z 2 =−2, so that by the proposition above eZ =π∗Z , and by the isometry (1.2) in Example 1.7,

eZ =H +K −2 eB − eΣ.

4. MONODROMY OPERATORS COMING FROM THE FAMILY OF INTERMEDIATE JACOBIAN

FIBRATIONS

In this section V is a generic cubic fourfold,πV : JV →P5 is the compactified intermediate Ja-
cobian fibration. LetΘ be any relative theta divisor on JU , rigidified along the zero section, and
let Θ be its closure in JV . Denote by bV = π∗V OP5(1) the class of the fibration πV . The following
result was communicated to us by Klaus Hulek and Radu Laza.
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Proposition 4.1 (Hulek–Laza). (1) The lattice UV = 〈Θ, bV 〉, generated by the relative theta
divisor and the class of the fibration, is a hyperbolic plane.

(2) There exists an isogeny of Hodge structures1

(4.1) α: H4(V ,Z)prim −→U ⊥
V ⊂H2(JV ,Z)

and an integer N > 0 such that x .y =−N qV (α(x ),α(y )) for any x , y ∈H4(V ,Z)prim.

With an abuse of notation we denote by qV the Beauville–Bogomolov–Fujiki form on JV .

Proof. The first claim follows from the Fujiki formula [14, Theorem 4.7]with Fujiki constant 945
([47]). In fact, for dimension reasons one gets b 10

V = 0, and so qV (bV ) = 0; on the other hand,
applying the Fujiki formula again to the class Θ+ t bV and taking the coefficient of the term t 5,

one gets qV (Θ, bV ) = (Θ
5
.b 5

V )/5!= 1, where the last equality follows from Poincaré formula. This
is enough to conclude that UV is a hyperbolic plane, despite the value of qV (Θ).

For the second claim, let us first construct the map α. By [24, Lemma 1.1], there is a dis-
tinguished rational cycle Z ∈ CH2(JV ×P5 YV )Q, where YV → P5 is the universal family of lin-
ear sections of V . The associated correspondence is [Z ]∗ : H4(YV ,Q) −→ H2(JV ,Q) defined by
[Z ]∗(x ) = π1∗(π∗2 x .Z ), where π1 and π2 are the projection from JV ×P5 YV to the two factors.
Denote by q : YV → V the map that is the inclusion on each linear section (notice that q is a
P4-bundle). Then

α′ := [Z ]∗ ◦q ∗ : H4(V ,Q)−→H2(JV ,Q)
is a morphism of rational Hodge structures by construction. If V is very general and h ∈H2(V ,Q)
is the hyperplane section, thenα′(h 2) ∈ (UV )Q, so the same must hold for generic V . In particular,
the restriction

α: H4(V ,Q)prim −→ (U ⊥
V )Q

is a well-defined morphism of rational Hodge structures. Now, since V is general, the Hodge
structure on H4(V ,Q)prim is irreducible and, sinceα is non-zero, α is an isomorphism of rational
Hodge structures.

Also, since the lattices H4(V ,Z)prim and U ⊥
V are anti-isometric, and α sends isotropic classes

to isotropic classes, theQ-linear extensions of the symmetric bilinear pairing must coincide.
Finally, by clearing the denominators of Z , one gets an integral cycle. Moreover, notice that

α′(h 2) ∈UV , since UV ⊂ H2(JV ,Z) is saturated (it is a hyperbolic plane by the previous point).
Then the map α restricts to an isogeny of integral Hodge structures and the lattice structures
are preserved up to a constant. �

The constant N comes from the fact that the cycle Z is rational; there is no reason to expect
that Z is integral.

Now, we want to recall the construction of a distinguished theta divisor. Recall that U ⊂
PH0(V ,OV (1))∗ is the open subset parametrising smooth linear sections. For u ∈U , we denote
by Yu ⊂ V the corresponding smooth cubic threefold. Let FU be the relative Fano surface of
lines, that is Fu = F (Yu ) for any u ∈U . Consider the difference morphism

(4.2) fV : FU ×U FU −→JU ,

defined fibrewise by sending two lines to the Abel–Jacobi invariant of their difference. By [7,
Theorem 13.4], the image (with reduced scheme structure) of this map is a relative theta divisor.
We denote by ΘV the closure of the image of fV . Notice that this is an effective divisor and that,
by [24, Proposition 5.3, Theorem 5.7], it is relatively ample on JV . We will need the following
result.

1Given two Hodge structures H and H ′, an isogeny between them is a morphism α: H →H ′ such that αQ : H ⊗
Q→H ′⊗Q is an isomorphism of Hodge structures.
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Lemma 4.2 ([48, Theorem 2]). ΘV is a prime exceptional divisor. In particular its degree is−2 and
the reflection RΘV

is a monodromy operator.

The hyperbolic plane UV has thus a distinguished basis given by bV andΘV . By Theorem 1.10,
the Beauville–Bogomolov–Fujiki lattice structure on H2(JV ,Z) is abstractly isometric to the one
in item (4) of Theorem 1.5, and by item (1) in Proposition 4.1, we write

H2(JV ,Z)∼=UV ⊕U 2⊕E8(−1)2⊕G2(−1).

The restriction map
r : O+

�

H2(JV ,Z),UV

�

−→O+(U ⊥
V )

is surjective and, by Proposition 4.1 and [4, Théorème 2],
eO+(U ⊥

V )
∼= eO+(H4(V ,Z)prim) =Mon4(V ).

Notice that Beauville shows that Mon4(V ) = O+(H4(V ,Z))h 2 , where the latter is the group of
isometries g such that g (h 2) = h 2. By the last part of the proof of [4, Théorème 2] though, it
follows that O+(H4(V ,Z))h 2 = eO+(H4(V ,Z)prim) as claimed.

Let U ⊂P(H0(P5,O(3))∗) be the parameter space of smooth cubic fourfolds. We denote by U ′ ⊂
U the open subset of non-special cubic fourfolds, so in particular U ′ is the complement in U of
the union of countably many divisors. By Theorem 1.10, there is a family

υ: JU ′ −→U ′

of intermediate Jacobian fibrations.

Remark 4.3. Notice thatυ: JU ′→U ′ is a family of Lagrangian fibrations, and therefore any mon-
odromy operator aring from this family must preserve bV . Moreover, sinceΘV is a prime excep-
tional divisor, the class ΘV of the theta divisor must be preserved as well.

Proposition 4.4. Let g ∈ eO+(H2(JV ,Z)) be such that g (ΘV ) = ΘV and g (bV ) = bV . Then g is a
monodromy operator.

Proof. Let g be as in the statement; in particular g ∈ eO+
�

H2(JV ,Z),UV

�

. Then, its restriction

r (g ) induces the isometry g̃ ∈ eO+
�

H4(V ,Z)prim

�

=Mon4(V ). Then there exists a loop γ in U such
that g̃ is the parallel transport along γ. The base U ⊂ P55 is open in the standard topology. The
restriction toU of the Fubini–Study metric onP55 can be non-complete onU : we can make such
a metric complete by multiplying it with a smooth (scalar) function which diverges to infinity
at least quadratically when approaching the boundary of U . Lemma 4.5 below ensures that the
natural map π1(U ′)→π1(U ) is surjective: we can move γ away from special cubic fourfolds. The
parallel transport along γ inside the local system R 2υ∗Z coincides with g by construction (cf.
Remark 4.3). �

In the proof of Proposition 4.4 we used the following result, which is well-known to experts
but of which we could not find a reference.

Lemma 4.5. Let M be a connected and complete Riemannian manifold. Let {Dk}k∈I be a count-
able set of closed submanifolds in M of (real) codimension strictly greater than 1. Let M ′ =M \
⋃

k∈I Dk and let i : M ′→M be the inclusion. Then the induced map

i∗ :π1(M
′, p )−→π1(M , p )

is surjective for every p ∈M ′.

Proof. Let γ ∈ π1(M , p ) be a homotopy class. Let Lγ denote the set of loops δ in M based at
p ∈M such that [δ] = γ ∈π1(M , p ). When endowed with the Hausdorff distance (induced by the
complete metric on M ),Lγ becomes a complete metric space. For a closed submanifold D ⊂M ,
let Lγ(D ) be the open subset of Lγ consisting of loops disjoint from D . If the codimension of D
is strictly greater than 1, Sard’s theorem, applied to the inclusion map Lγ \Lγ(D )→Lγ, implies
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that Lγ(D ) is dense in Lγ. By Baire’s Category theorem it follows then that ∩k∈IL(Dk ) is dense in
L and hence there exists a loop δ̄ in M which is disjoint from all the Dk s , i.e. [δ̄] ∈π1(M ′, p ). By
construction i∗([δ̄]) = γ. �

4.1. Bridge to the O’Grady moduli space. We want to explain how to transport the monodromy
operators arising from the LSV family to the O’Grady family. We state now the main result and
dedicate the rest of the section to its proof.

Let S be a generic K 3 surface of genus 2, that is Pic(S ) = ZH with H 2 = 2. Define the classes
e =H − eB − eΣ and f =H −2 eB − eΣ: they are the standard basis for a hyperbolic plane.

Theorem 4.6. Let g ∈ eO+(H2(fMS ,Z)) be such that g (e ) = e and g ( f ) = f . Then g is a monodromy
operator.

The strategy is to degenerate the cubic fourfold to the chordal cubic fourfold: the intermedi-
ate Jacobian fibration degenerates then to a (desingularised) moduli space of sheaves on the K 3
surface of degree 2, associated to the chordal cubic, with Mukai vector (0, 2H ,−4). Such a mod-
uli space is birational to the O’Grady moduli space fMS . This approach is the one developed and
used by Kollár, Laza, Saccà and Voisin ([22]) to prove that the intermediate Jacobian fibration
is of OG10 type. We study the induced map on the Picard lattices, in order to have an explicit
parallel transport operator to move the monodromy operators from JV to fMS .

4.1.1. The degeneration. Let V0 be a generic chordal cubic fourfold, that is V0 is the secant vari-
ety of the Veronese surface P in P5. Recall that V0 is singular along P and smooth elsewhere. Its
S-equivalence class defines a closed point in the boundary of the GIT-semistable compactifica-
tion of the moduli space of cubic fourfolds. Now, let us pick a simple degeneration of a smooth
cubic fourfold V to V0, that is a pencil V = {F + t G = 0}t ∈∆, where V0 = {F = 0} and V = {G = 0}.
Consider the intersection D =V ∩P . Since D ⊂ P ∼=P2 is a smooth sextic curve, the double cover
f : S → P ramified along D is a smooth K 3 surface. Moreover, since V0 is general, Pic(S ) = ZH ,
where H is a polarisation such that H 2 = 2.

Consider a general linear section Y0 of V0. This is a chordal threefold, i.e. the secant variety
of a rational quartic curve Γ in P4 ⊂ P5 (Γ is the image of the degree 4 Veronese embedding
of P1). If Y is the corresponding section of V , and if the section is general enough, then Y is
a smooth cubic threefold and the intersection Y ∩ Γ ⊂ D consists of 12 distinct points. The
double cover f |C : C → Γ ramified along these points is a smooth hyperelliptic curve of genus
5. As explained in [8], via the degeneration defined by intersecting a generic linear section of V
as above with the degeneration V , the intermediate Jacobian JY degenerates to the Jacobian JC .
This is a degeneration of principally polarised abelian varieties.

As explained in [22, Section 5], this implies that the central fibre JV0
of the intermediate Jaco-

bian fibration degeneration associated toV has a reduced and irreducbile component that is lo-
cally isomorphic to a fibration in Jacobians of hyperelliptic curves of genus 5. In other words, the
intermediate Jacobian fibration degeneration is birational to the desingularised moduli space
fM(0,2H ,−4)(S ).

More precisely, if U ⊂ PH2(V ,OV (1))∗ is the open subset of smooth linear sections, with an
abuse of notation we also denote by U the open subset in |2H | parametrising smooth curves of
genus 5 on the K 3 surface S associated to the degeneration. We then denote by JU the inter-
mediate Jacobian fibration of V and by P i c 0

U the relative Picard variety of S . It is easy to see that
P i c 0

U ⊂Mv (S ), where v = (0, 2H ,−4). Moreover Mv (S ) has a natural morphism to |2H | given by
assigning to each sheaf its Fitting support (see Example 1.9), and Mv (S ) is a compactification
of the Picard variety fibration. The aforementioned results of Collino ([8]) can be re-phrased by
saying that JU degenerates to P i c 0

U . Kollár, Laza, Saccà and Voisin’s result ([22]) says instead
that the compactification JV degenerates to the desingularised moduli space fMv (S ).

We use this remark to compute the image of the classes bV and ΘV under the degeneration,
according to the following strategy.
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• Recall that bV =π∗V OP5(1) (see Theorem 1.10 for the notation) is the class of the fibration.
The Lagrangian fibration structure on fMv (S ) is given by composing the desingularisation
map π: fMv (S )→Mv (S )with the Fitting support map p : Mv (S )→ |2H |. The correspond-
ing class of the fibration is then b̃S = (p ◦π)∗OP5(1). Since the degeneration ofJV to fMv (S )
preserves the Lagrangian fibration structure, we must have that bV goes to the class b̃S .
For later use, we put bS = p ∗OP5(1), so that b̃S =π∗bS .
• Recall that ΘV is the closure of the image of the difference map (4.2)

fV : FU ×U FU →JU ⊂JV ,

where U ⊂ PH0(V ,OV (1))∗ is the open set of smooth linear sections as before. Let us
focus on a general fibre. In this case the Fano surface of lines of a smooth cubic threefold
degenerates to the surface C (2)∪FC ([8, Proposition 2.1]). Here C is the hyperelliptic curve
of genus 5, C (2) is the symmetric product, FC

∼= P2 and C (2) ∩ FC
∼= K ∼= P1. The inclusion

K ⊂ FC realises K as a conic in P2. Notice that Alb(C (2) ∪ FC ) ∼= Alb(C (2)) ∼= JC , via the
restriction map H1(C (2) ∪ FC ,Z)→ H1(C (2),Z) induced by the Mayer–Vietoris sequence.
We then look at the difference map C (2)×C (2)→ JC , and in particular at its relative version

(4.3) fS : C (2)U ×U C (2)U −→JCU
⊂Mv (S ).

(According to the abuse of notation assumed before, U is now the open subset of smooth
curves in the linear system |2H |.) Let TU be the image of fS and denote by TS its closure
in Mv (S ). Then ΘV degenerates to the strict transform eTS of TS .

The next task is then to write down the classes b̃S and eTS in a fixed basis of Pic(fMv (S ))∼= Γ 1,1
v (see

Theorem 1.6). Since b̃S =π∗bS , in this case it is enough to do it in the group Pic(Mv (S ))∼= (v ⊥)1,1

(see item (3)of Theorem 1.5). For the class eTS instead, our first remark is that TS is a Cartier divisor
(we will see shortly that Mv (S ) is locally factorial), so that we can consider its class in Pic(Mv (S ))∼=
(v ⊥)1,1, and then we will compute the multiplicity m with which it contains the singular locus of
Mv (S ). If eΣ is the exceptional divisor of the desingularisation, then eTS =π∗TS −m eΣ. Notice that
we systematically abuse notation by identifying a divisor with its cohomology class.

We start by describing the basis of Pic(fMv (S )) we consider. Recall that v = (0, 2H ,−4). First
of all, we notice that Mv (S ) is locally factorial, so any Weil divisor is Cartier. In fact in this case

w = (0, H ,−2) = v /2 is such that (w , u ) ∈ 2Z for any u ∈ eH
1,1
(S ,Z), so that the claim follows

from Remark 1.8. (Here we are using that Pic(S ) =ZH .) Recall from item (3) of Theorem 1.5 that
there is an isometry ξ: (v ⊥)1,1→ Pic(Mv (S )), and fix the basis (v ⊥)1,1 = 〈a , b 〉, where a = (−1, H , 0)
and b = (0, 0, 1). If D is a divisor on Mv (S ), then we write D = λξ(a ) +µξ(b ). The coefficients λ
and µ are determined by computing the intersection numbers D .li , ξ(a ).li and ξ(b ).li , where
li ⊂ Mv (S ), i = 1, 2, are two (linearly independent) curves classes. If D contains the singular
locus Σv of Mv (S )with multiplicity m , then the class of the strict transform eD of D is

eD =λπ∗ξ(a ) +µπ∗ξ(b )−m eΣ,

where eΣ is the exceptional divisor of the desingularisation map.
Before continuing we make the following warning.

Abuse of notation. If Mv (S ) is a moduli space and fMv (S ) is its symplectic desingularisation, then
by item (3)of Theorem 1.5, it follows that the pullback morphismπ∗ : H2(Mv (S ),Z)→H2(fMv (S ),Z)
is Hodge isometric and injective, and moreover there is an isometry ξ: v ⊥→H2(Mv (S ),Z) that
preserves the Hodge structure. We make the following abuses of notation:

• if x ∈ v ⊥, we write x ∈H2(Mv (S ),Z) instead of ξ(x );
• if α ∈H2(Mv (S ),Z), we write α ∈ v ⊥ instead of ξ−1(α);
• if α ∈H2(Mv (S ),Z), we write α ∈H2(fMv (S ),Z) instead of π∗(α);
• if x ∈ v ⊥, we write x ∈H2(fMv (S ),Z) instead of π∗(ξ(x )).



MONODROMY OF IHS MANIFOLDS OF OG10 TYPE 17

This is justified by the fact that both ξ and π∗ preserve the Hodge and the lattice structures,
so there is no ambiguity on where the lattice-theoretic operations between the classes (of any
Hodge type) happen.

Remark 4.7. Here we describe the standard method to define curves in a moduli space Mv (S )
(only for now v is any Mukai vector). Let E be a sheaf on the product S ×C , where C is a curve,
and assume that E is flat over C . We say that E is a family of sheaves on S parametrised by C .
Suppose moreover that for every p ∈ C the restriction Ep = E |S×p is semistable and v (Ep ) = v .
Then there exists a morphism

ϕC ,E : C −→Mv (S )
given by mapping p ∈ C to the S-equivalence class [Ep ]. In fact, since Mv (S ) co-represents a
moduli functor, the morphism ϕC ,E is well defined by universal property.

If the image of ϕC ,E is 1-dimensional, we will refer to the curve ϕC ,E (C ) ⊂Mv (S ) as the curve
associated to the pair (C ,E ).

Vertical curve. Recall that Mv (S ) is fibred over |2H | with general fibre JC , the Jacobian of a
smooth genus 5 curve C . The fibration Mv (S )→ |2H | is given by mapping any sheaf to its Fitting
support. If we fix a point p0 ∈ C , then C embeds in JC via the Abel–Jacobi map A J (p ) =OC (p −
p0). Define the sheaf

EC ,p0
= (i × i d )∗OC×C

�

∆−p0×C
�

,

where i : C → S is the natural embedding, i × i d : C ×C → S ×C and ∆ ⊂ C ×C is the diago-
nal. The sheaf EC ,p0

is a sheaf on S ×C , flat over C . Moreover, for every p ∈ C , the restriction
EC ,p0

|S×p = i∗OC (p −p0) is a stable sheaf in Mv (S ). The curve l1 is then the curve associated to the
pair (C ,EC ,p0

) (cf. Remark 4.7).

Remark 4.8. This curve is not canonical: it depends on the fixed point, so one should really
write EC ,p0

. We drop the reference to p0, and only write EC , because it will not be important in
the computations.

Horizontal curve. We start with the following remark.

Lemma 4.9. There exists a pencil L ∼= P1 ⊂ |2H | ∼= P5 and three points p1, p2, p3 ∈ L such that,
letting C ⊂ S × L be the family of curves on S parametrised by L and Cp the curve corresponding
to L, the following holds:

• if p 6= p1, p2, p3, then Cp is irreducible and for p general (in a sense made precise in the
proof) it is smooth;
• if p = pi for i = 1, 2, 3, then Cpi

= Ci ,1+Ci ,2 where Ci , j ∈ |H | is a smooth curve of genus 2;
• the base locus of L consists of eight points q1, · · · , q8.

Proof. Recall that f : S → P2 is a double cover ramified along a sextic curve. Then H = f ∗O(1)
and |2H | ∼= |O(2)|. The latter linear system parametrises conics in P2 and a Lefschetz pencil L ⊂
|O(2)| has only three critical points (corresponding to two incident lines - these are the points
corresponding to p1, p2 and p3). Let us denote by C′ the family of conics parametrised by L . If L
is general enough, then it has four base points. The pullback C = f ∗C′ is a family of curves in S of
class |2H |, parametrised by L and satisfying the three properties in the lemma. In particular the
curves Cp , for p 6= p1, p2, p3, are always irreducible, and smooth when the corresponding conic
is not tangent to the sextic curve. �

Denote by j : C→ S × L the natural inclusion and define

EL = j∗OC .

EL is a flat family of sheaves on S parametrised by L . Moreover a direct computation shows that
the sheaf ip∗OCp

is stable for every p ∈ L (here ip : Cp → S is the natural embedding). Using the
convention set in Remark 4.7, we denote by l2 the curve associated to the pair (L ,EL ).
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Remark 4.10. Notice that l2 is the closure in Mv (S ) of a line in the zero section on JU and it does
not meet the singular locus of Mv (S ).

Lemma 4.11. The following intersection products hold:

a .l1 = 5, a .l2 =−1, b .l1 = 0, b .l2 = 1.

Proof. Let us outline the computation of a .l1. By [21, Theorem 8.1.5], if G is a sheaf on S such
that the Mukai vector of G ∨ is a , then

(4.4) a .l1 = deg(φ∗C ,EC
a ) = deg c1

�

πC !

�

EC ⊗π∗SG
��

,

where ϕC ,EC
: l1→Mv (S ) is the classifying morphism (cf. Remark 4.7). Using the Grothendieck–

Riemann–Roch formula, we get

a .l1 =πC ∗
�

ch(EC )ch(π∗SG ) tdπC

�

3
=πC ∗

�

ch(EC )π
∗
S (a

∨
Æ

tdS )
�

3
,

where the last equality follows from the fact that tdπC
= π∗S tdS . Since a = (−1, H , 0), then a∨ =

(−1,−H , 0) and so

π∗S (a
∨
Æ

tdS ) = (−1,−[H ×C ],−[p0×C ], 0),
where the square brackets indicate the class in cohomology of the corresponding cycle. To com-
pute ch(EC ), we use the Grothendieck–Riemann–Roch formula again:

ch(EC ) = (i × id)∗
�

ch
�

OC×C

�

∆−p0×C
��

tdi×id

�

.

Now, by a direct computation,

ch(OC×C (∆−p0×C )) = (1, [∆]− [p0×C ],−5)

and

tdi×id =
�

1,−
1

2
[KC ×C ], 0

�

,

where KC is the canonical divisor of C . Putting all together we eventually get

ch(EC ) =
�

0, [C ×C ], [(i × id)(∆)]− [p0×C ]−
1

2
[KC ×C ],−9

�

and hence
a .l1 =πC ∗

�

ch(EC )π
∗
S (a

∨
Æ

tdS )
�

3
=

=−[C ×C ].[p0×C ]− [H ×C ].([(i × id)(∆)]− [p0×C ]−
1

2
[KC ×C ])+9=

= 0−4+9= 5.

The computation of b .l1 is similar and we leave it to the reader.
The intersections a .l2 and b .l2 are also computed with the same technique. We only recall

here the computation of ch(EL ), and leave to the reader the conclusion of the proof.
First of all, recall that EL = j∗OC , where j : C → S × L is the natural inclusion. Notice that

C ∼= Blq1,··· ,q8
(S ), where q1, · · · , q8 are the base points of the pencil L (cf. Lemma 4.9). Then by the

Grothendieck–Riemann–Roch formula we have

ch(EL ) = j∗(td j ),

and from the normal bundle sequence we get

td j = td(NC/S×L )
−1 =

�

1,−
1

2
c1(NC/S×L ),

1

6
c1(NC/S×L )

2
�

.

Therefore one needs to compute c1(NC/S×L ). Using the adjunction formula on C ⊂ S × L and the
isomorphism C ∼=Blq1,··· ,q8

(S ), we get

c1(NC/S×L ) = KC −KS×L |C = E1+ · · ·+E8−π∗L KL .
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Here Ei is the exceptional divisor in C corresponding to the point qi and πL is the restriction to
C of the natural projection S × L→ L .

Putting everything together we eventually have

ch(EL ) =
�

0, [C],−
E1+ · · ·+E8−π∗L KL

2
, 4
�

.

�

Proposition 4.12. The class bV degenerates to the class b̃S = b .

Proof. We have already remarked that bV degenerates to b̃S = π∗bS , so the claim follows once
we prove that bS = b ∈ v ⊥.

Since l1 is concentrated in a fibre, by the projection formula bS .l1 = 0. On the other hand,
since l2 is a line inside the zero section, we easily get bS .l2 = 1. The claim follows. �

According to the strategy outlined before, in order to compute the class of eTS , we first compute
the class of TS in the given basis of (v ⊥)1,1.

Proposition 4.13. TS = a −2b .

Proof. Since TS is a theta divisor, by Poincaré formula it follows that TS .l1 = 5. By taking d to be
the intersection number d = TS .l2 and using Lemma 4.11, we see that TS = a + (d +1)b . Finally,
it follows from Lemma 4.2 that −2= T 2

S = 2(d +2), so that d =−3 and the claim follows. �

The final step consists in computing the multiplicity of the singular locus Σv of Mv (S ) in TS .

Proposition 4.14. Σv is not contained in TS .

The proof of the proposition relies on the following remark.

Lemma 4.15. Let w = (0, 2H , 0). Then Mv (S ) is isomorphic to Mw (S ) and the isomorphism pre-
serves the singular locus.

Moreover, the theta divisor TS is isomorphic to the closure in Mw (S ) of the relative Brill–Noether
divisor W0

4 of the family of smooth curves in |2H |.

Proof. By Lemma 4.22, tensoring by H gives an isomorphismφ : Mv (S )→Mw (S ) that preserves
the singular locus. More precisely, any smooth curve C in |2H | is hyperelliptic and has a unique
g 1

2 . By definition, the restriction of H to C coincides with 2g 1
2 , hence the morphism φ acts fi-

brewise by sending a line bundle L on a smooth curve C to the line bundle L ⊗2g 1
2 on C .

Now, the moduli space Mw (S ) contains the Picard variety fibration P i c 4
U , where U ⊂ |2H |

is the locus of smooth curves. If we denote by CU the family of curves parametrised by U , the
Brill–Noether variety W0

4 ⊂ P i c 4
U coincides with the image of the morphism

gS : C (4)U −→ P i c 4
U ,

given by gS ((p1, p2, p3, p4); C ) = i∗OC (p1 +p2 +p3 +p4), where i : C → S is the embedding. Let us
call EU the image of gS . We claim that EU =φ(TU ) (recall that TU was defined as the image of the
map (4.3)).

Let C ∈U be a smooth curve in |2H | and consider the line bundle OC (p1+p2−q1−q2). Any
divisor in the equivalence class of H cuts C in four points (i.e. a pair of g 2

1 ), and up to change the
linear equivalence representative, we can always suppose that two of these points are q1 and q2.
It follows that i∗OC (p1 + p2 − q1 − q2)⊗H = i∗OC (p1 + p2 + r1 + r2), where r1 and r2 are the two
residue points of the intersection of C with H . �

Proof of Proposition 4.14. By Lemma 4.15 above, it is enough to prove that Σw is not contained

in the closure W0

4 of W0
4 ; in particular, it is enough to prove that a general point of Σw does not

belong to W0

4. Recall from [26] (see also [43]) that a general point x ∈ Σw is an S-equivalence
class [F1 ⊕ F2], where Fj = i j ∗L j , L j ∈ Pic1(C j ) is general and C j ∈ |H | is a smooth curve. The
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support of x is the curve C0 = C1 ∪C2 ∈ |2H |. If p : Mw (S )→ |2H | is the map that associates to
any sheaf its Fitting support, then we want to show that x does not belong to the intersection

W0

4 ∩p−1(C0).

First of all, let us describe the fibre W0

4∩p−1(C0). By construction, the fibre p−1(C0) coincides
with the generalised Jacobian J̄C0

, as constructed in [6] (see also item (4) of [47, Lemma 2.3]). So

the fibre W0

4 ∩ p−1(C0) can be understood classically as the locus of sheaves with sections, i.e.

F ∈W0

4 ∩p−1(C0) if and only if h 0(F )> 0 ([1, Theorem 5.3]).
Now, in any family of semistable sheaves, the locus of sheaves F such that h 0(F )> 0 is closed

on the base; therefore the locus in Mw (S ) of S-equivalence classes where at least one represen-
tative has sections is still closed. Thanks to this remark, we reduce to prove that any sheaf in the
S-equivalence class of a general point x ∈Σw (S ) has no sections.

Let x = [i1∗L1⊕i2∗L2] be a general point inΣw . Then H0(L1) = 0=H0(L2): in fact L j ∈ Pic1(C j ) is
general, hence not effective, since C j has genus 2. Strictly semistable sheaves F such that [F ] = x
are described (up to isomorphism) as kernels of the surjections (cf. proof of [47, Lemma 2.3])

i1∗L1(n1+n2)⊕ i2∗L2 −→→Q .

If F is any such a kernel, computing the long exact sequence in cohomology we get that H0(F )
is described as the sub-vector space of H0(L1(n1 + n2)) ⊕H0(L2) ∼= H0(L1(n1 + n2)) of sections
vanishing at the points n1 and n2 of C1. This sub-vector space coincides with the cohomology
group H0(L1), which is zero by assumption. It follows that H0(F ) = 0, therefore no representatives

of x belong to W0

4 ∩p−1(C0) and the claim is proved. �

Corollary 4.16. The theta divisor ΘV degenerates to eTS =π∗TS = a −2b .

Proof. We have already remarked thatΘV degenerates to eTS . By Proposition 4.14, the multiplicity
of Σv in TS is 0, so that eTS =π∗TS and the claim follows from Proposition 4.13. �

4.1.2. The hyperelliptic birational map. Let U ⊂ |2H | be the locus of smooth curves and P i c 2
U

the Picard variety fibration overU . Since all the curves parametrised byU are hyperelliptic there
exists a canonical isomorphism P i c 0

U
∼= P i c 2

U given fibrewise by tensoring with the unique g 1
2

on each fibre. Recalling that P i c 0
U ⊂M(0,2H ,−4) and that P i c 2

U ⊂M(0,2H ,−2) (see Example 1.9), this
also gives a canonical birational map

ψ: M(0,2H ,−2) ¹¹ËM(0,2H ,−4).

We denote by eψ the induced birational maps on the symplectic desingularisations of these
spaces. Only for the rest of this section, we use the notation v2 = (0, 2H ,−2) and v0 = (0, 2H ,−4).
Recall that Mv0

(S ) is locally factorial and so

Pic(fMv0
(S ))∼= (v ⊥0 )

1,1⊕Zσ0 = 〈a , b ,σ0〉.

On the other hand, Mv2
(S ) is 2-factorial and

Pic(fMv2
(S )) = Γ 1,1

v2
=

=
n�

wm ,n , k
σ2

2

�

| (wm ,n , v ⊥2 )⊂Z, k ∈ 2Z⇔m , n ∈ 2Z
o

,

where wm ,n =
�

−m , m
2 H , n

2

�

. Both these statements follow from Theorem 1.6 and the proof of [46,
Proposition 4.1]. In the following we write (v ⊥2 )

1,1 = 〈a2, b2〉, where a2 = (−2, H , 0) and b2 = (0, 0, 1).
Finally, recall thatσ2

0 =−6=σ2
2.

Since eψ is a birational isomorphism between irreducible holomorphic symplectic manifolds,
its pullback induces a Hodge isometry ([19])

eψ∗ : H2(fMv0
(S ),Z)−→H2(fMv2

(S ),Z).
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The goal of this section is to write down explicitly the induced isometry

eψ∗ : Pic(fMv0
(S )) = Γ 1,1

v0
→ Γ 1,1

v2
= Pic(fMv2

(S ))

with respect to the generators fixed above. This goal is achieved in Proposition 4.19, but before
that we need to investigate some features about the space fMv2

(S ) and the map eψ.

Recall from Example 1.9 that fMv2
(S ) is also a Lagrangian fibration, this structure being given

by the composition of the map π2 : fMv2
(S )→ Mv2

(S ) and the Fitting support map p : Mv2
(S )→

|2H |. The class of the fibration is b̃v2
= (p ◦π2)∗OP5(1).

Lemma 4.17. b̃v2
= b2.

Proof. The proof is the same as the proof of Proposition 4.12, using computations similar to
those in Lemma 4.11, where instead of the curves l1 and l2 one uses the curves l ′1 and l ′2 that we
now define.

The curve l ′1 is the image of the vertical curve l1 viaψ−1. In fact notice that l1 is contained in
P i c 0

U ⊂Mv0
(S ), so the morphismψ−1 is well-defined on it. In particular, l ′1 = (C ,E ′C ), where (we

use the same notations used to define the curve l1)

E ′C = (i × i d )∗OC×C

�

∆−p0×C +KC ×C
�

.

To construct the curve l ′2 we use again the pencil L ⊂ |2H | of Lemma 4.9. Let C be the family
of curves in S parametrised by L . Recall that C is the pullback of a family C′ of conics in P2.
If Z ′ : L → C′ is a section, then the pullback via the 2: 1 cover S → P2 is a bi-section Z : L →
C. For every p ∈ L such that Cp is smooth, Zp represents the g 1

2 . We can choose Z in such a
way that Zp is composed by two distinct points (this is always true, after possibly a finite base
change); in particular Zpi

does not pass through the node of Cpi
, for i = 1, 2, 3. Then we define the

family of sheaves j∗OC(Z ), where j : C→ S ×L is the embedding. This is a well defined family of
semistable sheaves on S parametrised by L and l ′2 is the curve associated to the pair (L , j∗OC(Z ))
(cf. Remark 4.7).

Now, it is clear that b̃v2
.l ′1 = 0 and b̃v2

.l ′2 = 1. Let us compute a2.l ′1, b2.l ′1 and b2.l ′2. These inter-
section numbers are computed as in Lemma 4.11 and therefore we will only briefly comment
on them.

The Chern character of E ′C is as follows (use notations as in the proof of Lemma 4.11)

ch(E ′C ) =
�

0, [C ×C ], [(i × id)(∆)]− [p0×C ] +
1

2
[KC ×C ],−4

�

,

so that a2.l ′1 = 4 and b2.l ′1 = 0. It follows that b̃v2
is a multiple of b2.

Finally, the intersection b2.l ′2 is easier to compute. In fact, since b2 = (0, 0, 1), we do not need
to know the whole shape of ch( j∗OC(Z )), but only its first Chern class, which is equal to [C]. It
follows that b2.l ′2 = [p0×C ].[C] = 1 and so b̃v2

= b2. �

Remark 4.18. By a direct check, the sheaves ipi∗OCpi
(Zpi
) are strictly semistable, and the same

holds if we choose another bi-section Z such that Zp represents the g 1
2 of the smooth curve Cp .

Moreover, by a direct computation it can be shown that the S-equivalence class of OCpi
(Zpi
) is

independent of the choice of Z , i.e. the morphism ψ−1 is well-defined on the generic point of
the fibre over a reduced and reducible curve.

As a consequence we get that l ′2 = ψ
−1(l2) and that l ′2 ∩ Σv2

= {p1, p2, p3}. In particular, the
morphismψ−1 does not preserve the singular locus of Mv0

(S ).

Proposition 4.19. eψ∗ : Pic(fMv0
(S ))→ Pic(fMv2

(S )) is the isometry

a 7−→ 1
2 a2+

3
2 b2− 1

2σ2

b 7−→ b2

σ0 7−→ 3b2−σ2.
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Proof. First, we remark that the morphism eψ is defined fibrewise, so that the class of the fibra-
tions are preserved, i.e. eψ∗b̃v0

= b̃v2
. Then, by Proposition 4.12 and Lemma 4.17, we get

eψ∗(b ) = b2.

Writing eψ∗(a ) = (wm ,n , k
2σ2), from the relations

eψ∗(a )2 = 2 and ( eψ∗(a ), b2) = ( eψ
∗(a ), eψ∗(b )) = 1

it follows that
eψ∗(a ) =

1

2
a2+

n

2
b2+

k

2
σ2 =

��

−1,
1

2
H ,

n

2

�

, k
σ2

2

�

where n , k ∈Z are related by the equation

n −
3

2
k 2−

3

2
= 0.

Let us now consider the inverse isometry ( eψ∗)−1, and write ( eψ∗)−1(σ2) = x a + y b + zσ0. From
the relation

�

( eψ∗)−1(σ2), b
�

=
�

( eψ∗)−1(σ2), ( eψ
∗)−1(b2)

�

= 0

we get that ( eψ∗)−1(σ2) = y b + zσ0, and from the relation ( eψ∗)−1(σ2)2 = −6 we get that z = ±1.
Applying eψ∗ to this equation, we get

(4.5) eψ∗(σ0) = z
�

σ2− y b2

�

.

Moreover,
0= ( eψ∗(a ), eψ∗(σ0)) =−z y −3z k ,

which implies that y =−3k .
Notice that y = 3. In fact, let us intersect (4.5) with l ′2: since l ′2 is a translate of the zero sec-

tion on Mv0
(S ) (see Remark 4.18) and does not intersect the singular locus there, it follows that

eψ∗(σ0).l ′2 = 0; on the other hand b2.l ′2 = b0.l2 = 1 (cf. Lemma 4.11 and proof of Lemma 4.17)
andσ2.l ′2 = 3 as it follows from Remark 4.18 (in fact the last intersection happens in the smooth
locus of Σ2 and, by generality of l ′2, it is transversal).

Finally, let us show that z = −1. By Remark 4.18 there exists a point x ∈ Σv2
such thatψ(x ) ∈

Mv0
is smooth. Consider the line δ=π−1

2 (x ), where π2 : fMv2
→Mv2

is the desingularisation map.
By a direct computation we have that σ2.δ = −2 and b2.δ = 0. On the other hand, the intersec-
tion eψ∗(σ0).δ is transverse, sinceψ(x ) is smooth, therefore it is positive. Intersecting the relation
(4.5) with δ shows then that z =−1. �

4.1.3. The O’Grady moduli space. Let S be as usual a projective K 3 surface with a polarisation
H of degree 2 and let Db (S ) be the derived category of coherent sheaves on S . Let∆ ⊂ S ×S be
the diagonal and F∆ : Db (S )→Db (S ) the Fourier–Mukai transform with kernel the ideal sheaf I∆.
As usual we denote by MS the O’Grady moduli space M(2,0,−2)(S ).

Proposition 4.20. The exact equivalence

G : Db (S )
−⊗H−→Db (S )

F∆−→Db (S )
−⊗H ∨−→ Db (S )

induces a birational map
G : fM(0,2H ,−2)(S ) ¹¹ËfMS .

Moreover, the induced map on the Picard lattices is
��

−m ,
m

2
H ,

n

2

�

, k
σ2

2

�

7−→
m +n

2
H −n eB +

k −n

2
eΣ.

Remark 4.21. Notice that m +n ∈ 2Z since
��

−m , m
2 H , n

2

�

, v ⊥2
�

⊂Z by definition.

The proposition follows from the following two lemmata and Example 1.7.
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Lemma 4.22 ([45, Lemma 2.26]). Tensoring by a multiple k H of the polarisation does not change
the stability of a sheaf. In particular, if w = (r, c H , s ) and w ′ = (r, (c + r k )H , s +2c k + r k 2), then
the induced morphism

−⊗ (k H ): fMw (S )−→fMw ′(S )
is an isomorphism and sends the exceptional divisor of the former to the exceptional divisor of
the latter.

Lemma 4.23. The Fourier–Mukai transform F∆ : Db (S )→Db (S ) induces a birational morphism
F∆ : fM(0,2H ,2)(S )→ fM(2,2H ,0)(S ), E 7→ F∆(E )∨, such that the exceptional divisor of the former is sent
to the exceptional divisor of the latter.

The induced map Pic(fM(0,2H ,2))→ Pic(fM(2,2H ,0)) on the Picard lattices is
��

m ,
m

2
H ,

n

2

�

, k
σ2

2

�

7−→
��

−
n

2
,−

m

2
H ,−m

�

, k
σ2

2

�

.

Proof. This is essentially [43, Proposition 4.1.2]. In fact, following the notation therein, let J 0

be the open subset of fM(0,2H ,2)(S ) consisting of sheaves E = i∗L where i : C → S is the inclusion,
C is smooth and L is a globally generated line bundle with h 0(L ) = 2. Notice that χ(L ) = 2, so
h 1(L ) = 0. The short exact sequence 0→ I∆→OS×S →O∆→ 0, induces a short exact sequence
of complexes

0−→ F∆(i∗L )−→ FOS×S
(i∗L )

f
−→ FO∆(i∗L )−→ 0.

Since i∗L ∈ J 0, we have that FOS×S
(i∗L ) =H0(L )⊗OS and f : H0(L )⊗OS → i∗L is the evaluation

map, which is surjective by hypothesis. The proof is now reduced to the proof of [43, Proposi-
tion 4.1.2].

The statement about the exceptional divisor follows from the same computation applied to
the general point of the singular locus Σv

∼= Sym2 Mv /2(S ).
Finally, the change of sign in the last statement follows from [50, Proposition 2.5] �

4.1.4. Proof of Theorem 4.6. Let V →∆ be the degeneration to the chordal cubic fourfold con-
sidered in 4.1.1. The open subset ∆′ = ∆ \ {0}maps to the period domain ΩOG10 of irreducible
holomorphic symplectic manifolds of OG10 type via the periods of the associated Laza–Saccà–
Voisin family J∆′ . The main results of [22] say that the central fibre of the degeneration J∆→∆
can be replaced by a smooth member that is birational to the moduli space fM(0,2H ,−4)(S ), where
S is the (generic) K 3 surface dual to the chordal cubic fourfold V0. This means that the map
∆′ → ΩOG10 can be extended to a map ∆ → ΩOG10 by sending 0 to the period of fM(0,2H ,−4)(S ).
Finally, since the period map is surjective ([19]), one gets a family p1 : X1 → ∆ with two distin-
guished members corresponding to JV and fM(0,2H ,−4)(S ) (cf. [48, Proposition 4.4] for a more pre-
cise description of this family). By Proposition 4.12 and Proposition 4.13, there exists a parallel
transport operator

P1 : H2(JV ,Z)−→H2(fM(0,2H ,−4)(S ),Z)
in the family p1, such that P1(bV ) = b and P1(ΘV ) = a −2b .

Now, since fM(0,2H ,−4)(S ) is birational to fMS , there is a family p2 : X2→ e∆ over the disc with two
origins (cf. [19, Theorem 4.6]) such that the two origins correspond to fM(0,2H ,−4)(S ) and fMS . We
constructed in Sections 4.1.2 and 4.1.3 a parallel transport operator

(4.6) P2 : H2(fM(0,2H ,−4)(S ),Z)−→H2(fMS ,Z)

in the family p2, such that P2(a ) = 2H − 3 eB − 2eΣ, P2(b ) = H − 2 eB − eΣ and P2(σ) = 3H − 6 eB − 4eΣ
(see Proposition 4.19 and Proposition 4.20).

Gluing together these two families, we eventually get a family X → T with two distinguished
points corresponding to JV and fMS , and a parallel transport operator

(4.7) P = P2 ◦P1 : H2(JV ,Z)−→H2(fMS ,Z)
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such that
P (ΘV ) = eB and P (bV ) =H −2 eB − eΣ= f .

Notice that
e =H − eB − eΣ= P (ΘV + bV ),

therefore the theorem follows at once by Proposition 4.4.

Remark 4.24. Let M(0,2H ,0)(S ) be the moduli space containing the Jacobian fibration J 4
|2H | of

degree 4 divisors on the smooth curves in |2H |. By Lemma 4.15, M(0,2H ,0)(S ) is isomorphic to
M(0,2H ,−4)(S ) and the image of TS under this isomorphism is the (closure of the) theta divisor ES of
effective line bundles in J 4

|2H |. The latter divisor is birational to the symmetric product Sym4C,
where C is the universal family of (smooth) curves in |2H |. There is a natural map Sym4C →
Sym4 S , whose generic fibre is the P1 of curves in |2H | passing through four fixed points.

On the other hand, by [43, Proposition 3.0.5], there is a morphism eB → Sym4 S whose generic
fibre is again P1.

The parallel transport operator P2 makes rigorous the natural expectation that TS deforms to
eB .

5. THE MONODROMY GROUP

Let S be a projective K 3 surface such that Pic(S ) = ZH with H 2 = 2. Following the notation
introduced in the previous section, we put e =H − eB − eΣ and f =H −2 eB − eΣ, and denote by U
the hyperbolic plane they generate. Notice that U = P2((v ⊥)1,1), where v = (0, 2H ,−4) and P2 is
the parallel transport operator (4.6).

Let A be the projection of eΣ on the orthogonal complement U
⊥

of U , that is A is such that
eΣ= 3 f −A and A ⊥U .

Lemma 5.1. The reflection RA is a monodromy operator.

Proof. Let σ be the class of the exceptional divisor eΣv , where v = (0, 2H ,−4), and let P2 be the
parallel transport operator defined in (4.6). Since P2(σ) = A, by [31, Proposition 5.4] A is a stably
prime exceptional divisors, and so the reflection RA is a monodromy operator by [31, Theo-
rem 1.1]. �

Remark 5.2. Notice that RA is the identity on U and acts as −i d on the discriminant group. It
follows from Proposition 4.4 that RA is not induced by a family of cubic fourfolds via the LSV
construction.

In order to keep the notation as easy as possible, from now on we simply denote by O+ the
group O+(H2(fMS ,Z)).

Consider the following groups:

G1 =
�

g ∈O+ | g (H ) =H , g ( eB ) = eB , g (eΣ) = eΣ
	

(5.1)

G2 =
�

g ∈O+ | g (ξ) = ξ, ∀ξ ∈H 2(S ,Z)
	

= 〈R
eB , R

eΣ〉

G3 =
¦

g ∈ eO+ | g (e ) = e , g ( f ) = f
©

.

Let k ∈H2(S ,Z) be a class such that k 2 =−2 and (k , H ) = 0, and put l = k+ f . Notice that Rk ∈G1.
Define

G = 〈G1,G2,G3, Rl , RA〉.

Proposition 5.3. G ⊂Mon2(fMS ).

Proof. First of all let us notice that G1,G3 ⊂Mon2(fMS ) by Theorem 2.10 and Theorem 4.6, and
that G2 ⊂ Mon2(fMS ) by [29, Section 5.2]. Moreover, if we specialise S to a K 3 surface S0 as in
Example 3.3, and we choose a parallel transport operator P : H2(S ,Z) → H2(S0,Z) such that
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P (H ) =H and P (k ) = K , then Rl = P −1 ◦R
eZ ◦P ∈Mon2(fMS ), where R

eZ is the reflection in Exam-
ple 3.3. Finally, RA ∈Mon2(fMS ) by Lemma 5.1. �

Theorem 5.4. Mon2(fMS ) =G =O+(H2(fMS ,Z)).

The proof of the theorem is lattice-theoretic, so we recall here the notation and the results we
need. Let L be an even lattice. If z ∈ L is an isotropic element, i.e. z 2 = 0, and a ∈ L is orthogonal
to z , then the transvection t (z , a ) is defined by

t (z , a )(x ) = x − (a , x )z + (z , x )a −
1

2
(a , a )(z , x )z .

Transvections are orientation preserving isometries with determinant 1 and acting as the iden-
tity on the discriminant group.

Lemma 5.5 ([16, Section 3]). (1) t (z , a )−1 = t (z ,−a ) = t (−z , a );
(2) g ◦ t (z , a ) ◦ g −1 = t (g (z ), g (a )) for every g ∈O+;
(3) if Ra is integral, then t (z , a ) =Ra Ra+ 1

2 a 2z ;
(4) if (a , z ) = 0= (b , z ), then t (z , a + b ) = t (z , a ) ◦ t (z , b ).

Now suppose that L =U ⊕ L1 and that the hyperbolic plane U is generated by two isotropic
classes e and f ; define

EU (L1) = 〈t (e , a ), t ( f , a ) | a ∈ L1〉.
If moreover L1 =U ⊕ L2, then by [16, Proposition 3.3 (iii)])

(5.2) O+(L ) = 〈EU (L1), O+(L1)〉,
where O+(L1) is embedded in O+(L ) by extending any isometry of L1 via the identity.

We are now ready to prove Theorem 5.4.

Proof of Theorem 5.4. By Remark 1.3 and Proposition 5.3 we have a chain of inclusions

G ⊂Mon2(fMS )⊂O+(H2(fMS ,Z)).

We claim that G =O+(H2(fMS ,Z)), from which the theorem follows.
Recall that U ⊂ O+(H2(fMS ,Z)) is the hyperbolic plane spanned by the distinguished classes

e = H − eB − eΣ and f = H − 2 eB − eΣ; denote by L1 its orthogonal complement. Then by the
identification (5.2),

O+(H2(fMS ,Z)) = 〈EU (L1), O+(L1)〉.
Notice that O+(L1) = 〈G3, RA〉. In fact G3

∼= eO
+
(L1) by definition, and RA restricts to an isometry of

L1 acting as − id on the discriminant group (Remark 5.2).
It follows that it is enough to show that all the transvections t (e , a ) and t ( f , a ), with a ∈ L1,

belong to G .
By part (2) of Lemma 5.5, one notices that

R
eB ◦ t ( f , a ) ◦R

eB = t (R
eB ( f ), R

eB (a )) = t (e , a ),

where we used that R
eB (a ) = a , for every a ∈ L1, since eB ∈U . So it is enough to prove the claim

for t ( f , a ).
Choosing a base {a1, · · · , a22} for L1

∼= U 2 ⊕ E8(−1)2 ⊕ A2(−1), by part (4) of Lemma 5.5 it is
enough to prove the claim for t ( f , a1), · · · , t ( f , a22). Notice that there is a canonical basis for L1

with (ai , ai ) = 0 or (ai , ai ) =−2: in both cases ai has divisibility 1.
On the other hand, for any isotropic element c ∈ L1, there exist two (−2)-elements a , b ∈ L1

such that t ( f , c ) = t ( f , a ) ◦ t ( f , b ). In fact, if a ∈ L1 is a (−2)-element such that (a , c ) = 0, then
pick b = c −a .

In this way, we reduce the problem to proving that t ( f , a ) ∈ G for every (−2)-element a ∈
L1. Applying the Eichler criterion [16, Proposition 3.3 (i)] to the lattice L1, and using part (2) of
Lemma 5.5, we eventually notice that it is enough to prove the claim for one specific a .
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Let a = k ∈H2(S ,Z) be the class in H2(S ,Z) such that k 2 =−2 and (H , k ) = 0. Since the reflec-
tion Rk is integral, by part (3) of Lemma 5.5 we can write

t (− f , k ) =Rk Rk+ f ,

and t (− f , k ) = t ( f , k )−1 by part (1) of Lemma 5.5. Finally, Rk ∈G1 and Rk+ f =Rl ∈G , so the claim
is proved. �

Remark 5.6. The proof proves the stronger statement

O+(H2(fMS ,Z)) = 〈Rk , R
eB , Rl , RA,G3〉.

6. THE LOCALLY TRIVIAL MONODROMY GROUP OF THE SINGULAR MODULI SPACE

In this section we explain how Theorem 5.4 helps to compute the locally trivial monodromy
group of the singular moduli spaces MS . We refer to Section 1.4 for the definitions.

Let us recall that there exists a symplectic resolution of singularities π: fMS →MS . The mon-
odromy group Mon2(fMS ) and the locally trivial monodromy group Mon2(MS )lt are related by
means of the monodromy group Mon2(π) of simultaneous monodromy operators. Recall that
Mon2(π)⊂O(H2(fMS ,Z))×O(H2(MS ,Z)), and denote by p and q the two projections, i.e.

Mon2(π)
p

ww

q

''
O(H2(fMS ,Z)) O(H2(MS ,Z)).

Theorem 6.1. Mon2(MS )lt = eO+(H2(MS ,Z)).

Proof. First of all, the projection p : Mon2(π)→ O(H2(fMS ,Z)) is injective and moreover, by the
item (1)of [2, Corollary 5.18], Mon2(π) is identified with the subgroup of Mon2(fMS ) stabilising the
resolution Kähler chamber (see [2, Definition 5.4]). In this case the resolution Kähler chamber
is the chamber containing the Kähler cone in the decomposition

C
fMS
\ eΣ⊥.

Here C
fMS

is the positive cone, i.e. the connected component containing the Kähler cone in the

cone of positive classes in H1,1(fMS ,Z).
Since Mon2(fMS ) =O+(H2(fMS ,Z)) by Theorem 5.4, it follows that

Mon2(π) =O+(H2(fMS ,Z), eΣ),

namely the subgroup of isometries g such that g (eΣ) = eΣ.
Finally, by item (2) of [2, Corollary 5.18], the locally trivial monodromy group Mon2(MS )lt is

identified with the image of the projection q : Mon2(π)−→O(H2(MS ,Z)).
By [42, Proposition 1.5.1], the image of q is identified with the subgroup of isometries h ∈

O(H2(MS ,Z)) such that h acts as the identity on the finite group H2(fMS ,Z)/(π∗H2(MS ,Z)⊕ZeΣ).
Since the last group is isomorphic to the discriminant group of H2(MS ,Z), the theorem is proved.

�

Remark 6.2. Geometrically Theorem 6.1 reflects the fact that there are two singular moduli
spaces that are birational, but whose singular locus is not preserved under the birational iso-
morphism (cf. Section 4.1.2). More precisely, the birational isomorphism does not preserve the
singularity type of the two moduli spaces: one has locally factorial singularities, while the other
has 2-factorial singularities.
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